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Summary. Let X = (X,d) and Y = (Y, p) be two metric spaces.

(a) We show in ZF that:

(i) If X is separable and f : X — Y is a continuous function then f is uniformly
continuous iff for any A, B C X with d(A4,B) = 0, p(f(A), f(B)) = 0. But it is rela-
tively consistent with ZF that there exist metric spaces X, Y and a continuous, non-
uniformly continuous function f : X — Y such that for any A, B C X with d(A, B) =0,
p(F(A), F(B)) = 0.

(ii) If S is a dense subset of X, Y is Cantor complete and f : S — Y a uniformly
continuous function, then there is a unique uniformly continuous function F' : X — Y
extending f. But it is relatively consistent with ZF that there exist a metric space X,
a complete metric space Y, a dense subset S of X and a uniformly continuous function
f:S = Y that does not extend to a uniformly continuous function on X.

(iii) X is complete iff for any Cauchy sequences (Zn)nen and (yn)nenw in X, if
{zn :n € N}N{y, :n € N} =0 then d({z,, : n € N}, {yn : n € N}) > 0.

(b) We show in ZF+CAC that if f : X — Y is a continuous function, then f is
uniformly continuous iff for any A, B C X with d(A, B) =0, p(f(A), f(B)) =0.

1. Notation and terminology. Let X = (X,d) be a metric space,
z € X and € > 0. As usual, B(z,e) = {y € X : d(z,y) < ¢} denotes the
open ball in X with center z and radius €. Given a non-empty B C X,
d(B) = sup{d(z,y) : z,y € B} € Ry U{oo} will denote the diameter of B.

X is bounded iff §(X) < oo.

Let U be an open cover of X. We say that U has a Lebesgue number § > 0
iff for every A C X with §(A) < ¢ there exists U € U with A C U.
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X is Lebesgue (resp. countably Lebesgue) iff every open cover (resp. count-
able open cover) of X has a Lebesgue number.

X is complete iff every Cauchy sequence in X converges to some element
of X.

X is Cantor complete iff ({G, : n € w} # 0 for every descending family
{G), : n € w} of non-empty closed subsets of X with lim,_,~ §(Gy) = 0.

X is UC (resp. strongly UC) iff every continuous real valued function on
X is uniformly continuous (resp. for every metric space Y = (Y, p), every
continuous function f : X — Y is uniformly continuous).

X is normal iff the distance of any two disjoint, non-empty closed subsets
of X is strictly positive.

X is sequentially normal (resp. weakly sequentially normal) iff for any
two sequences (resp. Cauchy sequences) (zy,)nen and (yp)nen in X such that
{zn, :n € N}N {yn : n € N} =0, we have d({z,, : n € N}, {y, : n € N}) > 0.

X is totally bounded iff for every € > 0, there exists an e-net of X i.e., a
finite subset {z; : i« < n} of X such that | J{B(x;,e) :i < n}=X.

An infinite set X is Dedekind-infinite, denoted by DI(X), iff X con-
tains a countably infinite set. Otherwise it is Dedekind-finite. By univer-
sal quantifying over X, DI(X) gives rise to the choice principle IDI:
VX (X infinite — DI(X)), that is, “every infinite set is Dedekind-infinite”
[5, Form 9.

Below we list some weak forms of the axiom of choice we shall deal with.

e IDI(R) |5, Form 13]: VX € P(R) (X infinite — DI(X)).

e CAC [5, Form 8|: For every countable family A of non-empty sets there
exists a function f such that f(x) € z for all z € A.

e CACys, [5, Form 10]: CAC restricted to countable families of non-empty
finite sets. Equivalently (see [5, Form [10 O]], every infinite well ordered
family of non-empty finite sets has an infinite subfamily with a choice set.

e PKW (R, > 2,00) [5, Form 167], Partial Kinna-—Wagner principle: Every
disjoint family A = {A4; : i € w} with |4;| > 2 for all i € w has a partial
Kinna-Wagner choice, i.e., there exists an infinite subfamily B = {Ay, :
i € w} of Aand a family F = {F; : i € w} of non-empty sets such that
F; C Ay, for all ¢ € w.

e UCE: For every metric space X = (X, d) and every complete metric space
Y = (Y, p), if S is a dense subset of X and f: S — Y is a uniformly con-
tinuous function then there exists a unique uniformly continuous extension

F:X—>Yof f,ie F(s)= f(s) forallse S.

It is known (see e.g. [5]) that in ZF the e-§ definition of continuity is
stronger than the sequential one, and a sequentially closed set may not be
closed. We stress that in this paper, continuity will always mean -0 conti-
nuity, and a set is closed iff its complement is open.
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2. Introduction and some preliminary results. Our intended con-
text for reasoning and statements of theorems will be the Zermelo—Fraenkel
set theory ZF without the axiom of choice AC. To stress that a result is
proved in ZF (resp. ZF + CAC) we shall write (ZF) (resp. (ZF + CACQC))
at the beginning of the statement.

S. Mrowka [9] has established

THEOREM 1. (ZF + CAC) A metric space X = (X, p) is normal iff it
is UC.

In view of Theorem [I] one may ask whether CAC is needed for the proof
of “normal <+ UC”. The following was proved in [0]:

THEOREM 2 ([6]).

(a) (ZF) Let X = (X,d) be a metric space. Each of the following statements
implies the one beneath it:
(i) X is Lebesgue;
(ii) X is countably Lebesgue;
(iii) X is UC;
(iv) X is normal.

(b) (ZF + CAC) (i)-(iv) of (a) are equivalent.

Hence we see that CAC is not needed for the proof of “UC' — normal”.
So, one may ask:

QUESTION 1. Is CAC needed for the proof of “normal — UC"?

We show in Theorem [I1] that the answer to Question 1 is also negative.

The following well-known characterization of uniform continuity in ZF +
CAC has been established in [2].

THEOREM 3 ([2]). (ZF 4+ CAC) Let X = (X,d) and Y = (Y,p) be
metric spaces and f : X — 'Y a function. The following are equivalent:
(i) f is uniformly continuous.
(ii) For any subsets A and B of X, if d(A, B) = 0 then p(f(A), f(B)) = 0.
(iii) For any countable subsets A and B of X, if d(A,B) = 0 then
p(f(A), f(B)) =0.

The next result shows that some parts of the proof of Theorem [3| can be
given in ZF.

THEOREM 4. (ZF) Let X = (X,d) andY = (Y, p) be metric spaces and
f: X =Y a function.

(i) If for any A, B C X, d(A, B) = 0 implies p(f(A), f(B)) =0, then f is

continuous. The converse fails.
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(ii) If f is uniformly continuous then for any A, B C X, d(A, B) = 0 implies
p(f(A), f(B)) = 0.

(i) Assume that every continuous real valued function g on X satisfies: For
any A, B C X, d(A, B) = 0 implies p(g(A),g(B)) = 0, where p is the
usual metric on R. Then X is sequentially normal.

Proof. The proof of (i) and (ii) is left as an easy exercise for the reader.
(iii) Assume the contrary and fix injective sequences (2, )nen and (Yn)nen
in X such that {z, :n € N} N{y, :n € N} =0 and d({zy, : n € N},{y, :
neN}) =0.Let h:Y - R, where Y = AUB, A ={z,:neN}, B =
{yn : n € N}, be the function given by

1 ifxeA,
0 ifzeB.

h(z) =

Clearly, h is continuous. Hence, by the Tietze extension theorem which holds
in ZF (see e.g. [3, Lemma 2|), h extends to a continuous real valued g
on X. By our hypothesis, p(g(A),g(B)) = 0. However, p(g(A),g(B)) =
p(h(A),h(B)) =1, a contradiction. m

The following two theorems characterize, in ZF, the classes of all normal
and sequentially normal metric spaces respectively.

THEOREM 5. (ZF) Let X = (X, p) be a metric space. Then the following
are equivalent:

(i) X is normal.
(ii) For every metric space Y =(Y,d), every continuous function f : X—=7Y,
and any A, B C X, if p(A, B) =0 then d(f(A), f(B)) = 0.
(iii) For every continuous real valued function f on X and any A, B C X, if
p(A,B) =0 then d(f(A), f(B)) = 0 where d is the usual metric on R.

Proof. (i)—(ii) Let f : X — Y be continuous and fix A, B C X with
p(A, B) = 0. Since p(A4,B) = 0, it follows by our hypothesis that AN B
# 0. Hence, ) # f(AN B) C f(A) N f(B). By the continuity of f we
have f(A) C f(A) and f(B) C f(B). Hence, 0 # f(A) N f(B). Therefore,
d(f(A), f(B)) =0, and consequently d(f(A), f(B)) = 0 as required.

(ii)—(iii) This is straightforward.

(iii)—(i) Fix A, B C X closed and disjoint. We show that p(4, B) > 0.
Assume that p(A, B) = 0. It is well known that the function f : X — R
given by

pla,

B 4)
1) = S A 1 (. B)

is continuous. Hence, by hypothesis, 0 = d(f(A), f(B)) = d({0},{1}) = 1,
a contradiction. m
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Similarly to the proof of Theorem [|one can establish the following result.

THEOREM 6. (ZF) Let X = (X, p) be a metric space. Then the following
are equivalent:

(i) X is sequentially normal.

(ii) For every metric space Y = (Y,d), every continuous function f :
X — Y, and any countable subsets A,B C X, if p(A,B) = 0 then
A(f(4), F(B)) = 0.

(iii) For every continuous real valued function f on X, and any countable

subsets A, B C X, if p(A,B) =0 then d(f(A), f(B)) =0.

Another well-known theorem of ZF+CAC regarding uniformly contin-
uous functions states that:

(x) If X and Y are metric spaces, S is a dense subspace of X, Y is complete,
and f : S — Y is uniformly continuous, then there exists a unique
uniformly continuous extension F' of f to all of X.

Let us replace in (%) the word “complete” with “Cantor complete”:

(xx) If X and Y are metric spaces, S is a dense subspace of X, Y is Cantor
complete, and f : S — Y is uniformly continuous, then there exists a
unique uniformly continuous extension of f to all of X.

We show in Theorem |15( that (xx) is a theorem of ZF.
The following lemma is stated in 8] without proof and it is attributed to
Efremovich. For the reader’s convenience, we supply a ZF proof.

LEMMA 7 (Efremovich, [8]). Let X = (X, d) be a metric space and e > 0.
Suppose that ((Tn, Yn))nen 18 a sequence in X x X satisfying d(zy,yn) > €
for all n € N. Then there exists a subsequence ((xk,, Yk, ))neny and a k € N
such that d(xy,,yx,) > €/k for all n,l € N.

Proof. Let K = {zy : n € N} and F' = {y, : n € N}. If K or F is finite
then some term of (2, )nen OF (Yn)nen repeats infinitely often. Assume that
(K, Jnen is a constant subsequence of (zy)nen. Clearly, ((zk,, Yk, ))neN is
as required. So, now assume that no term of (z,)nen Or (Yn)nen repeats in-
finitely often. By passing to subsequences, we may assume that both (z,,)nen
and (yn)nen are injective. We consider the following cases:

(i) Either K or F' has an infinite totally bounded subset. Assume that K
is totally bounded. In this case we can construct as in [I0, Theorem 3.1] a
Cauchy subsequence (xg, )nen. Fix no € N such that d(xy,, zx,, ) < /2 for
all n,m > ng. For all n,m > ng we have

e < d(@k,s Yr,) < d(@p,, Ty, ) + ATk, Yk, ) < ATk Yk, ) + /2.
Therefore, d(zg,,, yx,) > /2 > /4.
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(ii) Neither K nor F' has an infinite totally bounded subset. Since K is not
totally bounded, via an easy induction we construct a subsequence (zx, )nen
such that for all distinct n,m € N, d(xg, ,xk,,) > 01 for some d; > 0. Since
{yk,, : n € N} is not totally bounded, via a second induction, we construct
a subsequence (yg,, Jnen such that d(yk, vk, ) > 02 for some dy > 0 and
all distinct n,m € N. Fix k € N\ {1} such that 6 = ¢/k < min{é;, J2}. For
convenience assume that for alln € N, g, = z, and y, = yn. Hence, for all
distinct n,m € N, we have d(zn, Tm) > 9§, d(Yn, Ym) > 6 and d(xy,,yn) > 0.

CrLAIM 1. For every n € N, there is at most one m € N such that
min{d(xn, Ym), A Tm,yn)} < §/2.

Proof of Claim 1. Fix n € N. Assume that there exists m € N such that
min{d(zn, Ym), d(Tm, yn)} < I/2. We will show that for every v € N\ {n, m},
d(xn,yy) > 6/2 and d(yn, x,) > §/2. We consider two cases:

(a) d(xn,ym) < 0/2. Since § < d(Ym,Yv) < d(Tn,Ym) + d(xn,yy) and
0 < d(Tm,xy) < d(Yn, Tm) + d(yn, Ty), it follows that §/2 < 6 — d(xp, Ym) <
d(zn,yp) and 0/2 < 0 — d(Yn, Tm) < d(Yn, Tv)-

(b) d(@m, yn) < /2. Working as in (a) we can show that d(z,,y,) > §/2
and d(yn, xy) > 0/2.

Using Claim 1 and a straightforward induction we construct a subse-
quence ((xk,, , Yk, ) )nen such that d(zy,,,yr,) > 0 for all n,l € N, finishing the
proof of the lemma. m

3. Main results. Our first result in this section shows that the existence
of a sequentially normal metric space which is not UC' is relatively consistent
with ZF.

THEOREM 8. The statement: “Fvery sequentially normal metric space is
normal” implies IDI(R).

Proof. Aiming for a contradiction, assume that A is a Dedekind-finite
subset of R. Let d be the usual metric on A (that is, d(z,y) = |z — y|).
N. Brunner [I] has shown that if there is a Dedekind-finite subset of R then
there also exists a dense one. So, we assume that A = R and AN Q = 0.
Clearly, any two countable subsets F, G of A with d(F,G) = 0 intersect. [If
F NG = 0 then d(F,G), being the distance of two finite disjoint sets, is
greater than 0.] Hence, d(f(A), f(B)) = 0. So, A is sequentially normal but
not normal (for every ¢ € Q, H = (—o0,q] N A and K = AN [g,00) are
disjoint closed subsets of A such that d(H, K) = 0)—a contradiction. =

Next we show that CAC implies “every sequentially normal metric space
is normal”.
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PROPOSITION 9. (CAC) A metric space is sequentially normal iff it is
normal.

Proof. Assume X = (X,d) is a sequentially normal metric space, and
fix closed and disjoint subsets A, B of X. Assume for contradiction that
d(A, B) = 0. Clearly, for every n € N,

W, ={(z,y) € Ax B:d(z,y) < 1/n} #0.

By CAC, for every n € N, fix (zn,yn) € Wy. Let H = {z, : n € N} and
K ={y, :n € N}. Clearly, H C A, K C B and d(H, K) = 0, contradicting
the fact that X is sequentially normal. =

THEOREM 10. (ZF) Let X = (X,d) be a metric space. Then:

(1) If X is Lebesgue then X is strongly UC.
(il) X is weakly sequentially normal iff it is complete.

Proof. (i) See [10, Theorem 7.3|. In the statement of that theorem it is
stated that X is compact but the proof uses only the fact that X is Lebesgue.

(ii) (—) Fix a weakly sequentially normal metric space X = (X,d).
Let (zp)nen be a Cauchy sequence in X. If (z,,)pen has a limit point then
there is nothing to show. So assume that (z,),en has no limit points. It
follows that any infinite subset of {z,, : n € N} has no limit points, and
consequently it is closed. In particular, A = {x9, : n € N} and B = {x9,41 :
n € N} are closed and (z2p,)nen, (Tan+1)nen are Cauchy sequences such that
d(A, B) = 0, contradicting the weak sequential normality of X.

(«-) Fix Cauchy sequences (2, )nen and (ypn)nen of X such that

{zn:neN}N{y,:neN}=0.

By the completeness of X, let limz,, = z € X and limy, = y € X. Since
{zp:neN} ={2}U{z, :n e N} and {y, : n e N} ={y} U{y, : n € N},
it follows that {z, : n € N} and {y, : n € N} are compact disjoint subsets
of X, and so

d{xn :n e N} {y, :neN}) >0
as required. =

REMARK 1. In ZF, every sequentially normal metric space is weakly
sequentially normal, but the converse fails. Indeed, R? is complete, hence
by Theorem [I0, weakly sequentially normal. However, it is not sequentially
normal: The sets A = {(1/n,n) : n € N} and B = {(0,n) : n € N} are closed
and disjoint, but their distance is 0.

Next we show that the proof of (ii)—(i) of Theorem [3| can be given in
ZF if Y is separable and in ZF + CAC if Y is not separable.
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THEOREM 11.

(i) (ZF) Let X = (X,d) and Y = (Y, p) be metric spaces and f : X =Y a
continuous function. If Y is separable, then f is uniformly continuous
iff for any A, B C X with d(A,B) =0, p(f(A), f(B)) = 0. In particular
X is normal iff it is UC.

(ii) (ZF 4+ CAC) Let X = (X,d) and Y = (Y,p) be metric spaces and
f: X =Y a continuous function. Then f is uniformly continuous iff
for any A, B C X with d(A,B) =0, p(f(4), f(B)) =0.

Proof. (i) (—) This follows from Theorem
(«-) Let f : X — Y be a continuous function such that for any A, B C X,
if d(A, B) = 0 then p(f(A), f(B)) = 0. Aiming for a contradiction, assume

that f is not uniformly continuous and fix £ > 0 such that for every n € N,

there exist x,,y, € X such that

(1) d(n,yn) <1/nand  p(f(zn), f(yn)) = Se.
Fix a countable dense subset @ = {q,, : m € N} of Y.

CLAIM 2. For everyn € N there exists a pair (pn, gn) € Q* with p(pn, )
> 4de and z,y € X such that

d(z,y) <1/n,  p(f(2),pn) <e/3,  p(f(y), ) <e/3.

Proof of Claim 2. Fix n € N. By there exist x,y € X such that
d(z,y) < 1/n and p(f(x), f(y)) > 5e. Fix pn, ¢, € Q such that p(f(x),pn)
< ¢e/3 and p(f(y),qn) < €/3. By the triangle inequality,

5e < p(f(@), f(y)) < p(f (@), pn) + p(Prs @n) + p(f(Y), Gn)
< e/3+ p(pn,qn) + /3,
s0 p(pn,qn) > 4€ as required.
For every n € N fix a pair (py, q,) € @Q? as in Claim 2. By Lemmathere

exists a subsequence (p,, , Gk, )neny and v € N such that p(py,,, qr,) > €/v for
all n,l € N. For convenience assume that v = 1. Let

@) A={r € X p(f@), {pe, : n €N}) < /3},
(3) B={xze X :p(f(z),{qn, :neN}) <e/3}.

By Claim 2 for every n € N there exist x,y € X such that d(z,y) < 1/ky,

p(f(z),pr,) <e/3,and p(f(y),qx,) < /3. By (2) and (3)) we see that x € A
and y € B. Hence, d(A, B) = 0. However, p(f(A), f(B)) > ¢/3. Indeed, for

every x € A and y € B there exist n,l € N such that p(f(z),pr,) < /3 and
p(f(y),qx,) < €/3. Hence,

e < p(qrys Pr) < p(f(2),0k,,) + p(f (), f(W)) + p(f(Y), ar,)
<e/3+p(f(), fy)) +¢/3.
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Therefore, p(f(x), f(y)) > ¢/3 for all z € A and y € B, and consequently
p(f(A), f(B)) > e/3 as required. This contradicts our assumption.

The second assertion of (i) follows from the first and Theorem

(i) It suffices to show (+—), as the other direction follows from Theorem [4]
We shall mimic the proof of (i). Towards a contradiction, fix a continuous,
non-uniformly continuous function f : X — Y such that for any A, B C X,
if d(A, B) = 0 then p(f(A), f(B)) = 0. Let € > 0 satisfy: For every n € N,
there are x,y € X with d(x,y) < 1/n and p(f(z), f(y)) > €. Equivalently, if
we let a = f(x) and b = f(y),

(4)  Vn €N, 3a,beRan(f), d(f Ya), f (b)) <1/n and p(a,b) > .

By CAC, for every n € N, fix (an, b,) € Ran(f)? with d(f~(an), f~1(bn)) <
1/n and p(an,b,) > €. By Lemma there exists a subsequence (ag,,, bk, )nen
and v € N such that p(ay,,bx,) > /v for all n,l € N. Set

A= J{f Yar,) :neN} and B=|J{f"(bs,):neN}.
Clearly, d(A, B) = 0 but p(f(A), f(B)) > ¢/v, a contradiction. m

COROLLARY 12. (ZF) Let X = (X, d) be a separable metric space, Y =

(Y,p) a metric space and f : X — Y a function. Then f is uniformly
continuous iff for any A, B C X with d(A,B) =0, p(f(A4), f(B)) =0.

Proof. The proof follows at once from Theorem [11] and the fact that the
separability of X implies the separability of f(X). m

THEOREM 13.

(i) The statement: “Every mormal metric space is strongly UC” implies
PKW (R, >2,00).
(ii) The statement: “Every countably Lebesque metric space is strongly UC”
implies PKW (Rg, >2, 00).
Proof. (i) Assume for contradiction that PKW (X, >2, 00) fails and fix
a disjoint family A = {4,, : n € N} of non-empty sets such that no infinite
subfamily of A has a Kinna—Wagner choice set. Let X = [J{4, : n € N}
and d : X x X — R be the metric given by

0 if x =y,
(5) dz,y) = 1/n ifz,y € A,,

1 ifxeA,, ye€ Ay and n # m.
Let p be the discrete metric on X. We claim that (X, d) is normal. It suf-
fices to show that there are no non-empty disjoint subsets A, B of X with

d(A,B) = 0. Assume that A and B are such subsets. Since d(A, B) = 0,
there is an infinite subset N of N such that for every n € N, AN A, #
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and BN A,, # 0. Hence, {AN A, : n € N} is a partial Kinna—Wagner choice
set for A, contradicting our hypothesis. Thus, (X, d) is normal as claimed.

By hypothesis, (X, d) is strongly UC'. Let f : (X,d) — (X, p) be given by
f(z) =z, x € X. Since d induces the discrete topology on X, it follows that
f is continuous. Hence, by hypothesis, it is uniformly continuous. Therefore,
for e = 1 there is a k € N such that for all z,y € X, if d(z,y) < 1/k then
p(f(z), f(y)) < 1. On the other hand, if m > k and z,y € A, * # y then
d(xz,y) < 1/k but p(f(z), f(y)) > 1, a contradiction.

(ii) Let A, X and d be as in the proof of (i). It suffices to show that X is
countably Lebesgue. To see this, fix a countable open cover U = {U,, : n € N}
of X. Since A has no Kinna—Wagner choice set, there is ng € N such that for
all n > ng, A, C U for some U € U. We claim that § = 1/ng is a Lebesgue
number of . Indeed, if B C X and §(B) < ¢ then B is a singleton or
B C A, for some k > ng. In both cases there is U € U with B C U. Hence,
X is countably Lebesgue as required. =

REMARK 2. The metric space X = (X, d) in the proof of (i) of Theorem
is not Lebesgue. Indeed, the open cover U = {{z} : z € X} of X has no
Lebesgue number. [For every § > 0 pick k € N with 1/k < §. Then 6(Ay) < ¢
but Ay is included in no member of /.| Thus, in view of the proof of part
(ii) of Theorem X is countably Lebesgue but not Lebesgue.

THEOREM 14. CAC implies UCE, and UCE implies CACgy,.

Proof. CAC — UCE. The usual proof of AC — UCE applies with
CAC in place of AC.

UCE — CACg,. Assume, towards a contradiction, that CACg, fails,
and fix a disjoint family A = {A,, : n € N} of non-empty finite sets having
no infinite subfamily with a choice function. Let S = [J{4; : i € w} and
X =S U{oo} where co ¢ S. Let d: X x X — R be the metric given by

0 if x =y,
dlz,y)=11/n ifxe A, ye A, andn <m,
I/n ifxe A, y=oc.

We claim that the subspace S of X is complete. To see this, fix a Cauchy
sequence (zp)nen in S. Since A has no infinite subfamily with a choice set
and its members are finite, it follows that {z, : n € N} is a finite set.
Thus, some term of (zy,)n,en repeats infinitely often. Hence, (z,)nen has a
subsequence converging to some x € S. Since (y, )nen is Cauchy, it converges
to x, and S is complete as claimed.

Let f: S — S be the identity function. Since f is uniformly continuous,
by UCE there exists a uniformly continuous extension F' : X — S of f.



Uniform continuity and normality in ZF 123

Assume F(00) = oo € Ag. By the uniform continuity of F, there exists
d > 0 such that for all z,y € X with d(x,y) < 0, d(F(x),F(y)) < 1/k.
Fix m € N such that m > k and 1/m < 0, and let y € A,,. We have
d(y,00) =1/m < ¢ but d(F(y), F()) = d(y, ) = 1/k, a contradiction. m

THEOREM 15. Let X = (X, d) be a metric space, S a dense subset of X,
Y = (Y, p) a Cantor complete metric space and f : S — Y a uniformly con-

tinuous function. Then there exists a unique uniformly continuous function
F:X =Y extending f.

Proof. From the uniform continuity of f on S it follows that
(6) VneN, 3o, >0,Ve,yeS, dx,y) <, — p(f(x),f(y)) <1/(6n).

Fix a sequence (d,)nen of rationals satisfying @ For every x € X let
Fr = {B(x,6,/2) NS : n € N} and G, = {Ga, : n € N} where Gy, =
f(B(z,6,/2) N S) for every n € N. Clearly, G, is a descending family of
subsets of Y such that §(G4,) < 1/n for every n € N. Hence, by hypothesis,
({Gzn : n € N} is a singleton of Y, say {f,}. Define F': X — Y by letting
F(x) =4, for every x € X.

We claim that F(s) = f(s) for every s € S. Indeed, for every n € N, we
have s € B(s,0,/2) N S. Hence, f(s) € Gy, for all n € N and consequently
f(s) € {¢s}, meaning that f(s) = F(s) as required.

We next show that F' is uniformly continuous. To see this, fix £ > 0 and
let ng € N satisfy 1/ng < . We will show that p(F(z), F(y)) < 1/ng for
any x,y € X with d(z,y) < d,,/3. Fix 2,y € X with d(z,y) < d,,/3. We
consider the following cases:

(i) z,y € S. In this case the conclusion follows from @ and the fact that
f(z) = F(z) and f(y) = F(y).

(i)x € S,y ¢ S.Fixz € B(y,n,/2)NS. Since f(x1) € Gyn, and F(y) €
Glyng, it follows that p(f(z1), F(y)) < 1/(3no). [If 2 € Gyn, with z = f(t)
and t € B(z,0,/2) N S satisfies p(z, F(y)) < 1/(6ng) then p(f(x1), F(y)) <
p(f(x1),2) + p(z, F(y)) <1/(6ng) +1/(6ng) = 1/(3ng).| We have

d(z,z1) < d(z,y) + d(y,z1) < Ony/3 + Ong/2 < Ong-
Hence, p(f(z), f(x1)) < 1/(6ng), and consequently
p(f (@), F(y)) < p(f(2), f(z1))+p(f(z1), F(y)) < 1/(6no)+1/(3n0) < 1/no.

(iii) z ¢ S, y € S. This case can be treated as in (ii).
(iv)x ¢ S,y ¢ S. Fix x1 € B(x,0p,/3) NS and 2 € B(y, dn,/3)NS. As
in case (ii), p(f(x1), F(z)) < 1/(3no) and p(f(x2), F(y)) < 1/(3ng). Clearly,

d($1a$2) < d(l‘l,l‘) + d(:v,y) + d(y7x2) < 5n0/3 + 5n0/3 + 5n0/3 = 5n0'
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Hence, by (6), p(f(z1), f(22)) < 1/(6ng). We have

p(F(2), F(y)) < p(F(z), f(x1)) + p(f(z1), f(22)) + p(F(y), f(x2))
< 5/(6ng) < 1/ng.

Hence, F' is uniformly continuous as claimed.

Finally, we show that F' is unique. Assume that h : X — Y is a uniformly
continuous function extending f. Suppose there exists z € X such that
h(z) # F(zx). Then there exists n € N such that h(z) ¢ G,,. Hence, there
is a k € N such that B(h(z),1/k) N G,y = 0. Fix m > max{6n, k}. Since
h is continuous and S = X, there exists s € S N h~1(B(h(x),1/m)) such
that d(s,z) < 6,/2. Hence, f(s) = h(s) € B(h(z),1/m) and f(s) € Ggm,
meaning that B(h(x),1/m) N Gy # 0. Thus,

0 % B(h(z),1/m) N Gam C B(h(z),1/k) N Gap = 0,

a contradiction. m
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