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Abstract. It is proved that a separable Banach space X admits a representation
X = X1 4 Xg as a sum (not necessarily direct) of two infinite-codimensional closed
subspaces X1 and Xg if and only if it admits a representation X = A;(¥1) -+ Aa(¥2)
ag o sum (not necessarily direct) of two infinite-codimensional operator ranges. Suppose
that a separable Banach space X admits a representation as above. Then it admits a
representation X = 73(Z1) + T(Z2) such that neither of the operator ranges T1(Z1),
Ty[Z2) contains an infinite-dimensional closed subspace if and only if X does not contain
an isomorphic copy of Iy.

In this paper we consider a decomposition of a separable Banach space
X into a sum (not necessarily direct) of two operator ranges. By an operator
range A(Y) C X we mean the image of some Banach space ¥ under a
bounded linear operator 4 : ¥ — X. Since every operator range is the
range of some one-to-one operator (by passing to the quotient space) we
may assume without loss of generality that A is a one-to-one (injective)
operator.

There are two cases (known to the authors) where a decomposition into
a sum of operator ranges actually gives a decomposition into a sum of sub-
spaces (by a subspace we mean a closed linear manifold). First if a Banach
space is a direct sum of two operator ranges then, by using the Closed Graph
Theorew, it 14 casy to show that both operator ranges are subspaces. The
yocond case is the following. Let H = A; (H) + Az(H) be a decomposition
of a Hilbert space H into a sum (not necessarily direct) of two ranges of
aperators on the same Hilbert space. Then there exist subspaces IV and M
with N € Ay(H),M ¢ Ay(H) and NN M = 0 such that H# = N+ M
(see [1]).
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In this paper we are interested only in decompositions of the kind
(1) XﬁAl(ﬂ)+A2(n)a
dim A; (Y1) = codim A4; (Y1) = dim A3(¥3} = codim A3(¥2) = oo,

of a separable Banach space X into a sum of two operator ranges A;(¥1}),
A, (Y3) without the assumption that Ay (¥1)NAy(Y3) = 0. It turns out that a
decomposition as in (1) exists for a given separable Banach space if and only
if it is possible to decompose the space into a sum of two infinite-cdimensional
and infinite-codimensional subspaces (Theorem 2.1). Let us note that not
every separable Banach space has a decomposition (1). For instance, the dual
to the Gowers—Maurey space [4] has no decomposition (1) (see Exarmple 2.2
below).

Now assume that a given separable Banach space admits a decomposition
into a sum of two operator ranges. Is it necessary that (at least) one of
themn contains an infinite-dimensional subspace? The answer {Theorem 3.1)
depends on whether the space contains an isomorphic copy of ;.

The paper is organized as follows. In Section 1 we show that every
infinite-codimensional operator range can be covered by the linear span of
the union of an infinite-codimensional subspace and a compact set.

Section 2 is devoted to the proof of Theorem 2.1. The proof is based on
the results of Section 1. By using Theorem 2.1 we show that the dual space
Z* to the Gowers-Maurey space cannot be decomposed into a swn (1),

In Section 3 we introduce the notion of a “thin” operator range A4(Y),
by which we mean that A(Y) does not contain any infinite-dimensional
subspace, and we prove that a separable Banach space X with the decom-
position property (1) can be decomposed into a sum of two thin operator
ranges if and only if X does not contain an isomorphic copy of the space [;.

Section 4 contains some results on complemented operator ranges.

We use standard Banach space theory notation [6]. By U(E) we denote
the unit ball of a normed space E. For a subset 4 C F of a normed space
E we denote by [A] the closed linear hull of A4, by co A the convex hull, by
lin A the linear hull of A and by cl A the closure of 4 in the norm topology.
Most results of this paper were announced in [3].

1. Covering of an operator range. We begin with two auxiliary
lemmas. The proofs are standard and we omit them.

LeMMA 1.1. Let X be a Banach space, A(Y) C X be an operalor range
of infinite-codimension in X and K be o compact set in X. Then

codim(lin{ K U A(¥)}) = co.

LeMMA 1.2. Let A Y — X be an injective operator with codim A(Y)
= co. Then codim(lincl AU{Y)) = co.
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ProrosiTION 1.3. Let A : Y — X be a dense injection of o Banach
space Y into o separable Banoch space X such that codim A(Y) = oo. Then
there exist o subspace X1 C X with codin Xy = oo and a complete minimal
sequence {x;} in X such that ||z;|| < 27 and

AY) Clin{X Ucleo{®xz;}}.

Proof Put V = cl AU(Y) and let Z be the Banach space lin V' with the
norm generated by the set V' as the unit ball. Denote by T' : Z — X the nat-
ural embedding. By Lemma 1.2, codimT(Z) = co. Since T'(U(Z)) is closed,
the linear manifold 7™*(X*) is l-norming and by [2, Proposition, p. 279],
there exists a fundamental minimal system {z;} C T(Z) with a conjugate
system {h;} € X* such that ||z;|| € 27% and |T*Af < 2744 = 1,2,...
Put X; = [k;]". Suppose y € U(Z), z = 3 hi(Ty)z; and K = cleo{£x;}.
It is obvious that # € K and Ty —z € Xi;. So T(Z) C lin(K U X3).
Since A(Y) C T(Z), we get A(Y) ¢ ln(K U Xy). The proof is com-~
plete.

Recall that two infinite-dimensional subspaces N, M of a Banach space
X are said to be quasicomplemented if NNM = 0 and N+ M is a non-closed
dense (in X} linear manifold.

Let H be a Hilbert space. It is known [1] that every dense operator
range A(H) ¢ H which contains an infinite-dimensional subspace can be
represented as a sum

AH)=N+ M,

where N, M are quasicomplemented.
For a separable Banach space the following statement is true.

PROPOSITION 1.4. Euvery operator range A(Y) C X in o separable Ba-
nach space X is contained in a sum of two quasicomplemented subspaces.

Proof. Wetake up the approach and notation of the proof of Proposition
1.3. Let A : Y — X be an injection and {z,}, with ljz,|| = 1, be a basic
sequence in X; with basic constant less than 2. Put

w, =z + 0.2z, (1=1,2,...)

By the stability theorem, {u;} is also a basic sequence. Put Xz = [24].
Since {2} is complete in X, the linear manifold X1 + X5 is dense in X.
Let us verify that Xy N X = 0. Indeed, let z € X3 N X5, Then z =
T &ilzi 4 0.23;) € Xy, Thus & = 0 and » = 0. Standard considerations
show that X + X3 is not closed. Hence, X; and X are quasicomplemented
and it follows from Proposition 1.3 that X; + Xp = A(Y). The proof is
complete,
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2. Decomposition into a sum of subspaces. The simplest example
of an operator range is a subspace. In this section we show that a Banach
space is decomposable into a sum of two operator ranges if and only if it
may be decomposed into a sum of two subspaces,

THEOREM 2.1. Let X be a separable Banach space. The following asser-
tions are equivalent:

(i) There exist infinite-dimensional and infinite-codimensional subspaces
Xy and X; in X such that X = Xy + Xs.

(ii) There exist operator ranges A1(Y7) and A2(Y3) such that the repre-
sentation (1) is valid.

Proof. (i)={(ii) is obvious.
(ii}=-(1). By Proposition 1.3 there exist subspaces Xi,X» of X with
codim X; = codim X3 = o0 and compact subsets K;, K> of X such that

Ai1(Yh) Clin{K1 UX 1},  Ax(¥s) Clin{K, U X5}
Put
K=K{UKy, Y=X10X,
and define an operator T': ¥ — X by the formula

T(ml,.’ﬂg) = I -+ s, (ml,wg) et

Then Xy + Xp = T(Y) and X = lin{K UT(Y)}. By Lemma 1.1, we have
codim(X; + X3) < co, and so there exists a finite-dimensional subspace
X3 € X such that

X = X3+ (X1 + Xs).

Set ¥ = Xa + Xy and M = X, to obtain X = M + N, where codim N =
codim M = oco. The proof is complete.

ExampLe 2.2. There exists a separable reflexive Banach space X which
does not admit any representation (1). Indeed, let Z be the reflexive hered-
itarily indecomposable separable Banach space constructed by Gowers and
Maurey [4], that is, Z has the following property: there is no pair of Infinite-
dimensional subspaces Z;, Zo C Z such that ZHNZy =0 and Zy -+ Zy
is closed. Put X = Z* So X* = Z** = Z. Assume that a representa-
tion (1) for X is valid. By Theorem 2.1 there exist infinite-climensional
and infinite-codimensional subspaces N, M of X such that X = N -+ M.
Let Y = N Mand T : ¥ — X be the natural onto mapping (that
is, T(N) = N and T(M) = M). Then T* : 2 — Y* = N* @ M* is an
isomorphic embedding,. Since T*(N+) € M* and T*(M~+) ¢ N* we have
dimT™*(Z) "\ N* = dimT*(Z) N'M* = oc. But THZYNN*+T*(Z)NM* is
closed and we have a contradiction to the main property of the space Z.
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3. Decomposition of a Banach space into a sum of thin operator
ranges

DEeFmNITION 3.1. An operator range A(Y) in a Banach space X is said
to be thin if it does not contain any infinite-dimensional subspace.

THEOREM 3.2. Let X be a separable Banach space with o decomposition
(1). Then the following assertions are equivalent:

(i) There ewists o decomposition of X into a sum of operator ranges
X =T (Y1) + T3(Y2)

such that both Ty (Y1) and Ta(Y2) are thin.
(if) X does not contain an isomorphic copy of ly.

Proof. (ii)=>(i). By Theorem 2.1 we may write X = E; + F,, where By
and Fp are infinite-codimensional subspaces of X. Let us denote by I{ and
I two isometric copies of the space !5. It is well known ([6, p. 108]) that
there exist surjective operators

.Al :l;_——iEl, Az 213’—>E2.

Denote by {e}} and {e'} the canonical bases of I and I respectively.
Put z; = A1¢f € By and y; = Az&f € B, (2 =1,2,...). Let {ui}, ||uz|| =1,
i = 1,2,..., be a basic sequence in E; with [u;]{2, N Eo = 0 and {u;},
il = 1,4 =1,2,..., be a basic sequence in Ey such that [v;]52, N By = 0.
Set Z = (I @ 1{)1 and define the operators T : Z - X and T : Z — X
by

Ty (a,b) = Z iy + 270;) + Z 02 g,
To(a,b) =Y &y +27"w) + > 27wy,
where {a,b) € Z, a =Y &g, b= ey
We claim that T, and T, are injective. Indeed, if
Ti(a,b) = Zi-ﬁ(ﬂ?i +27%) + Z pi2 g = 0,
then
Z(Eimi + 27 ) + Eéizmmvi =0,

But E(ﬁimﬁ-mz""m) € Ky and Elﬂ[v,;] = {0} Thus E(Eimi-l—m?"ui) =0
and 5 &2 %y; = 0. Since {u;} and {v;} are basic sequences, it follows that
& = s = 0,1 = 1,2,..., which proves that T3 is injective. The same
considerations show that 7 is also injective. Since X does not contain a copy
of 3, neither Ty (Z) ¢ X nor Th(Z) C X contains an infinite-dimensional
subspace of X,



icm

06 V. P, Fouf and V. V, Shevchik

Now we show that
Ty(2) + T3(2) = X.
Take v € X, u = z+y, where x € Fy and y € Ey. Since Ay, Ay are surjective

operators, we have
=Y &G and y=Y vy

wy == (Z&ieé,—Zvief), wy = (Zwei,—Z@af).
‘Then v = Tyw; - Thws and this concludes the proof (ii)=(i).
(i)=>(ii). Suppose the contrary, i.e. X contains a copy of {1. Lot X =
Ty (Y1) + Ta(Y2), where T; : ¥ — X (i = 1,2) are injective operators and
both T1(Y1) and T5(¥3) are thin. Put V = (Y1 ® ¥3);, and let T: ¥V — X
be defined by

Put

T(ml, 562) = T1£E1 + szz,
where (z1,22) € Y.
It is clear that T(Y) = X. Let {e;} € S{X) be the canonical basig of
b ©X. Put Z=T"%). Then T|z : Z — l; is an onto mapping, and so
there exists a bounded sequence {2} C Z with ||z]| < C,i=1,2,..., such
that Tz; = e;, i == 1,2,... It is clear that

2 =Tty mEY, wEYe, @ lu| €0 i=1,2...
Let us consider two cases.
CasE 1: For all € > 0 and n there are m and {&)}727 | such that

n+tm i 1
®) > =1 (Y &a)
i=n+1

j=n-t1

‘<s.

Let 0 < en < 1/2,n=1,2,... By using condition (3)forn=1,2,..., we
construct a sequence of integers my < mo < ... and a sequence of numbers
{&;} such that

Mng1 M1
@) > lal=1 (3 )] <en
i=mn+1 1=yt
Put
Mn41 Tinp1
un=T( Z &,(mz‘-l-yi))': Z Gies, n=12...
i=m, 41 Ty o1 .

It is c.lear that the sequence {u,} is equivalent to the canonical basis of
l1. By using the inequality
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Mpapl Mp 1
Uy, == T( Z ‘Sz'yz') | = HT( Z §¢$¢) 1 < En.
1=My 1 =M1

and the stability property of the canonical basis of 11, we conclude that

the sequence {T'(3{10 ) &13)} is y-equivalent to the canonical basis of I

(for some v > 0). Taking into account the inequality [} 320> |y &yl < O,
n=1,2,... (sec (2) and (4)), we have

NI Y low| < )72 Zan(_mf 6Ty )
T T aw)| <O lank
=My 1

iy 1
Thus, the sequence {3,101 ) &y;} is equivalent to the canonical basis

of Iy, Put B = [} &]52.,; . Hence T is an isomorphism, and so

TQ,(YQ) is not thin (TQ(YZ) " ll).
Case 2: There are ¢ > 0 and ng such that for all m and {£;}72} | with

o4 _
?;J.n,on-t-l \&i| = 1 we have

ny-m

(5 )] >

i=ng-+1

In this cage {T'2;}52,, 41 is equivalent to the canonical basis of I3:

Sl < | SeTs| < cITI Y l6l

Since ||z;|| < €, i =1,2,..., we have

|| S 6] < 1T e < | 3o g < 0Dl
Thus, {2:}32,,,+1 is also equivalent to the cancnical basis of ;. Therefore
Ty is an isomorphism and (Y1) Dl .
So, in both cases one of the ranges T1(Y1) or T2(Y2) contains a copy of
l;, and so it is not thin, This contradiction completes the proof.

ExAMPLE 3.3, The following examples show that Theorem 3.2(ii)=>(i)

is not true if we restrict ourselves to own operator ranges, that is, if ¥1 =

Yo = X,
(i) As mentioned above, if the space Iz is represented as a sum of two

own OPErator ranges

b = A1 (l2) + Az (l2),
then there exist two infinite-dimensional subspaces N C Aj(lz) and M C
Az(lz) such that NN M = {0} and [ = N + M.
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{ii) Let X =1,, 1 <p < 0o, and let A; : I, =1, (4= 1,2) be two linear
bounded one-to-one operators such that

(5) lP = ‘A‘l (lP) + AQUP))
dim A; (I,,) = codim A1 (I,) = dim A (1) = codim As{ly) = 0.

We claim that both A;(l,) and Ay (l,) contain infinite-dimensional sub-
spaces. Indeed, suppose that, say, A1(lp} does not contain any infinite-
dimensional subspace. Then A, : I — [, is strictly singular, and so com-
pact. Now, taking intc account (5}, we have a contradiction with Lemma
1.1. |

QUESTION. Suppose the space lp, 1 < p < 00, is represented as in (5).
Are there infinite-dimensional subspaces N C A;(l,) and M C Aa(l,} such
that NN M = {0} and N + M =17

4. Complemented operator ranges. Let X be a Banach space and
A(Y) C X be an operator range with dimn A(Y) = codim A(Y") = co. We say
that A(Y) is complemented if there exists an operator range A;(¥1) € X
with dim A; (Y1) = codim A; (Y1) = oo such that

A(Y) + A () = X.

We recall some definitions (see [7], [8, pp. 49-50]). An operator T': ¥ —
X is said to be strictly singular if for every infinite-dimensional subspace
M C Y the restriction T|as is not an isomorphism. An operator T7: ¥ — X
1s said to be strictly cosingular if for every infinite-codimensional subspace
N < X the operator 7 o T, where 7y : X — X/N is the quotient map, is
not surjective.

PROPOSITION 4.1. Let X be a separable Banach space and A(Y) C X
be an operator range such that dim A(Y") == codim A(Y) = co. The following
assertions are equivalent: . : ‘

(i) A(Y) is complemented.

(ii) There exists o subspace N C X such thot dim N = codim N = oo
and A(YY+ N =X,

(iii) The operator A:Y -= X is not strictly cosingular.

If the dual space X™ is separable then (i)-(ili) are equivalent to
(iv) The operator A* : X* - Y™ is not strictly singular.

Proof. The equivalence (i)« {iii) follows directly from the definitions,
while (ii)=>(i) is trivial.

(i)=>(ii)-. Let X = A(Y)+A1(Y1), where A;(¥]) is of infinite codimension.
By Proposition 1.3 there exist a subspace M C X with codim M = oo and
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a compact set K C X such that 4;(Y1) C lin(MUK). Put Z=Y & M and
define an operator T': Z — X by

T(y1,42) = A1y1+ Ya-

From Lemma 1.1 it follows that codim(A(Y)+ M) < oco. Hence, there exists
a finite-dimensional subspace My C X such that X = A(Y) + M + M;. Put
N =M + M.

(il)=>(iv). Let 7 : X — X/N be the quotient map and ¢ = 70 A.
Then v : ¥ — X/N is a surjection, and so %~ : (X/N)* — Y™ is an
isomorphic embedding. But this means that A*| .. is an isomorphism. Hemnce
the operator A* is not strictly singular.

Now we suppose that X* is separable and prove (iv)=(ii).

Since A* : X* — Y™ is not strictly singular, there exists an infinite-
dimensional subspace M C X* such that A*{5r is an isomorphism. From
separability of X* it follows that there exists an infinite-dimensional w*-
closed subspace L C M (see [5]). Set N = LT and let 7 : X — X/N
be the quotient map. Consider the operator ¢ = 7o A. Since N+t =L
and A*|;, is an isomorphism, it follows that * is an isomorphic embed-
ding, and so 9 is a surjection. Hence A(Y) + N = X, which concludes the
proof.

EXAMPLE 4.2. Let X = Ly[0,1}, 1 < p < 00, ¥ = Cl0,1], and let
A:V — X be the natural embedding. Denote by L the subspace of Lg[0, 1],
1/p+1/q = 1, generated by the Rademacher functions. By using Khinchin’s
inequalities, it is not difficult to show that A*ly, is an isomorphism. Since X
is reflexive, the subspace L is w*-closed. Now from the proof of Proposition
4.1(iv)=(ii) it follows that

Lp0,1] = A(C[o, 1) + L.
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