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ON NONSTATIONARY MOTION OF A FIXED MASS
OF A GENERAL VISCOUS COMPRESSIBLE HEAT
CONDUCTING CAPILLARY FLUID BOUNDED
BY A FREE BOUNDARY

Abstract. The motion of a fixed mass of a viscous compressible heat
conducting capillary fluid is examined. Assuming that the initial data are
sufficiently close to a constant state and the external force vanishes we prove
the existence of a global-in-time solution which is close to the constant state
for any moment of time. Moreover, we present an analogous result for the
case of a barotropic viscous compressible fluid.

1. Introduction. The aim of this paper is to prove the global existence
theorem for a free boundary problem for equations of a viscous compressible
heat conducting capillary fluid in the general case, i.e. without assuming
any conditions on the form of the internal energy.

In papers [13], [18], [19] the global existence theorem was proved under
the assumption of a special form of the internal energy ¢ = £(p, ), where
o is the density of the fluid and @ is the temperature. More precisely, we
assumed

8(@,9) = CL(]QQ + h(g,@),
where ag > 0, a > 0, h(g,0) > h, > 0 for o € [0«,0%], 0 € [04,0%]; ap,a, h
are constants, and

0« = min minp(z,t), 0" = max maxo(z,t),
te[0,7T] 2, te[0,T] 0,

0, = min minf(x,t), 6" = max max6f(x,t),
tl0,7) 1, t€l0.7] 1,

T is the time of local existence of a solution.
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In this paper we consider the motion of a fluid in a bounded domain
2; C R3 which depends on time ¢t € R,. The shape of the free boundary
Sy of £2; is governed by surface tension. Let v = v(x,t) be the velocity of
the fluid, o = o(z,t) the density, 8 = 6(z,t) the temperature, f = f(x,t)
the external force per unit mass, r = r(x,t) the heat sources per unit mass,
0 = 0(z,t) the heat flow per unit surface, p = p(g, ) the pressure, y and v
the viscosity coefficients, s the coefficient of heat conductivity, ¢, = ¢, (o, 0)
the specific heat at constant volume and pg the external (constant) pressure.
Then the motion of the fluid is described by the following system (see [1],
Chs. 2 and 5):

olvs + (v-V)v] + Vp — pAv —vVdive = of in (NQT,

ot + div(ov) =0 in 27,
0¢y (0 +v - V) + Opgdive — A0
e 3 (Vie, + Vjz;)® — (v — p)(dive)® = or in 7,
(1.1) 2 ij=1
Tn — ocHn = —pgn on §T,
v-m=—p/|Vy on 57,
0/on =0 on ST,
V=0 = vo, 0lt=0 = 00, Olt=0 = 0o in £2,
where ¢(z,t) = 0 describes Sy, @ is the unit outward normal vector to

the boundary, 27 = Useco,r) £2¢ X {t}, £20 = {2 is the initial domain, and

ST = UtE(O,T) St X {t} MOI‘GOVGI“, T = T(U,p) = {Ej}i,j:l,Q,?) = {—péij +
p(Viz; + Vjz,) + (v — p)di; divo} j—1,2,3 is the stress tensor and H is the
double mean curvature of Sy which is negative for convex domains and can
be expressed in the form

Hn = A(t)z, == (x1,22,23),

where A(t) is the Laplace—Beltrami operator on S;.
Let S; be determined by

x=x(s1,82,t), (s1,82) €U CR?,
where U is an open set. Then
0 0 0 0
At = -2 = -1/25 2 = -1/2_ 7 1/2 0B _~Z_ «, =1 2,
t)=y s \9 Gasg ) =9 979" 55, ) =1,
where the summation convention over the repeated indices is assumed, g =

det{ga.8}ap=1,2, Gap = Ta - g (xq = 02/0s,), {g*#} is the inverse matrix
to {gap} and {gapg} is the matrix of algebraic complements of {gns}-.
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Assume that the domain (2 is given. Then by (1.1)5, 2, = {xr € R3 : 2 =
x(§,t), £ € 2}, where = x(&,t) is the solution of the Cauchy problem

% —o(@,t),  whoo=E €, €= (£1,6E).

Hence, we obtain the following relation between the Eulerian z and the
Lagrangian ¢ coordinates of the same fluid particle:

¢

v=E+ \uE t)dt = X, (1),

0
where u(&,t) = v(X, (&, t),t). Moreover, by (1.1)5, S¢ = {x : x = z(,t), £ €
S = 0102}.

By the continuity equation (1.1)2 and the kinematic condition (1.1)5 the

total mass is conserved, i.e.

(1.2) | o(z.t)do = | 00(&) dg = M,
2 [0
where M is a given constant.
Moreover, in view of thermodynamic considerations assume

>0, x>0, v>2p>0.

In this paper we prove the existence of a global-in-time solution of prob-
lem (1.1) near a constant state.
Assume that p, > 0, pg > 0 for p,0 € R, and consider the equation

M 20
1.3 —,0. | = —.
(1.3 P ) =m0t 3

We assume that there exist R, > 0 and 6. > 0 satisfying (1.3). Then we
introduce the following definition.

DEFINITION 1.1. Let f =r = 6 = 0. By a constant (equilibrium) state
we mean a solution (v, 6, o, 2;) of problem (1.1) such that v =0, 6 = 6.,
0 = 0c, 2y = (2, for t > 0, where g, = M/(%WRE), 2. is a ball of radius
R., and R, > 0 and 6, > 0 satisfy equation (1.3).

The methods used to prove the main result of the paper, Theorem 3.5, are
similar to those applied in [11], [14]-[19], [21]-][23] and [2]-[6]. To prove the
global existence theorem (Theorem 3.5) we use the local existence theorem
of [12], the differential inequality (3.5) which is similar to the differential
inequalities derived in [11], [16], [17] and [21]-[23] and the conservation laws
for energy, mass and momentum which are presented together with their
consequences in Section 2. Theorem 3.5 is proved without assuming any
conditions on the form of the internal energy ¢ = (o, 0).

Theorem 3.7 is the global existence theorem for the case pg = 0.
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In Section 4 we present the global existence theorem for the case of a
viscous compressible barotropic capillary fluid (Theorem 4.3).

In contrast to [22]-[25] we do not assume any conditions on the form
of the pressure p = p(p). The case of a general p = p(p) and 0 = 0 was
examined in [21], where the global existence theorem was proved. On the
other hand papers [7]-[8] are devoted to the global motion of a viscous
compressible barotropic fluid in the case of a general p = p(p), o > 0 and
po = 0.

Papers [10]-[11] are concerned with the global motion of a viscous com-
pressible barotropic self-gravitating fluid in the case when p = Ap*, where
A >0 and » > 1 are constants.

Finally, in [9], [12], [20] and [24] local existence theorems are proved,
while [2]-[6] are devoted to the motion of a viscous compressible heat-
conducting fluid both in the space R? and in a fixed domain.

Now, we present the notation used in the paper. We denote by Wzl’l/2(QT)
the anisotropic Sobolev—Slobodetskii spaces of functions defined in Qr,
where Q7 = 27 = 2 x (0,T) (2 C R3 is a domain, T' < oo or T = o0)
or Qr = ST = 8 x (0,T), S = 02. We define WQZ’I/Q(QT) as the space of

functions u such that

lilhagoraian, = | 3 IDE8ulE, oy

la|+2i<[l]
T a9t a 9t 2
‘Dgatu(é.at)_Df’atu(é./at)‘ /
+| g—m <§§z§z € — g2t e
TT | pHagyi _ pagi 2 1/2
|Dg Opu(€,t) Dg Opru(€,t')] /
éé § TETIEEE e d§>] < 00,

where we use generalized derivatives, D¢ = ¢! 0g20¢?, (9?], = 9% /(%?j
(j=1,2,3), a = (a1, as, a3) is a multi-index, || = a;+as+asz, 0) = 9% /0t
and [l] is the integer part of [. In the case when [ is an integer the second
term in the above formula must be omitted, and in the case of [/2 integer
also the last term is omitted.

The space WQH/ 2(ST) is defined similarly by using local charts and a
partition of unity.

By WX(Q), where l € Ry, Q = 2, 5,5 (2 C R? is a bounded domain;
S = 012, St is the unit sphere), we denote the usual Sobolev—Slobodetskii
spaces. To simplify notation we write

lullig = lullysoz g if Q=07 or @ =57,
llhio = lulwio) Q=20 Q=5orQ=5"
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Next, we introduce the spaces I'}(Q) and F,i’l/Q(Q) of functions u defined
on Q x (0,T) (T <ooorT =o00,Q =(2,S) such that

ke =l = D 10iuliiq < oo
i<l—k

and
lull vy = D 105uli-ziq < oo,
2i<l—k
where l e Ry, k> 0.
By |ul;,0,p,or We denote the norm in the space L, (0, T’ F(l)’l/Q(Q)) and by

CZNQ) (Q C R3x [0,00)) the space of functions such that D2diu € C%(Q)
for |a| +2i < 2 (where C%(Q) is the space of continuous bounded functions

on Q).

Finally, we introduce the seminorm
T

lullg,s "2
|u|%VST:<§ 2]

0

2. Conservation laws and their consequences. The following
lemma is proved in [15].

LEMMA 2.1. For sufficiently regular solutions (v,0,0) of problem (1.1)
we have

d v? -
(2.1) E[ S g(; —i—s)dw + po| 2] —i—a!St@ — S 0 ds
.Qt St

= S of -vdx  (conservation of energy),
2

where |2 = vol (2, |S;| is the surface area of S, and ¢ = €(p,0) is the
internal energy per unit mass. Moreover,

d
— S ordr = S ov dx
dt o o
and
— Vov-nde= | of ndz,

24 2
where n =a+ b X x and a,b are arbitrary constant vectors.

Now, assume:
(22) f=0, 6>0,
(2.3) 01 < o(x,t) < 02, 01 <O(x,t)<By forallxec 2 andte]|0,T],
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where T is the time of existence of a solution of problem (1.1); 0 < 01 < g2
and 0 < 01 < 05 are constants; and

(2.4) g1 <e(o,0) <ey forall p€ (01,02) and 0 € (0;,62).

Integrating (2.1) with respect to ¢ in an interval (0,t) (¢t <7T') and using
(2.2)—(2.4) we get
2
€ v
(25) — S o dx + S S + pol§2¢| + ]S
% g, 2 2

2 t _
< S Qo(UE0 +€0> d€ + po| 2| + 0| S| + %sgpx dt’ S 0(s,t'")ds =d,
Q 0 S,

where f = a+1, a > 0is a constant, £g = (o, 0p). Hence in the same way
as in Lemma 2 of [15] we obtain

LEMMA 2.2. Under assumptions (2.2)—(2.4) the following estimate holds:

MBE 1/(B-1) d
<da1> sled <o
) Po

Let R; be the radius of a ball of volume |§2;|. Then inequality (2.5) yields

2
(2.6) Z—; | o dw+po| 2|+ 02102 >* —d+ | g% dz+0(|S;| —4mR?) <0,
2 2 2

where ¢ = (367)'/3. Multiplying (2.6) by [£2;|°~! and using (1.2) we have

(2.7) y(mty)i—i[mtmfl [ o do— ( | gdm)ﬂ}
2 (9]

t t

2
v
+ 12077 | o5 dz + 0|27 (1S)] - 4nRD) <0,
£2¢
where
y(x) = por” + ocxP 13 — daP1 + %Mﬁ.
03

Since the last three terms in (2.7) are non-negative we have y(|2]) <0, so
we have to consider y = y(x) for z > 0 only.

To do this introduce (as in [15])

D= VO(VO - 2”(3])7

where

C@(B-1/3)  dB-1)
ST B T
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We have the following possibilities:

(2.8) if vy € (2up,00) =1,  then D >0,
(2.9) if vy € (U3, 23] = I, then D <0,
(2.10) if vy € (0, i) = Is, then D < 0.
For vy € I;, we define p;, i = 1,2,3, by
(2.11) coshp; = % —1, where vy € Iy;
0
Vo
(2.12) COS g = 2 1, where vy € I;
0
Yo
(2.13) cospz3 =1 — F, where vy € I5.
0
Next, set
potty’ ©1 =D
(214) 951(M0,801,p0,5,51, QZaM) = 5 _01 <2 cosh ? - 1>
p—1 P1 1 e
-12( cosh 1) — 2cosh = — 1) | — —=~M"*
2o +1) - 5 (200 S o5
36 3(8-1)
(215) 452(/1/07@27]90757817@27]\4) = %(2008%_1>
p-1 V2 1 &
-[2(008@2—{—1)—5_1/3 2COS?— —@Mﬁ,
3B 3(8-1)
D T
(216) @3(,&0,803,]90,5,61,@2,]\4) = % |:2COS <§ - %) - 1:|

-{2(1—COS >—£[200s<z—ﬁ>—1r}—g—lMﬁ
7] B=1/3 33 o8

In the same way as Theorem 1 of [15] the following theorem can be
proved.

THEOREM 2.3. Let conditions (2.2)—(2.4) be satisfied. Let oy € (0,1) be
given. Assume that the parameters g, vo, Do, B, €1, 02, M satisfy one of
the relations
(2.17); vo € Ii;, 0 < ®Pi(po, i, po, B,€1, 02, M) < do,

i =1,2,3, where I; are defined in (2.8)—(2.10), and ®; are given by (2.14)—
(2.16). Then there exists a constant ¢y independent of 6o (it can depend on
the parameters) such that

. <
(2.18) oJar, . [£2¢| < 16,

where 62 = cdgy, ¢ > 0 is a constant.
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Moreover, in the case (2.17); we have
(2.19) [192¢] — Qi <20, te€][0,T],

where Q1 = p3(2cosh(p1/3) — 1)3, Q2 = ud(2cos(pa/3) — 1)% and Q3 =
pd2cos(m/3 — ¢3/3) — 1]3, and c2 > 0 is a constant independent of &.

REMARK 2.4. It can be proved in the same way as in Lemma 4 of [15]
that for any dg sufficiently small and for any 1 < ¢ < 3 there exist parameters
Do, Mo, Yo, B, €1, 02, M such that relation (2.17); is satisfied.

Now, consider the case py = 0. Instead of (2.7) we have in this case
€ _ B

vl ) + = |17 | o de— (| oda)']
& 2 ¢

2
v
+ 12771 § 0% do + ]2 (Si] - 47 B7) <0,

2
where

~ B_ _ €1
yo(z) = gexP1/3 doxﬁ Ly gMB,

2 t
do = S Qo(v—o + €0> d¢ + o|S| + %supxdt’ S 0(s,t") ds.
2 ¢
Q 0 Sy
In this case the following theorem analogous to Theorem 2 of [15] holds:

THEOREM 2.5. Let pg = 0 and let assumptions (2.2)—(2.4) be satisfied.
Moreover, assume that
t

2
y _
| o0y 6 + § ao(e(00.00) — (0e,0e)) dé + sesup Yt § B(s,t') ds| < b,
Q Q oo,
S ’QO - Qe’df < do,
2
[[S] = ISel | < do,

2 o~
(220) 0< [5(6 — 1)PBD/2(g 1 /3)~(30-1)/2(5g) =351/
~ _ _ €
(o[ Qe|M? + peele, ) PP /2] Q|02 - —LoB (0|7 < &,
2
where &g > 0 is a sufficiently small constant, |S.| = 47wR2, and 0., Re, 2.
are introduced in Definition 1.1. Then

var (2] < ea9,
0<t<T

where co > 0 is a constant independent of &g, 62 = cdy and ¢ > 0 is a
constant.
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REMARK 2.6. There exist (3, d, €1, 02, 0c, Oe, |{2¢| such that condition

(2.20) is satisfied. In fact, assuming
col|2.|71/3
(2.21) |ﬁ%1 = 0c€(0e, be)

we have

(2.22) [g(ﬁ _ 1)3(/371)/2 (8- 1/3)7(3571)/2 (50)73(571)/2

B - 1/3 Bo=/2 n/2 &
-<5__1aﬂ94/ ) ukﬁﬂ>/-—5§g§h94ﬂ

—co

37 (B—1)(B—1/3)CFD2[Q, i3 ~ g%
(38-1)/2

2 B ) €1 ]

S o (- ve(00,0.) — L oP |21

[3<5_1/3 0c€(0e, be) 5" |92 |

Taking 3 sufficiently close to 1 and choosing o, g, O, |$2.], €1, 02 satisfying
(2.21) and (2.22) we see that condition (2.20) also holds.

38—1)/2

3. Global existence of solutions of problem (1.2). In [12] (see
also [19]) we proved the existence of a sufficiently smooth local solution of
problem (1.1). In order to show the global existence we assume the following
condition:

(A) (2 is diffeomorphic to a ball, so S; can be described by
(3.1) lz| =r = R(w,t), weSt,

where S! is the unit sphere and we consider the motion near the constant
state (see Definition 1.1). Define

Po :p—po—%a7 00 = 0= e, Vo =10—"0e.
Using the Taylor formula p, can be written as (see [17], formula (3.2))
(3.2) Po = P10s + 2o,
where p; (i = 1,2) are positive functions. Formula (3.2) yields
(3-3) 19052, < es(llpallf e, + llealld 2, )-

Next, by the Poincaré inequality we have
(34) leallf.c, < llo =20, 3.0, + 120, — eellt.«,

< callealld o, + 120, — eelldq,

where 0, = |ét‘ Sm odx and ¢4 > 0 is a constant depending on (2.
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In the same way as the differential inequality (3.46) of [17] and by using
(3.3)—(3.4), the following inequality can be proved:

t

d
(3.5) d—f +eod < esP(X)X(1+ X3)<X + &+ [vl3g, dt’)
0

+ ¢ F + crp + cs||H(+,0) + 2/ Rel|3 g1
+eco(|[H(,0) +2/Rell5 g1 + ||R(-,t) — R(-,0)[|F g1)

t

Svdt'
0

2
+C10(\|R(',t) —R(‘,O)Hiﬂ/z,sl 35

t

2
IR = REO B |§oar | ).
’ 0 4,5
where
cripo(t) < o(t) < crapo(t)
and
¢ 2
eo(t) = [v3 0.0, + 100302, + [P0l30.0, + H fvar .
0 It
¢ 2
|| Fode|  +10Bs + 1HC0 + 2/ R,
0 39t

o(t) = ’U’i,l,m + ‘Qo@,o,nt + ‘790‘421,1,Qt7
¢
X(t) = |v[,0.0, + 00300, + Wol30.0, + | IV]3.0, ',
0
D(t) = lollf,, + Ipoll3,0, + I1RC,1) = RS 0)IF 0 + 120, — eellf, o,
F(t) = racllgms + 1730 + Irllozs + 101131 5o + 10]1 e,
t € [0,T] (T is the time of local existence); 0 < ¢p < 1 is a constant
depending on g1, 02, 61, 02, pu, v and s ¢; > 0 (i = 5,...,12) are constants
depending on o1, 02, 01, 02, T, Sg HvH%’Qt/ dt', ||S||441/2 and on the constants
from the imbedding lemmas and the Korn inequalities; € > 0 is a small
parameter and P is a positive continuous increasing function.
In order to prove the global existence assume also
(3.6) sup F(t) <9,
t€[0,T)
where ¢ > 0 is sufficiently small.
Next, introduce the spaces

N(t) = (v,9,00) : o(t) < oo},
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M(t) = {(v,ﬂg,ga) L polt) + () dt < oo}.
0

In [19] the following lemma is proved:

LEMMA 3.1 (see [19], Lemma 5.1). Let the assumptions of Theorem 4.2
of [12] be satisfied. Let the initial data vy, 0o, 0o, S of problem (1.1) be such
that (v,9,0,) € MN(0) and S € W24+1/2. Let

| covo(a+bx€)de=0, | otde=0,
Q Q

for all constant vectors a, b. Let condition (A) be satisfied and let the initial
data vg, 00, 6o, S and the parameters py, o, d, B, s, M, €1, 02 (d, 8, €1 and
02 are defined in Section 2) be such that

0(0) < a1, w(t)=sup||R(,t') = Rellg g1 <aa for t <T,
<t ’

x(0) = [[H(:,0) + 2/Re‘|g+1/2,sl < as,
where a1, a9, a3 > 0 are sufficiently small constants, and T is the time

of local existence. Then the local solution of problem (1.1) is such that
(v,90,05) € M(t) fort <T and

t
p(t) + [ @(t) dt' < e14((0) + x(0) +w(t) + sup F(t))
0 te[0,7]
< cua(og + ag +as +96).
Now, we prove

LEMMA 3.2. Assume that there exists a local solution to problem (1.1)
which belongs to IM(t) for t < T. Let the assumptions of Lemma 3.1 and
Theorem 2.3 be satisfied. Moreover, if (2.17); holds then assume that

(3.7) Qi — [£2e]| < 61,
where §1 > 0 is sufficiently small and

2
(3.8) S 90%0 d¢ + S 00((00,00) —€1) d§
19 19

+po(|2] = Qi + 82) + o[|S| = EQ: — 82)*"]
t
+ %Supx at’ S 0(s,t') ds < 03,
booos,
wheret < T, §5 € (0,1/2] is a constant so small that Q; —da > 0 and assume
that § from (2.19) is so small that co0 < d3. Then

(3.9) W(t) <dy  fort <T,
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where d4 = ¢15(0 + 01 + 03 + 6’ 1), c15 > 0 is a constant depending on o1,
02, 01, 02, B, d; & is the constant from estimate (2.18), ay is the constant
from Lemma 3.1 and &' € (0,1) is a sufficiently small constant.

Proof. First, assumption (3.7) and estimate (2.19) yield
| |“Qt| - |Qe| | < 90 + 941.

Hence, by Lemma 2.2,

_ 9 Qg N o[ doy 1/(B-1) )
(3.10) HQQt - Qe”oﬂt < @(0254- 51) < o Mo (cad +01)%

Next, integrating (2.1) with respect to ¢ in an interval (0,¢) (t <T') we
get

2
(3.11) S Q<% + s) dx + pol$2¢| + 0S|

2,
t

2 p—
< S go<% +€(gg,00)> dé + po| 2| + o|S| + %sgpx dt’ X 0(s,t') ds.
Q2 0 S,

Now, let R; be the radius of a ball of volume [{2|. Then by (2.19),
AQi = 02)*7 < AmRY < Qi + 62)*/°,
where ¢ = (367)'/3. Hence
(312)  |Sy| — Qs — 62)%/ = |S;| — 47R? 4 4w R?
—HQi—8)*3 >0 fort<T.
Using (2.19), (2.3)—(2.4), (3.12) and assumption (3.8) in (3.11) we obtain

2
v ~

S o dr+ S o(e —e1) dw +po(|2¢| — Qi +2) + o[|Si| — E(Q; — 62)*/%] < 6.

2 2

Hence

2
(3.13) JollZ g, < —ds.
' 01

Next, using the same argument as in the proof of Lemma 5.2 of [23] we
obtain the estimate

(3.14) 1Poll5.0, < cre01d’ + c(8)ds,

where c¢16 > 0 is a constant, «; is the constant from Lemma 3.1, §’ € (0,1)
is a sufficiently small constant, and ¢(¢’) is a decreasing function of ¢'.
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Finally, the estimate
(3.15) |R(w,t) — RtHiSl <703 fort € [0,T]
follows from Lemma 2.4 of [23]. Hence by (3.15) and (2.18) we have
(3.16) [|R(w,t) — R(0,1)[[ g1 < [|R(w,t) — Relli 0
+ 18| Ry — Rol> + || R(0,t) — ROH%,Sl
< €1903 + €200,

where Ry = (%\Q\)l/g.

By (3.10), (3.13), (3.14) and (3.16) we get (3.9).
This completes the proof. m

REMARK 3.3. In the case € = ¢,0 (¢, > 0 is a constant), p = Rof (R > 0

is a constant) assumption (3.7) is satisfied if

(e}
(8 — 1)e, 6y <&> — R,
02
where co1 > 0 is a constant and 5 > 0 is sufficiently small.

Proof. Consider Q; (where i = 1,2,3) and set 2y = @;. Then the
equation determining z( has the form (see equation (40) of [15])

(3.18) poxl +eo(B—1/3)8 a3 — (B —1)B L dal Tt = 0.

Moreover, from assumption (2.17); it follows (see [15]) that

(317) M‘Qe‘a < 021(55,

-~ p— _ €
(3.19) 0 < —y(zo) = —(poxg + ca:cg 13 _ d:cg 4 éMB> < dp.

Applying (3.18) in (3.19) we get
2_ g-
(3.20) 0 < poxg + seowy 0= (8- 1) " MP < (8- 1)
03
In this case equation (1.3) takes the form
20
Ro.0. = — .
0 i3 + Do

Hence

2
(3.21) po‘ge’B + gEU‘Qe’B_l/s - RQeae‘Qe’B =0,

where we have used the fact that 2(%77)1/3 = 2¢.
In view of (3.20)—(3.21) we see that assumption (3.7) is satisfied if (3.17)

holds and &g is sufficiently small. m

Now, Lemmas 3.1, 3.2 and inequality (3.5) imply
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LEMMA 3.4 (see Lemma 5.4 of [19]). Let the assumptions of Lemmas
3.1-3.2 be satisfied. Moreover, assume

p(0) <ar,  [H(,0) +2/Ref3 50 <@
Then for sufficiently small oy, @, &, 83 (where 0 is the constant from as-
sumption (3.6) and d3 is the constant from Lemma 3.2) we have
ot) <ay fort<T.
Now, we formulate the main result of the paper.

THEOREM 3.5. Let v > 2 > 0, 3¢ > 0, ¢, = g9 > 0, ¢, € C*(R?),
e € CYR2), pe C3(R2), p, >0,pg >0, f=0,0>0. Suppose the
assumptions of the local existence theorem (Theorem 4.2 of [12]) with r,0 €
C%’l(]Rij_ x [0,00)) are satisfied and the following compatibility conditions
hold:
Dgo;(Tn — o HN + pon)|i=0,s =0, o] +i <2,
Dgoj(m-V0—0)|i—0s =0, |o|+i<2
Let (v,90, 05) € M(0) and
(3.22) 0(0) < o,
(3.23) ool < on.
Assume that
(3.24) 1> 0 is a constant such that oo —1 >0, 0, — 1 > 0 and
g1 <e(o,0) <ey forp€(01,02), 0 € (61,02),

where 01 = 0, — 1, 01 =0, — 1, 0o = 0.+ 1, 0o =0, +1,

(3.25) F(t)<é fort>0,

F occurs in inequality (3.5), and

(3.26) Voode =M, {ocde=0, |oovola+bx&)dE=0,
Q Q Q

for all constant vectors a, b.

Moreover, let the parameters vy, po, B, €1, 02, M satisfy one of the
relations

(327)1 o eIl and 0<¢i(ﬂ0790i7p07/87517927M) §507

= 1,2,3, (where I; are defined by (2.8)—(2.10) and ®; are defined by (2.14)—
6)) and assume the following conditions:

2.1
3.28) Qi — [£2:]] < 6
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and

2
(3:29) oo de+ | oo(e(eo.0) — 1) dg
2 2

+o(|2] — Qi + 82) + o[|S| = &(Qi — 82)*/°)

t

+ %sups at’ S O(s,t'Yds < 65 for vy € I,
o s,

where 09 € (0,1/2] is a constant so small that Q; — 62 > 0.

Moreover, assume that §2 is diffeomorphic to a ball and let S be described
by [€] = R(w), w € ST (S* is the unit sphere), where R satisfies

(3.30) sup [VR[? + ||R — Re|2 g1 < o,
Sl

and R, is the solution of equation (1.3).

Finally, assume that S € W;H/Z and it is very close to a sphere, so

(3.31) |H(,0) + 2/R. 51 < as.

Then for sufficiently small constants o; (i = 1,2,3), 0o, 6; (i = 1,2,3) and
d there exists a global solution of problem (1.1) such that (v,3, 0,) € M(t)
forte Ry, Sy € VV;H_I/2 fort e Ry and

(3.32) o(t) <ai,  |H(,t) +2/Re|5 61 <z for t € Ry.

Proof. Similarly to the case when o = 0 (see [21]) the theorem is proved
step by step using the local existence in a fixed time interval.

By Remark 3.2 of [19] the local solution of problem (1.1) satisfies the
estimate

(3:33) [l or + 1013, or +17013,0,00,00 + N0ll3,0r
< o1(T, Ko) (vl + lleool3.0 + 1900l13.0
+ ”ngQT + ”f”g—uz,sT +|D§,tf|%/2,ST + Hk(O)H%Q
+ 1 H(-,0) + 2/Rel511/9,51)
< @2(T, Ko)(an +9),

where 0,0 = 00 — 0e; Yoo = 0o — O, u(&at) = U(Xu(gat)’t)’ 773(5’75) =
QG(Xu(g’t)’t)’ 70(£’t) = 19(XU(£at)’t)’ k(éat) = T(Xu(g,t)’t)’ F(g,t) =
O(Xu(&,t),t); p1 and s are continuous increasing functions of their argu-
ments, Ky is a constant such that Ko > ¢(||oo|3,2 + |00]0o,22 + [1/00]c0,02 +
llvolls.2 + 1100lls.22 + [|ut(0)||1,02 + |70£(0)|l1,2), ¢ > 0 is a constant.
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Next, using (3.33) and assumption (3.22) we get
(3:34)  lu@®) .2 + a3 + 10 ®)E o
< coa([[ull o + 16113 o7 +11515.0,00,07 + 10ll7,00 + 00]13,0
+1Wooll3.2 + llewoll3 )
< ega(an +0)pa + capan < 3(T, Ko)(an + 6),

where 3 is a continuous increasing functions of its arguments.
Hence

(335) ]u\ 0T + ‘770’00 0T + "YO 0T < ((ll + (5) (Q)(pg,

where c(£2) > 0 is a constant from the imbedding lemma.
Assume now that o and ¢ are so small that

(3.36) [(a1 +8)e(2)i3]/? <1

(where [ is the constant from assumption (3.24)). Then by (3.35) we have
(3.37) 01 < o(w,t) < oo for x € 2y, t €10,T),

(3.38) 01 < 0(z,t) <0y forxe 2y tel0,T),

where 91, 02, 01 and 05 are defined in assumption (3.24).
Now notice that assumptions (3.22)—(3.23) and the boundary condition

T(v0, Po (000 Vo0))T0 = H(-,0) +2/R.
yield
(3.39) | H(-,0) + 2/ReHngl/z,Sl < €301,

where co3 > 0 is a constant depending on y, v and the constants from the
imbedding theorem (which depend on |2| and the shape of (2).

Next, in the same way as in the proof of Theorem 5.5 of [19], using
assumptions (3.22)—(3.24), (3.27);, (3.30), (3.31), inequalities (3.37), (3.38),
(3.33) and Lemma 2.4 of [23] we deduce

(3.40) |R(-,t) = Rell§ 51 <y fort <T,
where oy — 0 as o — 0 and d3 — 0. Moreover, from assumptions (3.27);,
(3.24), inequalities (3.37)—(3.38) and Theorem 2.3 it follows that

(3.41) var |02 < 19,
0<t<

where § — 0 if g — 0.

Thus, estimates (3.40)—(3.41) yield that the volume and the shape of {2
do not change much in [0, 7.

Now, the assumptions of the theorem, estimates (3.39)-(3.40), Lemmas
3.1-3.2 and 3.4 and boundary condition (1.1), yield

(3.42) o(t) <o1, |H(,t)+2/R|3 g <oz fort<T.
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Hence, by the local existence theorem (Th. 4.2 of [12]) and Remark 3.2 of
[19] we obtain the existence of a local solution of problem (1.1) in [T, 27]
satisfying the estimate

(3.43) ”uHAQL,.QTx(T,QT) + anug,QTx(T,QT) +|770|§,0,OO,QT><(T,2T)

+ 17013 o x(r2m) < @2(T, Ko)(ar +9),

where 1, =1 — 0e, Y0 = ' — 6, and u,n and I" denote v, p and 6 written in
the Lagrangian coordinates £ € {27 connected with the Eulerian coordinates

x by the relation
¢ t

r=E+ S v(x,t")dt' = &+ S u(z,t')dt’.
T T

In view of (3.42), (3.43) and the inequality

a3, 0 + e (O3 2 + 10O or

< CQ?(HUH?LQTX(T,QT) + H%Hg,mx(ngfr) +|770|§,0,oo,QT><(T,2T)

+10l3 2 xror) + [0(DE op + 106 (DIE o + 1o(D)IE )

(where by estimate (3.40) the constant cgo is the same as in (3.34)), we have

(3.44) ‘u’io,QTx(TQT) + ’na‘io,QTx(T,QT) + ’70‘20,QT><(T,2T)
< (a1 +0)c(02r)ps,
where ¢(£27) > 0 is a constant from the imbedding lemma and by (3.40) the
estimate
[(e1 +0)e(92r)ps)/* <1
holds (here [ is the constant from assumption (3.24)).
Then by (3.44) we have
(3.45) 01 < o(x,t) < go  for x € (2, t €0,2T]
(3.46) 0, < (x,t) <Oy forxe 2y, tel0,2T),
where 91, 02, 01 and 05 are defined in assumption (3.24).

Finally, in the same way as in [19] (see the proof of Th. 5.5) by using
Lemma 5.3 of [19] we obtain the estimate

(3.47) |H(-,T) + 2/R6H§+1/2,Sl < 3001,

where co3 > 0 is the same constant as in (3.39).
Next, in view of (3.45), (3.46), (3.42) and assumptions (3.24), (3.27);,
(3.30), (3.31) and Lemma 2.4 of [23] we get

(3.48) |R(-,t) — Rell§ g1 < g for t < 2T.
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Hence estimates (3.47), (3.48), the assumptions of the theorem and Lemmas
3.1, 3.2 and 3.4 yield

(,O(t) < ay, HH(7t) + Q/Reug,sl <ag fort<2T.
Continuing in the same way we prove the global existence and estimates

(3.32).
This completes the proof. m

REMARK 3.6. In the case ¢ = ¢,0 (¢, > 0 is a constant) and p = Rpf
(R > 0 is a constant) instead of (3.28) we assume (3.17).

In the case py = 0 using Theorem 2.5 we obtain

THEOREM 3.7. Let v > %,u >0,x>0,¢, =69 >0, ¢, € CQ(Ri),

e € CYR2), pe C3(R2), p, >0, pg >0, f =0, 9 > 0. Suppose _the
assumptions of the local existence theorem (Theorem 4.2 of [12]) with r,0 €
0123’1(]1%3 x [0,00)) are satisfied and the following compatibility conditions
hold:

Dgo}(Tn — cHN)|—0,s =0, o +i <2,

Dgoy(m-V0 —0)i—os =0, |af+i<2.
Let (v,9, 00) € N(0) and assumptions (3.22), (3.23), (3.24)(3.26), (3.28),
(3.30), (3.31) hold. Moreover, assume that

t

2 —
§ o0 dg + | oo(e(e0, 80) —e(oc,0.)) d + sesup § b’ | B(s.t') ds
2 n “o S

Séoa

| oo — oc| d& < do,
2

[1S]=1Sel | < do,

2
0 < [g(ﬁ _1)E-D/2(5 _ 1 /3)~(B8-1)/2 (g ~(38-1)/2
~ _ _ g
: (CJ|'Qe|1/3 + Qee(geaee))(sﬁ 1)/2|Qe|(6 n/2 - —;QE |~Qe|ﬁ S 50-
2

Then for sufficiently small constants a; (i = 1,2,3), do, 6; (i = 1,2,3) and
0 there exists a global solution of problem (1.1) such that (v, g, 0,) € M(t)
forte Ry, Sy € W;H/Q fort e Ry and

o(t) <1, |H(,t)+2/Re|360 Sz for t€Ry.

4. Global existence in the case of barotropic fluid. In this section
we consider the motion of a drop of a viscous compressible barotropic fluid
whose free boundary is governed by surface tension. The motion of such a
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drop is described by the following system of equations:
o[ve + (v-V)v] —divT(v,p) =0 in 27,

ot +div(ov) =0 in 27,
(4.1) Tn — ocHn = —pon on §T,

N —1 on &7,

olt=0 = 00,  V|t=0 = o, in £2,

where p = p(p).
Assume that p’(9) > 0 for ¢ > 0 and consider the equation

M 20
4.2 — | = —.

We assume that (4.2) is solvable with respect to R. > 0 and introduce the
following definition.

DEFINITION 4.1. By a constant (equilibrium) state we mean a solution
(v, 0, £2) of problem (4.1) such that v = 0, ¢ = g¢, 2y = (2, for t > 0,
where 9. = M/ ( 7TR3) {2, is a ball of radius R, and R, is a solution of
equation (4.2).

Similarly to the case of a heat conducting fluid, in this case inequality
(3.5) also holds (see Theorem 4.13 of [23]) with

Po(t) < B(t) < "Gyl(t)
(where ¢/, ¢’ > 0 are constants depending on g1, 02, p, {2; and S; for t <T)
and

2
vdt
0,S¢

Bolt) = WNQ+MbmﬁMUW4&—H

+ |U|3,1,St +[[H (-, 0) + 2/R6||2,Sl’
B(t) = [v[% 1,0, + |0s13,0,0,5

t

X(t) = |U|§,o,rzt + |ch|§,0,9t +S‘ Hs 2, dt’,
0
(-

o(t) = [vlg o, + IPoll6 o, + 1R 8) = R(, 0[5 s1-

In this case we use the spaces

N(t) = {(v,00) : Po(t) < o0},

t

M(t) = {(v,ga) 1 Po(t) + SE(t’)dt’ < oo}.
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Now assume
(4.3) 01 < o(z,t) < 0o forallz e 2; and t €[0,T],

where T is the time of existence of a solution of problem (4.1); 0 < g1 < 2.
Moreover, set

M M
21| =—, []=— and |S|=4nR3,
02 01

where Ry is the radius of a ball of volume [£2;], i.e. 2] = §7R}. Then by
(4.3) we have
(4.4) |21 < |82 < |£22] for t € [0,T].
Next, by (4.4),
Sy] — |S1] = |S| — 4w R2 + &(|02,)*2 — |2,¥3) >0 for t € [0,T],

where ¢ = (36m)"/3.
In [23] (see Lemma 2.1) it is proved that sufficiently smooth solutions of
problem (4.1) satisfy

d v?
(4.5) %[ X Q<7+h(9)> dz + po|£2¢| + oS¢
£2¢

_l’_

=

E(v) + (v = p)lldiv ol[§ o, =0,

where h(g) = { (p(0)/0?) do and E(v) = S, Wiz, + vjz,;)? dz. Identity (4.5)
is analogous to the energy conservation law (2.1).

In order to prove the global existence theorem we use (4.5) and Lem-
mas 5.1 and 5.4 of [23] which are similar to Lemmas 3.1 and 3.4. We also
use Lemma 5.3 of [23] and the following lemma analogous to Lemma 3.2.

LEMMA 4.2. Assume that there exists a local solution of problem (4.1)
which belongs to M(t) for t < T. Let the assumptions of Theorem 6.2 of
[24] be satisfied. Let the initial data vg, 0o, S of problem (4.1) be such that
(v, 05) € MN(0) and S € W24+1/2. Let assumptions (A), (3.22) with ¢ replaced
by @ and (4.3) be satisfied. Moreover, let
(4.6) h e C'(R,),

(4.7) hi1 < h(o) < hy  for all o € (01, 02),
2

(4.8) § 002 dg + § ao(hlgo) = hn) d€ + po(192] = [€21]) + o(IS] = |41 < do.
2 2

Then _
Y(t) <o fort<T,

where 0 = ¢(dg + 0'aq).
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Proof. Integrating (4.5) with respect to ¢ in an interval (0,t) (¢t < T')
we get
2
v
(4.9) S Qidm—i— S oh(o) dx + pol£2| + o|Sy]
24 2
v6
= 0o~ d&+ | coh(eo) d€ + pol92| + oS
Q Q
Hence, in view of (4.3), (4.4), (4.7), (4.8) and (1.2), identity (4.9) yields

2

v
J o do+ | e(h(o) = ha) dz + po(I2] = | £0) + (15| = [S1]) < do-
.Qt .Qt

Therefore

2
101150, < —bo-
01

The estimates for ||p||§ o, and [[R(w,t) — R(0,t)||] o are obtained in
the same way as in Lemma 3.2.
This completes the proof. m

Now, using Lemmas 5.1, 5.3, 5.4 of [23] and Lemma 4.2 we get

THEOREM 4.3. Let v > +p > 0, p € C*(Ry) and p’ > 0 for o > 0.
Let the assumptions of the local existence theorem (Theorem 6.2 of [24]) be
satisfied and assume the following compatibility condition holds:

D¢ (TR — o HA + pon)|t=o,s =0, o] +1i < 2.
Let (v, 0,) € N(0) and
2(0) < a1, |wolie < ar
Assume that

01 < h(o) <02 for any o € (01, 02),

where 01 = 0e — I, 00 = 0e + 1, 0. is introduced in Definition 1.1 and | > 0
s a constant such that oo —1 > 0, and

2
| 90%0 dé+ | 0o(h(0) — ha) d& + po(| 2| — [¥21) + o (|Se] — [S1]) < b,
15 o

Voods =M,  [oocds=0, | oovola+bx&)de=0,
9] 2 9]

for all constant vectors a, b. Moreover, assume that 2 is diffeomorphic to
a ball and let S be described by [{| = R(w), w € St (S is the unit sphere),
where R satisfies (3.30) with R, which is the solution of (4.2).

Finally, assume that S € W;H/Z and that condition (3.31) is satisfied.
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Then for sufficiently small constants o; (i = 1,2,3) and do there exists

a global solution of problem (4.1) such that (v,0,) € M(t) for t € Ry,
S e VV;H_I/2 fort e Ry and

(10]

(11]

(12]

() <ai, [[H(,t)+2/R|3 5 <as forteRy.

The proof is analogous to the proof of Theorem 3.5.
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