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Brown—Peterson cohomology and Morava K-theory
of DI(4) and its classifying space

by

Marta Santos (Granada)

Abstract. DI(4) is the only known example of an exotic 2-compact group, and is
conjectured to be the only one. In this work, we study generalized cohomology theories
for DI(4) and its classifying space. Specifically, we compute the Morava K-theories, and
the P(n)-cohomology of DI(4). We use the non-commutativity of the spectrum P(n) at
p = 2 to prove the non-homotopy nilpotency of DI(4). Concerning the classifying space, we
prove that the BP-cohomology and the Morava K-theories of BDI(4) are all concentrated
in even degrees.

1. Introduction and statement of results. The concept of a p-
compact group was introduced by Dwyer and Wilkerson in [D-W1] as a
homotopy-theoretic generalization of a compact Lie group. The first exam-
ples of p-compact groups were the p-completions of compact Lie groups.
A connected p-compact group is called exotic if it is not of the form Gz/v\ (the
Bousfield-Kan p-completion of ) for any connected compact Lie group G.
There are many known examples of exotic p-compact groups at odd primes:
Sullivan spheres and many of the Clark—Ewing p-compact groups are exotic.
However, there is only one example of an exotic 2-compact group: Dwyer
and Wilkerson constructed in [D-W2] a 2-complete space BDI(4) whose
mod two cohomology is isomorphic to the ring of rank 4 mod 2 Dickson
invariants. The loop space DI(4) = 2BDI(4) is an exotic 2-compact group.
Standard methods show that H*(DI(4),Z/2) is multiplicatively generated
by elements z7, y11 and 213, with Sq*z = vy, Sq’y = 2, Sq'z = 22 # 0, and
2t =y?=22=0.

In this paper, we study generalized cohomology theories for DI(4) and
its classifying space BDI(4). In particular, we compute the algebra structure
of the Morava K-theory and the P(n)-cohomology of DI(4):
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THEOREM 1

o

1. (i) There are K(n)*-algebra isomorphisms:
K(n)*(DI(4)) = K (n)* ® Z/2[x7]/(27) ® Az11,213)  for all n >3,
KQ2)"(DI(4)) = K(2)" @ A(211, 213, 221),

K(1)"(DI(4)) = K(1)" ® A(z7, 713, 225)-

(ii) There are P(n)*-algebra isomorphisms:
P(n)*(DI(4)) = P(n)* ® Z/2[z7]/(27) ® A(z11,213)  for all n >3,
P(2)"(DI(4)) = (P(2)" ® A(x21) ® P(3)" ® Z/2{x14}) ® A(w11, 213),
P)"(DI(4)) = ((P(1)" @ A(xs, w21, 25, ¥32)
@ P(3)" ®Z/2{x14}) © A(x13)) /1,

where I is the ideal generated by {wo5x32,T21%32, T21T25, T5T32, TsTas +
V1Z32, T5T21 + V232, V1T21 + Vaos ).

IIZ

12

IIZ

1%

Using the non-commutativity of the spectrum P(n) at p = 2, DI(4) is
shown not to be homotopy nilpotent (as was to be expected, by analogy
with the behaviour of compact Lie groups):

THEOREM 1.2. DI(4) is not homotopy nilpotent.

Concerning the classifying space BDI(4), we again use the behaviour of
compact Lie groups as a reference, and show the following result:

THEOREM 1.3. (i) K(n)*(BDI(4)) is concentrated in even degrees for all
n>1.

(ii) For all n > 0, P(n)*(BDI(4)) is concentrated in even degrees and
has no v;-torsion for i > n.

This paper is organized as follows. In Section 2, we recall the basic facts
about the generalized cohomology theories associated with the spectra BP,
P(n) and K(n). Section 3 is devoted to the proof of Theorem 1.3. In Sec-
tion 4, we obtain some technical lemmas concerning the Atiyah—Hirzebruch
spectral sequence for P(n) and K (n), which will be useful in Section 5 to
compute K (n)*(DI(4)) and P(n)*(DI(4)) for all n > 1. We finish Section 5
with the proof of the non-homotopy nilpotency of DI(4).

NOTATION. Let X be a space, n > 1, and F = P(n) or K(n). We
write Ef*(F) for the E,-term in the Atiyah—Hirzebruch spectral sequence
of F*(X). If x € EP9(F), then |z| denotes the total degree of z, that is,
p+q lxy,...,xs € F*(X), then F*{z1,...,2,} denotes the F*-submodule
of F*(X) generated by z1,...,zs. When we say that a P(n)*-algebra is of
the form

(P(n)" ®An) ® (P(n+1)" © Apt1) & ... & (P(n +5)" © Anys)
the products zy are supposed to be zero if x € A; and y € A;, 7 # j.
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Z/p{x1,...,zs} will denote the free Z/p-module generated by z1, ..., zs,
and F* @ Z/p{x1,...,zs} the free F*-module generated by these elements.
The symbol A will be used to denote the exterior algebra over Z/p.

I would like to thank my supervisor, Jaume Aguadé, for his help during
the preparation of this paper. I am also grateful to Nobuaki Yagita for useful
comments and suggestions.

2. Preliminary results. Let BP be the Brown—Peterson spectrum at a
fixed prime p. It is a ring spectrum which represents the cohomology theory
BP*(—) with coefficient ring BP* = Z,[v1,v2, .. .|, where the degree of v;
is |v;| = =2(p" — 1).

For all n > 0, there are BP*-module spectra P(n) and multiplicative
cohomology theories P(n)*(—) with coefficients P(n)* = BP*/I,, where
I, = (p,v1,...,v,—1) denotes the nth invariant prime ideal of BP* (see
[J-W] for details). These cohomology theories are related by exact triangles

P(n)*(-) = P(n)*(-)

P(n+1)*(-)

where v,, acts as multiplication by the coefficient v,,, §,, has degree 2p™ — 1,
and i, has degree 0. All maps displayed above are morphisms of BP*-
modules.

Note that P(0)*(—) is the Brown—Peterson cohomology, P(1)*(—) is the
Brown—Peterson cohomology with mod p coefficients, and P(o0)*(—) is the
ordinary mod p cohomology H*(—,Z/p). We have the following tower of
cohomology theories:

P(0)"(=) % P(1)"(—) =

.= Pn)*(—) = Pn+1)*(—)— ...~ H(—,Z/p)
which can be used to compute BP*(—) = P(0)*(—) and BP*(—,Z/p) =
P(1)*(-) from H*(~,Z/p).

For all 0 < i < n, there are cohomology operations Q; : P(n)*(—) —
P(n)*(—), with degree 2p® — 1, that commute with the maps P(n)*(—) —
P(n 4+ 1)*(—), and that correspond to the Milnor operations in ordinary
cohomology theory. In particular, i,,0,, = Q...

Let K(n)*(—) be the Morava K-theory with coefficients K(n)* =
Z/plvn,v;t] (see [J-W] for details). By construction of the spectra P(n)
and K (n), one has a canonical map P(n) 23 K(n). In [Yal] it has been
proved that there exists a P(n)*-module isomorphism

(%) P(n)" (=) ®pm)- K(n)" = K(n)*(-).
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The composition of the natural inclusion P(n)*(—) — P(n)*(—=) ®pm)-
K (n)* with the above isomorphism is the map induced on cohomology by
the map of spectra A,,.

In [S-Ya] it has been shown, by using a geometrical approach, that
P(n) and K(n) can be given an associative product. Wurgler ([Wul] and
[Wu2]) used a homotopy-theoretic approach that gives more information
and showed that, for p = 2, the product is not commutative:

PROPOSITION 2.1 ([Wul]). Suppose p =2 and n > 1. There are exactly
two products my,, m), : P(n) A P(n) — P(n) which make P(n) a BP-algebra
spectrum compatible with the given BP-module structure. Both are associa-
tive and are related by the formula

m;L =my + Unmn(anl A anl)‘

Using 2.1 and the isomorphism (x), one easily sees that an analogous
statement is also true for K(n). Moreover, P(n)*(—) % P(n+ 1)*(—) and
P(n)*(—) 23 K(n)*(—) are maps of P(n)*-algebras, and the Q,’s are deriva-
tions with respect to any product chosen.

As an immediate consequence of Proposition 2.1, we have the following
two corollaries. Let F'(n) denote one of the spectra P(n) or K(n).

COROLLARY 2.2. Suppose p = 2. Let X be a space, and z,y € F(n)*(X).
Then

ry = Yz + Un(Qn-1y)(Qn-12).
If X is an H-space with F'(n)*(X) free, then F(n)*(X) is both an algebra
and a coalgebra, but not necessarily a Hopf algebra if p = 2. The correction
is given by:

COROLLARY 2.3 ([R]). Suppose p = 2 and X is an H-space such that
F(n)*(X) is free as an F(n)*-module. Let x and y be elements of F(n)*(X)
and ¥ be the coproduct. Then

V(ay) = ¥ (2)¥(y) + on((id @ Qn-1)¥(2))(Qn-1 @id)¥(y)).

The same statement is true in homology.

3. BP-cohomology and Morava K-theory of BDI(4). It is well
known that if G is a compact Lie group, p a fixed prime, and H*(G) is
p-torsion free, then the classifying space BG satisfies:

(i) K(n)*(BG@) is concentrated in even degrees for all n > 1.
(ii) P(n)*(BG@) is concentrated in even degrees for all n > 0.

In [K-Ya], Kono and Yagita show that the above properties hold in some
cases even if G has p-torsion, and conjecture that they hold for all compact
Lie groups. Ravenel, Wilson and Yagita ([R-W-Ya]) have recently proved the
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following result: if K(n)*(—) is concentrated in even degrees for all n > 1,
then P(n)*(—) is concentrated in even degrees for all n > 0. We prove in this
section that the B P-cohomology, the Morava K-theory and the P(n)-theory
of BDI(4) are all concentrated in even degrees.

Recall that H*(BDI(4),7/2) is isomorphic, as an algebra over the Steen-
rod algebra, to the ring of rank 4 mod 2 Dickson invariants:

H*(BDI(4), Z/Q) = D(4) = Z/2[t1,t2, t3, t4}G1(4’Z/2) = Z/Q[Cg, C12,C14, 615]

where |t;] = 1, |¢;| = j, and the generators ¢; are the coefficients of the
polynomial

p(x) = H (z +v) = 219 + cga® + crox? + cruz? + crs2
veV
where V' is a 4-dimensional vector space over Z/2.

The action of the Steenrod algebra on the Dickson algebras is well known
([S-S]). In the case of D(4), this action is determined by Sq*cs = cio,
Sq2012 = Ci4, Sqlcl4 = (15, ngci = cgci, © = 8,12,14,15. In particular,
we are interested in the action of the Milnor operations ();, because of the
role they play in the study of the Atiyah—Hirzebruch spectral sequence for
K (n)- and P(n)-theory. Since the @; are derivations, Im Q); C Ker @; for all
1 > 0. What we prove is that the other inclusion is also true, for all elements
of odd degree in H*(BDI(4),7Z/2):

PROPOSITION 3.1. Let a€ H*(BDI(4),7/2) have odd degree, and n > 0.
If Q,a=0, then a € Im@Q,,.

Using this result, which will be proved later, we can easily prove the
following theorem:

THEOREM 3.2. (i) K(n)*(BDI(4)) is concentrated in even degrees for all
n>1.

(ii) For all n > 0, P(n)*(BDI(4)) is concentrated in even degrees and
has no v;-torsion for i > n.

Proof. (i) Let n > 1. We consider the Atiyah-Hirzebruch spectral se-
quence for K(n)*(BDI(4)):

E3* = H*(BDI(4), K(n)*) = K(n)*(BDI(4)).

Recall ([Yad]) that the first non-trivial differential is don+1_1 = v, @ @y,
where @, is the Milnor operation in ordinary mod 2 cohomology. From
Proposition 3.1, ES3, (K (n)) = 0, and hence EZ (K (n)) = E3x,, (K(n)) is
concentrated in even degrees.

(ii) From [R-W-Ya], P(n)°44(BDI(4)) = 0 for all n > 0. Since the maps
dp, in the exact triangles relating P(n) and P(n + 1) for n > 0 all have odd
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degrees, Im ¢,, = Kerwv,, = {0}. Therefore, for all n > 0, P(n)*(BDI(4)) has
no v,-torsion.
Recall that, for any complex X, we have an exact sequence

0 — lim'P(n)71(X™) - P(n)%(X) — lim"P(n)?(X™) — 0.

In our case, since P(n)°d4(X) =0, lim" = 0.

Let 0 # x € P(n)*(BDI(4)), and suppose v, 112 = 0. Then i, (vy412) =
Un+1in(x) = 0. Since P(n+1)*(BDI(4)) has no v,4+1-torsion, i, (z) = 0, and
hence x = v,z for some x; € P(n)*(BDI(4)). Therefore, v,v,4121 = 0
and this implies v, 121 = 0. The iteration of this process implies that x
is divisible infinitely many times by v,, and hence x is in the kernel of the
maps P(n)?(X) — lim°P(n)9(X™). This is a contradiction, since lim" = 0.
The conclusion is that, for all n > 0, P(n)*(BDI(4)) has no v,,1-torsion. In
this way, we can prove by induction that P(n)*(BDI(4)) has no v;-torsion
foralli>n. =

The rest of this section is devoted to the proof of Proposition 3.1.

The action of the Milnor operations (o, Q1,Q2 on the generators
Cs, C12,C14,C15 of H*(BDI(4),7Z/2) is easily computed from the definition
of the Q; (recall that Qo = Sq* and Q; = [Sq®,Qi_1],i > 1). We obtain
Qoc1a = Q1c12 = Q2cs = 15, and zero in the other cases. Then 3.1 can be
proved easily for n =0,1, 2:

LEMMA 3.3. Let a € H°Y4(BDI(4),7/2), and n = 0,1,2. If Qna =0,
then a € Im Q,,.

Proof Ker@Qg = Z/2[Cg, C12, 0%4, 615}. Ifae (Ker Qo)Odd, then a = ¢15b
for some b € Ker Qq, and hence a = Qo(c14b). Arguing similarly, we can see
that a = Q1(ci2b) if a € (Ker Q1)°44, and a = Qa(cgb) if a € (Ker Q2)°%9,
for some b in Ker )1 or Ker Q5 respectively. m

The action of @3 on the generators is still not difficult to calculate:
Q3cg = cgcis, Q3c12 = ci12c15, Q3c14 = cracis, Q3¢5 = 0%5‘ From r = 4 on,
it is getting more and more complicated to calculate the action of @,. on the
generators. For all n > 0, define the following determinants:

t1 to t3 ty t1 to t3 2
4|t Bt g |t B
! tz]‘tb t%L té‘n tjin’ . ti tg‘!b tg‘n ti‘rb’
A A A
th ta ty3 U 2 3 2 2
o |ttty Do_|t ot t3
P30 3 S U S
713 3t 3ty ]
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Note that Ci5 = Ag = BQ = Cl = Do, and An, Bn, Cn, Dn 75 0 for all n > 4.
The action of the Steenrod algebra on Z/2[t1,ta,t3,t4] is well known. In
particular,
. n on+1 .ep - n
Sq (12 :{tj if ¢ =2™,
(] ) 0 otherwise.
Using that, it is a trivial computation to check that:

LEMMA 3.4. (i) Sq2nAn = A,41 and Sq*A,, = B, for all n > 3.
(ii) Sq*B,, = C,, for all n > 2.
(iit) Sq'C,, = D,, for all n > 1.

As a consequence of Lemma 3.4, we find that the elements A,,, B,,, Cy,, Dy,
are precisely QQ,_1¢; for i = 8,12, 14, 15 respectively:

LEMMA 3.5. For all n > 0, QnCS = An+1, anlg = Bn+1, Qn614 = Cn+1
and Qncis = Dyy1.

Proof. For cg, the statement follows by induction: Qocg = 0 = Ay,
Qics = 0 = Ag, Qacg = 15 = Az and, for n > 3, Ques = [Sq®, Qn1]es =
qun Ap = Any1. _

Recall that [Sq",Q;] = QiHSqT_T+1 (it is understood that Sq’ = 0 if
j < 0). In particular, [Sq*, Q;] = 0 for i > 2, [Sq?,Q;] = 0 for i > 1, and
[Sq', Q] =0 for i > 0.

From these relations and 3.4, the lemma follows easily for c¢i2,c14 and
c15: Qociz = 0 = By, Q1c12 = c15 = Bs and, for n > 2,Quc12 = QnSq cs =
Sq*Qnes = Sq4An+1 = B,+1. Analogous arguments can be used to prove
the result for ¢14 and ¢i5. =

Notice now that, since p(t;) = 0 for i = 1,2, 3,4,

2n—4 2n—1

on
l; =cg

2n—4 2n—2 2n—4 2n—3 2n—4 2n—4
+ciy 1 +ciy 1 +cis 1

for alln >4, i=1,2,3,4. Therefore, we get:

LEMMA 3.6. For all n > 4,

277.74 21174 21174 277.74

ATL = CS Anfl + 612 ATL*Q + 014 An73 + 015 An74,
2n—4 2n—4 2n—4 2n—4

B,=cg Bp_i1+cjy Bho+ciy Bp_3+cis Bp_a,
2n—4 2n—4 2n—4 2n—4

Cp = Cg Cp_1+ Cl9 Ch_2+ Cl4 Ch—_3+ C1s Chn—4,

277,74 271/74 271,74 271,74
D, = Cg Dy + Cio Dy_o+ C14 Dy_3+ C15 Dy_y.

It is known ([A-W]) that any five derivations Q,, Qn—1, Qn-2, Qn_3,
Q-4 are linearly dependent on Z/2[cs, c12, €14, ¢15]. Using Lemma 3.6, we
write explicitly the coefficients:
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LEMMA 3.7. (i) For all n >4 and x € H*(BDI(4),7Z/2),
Qnx = c%n_sQn_lx + C%;_SQH_QCU + C%Z_BQH_?,I‘ + c%;_SQn_Zla:.
(ii) If x € H®V*"(BDI(4),Z/2) and n > 0, then
c15QnT = Ap11Q27 + Bpy1Q1x + Cp1Qor.
(iii) If a € H°Y4(BDI(4),7Z/2) and n > 0, then
c15Qna = Apy1Q2a + Bpy1Qia+ Chp1Qoa + Dyra.

Proof. (i) As a consequence of 3.5 and 3.6, the result is true for the
generators cg, 12, C14,C15. Since the @; are derivations, it is also true for
any x € H*(BDI(4),Z/2).

(ii) Let x € H*™(BDI(4),Z/2). For n = 0,1,2,3, it can be easily
checked by a direct computation that the formula holds for cg, ¢12, ¢14, and
hence for any element in H*V*"(BDI(4),7Z/2). Let n > 4. Using (i) and 3.6,
we can prove the result by induction:

n—3 n—3 n—3 n—3
an = 6523 Qn—lm + 0%2 Qn—Q-r + 0%4 Qn—3x + 0%5 Qn—4x7
2n—3

Cl5an = Cg (AnQZ-'E + BanfE + CnQOx)
+ C%;Lis(Anlezm + B,_1Q1x + Cr_1Qox)
+ szis(An—zQQUC + Bp—2Q1x + C—2Qox)

+ Cfg_s(An—sQﬂ + Bp—3Q1z + C),—3Qox)

= A,11Q2x + Bpy1Q1x + Chp1Qox.

(iii) Let a = xcy5 be an element in H°44(BDI(4),Z/2). Then Qna =
c15QnT +2Qnc1s = Apt1Q22 + Bry1Q1x + Crp1Qox + Dy 2. Multiplying
by c15, we get the result. m

Recall that our hypothesis in Proposition 3.1 is that Q,a = 0, and
we want to prove that this implies @ € Im @),,. From 3.7, if Q),,a = 0, then
Dypii1a = An11Q20+ Bp11Q10+Chi1Qoa. We would like to deduce that a €
(Ant1, Bnt1,Cnt1) (the ideal of D(4) generated by these elements). This
is what we prove in the following lemma; then the proof of Proposition 3.1
follows easily. Since A,,, B,,, C,, always have odd degree, we can write A, =
Ancis, B, = Bpcis, C, = Cpheis. Moreover, for n > 4, D, = A2 | =

A2 _ 3., and we can also write D,, = D,,c15.

LEMMA 3.8. For all n > 4, {gn,gn,én,f?n} s a reqular sequence in
7./2cs, c12, 14, C15].-



Cohomology of DI(4) 217

Proof. Forn>4andi=1,2,3,4,
ti ta ty oty b
2 3 12 12 2
th 8 th ot tl | =0=tD,+tC, + !B, +t5A, +1] cus.
(S S-S - S 5 B

27L 27L 27L n 27L
2" 2t 2 2

Therefore, Z/Q[/Tn,én,én,ﬁn] C Z/2[t1,ta2,t3,t4] is an integral extension,
and hence so is Z/Q[gn,émén,f)n] C Z/2[cs, 12,14, C15). This means
that Z/2[cs, c12, €14, €15] is a finitely generated Z/Z[ﬁn, En, CN'n, ﬁn]—module.
From [B] (Lemma 5.5.5), to prove that {A,, By, Cpn, Dy} is regular, it suf-
fices to show that these elements are algebraically independent. By the
Derivation Lemma, it suffices to find four derivations d1, ds, d3, d4 such that
det(éigj) # 0. For n > 4, Q3D,, = Q3(42_|)=0= (Qgﬁn)cm + D,c15.
This implies ng)n = (. Therefore,

QOA:n QOEn Q(Jéjn Q(Jén 0 0 D, 0
Qlén Ql@n ngn QlQn — 9 Dn 0 0 ?é 0. m
Q24n QZEn QQQn Q212n D 0 0 0 '

QsA, Q3B, QsC, QsD,| |QsA, QsB, QsC, QsD,

Proof of Proposition 3.1. We first suppose a € H°4(BDI(4),Z/2) is
such that Q,a = 0 and a € (A,41,Bn11). Applying @, we get 0 =
(Qna)Ani1 + (QnB)Bpta for some «, in even degrees. It follows from
Lemma 3.8 that Q,,a € (Bp+1) and Q.0 € (A41). That is, Qo = @, (c12t)
and @, 0 = Q,(cst) for some t € Ker @,,. Therefore, a = a4, 11+ Bp4+1 =
(crat + t1)Ant1 + (cst + t2)Bpy1 = Qnlcsciat + cgti + ciatz) for some
t,t1,to € Ker@,. Analogous results can be proved if a € (B,41,Cpnt1)
or a € (An+1, Cn+1).

Now, let a € H°d(BDI(4),7Z/2) be such that Q,a = 0 for some n > 3.
Then D,iia = Apt1Q20 + Bri1Qia + Cphyp1Qpa. From Lemma 3.8, a €
(ﬁnﬂ, §n+1, C~'n+1). Since a has odd degree, a = A, 112+ Bpi1y + Chaiz.
Applying @Q,,, we obtain

(%) 0= An11(Qnx) + Bpi1(Qny) + Cri1(Qn2).

Again by 3.8, this implies Qn2 € (Bny1, Cng1), @ny € (Ang1, Cng1), Qnz €
(Ap+1, Bry1). Using the fact that Q,z, Qny, @,z satisfy (x), it is easy to
check that

—

Qny = aAnJrl + 5Cn+17
an = ﬁAn—i-l + 5Bn+17
for some elements «, 3,6 € H*(BDI(4),7Z/2). As we have seen before, this

{ an — aBn+1 + ﬂcn—i-la
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implies
Qnx = Qn(c12c14t + c12t1 + c14t2),
Qny = Qn(csciat + csty + ciats),
Qnz = Qn(cgciat + cgla + ciats),
where t,t; € Ker Q,,. It follows that a € ImQ),,. =

NOTE. The result of Proposition 3.1 can be proved in the same way for
any Dickson algebra D(n),n > 1.

4. The Atiyah—Hirzebruch spectral sequence for P(n) and K(n).
Our main tool to compute K(n)*(DI(4)) and P(n)*(DI(4)) is the Atiyah—
Hirzebruch spectral sequence (in the sequel abbreviated to AHss):

Ey"(K(n)) = H* (=, K(n)") = K(n)"(-),
Ey"(P(n)) = H* (=, P(n)") = P(n)" (=)

Recall ([Yad]) that the first non-trivial differential in the AHss for both
P(n)-theory and K (n)-theory is dapn_1 = v, ® @y, where @, is the Milnor
operation in ordinary mod p cohomology.

In the case of K(n)-theory, the AHss has some properties that make
the computation easier. The possible non-trivial differentials are da(,n —1)s41
with s > 1. We set d; = v,, °d,., where r = 2(p™ — 1)s + 1. Then

By (K(n) = K(n)" @ H(E?,d,).

This means that each term in the AHss is a free K(n)*-module, and the
spectral sequence for K(n)*(X) is a spectral sequence of K (n)*-Hopf alge-
bras if X is an associative H-space. As a consequence, we get the following
lemma, which will be useful to compute the AHss for K (n)*(DI(4)):

LEMMA 4.1. Let X be an H-space. Suppose that there exists v > 2 such
that EX*(K(n)) 2 K(n)*® A, where A C H*(X,Z/p) is a biprimitive Hopf
algebra on odd degree generators. Then EX(K(n)) = EX*(K(n)).

Proof. Recall that a Hopf algebra A is said to be biprimitive if it is
primitively generated, and all the primitive elements of A are indecompos-
able. The differential §; = v, °d, commutes with the coproduct and sends
primitive elements to primitive elements. But §, has odd degree, and there
are no primitive elements x,y in A such that |z| — |y| is odd. Therefore, we
have 6, =0, and d,, = 0. =

Define P(n) ALY (n + s) to be the composition
P(n) % P(n+1) =% . ol p(p 4 os)
for s > 0 (jn,0 is the identity on P(n), and j,1 = in).
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The maps of spectral sequences induced by the canonical maps of spectra
P(n) % P(n+1), P(n) 23 K(n), P(n) =% P(n + s) will also be denoted
by 1:7'7,7 )\na jn,s~

LEMMA 4.2. Let X be a space, n >
a permanent cycle in the AHss for P(n)
conditions hold:

(i) EX9(P(n))=0if i+j>p+qandi<p.

(i) M\p(a) # 0 in EX¥(K(n)).

Then the P(n)*-module generated by o in EX*(P(n)) is P(n)*-free.

2, and a € EPY(P(n))

1, r >
*(X). Suppose that the following

Proof. The argument used in the proof is analogous to that of Lem-
ma 2.1 in [Ya2]. Assume that there is a relation va = 0 in EX*(P(n)) for
some v € P(n)*. Then A\, (va)) = A\, (v)An () = 0in EXX (K (n)). Assumption
(ii) implies that v € (vp41, Unt2,...) C P(n)* (the ideal generated in P(n)*
by these coefficients).

Let va = vy, .. .v21+1v%0a+2j wja, where {is, ... 41,70} is the largest
sequence under the lexicographical order. There exists ([J-W]) a cohomology
operation 7 € P(n)*P(n) such that (vl ... v} vi0) = ylotirtFis and
r(wj) =0 for all j.

Recall that the associated filtration for a complex X with skeleta { X7}
is defined as

Fy, = Ker(P(n)"(X) — P(n)"(X™))

and EV* = F,, [ Fpia.

That va = 0 in EX¥(P(n)) means that va € Fpy;, and the naturality
of the operations implies that r(va) € Fpy1. From assumption (i), each
element § € EX*(P(n)) with total degree || > |a| belongs to F,4q. This
implies viotTiq € F,iq, and hence viotTiq = 0 in EX(P(n)) and
plotFis ) (o) =0 in EX*(K(n)). This is a contradiction, since EX*(K(n))
is K(n)*-free. m

In order to simplify the notation, we introduce the following definition:

DEFINITION 4.3. (i) An element o € EP*9(P(n)) is said to be mazimal
if it is the only non-trivial element in E%/(P(n)) fori+j > p+q and i < p.

(ii) We will say that E'*(P(n)) is mazimally generated as P(n)*-module
if there exists a set {x1,...,x5} of generators where all x;’s are maximal.

As a consequence of 4.2, we prove the following result, which will be
useful in the next section to compute the AHss of P(n)*(DI(4)) from those
of K(m)*(DI(4)) for m > n, and P(m)*(DI(4)) for m > n.
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LEMMA 4.4. Let n > 1 and r > 2. Suppose that EX*(P(n)) is a mawi-
mally generated P(n)*-module of the form

B (P(n)) 2 (P(n)* © A,) ® (P(n+1)" ® A1) @...® (P(n+5)" ® Ays)

for some s > 0, where the A; are finitely generated free 7./2-modules. More-
over, suppose that the following conditions hold:

(i) Ef*(K(m)) =2 EXX(K(m)) for all m > n.
(ii) EX*(P(m)) = EXX(P(m)) for all m > n.
(i) For all 0 < t < s and 0 # a € Auit, Jni(a) is mazimal in
E>*(P(n+t)) and Apyigni(a) #0 in EX*(K(n+1t)).

Then EX(P(n)) = E**(P(n)).

Proof. Let {z1,...,zx} be a minimal set of P(n)*-generators of
E**(P(n)), where all x;’s are maximal. Then x; € 4,4, for some 0 <t <,
and we can suppose that z; € E¢* with a1 <...<a. Since A\p4¢jn (i) # 0
in B (K(n+1t)) = EX(K(n+t)) there is no differential in the AHss that
kills x;. Therefore, if we want to prove that z; is permanent, it suffices to
show that x; is in the kernel of all differentials in the spectral sequence.

Suppose that the following assertion is true:

(x)  If x; is permanent, then so is the P(n)*-module generated by z; in
E(P(n)).

Then the lemma follows by induction: it is clear that zp is a permanent
cycle and, by (%), the P(n)*-module generated by xj in E'*(P(n)) is also
permanent. Assume that the P(n)*-module generated by z; in EX*(P(n))
is permanent for all ¢ > m. This implies dz,, = 0 for any differential d in
the AHss, and hence x,, is permanent.

Finally, we have to prove (k). If z; € A,, it follows from assumption
(iii) that A,(z;) # 0 in EX*(K(n)) & EX*(K(n)). Hence, we are under
the conditions of Lemma 4.2, and (x) holds. If x; € A, 1+ with ¢ > 1, our
hypotheses imply that j,, ;(z;) satisfies the conditions of Lemma 4.2: jy, ;(x;)
is maximal in E*(P(n +t)) = EX(P(n +t)), and A\ptejne(2;) # 0 in
EX*(K(n+t)) 2 B (K(n+t)). Therefore, the P(n+t)*-module generated
by jni(zi) in EXX(P(n +t)) is P(n + t)*-free, and this implies that the
P(n + t)*-module generated by z; in EX*(P(n)) is P(n + t)*-free. m

5. K(n)- and P(n)-cohomology of DI(4) for n > 1. This section is
devoted to the proof of Theorem 1.1.

Recall that the ordinary mod 2 cohomology of DI(4) has the following
algebra structure:

H*(DI(4),Z/2) = Z/2[x7]/(27) ® A(y11, 213),



Cohomology of DI(4) 221

and the Steenrod algebra acts by Sq*z =y, Sq’y = 2, Sq* z = 22. In partic-
ular, the action of the Milnor operations on the generators is trivial except
for Qaz = Q1y = Qoz = x?. The primitive elements in H*(DI(4),Z/2) are
{z,y, 2z, 2%}.

We first compute the E.-term in the AHss for K(n)*(DI(4)) and
P(n)*(DI(4)), by using the results of Section 4.

LEMMA 5.1. For all n > 3, there are K(n)*-algebra, respectively P(n)*-
algebra isomorphisms:

(a) EZ(K(n)) = K(n)" ® Z/2[27]/(27) @ A(y11, 213),

(b) EX(P(n)) = P(n)* @ Z/2[a7]/(27) ® A(y11, 213).-

Proof. The first potentially non-trivial differential in the AHss for both
P(n)- and K (n)-theory is dgn+1_; = v, ® @,,. But, forn > 3, Q,z = Q,y =

Qnz =0.
For dimensional reasons, the differentials d, with r > 27+ —1 are forced

to be zero, in the K(n)-AHss for all n > 3, and in the P(n)-AHss for all
n > 4. Hence,

EZ(K(n) = E5*(K(n)) = K(n)*® H*(DI(4),Z/2) for all n > 3,
EXX(P(n)) 2 E3*(P(n)) 2 P(n)*®@ H*(DI(4),Z/2)  for all n > 4.
Finally, if we set A3 = H*(DI(4),Z/2), then E*(P(3)) = P(3)* ® A is a
maximally generated P(3)*-module, and A3 : E5*(P(3)) — E3*(K(3)) acts
as the identity on As. Hence, we are under the conditions of Lemma 4.4,

and E%*(P(3)) = E5*(P(3)). u

LEMMA 5.2. There exist K(2)*-algebra, respectively P(2)*-algebra iso-
morphisms:

(a) B (K(2) = K(2)" @ A(y11, 213, 21),

(b) EX(P(2)) = (P(2)" ® A(t21) ® P(3)" ® Z/2{w14}) ® A(y11, 213)-

Proof. The first non-trivial differential in the AHss for both K(2)- and
P(2)-theory is d7 = v ® Qo, acting as dyx = vex?, d7y = d7z = 0.

We start with the AHss for K(2). The Eg-term is

B (K(2)) = K(2)" ® A(y, 2,2°).

Now, we can apply Lemma 4.1 to conclude that ES*(K(2)) = EX(K(2)).
Rename t = 23, and the isomorphism (a) is proved.

For the P(2)-AHss, we can compute the Fs-term as

E3*(P(2)) = (P(2)" ® Ay, z,2°)) @ (P(3)" ® Z/2{a?} ® A(y, 2)).

If we set By = A(y, z,23) and By = Z/2{z?} ® A(y, 2), then EZ*(P(2))
(P(2)* ® Bg) & (P(3)* ® Bs) is a maximally generated P(2)*-module and
we are again under the conditions of Lemma 4.4:
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(i) EZX(K(m)) = EZ*(K(m)) for all m > 2,
(ii) EXX(P(m)) = E§*(P(m)) for all m > 3,
(iii) A2 is the identity on By, and ix(Bs) C As.
Therefore, EX*(P(2)) = E3*(P(2)). Rename t = 23, w = 22, and the lemma
is proved. =m

LEMMA 5.3. There exist K(1)*-algebra, respectively P(1)*-algebra iso-
morphisms:

(a) EZ(K(1)) = K(1)* ® A(z7, 213, 725),
(b) EZ(P(1)) = ((P(1)" ® A(us, r25, 832) ® P(2)* @ Z/2{t21} ® P(3)* ®
7)2{w14}) ® A(z13))/I, where I is the ideal generated by {ur + vis,us,rs}.

Proof. The first non-trivial differential is d3 = v; ® @1, acting as
dsy = v122, dsz = dzz = 0. In the AHss for K (1), the E4-term is

Eff(KQ)) =2 K(1)* @ Az, 2, 2%y).

It follows from Lemma 4.1 that EX*(K (1)) = E;*(K(1)). Rename r = 22y,
and we have the isomorphism (a). In the AHss for P(1), the Ey-term is

E*(P(1)) = (P(1)* ® Az, z,2%y)) @ (P(2)* @ Z/2{z*} @ A(z, 2)).

The differential ds is trivial for dimensional reasons. We next consider the
differential d7, and recall that it commutes with the map E3*(P(1)) 2
EX*P(2)). Therefore,

drx = vox? mod (v1),
d7z = 0 mod (v1),
d7(2?%y) = 0 mod (v1).

2

Since x~ is vi-torsion,

drx = vox?,

drz = avirz,

dq(x?y) = Buiz’y,
with a, 8 = 0, 1. On the other hand, d7 also has to commute with E*(P(1))
M Er(K(1)). But dy acts trivially on E3*(K (1)), and ), is the identity over
A(z, z,2%y). This implies a = 3 = 0. We can now compute the Eg-term in
the AHss for P(1) as

Eg(P(1)) = P(1)" ®@ Z/2{viz, z, vzz, 2°y, 2°y, 2%y z, 2%y}
® P(2)* @ Z/2{x*, 2%z} ® P(3)* ® Z/2{z? z*2}.

E$*(P(1)) is a maximally generated P(1)*-module, and it is easy to check
that we are again under the conditions of Lemma 4.4. Thus,



Cohomology of DI(4) 223

EZ(P(1)) = Eg™(P(1))
>~ (P(1)* @ A(viz, z, 2%y, 23y)
® P(2)* ®Z/2{z*} ® A(z) ® P(3)* ® Z/2{z*} ® A(z))/R,

where R = {(vi2)(22%y) = v1(2%y), (v12)(z3y) = (2y)(23y) = 0}. Rename
u=uvzx,r=axy s=2y, t=23 w=2% and the lemma is proved. m

We still have to solve some extension problems to obtain the algebra
structure of P(n)*(DI(4)) and K(n)*(DI(4)). However, the algebra struc-
ture of the F..-term gives us quite a lot of information about the algebra
structure of the corresponding cohomology theory. In this sense, once we
have obtained the F'(n)*-module structure of F(n)*(—) (where F(n) de-
notes one of the spectra P(n) or K(n)), we will say that we know F'(n)*(—)
as an F'(n)*-module, meaning by this that we not only know the module
structure, but we also have some information about the algebra structure.

In the following computations it will be useful to know explicitly how
the map P(n)*(DI(4)) & P(n+ 1)*(DI(4)) acts, for all n > 1.

A minimal set of P(n)*-module generators of P(n)*(DI(4)), for n > 3,
is the one represented in the following table, where the number above each
element is its degree:

7 11 13 14 18 20 21 24 25 27 31 32 34 38 45

x oy z 2% a2y xz 23 yz 2%y 2%z zyz 23y 232 2lyz 23yz

For dimensional reasons, it is easy to check that ¢,, acts as the identity
over these generators, for all n > 3. (Note: we are abusing notation by
denoting the generators in cohomology the same as those in the E-term).

Lemma 5.2 yields that a minimal set of P(2)*-module generators of
P(2)*(DI(4)) is:

11 13 14 21 24 25 27 32 34 38 45
Yy z o w t yz wy wz ty tz wyz tyz

We first study the dimensional possibilities for the map is acting over
these generators, and then check that we can rechoose generators in such a
way that the map i acts as follows (denoting the new generators the same
as the old ones): is(y) = v, i2(2) = 2, i2(w) = 22, i2(t) = 23, and extending
multiplicatively over the other generators.

Lemma 5.3 shows that a minimal set of P(1)*-module generators of
P(1)*(DI(4)) is:

5 13 14 18 21 25 27 32 34 38 45

u 2z w uz t r wz s tz rz sz
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We study the dimensional possibilities and rechoose generators such that
the map i1 acts by: i1 (u) = vay, i1(2) = 2, i1(w) = w, i1(t) =t, i1(r) = wy,
i1(s) = ty, and we extend it multiplicatively over the other generators.

Using i, and the exact triangle relating P(n)- and P(n + 1)-theory, we
will be able to compute the P(n)*-module structure of P(n)*(DI(4)) from
that of P(n+1)*(DI(4)). The K(n)*-module structure of K(n)*(DI(4)) is
given directly by the Fo-term, as EX*(K(n)) is K(n)*-free.

To determine the algebra structure of P(n)*(DI(4)) and K (n)*(DI(4)),
it will be useful to apply the map P(n)*(—) 23 K (n)*(—). Recall that \, is
the composition

P(n)*(=) 25 P(n)*(=) @pny- K(n)" = K(n)*(-)

where j, is the natural inclusion. It is easy to check that Ker \,, = Ker j,, =
{r € P(n)*(—) : vix € (Vnt1,Vnt2,...) for some s > 0}. (Here (vy41,
Upta,...) is the ideal of P(n)*(—) generated by these elements.)

As noted before, K(n)-theory has the advantage that we can use ar-
guments involving the coproduct. Such arguments are used to prove the
following lemma, which will allow us to determine relations of the form
2% = 0in K(n)*(DI(4)), and use it to study these relations in P(n)*(DI(4)),
through \,,.

LEMMA 5.4. Let X be an H-space, p = 2 and n > 1. Suppose that
K(n)*(X) is a commutative K(n)*-algebra, and the E-term in the AHss
18

EZ(K(n)) = K(n)" @ Alz,y, 2)
where x,y,z € H*(X,Z/2) have odd degree, and |x| < |y| < |z|. Then
K(n)*(X) = EX(K(n)) as K(n)*-algebras.

Proof. By dimensional reasons, 22 = 0, y*> € K(n)*{yz,2z} and 2% €
K(n)*{xz,zy,yz} in K(n)*(X). This implies that 2%z, y?z, y*x, 22y, y3, 23
€ K(n)*{zyz}. Therefore, each decomposable element with odd degree in
the Z/2-algebra generated by x,y, z belongs to K(n)*{zyz}.

Denote by ¥ the coproduct in K (n)*(X). Then

U(r)=1@z+z@1+» (2 @),

)

() =10y+y@1+ > (40},
J

!7(2):1®2+z®1+2(2k®2,’€),
k
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for some w;, x7, y;, vj, 2k, 2, € K(n)*(X). Corollary 2.3 yields
W (2?) = (1®x+x®1+zxi®m;>2
+ v, (1 ® Qn_1T + le ® Qn,laé) (Qn,lx ®1+ Z Qn_17; ® 3:2),
i i
V(zy) = <1®x+:ﬁ®1+z:ﬁi®x§) <1®y—|—y®1+2yj®y3>
i J

+ vp, (1 & Qn—lx + ZZL‘Z ® Qn—lZE;) (Qn—ly ® 1 + Z Qn—lyj & y;)
¢ J

=2 ®y+y®x+ {other terms},

and analogous expressions for ¥(yz) and ¥(zz).

The only possibility for 2 # 0 is that there exists a relation of the form
x =wvd, or y = vd, or z = vd, where v € K(n)* and d is a decomposable ele-
ment in the Z/2-algebra generated by z,y, z. This implies z € K (n)*{zyz},
ory € K(n)*{zyz}, or z € K(n)*{ryz}, which is a contradiction with the
module structure of K(n)*(X). Thus, 22 = 0. Arguing similarly, we can
prove that 32 = 0. m

In the following three propositions, we compute the algebra structure of
K(n)*(DI(4)) and P(n)*(DI(4)) for all n > 1.

PROPOSITION 5.5. For all n > 3, there are K(n)*-algebra, respectively
P(n)*-algebra isomorphisms

K(n)"(DI(4)) = EZ(K(n)), P(n)"(DI(4)) = EZ(P(n)).
Proof. In Lemma 5.1 we proved that
B (K(n) = K(n)* © Z/2[z7]/(x7) © A(yi1, 213),
E(P(n)) = P(n)* @ Z/2[z7]/ (x7) @ Alyn, 213),

for all n > 3. The E.-term gives directly the P(n)*-module structure of
P(n)*(DI(4)), and the K(n)*-module structure of K(n)*(DI(4)). For the
P(n)*-algebra isomorphism, we only need to prove that z* = y? = 22 = 0,
and the commutativity.

The relations z? = y? = 22 = 0 in P(n)*(DI(4)) follow for dimensional
reasons. The correction to commutativity is given in terms of Q,_12, @n_1Y,
and @Q,_1z (see Corollary 2.2). Since i,, acts as the identity for n > 3, the
action of the @;’s on P(n)-cohomology is the same (up to coefficients) as
the action of the Milnor operations on ordinary mod 2 cohomology. Looking
at the dimensional possibilities, we find that
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Qn-12=Qn-1y=Qn_12=0 in P(n)*(DI(4)), for all n > 4,
Q2 = 22, Qoy = avsz®y, Qo2 = Busa®z with a, = 0,1 in P(3)*(DI(4)).
Therefore, (Q22)(Q2y) = (Q22)(Q22) = (Q2y)(Q22) = 0, and P(n)*(DI(4))

is a commutative algebra for all n > 3.
For the K (n)*-algebra isomorphism, consider the map A, : P(n)*(DI(4))
— K (n)*(DI(4)). Since (Ker \,) N (Z/2[z]/(z*) ® A(y, z)) = {0},
K(n)"(DI(4)) = K (n)* @ Z/2[An(2)]/ (An(2)") ® A(An(y), An(2))
as K (n)*-modules. The fact that )\, is an algebra morphism implies ), (z)* =
An(y)? = Mu(2)? = 0, and the commutativity of K(n)*(DI(4)). m

PROPOSITION 5.6. There exist K(2)*-algebra, respectively P(2)*-algebra
isomorphisms

K(2)"(DI(4)) = EZ(K(2), P(2)"(DI(4)) = EZ(P(2)).
Proof. From Lemma 5.2,
EZ(K(2)) 2 K(2)" @ A(yi1, 213, t21),
EZ(P(2)) = (P(2)" ® A(y11,213,t21)) ® (P(3)" @ Z/2{wi4} ® A(y, 2)).
To prove the P(2)*-module isomorphism, consider the exact triangle

——=P(2)*(-)

P2)* (=)
k )*(/

P(3

Let z7 € P(3)*(DI(4)). Then (izd2)(z) = Qa(x) = 22 # 0. If we set w = o,
we find that w is an element in P(2)*(DI(4)) such that iz(w) = 2? and
vow = 0. This shows the P(2)*-module isomorphism.

For the P(2)*-algebra isomorphism, we need to prove that y?> = 22 =
t? = w? = tw = 0, and the commutativity. Dimensional reasons imply that
1?2 = wt = 0, w? = avotz, y? = Bvatz, 22 = yuoty, with «, 3,y = 0, 1. Using
the module structure gives vow? = 0 = aw3tz, and this implies a = 0.

For the commutativity, we use the fact that the maps i,, commute with
the @; to obtain

i2(Q1w) = Qriz(w) = Q2% = 0 mod (vs, vy, ...)

= Q1w = 0 mod (ve,vs,...),
i2(Q1y) = Quiz(y) = Qry = x? mod (vs, vy, ...)

= @1y = w mod (ve,vs,...),
i2(Q12) = Q1i2(z) = 0 mod (vs,v4,...) = Q12 = 0 mod (va,vs,...),
i2(Q1t) = Qria(t) = Qiz® = 0 mod (v3,v4,...) = Q1t = 0 mod (va,v3,...).
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Examining the dimensional possibilities shows that Qiw € P(2)*{tyz},
Q1y € P2){w,ty,tz}, Q12 € P(2)*{tz}, @it € P(2)*{wyz}, and any
product in the correction to commutativity is forced to be zero.

Regarding the relations y? = Buv3tz, 22 = ~yuoty, these cannot be de-
termined by using arguments involving P(n)-theory only. Consider the map
P(2)*(DI(4)) 22 K(2)*(DI(4)). Since P(2)*(DI(4)) is commutative, so
is K(2)*(DI(4)). Hence, we are under the conditions of Lemma 5.4, and
K(2)*(DI(4)) 2 K(2)* @ Ay, z,t). Now, Aa(y?) = Aa(y)? = 0 = BviAa(t2).
But tz ¢ Ker Ay, and this implies § = 0. Arguing similarly, we can prove
that v=0. m

PROPOSITION 5.7. There exist K(1)*-algebra, respectively P(1)*-algebra
isomorphisms

K(1)"(DI(4))

P1)"(DI(4))

I

EZ(K(1)),
((P(1)* ® A(us, 213, t21, 725, 532))
® (P(3)" @ Z/2{w1a} ® A(2)))/R.

where R = {rs =ts =rt =us =0, ur = v18, ut = v9s, vit = vor}.

I

Proof. In Lemma 5.3 we proved
EZ(K(1)) = K(1)" = A7, 213, 725),
EZ(P(1)) 2 (P(1)" ® A(us, 213,725, S32) ® P(2)" @ Z/2{t21} @ A(2)
@ P(3)" ®Z/2{wia} ® A(2))/R,
where R = {ur = vis,us = rs = 0}.
The relations in the module structure of EX*(P(1)) are vit = njw =
)

vow = 0. Let us study these relations in P(1)*(DI(4)). Consider the exact
triangle

P(1)*(=) ——=P(1)*(-)

N

P(2)%(

Let y11 € P(2)*(DI(4)). Then (i101)(y) = @1y = w mod (v, vs, ...). More-
over, i1(u) = wvoy implies voy € Imiy; = Kerdy, and hence d;(voy) =
v2(01y) = 0. Set ' = d1y; we see that w’ is an element in P(1)*(DI(4))
such that i1 (w’) = w mod (vg,vs, ...), and

’vlw’ = vow’ :O‘

That i1(r) = wy implies i1 (ver) = 0, and hence vor € Keriy = Imw;.
For dimensional reasons, vor = avit + avir + bvisz, where a = 0,1, and
a,b e P(1)*. But the P(1)*-module generated in P(1)*(DI(4)) by {r, sz} is
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P(1)*-free, and this forces a = 1, and vyt # 0. Setting t' =t + ar + bsz, we

get

This completes the study of the P(1)*-module structure of P(1)*(DI(4)).

For the algebra structure, the relations that we have to study are the
following: u?,72, 22,82, ()2, (W2, ut’,rt’, st ,uw’, ro’ , 'w’, sw' us, rs, ur +
v18, and the commutativity.

Just by dimensional reasons,

’(t/)2=82:t/S:t/TZST:w/S:T2ZO‘

The elements (w')?, t'w’, rw’, uw’ are in (Kerv;) N (Kervg), and this im-
plies that they are not in (Imw;) U (Imwvs). Again for dimensional reasons,
this implies

’ (W) =tw =rv = uw’ :O‘

The fact that ur = vys in EX*(P(1)) implies ur = v1s +avirz + Bviverz
in P(1)*(DI(4)), where a, 8 = 0, 1. Setting s’ = s + avirz + Buvgrz, we get

ur = vy 8

Combining the two relations ur = wv1s’ and vit’ = wvor, we obtain
vy (ves’+ut’) = 0. But i1 (ves’) = vaty = i1 (ut’), and hence vos’'+ut’ € Im vy .

This implies

Since we are not going to make any other change of generators, we rename
againw =w', t=1t', s =5

To complete the proof of the P(1)*-algebra isomorphism in the lemma,
we only have to check that u? = 22 = us = 0, and the commutativity.
Since Qow ¢ (Imwvq) U (Imwvs), by dimensional reasons we have Qow = 0.

Regarding the other generators,
Qou € P(1)*{uz,s,tz,rz},
Qoz € P(1){w,uz,s,tz,rz},
Qot € P(1)*{s,tz,rz},
Qor € P(1)*{s,tz,rz},
Qos € P(1)*{sz}.

By considering dimensions, any product in the correction to commutativ-
ity is forced to be zero, except for the case (uz)(uz). But (uz)(uz) = uz(zu+
11Q02Qou) = uz(zu+via(uz)?) = uz’u+ avy (uz)? for some a € P(1)*. For
dimensional reasons, (u2)® = 0, and the fact that 22 € P(1)*{s,rz} implies
uz?u = 0.
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To prove the relations u? =22 =0, we consider the map \; : P(1)*(DI(4))
— K(1)*(DI(4)). We are again under the conditions of Lemma 5.4 and
hence K(1)*(DI(4)) =2 K(1)* ® A(x, z,7) as K(1)*-algebras. We finish the
proof of the P(1)*-algebra isomorphism by using an argument completely
analogous to the one used in Lemma 4.2: we know that 2% = as+ brz, where
a,b € P(1)*. That A\(2)? = 0 and s,7z ¢ Ker \; implies a,b € (v2,v3,...).
Now, we order the coefficients lexicographically:

ni no
22 = Zwms + ng’jrz with wi1 >wio > ... >win,, 1=1,2.

j=1 j=1

There exists an operation r € P(1)*P(1) such that 7(w; 1) = v} for some

k>0, and r(w; ;) = 0 for all j > 1. Since 2% = 0 for all x € P(1)*(DI(4))

with |z| > |z|, the Cartan formula implies that r(z2) = 0. Hence, r(2?) =

0= ovFs+>, wiz;, where w; € P(1)* and |z;| > |s| for all i. This contradicts

the module structure of P(1)*(DI(4)). Therefore, 22 = 0. Arguing similarly,

we can prove that u? = 0. Finally, us € P(1)*{sz}, and v;(us) = u?r = 0.

This implies us = 0. =m

We finish this section with the proof of the non-homotopy nilpotency of
DI(4), by using the non-commutativity of the spectra P(n) at p = 2.

Let X be a finite homotopy associative H-space, and let A and o be the
multiplication and inverse maps of X. Define ¢y (the commutator) to be the
composition

Xx X2 X X x XXX LD XxXxXxXSX

where Ay« x is the diagonal map, f =id xid xo x o0 and g = A(A x \). De-
fine the iterated commutators ¢,, : X™ — X inductively by ¢, =ca(c,—1 xid).
Zabrodsky defined X to be homotopy nilpotent if the functor [—, X] takes
values in the category of nilpotent groups, and proved the following crite-
rion for the homotopy nilpotency of an associative H-space, in terms of the
commutators:

PROPOSITION 5.8 ([Z]). A finite homotopy associative H-space is homo-
topy nilpotent if and only if c, is null homotopic for sufficiently large n.

In [Ho], Hopkins found cohomological criteria for a finite H-space to be
homotopy nilpotent, and used it to prove that H-spaces with no torsion in
homology are homotopy nilpotent. Hopkins also conjectured that all finite
connected homotopy associative H-spaces are homotopy nilpotent. However,
Rao [R] found that Spin(n),SO(n),n > 7, and SO(3),SO(4) are not homo-
topy nilpotent. About the same time, Yagita proved the following result:

THEOREM 5.9 ([Ya3]). Let G be a simply connected Lie group. Then, for
each prime p, the p-localization G,y is homotopy nilpotent if and only if
H*(G) has no p-torsion.
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Since DI(4) has 2-torsion, it is natural to expect that it is not homotopy
nilpotent. We prove the non-homotopy nilpotency of DI(4) by showing that
the maps induced by the commutators ¢, in P(3).(DI(4)) are non-trivial.
Consider the AHss for P(3).(DI(4)):

E2,(P(3)) = P(3). ® H.(DI(4),Z/2) — P(3).(DI(4)).

For dimensional reasons, all the differentials are forced to be zero, and
P(3).(DI(4)) 2 P(3). ® H.(DI(4),Z/2) as P(3).-modules.
By duality, one easily sees that the algebra structure of H,(DI(4),7Z/2)
is
H.(DI(4),Z/2) = A(z7, 211, 213, 214)-

If we denote by ¥ the coproduct, the generators z7, z11, z13 are primitive,
and ¥(z14) = 1® 214+ 214 ® 1+ 27 ® 27. The action of the Steenrod algebra is
given by Sq4zn = 27, Sq2213 = 211, Sqle = z13. In particular, Q2214 = 27.

LEMMA 5.10. In P(3).(DI(4)), cax(27 @ z14) = [27, 214]-
Proof. As a consequence of Proposition 2.1, we have (see [R])
(Axxx)«(27 ® 214)
=U(27) @¥(214) + v3(ild ® Q2 ® Q2 ®id)(¥(27) ® ¥(214))
=110z ®214)+(1®214 Q27 1) + (1 Q 27 ® 27 ® 27)
+(z27®1®1Q214)+ (272141 1) + (27 R 27 ® 1 ® 27).

As for o, note that if € P(3),(DI(4)), and ¥(x) = >, z; ® x}, then
S abou(zl) = 0. Thus, 0. (27) = 27,0.(214) = 214+ 22 = 214 (since 22 = 0).

Finally, we obtain 02*(257 ® 2’14) = g*f*(AXX)()*(Z7 (= 2’14) = 27214 +
Z1427 + Z;’ + 27214 + 27214 + Z;’ = [27,214]. m

We know that [z7, z14] = 0 mod (vs, vy, ...) and, by dimensional reasons,
we must have [z7, z14] = avszy with a = 0 or 1. In the following lemma we
prove that oo = 1.

LEMMA 5.11. In P(3).(DI(4)), [27, z14] = v327.
Proof. Corollary 2.3 yields
U(2fy) = (P(210))* + v3((Q2 ® id)¥ (214)) ((1d ® Q2)(¥ (214))
= W(214)° + v3(27 ® 27).
Since (¥(214))* = 1@ 2%, + 23, @ 1 + 27 ® 27, 214] + [27, 214] ® 27, we obtain
W(2fy +v3z1a) = 1@ (214 +v321a) + (274 +v3214) @ 1
+ [27, 214] ® 27 + 27 ® [27, 214]
= 1® (214 +v3210) + (214 +v3214) © 1.
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Then 23, +v3214 is a primitive element in even degree. But the only primitive
elements in P(3).(DI(4)) are 27,211,213, up to coefficients. This implies
23403214 =0, and hence [27, 214] = Q2(21,) = Q2(v3214) =V3Q2(214) =V327. =

The proof of the non-homotopy nilpotency of DI(4) is now immediate:

THEOREM 5.12. DI(4) is not homotopy nilpotent.

Proof. We show that, for all n > 2, ¢, is not trivial in P(3).(DI(4)).
The proof is by induction. For n = 2, co.(27 ® 214) = |27, 214] = v327 # 0.

Suppose

Then

n—2

—_———TN— _
(en-1)x(27 ® 214 ® ... ® 214) = V5 227

n—1

,.—/_\ .
Cn (27 @214 @ ... ® 214) = C2, (cn—1 X 1d)s (27 ® 214 @ ... ® 214)

= 02*(1)?_227 ® z14) = vgl_1Z7 #0. m
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