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An identity for formal derivatives in a commutative algebra

ULrICH ABEL (Friedberg)

Abstract. We present a generalization of an identity for formal derivatives in a com-
mutative algebra. Special cases of the formula play a key role in deriving Markov type
inequalities. In addition we give a short proof of the specialization to ordinary higher order
derivatives and list some of its applications.

1. Introduction. Recently, Baran et al. [6] published the interesting
identity

(1) () = pla
k=0

(n = 0,1,2,...), for sufficiently differentiable functions. This identity is
valid in each complex commutative algebra A with unity and for each
derivation operator D : A — A (a linear operator having the property
D(fg) = gD(f) + fD(g)) with the notation D(f) = f" and D®)(f) = fk).
A proof of identity is to be given in the forthcoming paper [7]. A first
version with f = 1 was found by B. Miléwka [12] [13] in 2005, for polyno-
mials g. In his PhD dissertation P. Ozorka discovered a version of with
f =1, for a commutative algebra with unity, and gave a proof which is an
adaptation of Miléwka’s proof from [12]. In 2012, P. Ozorka proved it for
arbitrary functions g.

In Miléwka’s proof the crucial role is played by a formula for (P¥)™),
which was extended to the case of commutative algebras and derivation
operators. As was observed by Ozorka, in the algebra of polynomials in
N variables the derivative operator is a linear differential operator, that
is, D(P) = ngTi + 4 QNaax—ljv with some polynomials Q1,...,Qnx. We
mention that M. Karas [10] gave a characterization of a class of nilpotent
derivations. The identity (also in a version for derivations) was discov-
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ered later by M. Baran and P. Ozorka and the proof that is different than
that of this paper will be published soon.
The formula

1 « n
=N (=1)k( ek DM (@ k) = nID(a)"
n! kzo (k:)

(this is below with a; = a2 = 1, b = a, p = 0) and its special case for the
derivatives of polynomials of one variable was discovered by P. Ozorka and
B. Miléwka independently of earlier results by E. A. Gorin, Yu. Yu. Kochetkov
and B. S. Mityagin [§] and M. Klimek [II]. It is worth noticing that those
papers were not cited by anybody during a period of more than thirty years.

Such identities play a key role in deriving Markov type inequalities. Let
us note some deep consequences of Milowka’s identity.

(i) B. Miléwka [13] showed that Markov’s property for the kth derivative
is equivalent to the relevant property for the derivatives of the first
order. Moreover, repeating the estimate for the first order derivative
we obtain an exact exponent in the bound for the derivative of order k:
if |P'||g < M(deg P)™||P||g then there exist constants M}, such that
|P® )| < My(deg Py | P[5,

(ii) In 2013, M. Baran and L. Bialas-Ciez [2] published their earlier ob-
servation that if for a planar compact set E one has the inequality
|P®)|| 2 < My (deg P)*™||P||z, for a polynomial P, then

(1.2) My, > AR /E)™ L,

(Here m, My, A denote constants independent of the degree of the
polynomial.)

(iii) As a consequence of , the idea arises to consider sets E with the
property

(1.3) IPW[p < AF(1/R)™ (deg P Pl

now called Viadimir Markov’s sets. V. A. Markov’s famous inequality
establishes in the case of E = [—1, 1]. It is a surprising fact, proved
in [2, 3] (see also [4]), that condition is equivalent to the Holder
type continuity (with exponent 1/m) of the complex Green function V.
The same remains true in higher dimensions if we replace by a
similar condition involving partial derivatives (see [2] [3]).

(iv) In [6], there is an interesting observation that A. Markov’s property
for a subset of RY is equivalent to a suitable bound for the Laplace

operator.
(v) Animportant fact was proved in [5, Theorem 24]: minimality of Markov’s
exponent for spectral norms (||P¥|| = ||P|*) in the class of norms

possessing a generalized Nikolskii property (with respect to this norm).
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The purpose of this note is to give a short transparent proof of a general-
ization of identity . In the next section we restrict ourselves to ordinary
differentiation of functions on real or complex domains. One special instance
is the symmetric form

n
) V() BP0 = Caralh st
k=0
for p = 0,...,n. Note that is the case p =0, f1 = 1, fo = f. Iden-
tity can be extended to several functions (see Theorem. We present
a number of further special cases and applications.
We mention the similarity of to another identity for derivatives,

15 oY ()P E ) = @ )
k=0

which is a consequence of a generalization of the Leibniz rule [I] giving a
closed form expression for the sum

n
n
hk (k) hn—k (n—k)‘

> () o @anrg)
k=0

In the last section we prove the identity (1.4]), for each derivation op-
erator, in a commutative algebra with unity over a field of characteristic
ZEro.

2. The identity for ordinary derivatives. Our notation uses multi-
indices. For k = (ki,...,k,) € Z", denote |k| = k1+- - -+k,. For positive inte-
gers n, the binomial coefficient is defined by (}) = (klnk:T) = kl'kr?i('n—lkl)'
Throughout the paper Z\k|=n means summation over all k € N satisfying
k| = n.

The following theorem contains the most general formula.

THEOREM 2.1. Let n € Ng, r € N, and let f;, g; (i = 1,...,7) be
functions which have a derivative of order n. Suppose that » i, g; = 0.
Then, for s = (s1,...,s,) € N,

D\ T g iy — § O (Isl < n),
S (o) 6t = { e T (o=

|k|=n =1
Proof. The proof is based on the observation that, by Faa di Bruno’s
formula, (£)°f*(z) =0 for s =0,...,n — 1, and ()" f"(z) = nl(f'(z))"
if f(x)=0.Let f;, g; (i =1,...,r) be functions which have a derivative of
order n at a certain point x € R. Furthermore, define x = (z1,...,z,) € R"
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and 1 = (1,...,1) € Z". We have

T

> (1) Ity
[k|=n i=1 T
) <axal|a 2 (ﬁ) H(f@-gfixxi))

k|=n i=1

- &Usff - [(H il )(ggxxi))”]) ]x_ ,

=1z

x=1z

where we have applied the binomial theorem. Note that Y ;_; gi(z) = 0
implies that

ol )" _f0 (Is] <n)
835?1--'3«”5?(;91( Z)> x=1r_{n!HZ~"1(g£(x)>5i (Is| = n).

Now the desired formula follows. =

Now we consider the particular case where the functions g; differ only
by constant factors, i.e., g; = ¢;g with a function g and ¢; e R (i = 1,...,7).

COROLLARY 2.2. Let n € No, r € N, and let f; (i=1,...,7) and g be
functions which have a derivative of order n. Suppose that ¢ = (c1,...,¢p)
€ R” satisfies |c| = 0. Let s = (s1,...,5,) € Nj. Then

n\ ki (50 _ 0 (Is| < n),
2 (k)g (A {nml LTI £ (ls] = ).

|k|=n
REMARK. In the special case r = 2, with ¢; = —1 = —c9, we have
- n
> () g) g4y
= ~ {0 (s1+ 52 < ),
(=1)*nlfifa(g)" (s1+s2=mn).

We close this section with some direct consequences.

EXAMPLE 2.3. Set fi(z) = 2%, gi(z) =28 (i =1,...,7). Corollary
yields, for s = (s1,...,s,) € Nj with |[s| =n and ¢ = (¢1,...,¢,) € R" with
|c| = 0, the identity

e 2 () - (e

Identity (2.1) can be found in Gould’s collection of binomial identities
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[9, (6.41)]. In the special case r = 2 we obtain, for p =0,...,n,

e S Q)

k=0
Formula 1} is an easy consequence of the fact that ZZZO(—l)”_k (Z) ki =
i =0,...,n—1), Xr_o(=1)"F(")k"» = nl and (TR (02 "RIB) g 5
( ) 9 )7 Zkfo k p n—p
polynomial in k of degree n with leading term

(=D)"PB"k"/(p(n — p)!).

EXAMPLE 2.4. If fi(z) = e®® and g;(x) = e#* (i = 1,...,r), we obtain
n\ T ki siy _ [T an - S
23) > () Tk e+ i) = (7)o" [T
|k|:n i=1 =1
In the special case r = 2 we obtain, for p =0,...,n,
20 YA} )@+ 8P+ (= )8 = (1P
k=0

Just as (2.2) in Example formula ([2.4) is obvious because
(a1 +kB)P(ag + (n—k)B)"7P

is a polynomial in k of degree n with leading term (—1)""Pg"k".

3. The identity in commutative algebras. We close this note by giv-
ing a proof of the identity in commutative algebras. Throughout this section
let A be a commutative algebra with unity 14 over a field of characteristic
zero. The zero element of A is denoted by 04. For a € A, define a® = 14 and
a" = a-a"" ! (n € N). Furthermore, let D : A — A be a derivation operator,
i.e., a linear operator satisfying Leibniz’s law D(ab) = aD(b)+bD(a). Direct
consequences are

(3.1) D™ (ab) = Zn: <"> DY) (a) - D™= ()

=0

and

(3.2) D™ (g*) = Zk: k! aF=7 . A (q)
]

with

(3.3)
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where the summation runs over all non-negative integers iy, 19,43, ... sat-
isfying 4y + 42 + i3 + --- = j and i1 + 2is + 3ig + --- = n. Note that
A("’j)(a) = 04 if 5 > n, because then the sum is empty. Furthermore,
we have AU7)(a) = D(a).

The following theorem is the main result.

THEOREM 3.1. Letn € Ny, r € N, and a;,b; € A (i =
that >, b = 04. Then, fors = (s1,...,sr) € Nj,

"\ TT oo (5t — § 04 (Is| <n),
Z (k>ED (a;b;") {nl(Hl La) TI—, D)% (|s| = n).

[k|=n

1,...,7). Suppose

The special case r = 2, s = (p,n — p) with 0 < p < n reads

n

(3.4) Z(_1)’f<’;> DP)(a16") D P) (axb" ) = (=1)Pnlaas D(b)".

k=0
As a direct consequence, we obtain the identity in the special case a; = 14

(t=1,...,7).

COROLLARY 3.2. Letn € Ng, r € N, and b; € A (i =1,...,7). Suppose
that >, b = 04. Then, fors = (s1,...,sr) € Nj,

n\ T (si) (pFi) — 0.4 (Is| <n),
(3.5) > <k>£[1D (6;*) {n!nle(bi)Si (Is| = n).

|k|=n

Proof of Theorem . As a first step we prove (3.5)), which is the desired
identity in the special case a; =14 (i =1,...,7). By (3.2)), we have

n\ T (s1) (pki
ll;n(k)gD (o)
) N |
=2 (D 11> 3 —&)!bfﬁ& - A (by)

k|=n i=1£,=0
o bkz‘—fz‘ . Alsisti) b;
- |e|z< g: H (ki _g "

ki>0; (i=1,..., 7‘)

le|<n |k|=n—|¢| i=1
k;>0 (i=1,...,r)
e
- % () A
/)< i=
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The assumption » ;_; by = 04 implies that

SN ()1 CRICEERTD o)) ERED

[k|=n [6|=n i=1
Because Ait l)(b) =04 if 4; > s; (i = 1,...,r), the latter expression is
equal to 04 if ¢; < s; is not satisfied, for all i = 1, ..., r. Otherwise, we have

|s| > |¢] = n. This is possible only if |s| > n. In the case [s| = n we conclude

that
SN 4)) CRICSERD o) | BRSO o) | C8

k|=n |¢]=n i=1 |t|=n i=1

which proves (3.5). By (3.1]), we obtain
T
n ) ki
2 <k> I. ID(SZ)(‘”bi )

k|=n

n '

i ks

S5 ST ()] S () T
=0 jr=0"i=1 |k|=n i=1

By (3.5), the latter sum is equal to 04 if |s| — |j| < n— 1, which is valid both

if |[s| <m —1 and if |s| = n and |j| > 0. Hence,

= ()10t - (1) 3 ()it

[k|=n |k|=n
and the identity follows by (3.5)). =
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