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Abstract. The functional equation p(Fz) — ¢(z) = () is considered in topological, measur-
able and related categories from the point of view of functional analysis and general theory of
dynamical systems. The material is presented in the form of a self-contained survey.
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1. Introduction. This is an extended version of the author’s talk at the conference Op-
erator Theory and Applications: Perspectives and Challenges (18-28 March, 2010, Jurata,
Poland) supported by the project TODEQ. I am grateful to Professor Zemének for the
suggestion to write this paper.

The cohomological equations (c.e.) and some of their generalizations naturally appear
and play an important role in many areas of mathematics: group representations [34], [55],
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dynamical systems and ergodic theory [3], [21], [30], [31], [46], [60], stochastic processes
[16], singularity theory [4], local classification of smooth mappings [8], summation of
divergent series [53], etc. We consider the c.e. as a subject of functional analysis. This
approach originates from Browder’s paper [14].

By definition, the cohomological equation is a linear functional equation

p(Fz) —p(x) =v(z), z€X, (1.1)
where F' is a self-mapping of a nonempty set X, v is a given real- or complex-valued
function on X, and ¢ is an unknown function. Note that the complex case in imme-
diately reduces to the real one by separating the real and imaginary parts. For this reason
we assume that all functions under consideration are real-valued, unless otherwise stated.
The term cohomological is borrowed from a topological language where the coboundary
means a function v of the form (L.1]), cf. e.g. [30]. (In [3] and in some subsequent papers
the term “homological” is used.)

In physical language the set X is the space of states of a dynamical system (X, F') with
the discrete time variable n € N ={0,1,2,...} and with the evolutionary operator F. By
the standard definition of the latter, if x € X is the state of the system at a moment n
then Fx is the state at the moment n+ 1. Thus, if z is a state at the moment n = 0 (the
initial state) then the corresponding trajectory or orbit is

Or(z) = (F"2),5¢, =€X.

In the c.e. the functions v and ¢ relate respectively to the input and output of the
system (X, F'). In these terms to solve the equation means to find out the response of
the system to a given sequence of input signals. This problem may be especially nontrivial
if a solution has to belong to a prescribed functional space.

Since the equation is linear, it is natural to consider it in a subspace E of the
space ®(X) of all scalar functions on X. More generally, ¢ should be found in E, while
7 is given in another subspace. In any case the subspaces under consideration have to
be invariant for the Koopman operator Trp = p o F. Accordingly, the c.e. can be
rewritten as

Trp —p=1. (1.2)

In any subspace E the simplest c.e. is the homogeneous one, i.e. such that v = 0. It
is always solvable, its trivial solution is ¢ = 0. If the function 1(z) = 1 belongs to E
then all constants are solutions. The general solution consists of the invariant functions
1 € E, i.e. such that Tpy) = 1) or, equivalently, ¢ € ker(Tr — I) where I is the identity
operator. Like any linear equation (algebraic, differential etc.), if the nonhomogeneous
c.e. has a solution g € E then its general solution in F is g + ¢ where v is the
general solution to the corresponding homogeneous equation.

For a dynamical system (X, F) a subset M C X is called invariant if FM C M.
In this case the subsystem (M, F|M) is well defined. If the complement X \ M is also
invariant then M is called completely invariant. For this property it is necessary and
sufficient that the indicator function of M is invariant.

The underlying subspace E is usually determined by a structure on X such as topol-
ogy, measure, etc. We consider the following “nonsmooth” situations:
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a) X is an arbitrary set, E = ®(X) (Sections[3}[4)) or E = B(X), the space of bounded
functions (Section [B));

b) X is a topological space, E = C(X), the space of continuous functions, or F =
CB(X)=C(X)nB(X Sectlons@'..

¢) X = @G, where G is a commutative topological group, F = C(G) or E = AP(G),
the space of almost periodic functions (Sections ;

d) X is a set with a measure u, E = M (X, p1), the space of all measurable functions
or E=L,(X,pn),1<p<o (Sections |§|, .

In each of these cases the mapping F' should be a morphism of the corresponding
category. Thus, in the case a) F' can be any self-mapping of X, while in the case b) it
should be continuous, and then the dynamical system (X, F') is called topological. This
system is called compact or discrete if such is the space X. Obviously, a) can be considered
as b) with discrete topology on X.

A topological dynamical system (X, F) (as well as F itself) is called minimal if all
orbits are dense. A weaker property is the topological transitivity meaning that there
exists a dense orbit. For the minimality it is necessary and sufficient that any closed
invariant subset is either ) or X. If (X, F') is topological transitive then all continuous
invariant functions are constants.

In the case ¢) we only consider F' = 7, that is the shift by an element g € G: 1,2 = gz,
r € @q.

In the case d) F' has to be measurable, i.e. such that for every measurable set M C X
the preimage F'~!M is measurable. The system (X, F) is also called measurable in this
case. We assume that M = X is measurable and 0 < p(X) < oo. If p(X) < oo, i.e. the
measure 4 is finite, then one can normalize it in order to get ©(X) = 1. As a rule, we will
deal with this case.

Later on the abbreviation “a.e.” means “almost everywhere” with respect to a given
measure p. We assume that if a set M is measurable and p(M) = 0 then all N C M are
measurable and then p(N) = 0 automatically.

In the measurable situation it makes sense to consider the solutions a.e. to the equa-
tion . Every such solution ¢(x) has to satisfy on an invariant measurable subset
Y, C X such that p(X \Y,) = 0. As a rule, we mean this case when speaking about
solutions in M (X, ) or L, (X, ).

The measure g is called invariant if u(F~*M) = p(M) for every measurable set
M C X. If p is finite then it is invariant if and only if

/ o(Fr) dp = / (@) du, &€ Lo(X, p). (13)
X X

The Krylov—Bogolyubov theorem [40] states that there exists an invariant regular Borel
measure for any compact dynamical system (X, F). In this case p is finite and its invari-
ance is equivalent to with ¢ € C(X). There are several proofs of this theorem [31],
[38], [40], [52]. In Section [2| we give another proof based on a “cohomological” lemma.
On any locally compact topological group there exists a regular Borel measure in-
variant for all left (for definiteness) shifts, the Haar measure [22], [23]. This measure is
unique up to a multiplicative constant. This is finite if and only if the group is compact.
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In this case we assume that the Haar measure is normalized, thus unique. We denote it
by v throughout the paper.

A dynamical system (X, F') with an invariant measure y is called ergodic if for every
completely invariant measurable set M either p(M) = 0 or pu(X \ M) = 0. Also, F' and
w1 are called ergodic in this case. An invariant measure p is ergodic if and only if all
measurable invariant functions are constants a.e. If, in addition, such a measure is unique
up to a constant factor then (X, F) is called uniquely ergodic.

An obvious but very important consequence of is the equality

/X'yd,uzo (1.4)

for every v € Li(X,u) such that the c.e. is solvable in L;(X,u). We call
a trivial necessary condition (the TNC, for brevity). In particular, if X is a compact
topological space then for the solvability of in C'(X) the TNC has to be valid for
all invariant regular Borel measures pu.

Remarkably, on any set X with a finite invariant measure u if v € L1 (X, u) is such
that has a measurable (maybe, nonintegrable!) solution then the TNC 18 ful-
filled. This is Theorem 1 from Anosov’s paper [3]. We reproduce it in Section@ The proof
is based on the Birkhoff-Khinchin Individual Ergodic Theorem (IET) and the Poincaré
Recurrence Theorem (RT). For the latter we give a “cohomological” proof.

The simplest nonhomogeneous c.e. is the Abel equation (A.e.)

o(Fx) —p(x)=1, ze€X, (1.5)

coming back to [I], pp. 36-39. Since implies p(F"z) = ¢(z) +n for all n > 1,
the A.e. has no bounded solutions. A fortiori, there are no continuous solutions if X is a
compact topological space. In contrast, on a noncompact X the A.e. may be solvable in
C(X). For example, we have p(r) =z if Fx =2+1in X =Nor X =R. The A.e. on R
is well studied [§], [43], [62]. The relations of A.e. to other c.e. in C'(X) on noncompact X
were investigated in [5], [7]. Note that if 4 is a finite invariant measure then shows
that the A.e. has no solutions in Lq (X, u).

A very interesting and deep example is the c.e. generated on the unit circle T by a
rotation through the angle 27a, 0 < a < 1, with « irrational. This equation is equivalent
to

flz+a)— f(z)="h(z), zeR, (1.6)

where the functions f and h are 1l-periodic. The latter was mentioned by Hilbert in
context of his fifth problem (on analyticity of Euclidean topological groups) as a functional
equation which may be unsolvable in analytic functions even for an analytic h satisfying
the TNC

/1 h(z)dz = 0. (1.7)
0

The equation (|1.6)) can be immediately solved in formal trigonometric series. Namely,
if the Fourier decomposition of A is

h(.’l?)N Z hn627rinx

n=-—oo
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then ([1.7) means that hy = 0, and then for « irrational the formal solution is

> % e2mine (1.8)

n#0
up to an additive constant. Wintner [67] noted that for an analytic h the series
determines an analytic solution if the number « is approximated by rationals slowly
enough, while in the opposite case a phenomenon of “small denominators” appears: there
are no analytic solutions if & is not a trigonometric polynomial and the approximation
of a by rationals is fast enough. For a further development of this approach see [30], [56]
and the references therein.

Anosov [3] mentioned that the flows on the torus T? constructed by von Neumann [65],
Kolmogorov [36], and Krygin [39] yield some continuous 1-periodic functions h satisfying
such that there are no measurable solutions to . Gordon [19] constructed such
a “bad” h directly. In [49] the existence of a “bad” h was proven via the Closed Graph
Theorem. This shows that the set of “bad” h’s is of second Baire’s category in the space
of continuous 1-periodic functions satisfying (L.7)). In [6] the method of [49] was extended
to the topologically transitive shifts of compact commutative groups and then to all
uniformly stable dynamical systems on compact metric spaces, see Section [[2] These
dynamical systems closely relate to the almost periodic operator semigroups [50].

In [3] Anosov elaborated a subtle analytic technique to construct for any irrational a
a continuous 1-periodic function h such that there exists a measurable but nonintegrable
solution to (L.6). Using another method Kornfeld [37] extended this result to a class of
compact dynamical systems (X, F'). It would be interesting to put it into the frameworks
of functional analysis.

Returning to the operator form of the c.e. note that its solvability in a Tp-
invariant space E means v € Im(Tr — I). Moreover, if the operator Tr — I is invertible
then ¢ = (Tp — I)~'y is a (unique) solution. However, this is not a case if 1 € E since
1 € ker(Tr — I). Nevertheless, it is very useful to consider the formal solution

~(y+Tpy+ T3y +...) (1.9)
arising from the formal expansion
I+Tp+TE+...,
of the operator (I — Tr)~!. The series inside the parentheses in is actually
y(x)+y(Fz)+...+y(F"z)+..., xzelX. (1.10)

We call it the resolving series for the c.e. (1.1). The behavior of its partial sums
n
sn(x) = ny(Fkx), n >0, (1.11)
k=0
plays a crucial role in the problem of solvability of the c.e. (|1.1)).

Let us emphasize that the resolving series may diverge even for functions v such that
the c.e. has a very good solution. For example, let in (1.6 with irrational o the function
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h be a nonzero trigonometrical polynomial
h(.’E) — Z hl€27ril.'£
[lI<m

with hg = 0. Then the trigonometrical polynomial

flz) = Z ezm'lhal 1 et
1] <m,i#0
is a solution. On the other hand, we have
n 2mi(n+1)la
sn(z) = Z h(z + ka) = Z h ee;ﬂ%ll erile,
k=0 1| <m0
It is easy to see that the sequence (s,(z)) diverges at every point z.

If the resolving series converges or, at least, is summable (say, by Cesaro
method) for all x € X then the corresponding sum is a solution to the c.e. . Also, the
convergence or summability in a norm yields a solution if the operator T is bounded. (For
example, ||Tr|| <1 in B(X) and in each L,(X, ) with an invariant measure p.) In this
context a powerful tool is the Mean Ergodic Theorem (MET), see [45] and the references
therein. Note that historically first version of the MET is due to von Neumann [64].

In [53] the IET was applied to solve a.e. the c.e. with v € Li(X, u) under
the TNC where p is a finite ergodic invariant measure. This result was obtained
in frameworks of an axiomatic theory of summation of divergent series [52], [53]. The
latter is based on a modern form of the summation axioms introduced by Hardy ([26],
Section 1.3) and Kolmogorov [35]. We partially reproduce our theory in Section As
an application we consider the c.e.

flgz) — f(z) = h(x), z€R, (1.12)
in 27-periodic functions. This situation is quite different from that of (L.6). In [53] it was
proven that if ¢ € N, ¢ > 2, and h is a trigonometric polynomial such that the ratios
of its frequencies are not powers of q then all solutions to are nonmeasurable.
Our techniques is a development of that which Zygmund applied to the case ¢ = 2,
h(z) = cosz, see [68], Chapter 5, Problem 26.

For ¢ = 3 and h(z) = sinz Kolmogorov [35] formulated (without proof) the following
conditional statement: if the trigonometric series

sinz +sin3x + ... +sin3"zx+..., xR, (1.13)

is summable then one can efficiently construct a nonmeasurable function. He evidently
meant that this function can be produced by a summation under his axioms. Our Theorem
implies the existence of such a summation. Note that is the resolving series
for the c.e. with Kolmogorov’s data.

According to the Hardy—Kolmogorov axioms the summations must be linear. Surpris-
ingly, some nonlinear procedures can also be applied to solve the c.e. in spite of its
linearity, see Sections [5H8] The most important example is the formula

p(@) =sup(=su(2), z€X, (1.14)
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for a bounded continuous solution in the case of minimal (X, F) and v € CB(X) such
that the sums s, (x) are uniformly bounded. Under these conditions for compact metric X
and invertible F' the existence of a continuous solution was established by Gottschalk
and Hedlund ([2I], Theorem 14.11). Browder [I4] extended this fundamental result to
any Hausdorff X and any continuous F : X — X. Formula appeared in the proof
given by Lin and Sine [45]. In our version of the latter (Theorem X is an arbitrary
topological space. (See [54] for an alternative proof.) It is interesting that the nonlinearity
of can be removed by subtracting a linear functional over (1.14)), see Theorem [6.11]
In this sense the nonlinearity is 1-dimensional.

For the shift 7, in a compact commutative group G the minimality condition men-
tioned above can be reformulated in terms of characters. This yields a new criterion of
the solvability of the corresponding c.e. in C(G), see Section By the Bohr compactifica-
tion this result extends to the almost periodic solutions on any commutative topological
group G.

In an almost periodic context the minimality is redundant (Section [§). A general
result of such a kind is Theorem [8:] proved by Schauder’s Fixed Point Principle. Its
main application is that the precompactness of the set {s,} is a criterion of solvability
of the c.e. in C(X) for the uniformly stable system (X, F') on a compact metric
space X (Theorem [8.3]). This system can be not minimal, and then the boundedness of
{sn} is not sufficient for the solvability in C'(X) (Example [8.8). Note that there is no
minimality if X is a convex compact in a Banach space.

In accordance with a general terminology, the c.e. in a linear topological space
E is called normally solvable if Im(Tp — I) is closed. If the space E is complete metrizable
then the absence of the normal solvability implies that Im(7% — I) is a subset of the first
Baire category in its closure. In this sense the unsolvability of the c.e. is typical if
this equation is not normally solvable.

For E = C(X) with compact X the normal solvability means the solvability in this
space as long as the TNC is valid for all invariant regular Borel measures. It turns
out this case is very rare: if (X, F) is a compact dynamical system then the c.e. is
normally solvable in C(X) if and only if F is preperiodic, i.e. F'*? = F! with a preperiod
[ >0 and a period p > 1 [6]. This result is represented in Section The proof is based
on the Dunford-Lin Uniform Ergodic Theorem (UET) [15], [44].

On the locally compact spaces the normal solvability was investigated in [7].

2. Existence of invariant measures. In general, a dynamical system has no “good”
invariant measures.

EXAMPLE 2.1. Let X =N and let F'n =n+1, n € N. If a measure p is invariant and all
singletons are measurable then u({n}) = p({n — 1}) for n > 1, but u({0}) = u(@) = 0.
Hence, p({n}) = 0 for all n, thus pu(X) = 0.

The following fundamental theorem is due to Krylov and Bogolyubov [40].

THEOREM 2.2. For every compact dynamical system (X, F) there exists an invariant
reqular Borel measure p such that u(X) = 1.
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The proof below is based on the following “cohomological” lemma.

LEMMA 2.3. Let X be a set, and let F be its self-mapping. In the space B(X) the distance
from the function 1 to the subspace generated by the coboundaries is equal to 1.

This is a quantitative version of the unsolvability of the Abel equation in B(X).

Proof. The distance in question is the infimum over ¢ € B(X) of the functional
%) —sup|1— (Fz) — ¢o(x))].
Since 6[0] = 1, it suffices to prove that §[p] >

By definition,
’1 — (p(Fz) — (m))’

for all p € B(X) and all z € X. Changmg x to F*z, k > 0, we obtain
> |1 (p(F* ) — p(Fra)),

whence

Z|1 P(F*1z) — o(FFa))| > |n — (o(F"z) — o())

S
%
—

by the triangle 1nequa11ty. Therefore,

‘1_ p(F" )—w(x)‘
- :
Passing to the limit as n — oo we get 0[¢] > 1 since ¢ € B(X). m

Proof of Theorem[2.4 1In the space C(X) we consider the linear continuous functional f
such that f[1] =1, ||f| =1 and

fleoF—¢] =0, ¢eC(X). (2.1)
This functional exists by Lemma 2.3 and the Hahn-Banach theorem. It easy to see that
fle] = 0 for ¢ > 0. Indeed, let 0 < @(z) < 1 for all x € X. Then ||1 — ¢|| < 1, hence,
1= flel=f—¢l <L

Now a required measure p comes from the Riesz representation

<p]=/deu~

The measure p is invariant since (2.1)) is equivalent to (1.3). In addition, pu(X)=f(1)=1. =

REMARK 2.4. In B(X) Lemmal[2.3|yields a nonnegative invariant additive function y(M)
on the set of all subsets M C X, pu(X) = 1.

For a compact group G and a shift 7y = gz (2,9 € G) Theorem yields an
invariant regular Borel measure fig, f14(G) = 1.

PROPOSITION 2.5. Let G be a compact commutative group, and let g € G be such that
the subsemigroup [g] = {g" : n > 0} is dense. Then the measure iy coincides with the
Haar measure v on G.
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Proof. We need to prove that the measure p, is invariant for all shifts. For a function
¢ € C(QG) let us consider the convolution

vi) = [ e dny(@). he G,

By commutativity of G and 74-invariance of ;, we have

¢@m=Lw@mwwwzémwmwwwaéwmmww=ww, (2.2)

whence (yh) = 1(h) for all y € [g]. The function 1) is continuous since ¢ is uniformly
continuous and the measure p, is finite. Since [g] is dense, we obtain ¥ (yh) = ¢ (h) for
all y € G. In particular, 1(y) = ¥(e) where e is the unit of the group G. Thus,

| etanan@ = [ ewdn@). veo.
We use this fact at the end of Section

3. Discrete systems. Here we consider the c.e. (L.1)) in the space ®(X) of all functions
on an arbitrary nonempty set X. Although this situation is elementary, it is a prototype
for more complicated cases and also a source of some useful general information.

It follows from (1.1f) that
p(F*1z) — p(Fra) = 4(F*z), k>0

By summation over k € [0, n] we get
p(F"z) = p(x) + > y(FFa) = p(z) + sn(x), n >0 (3.1)
k=0

Formula shows that the restriction of the solution ¢ to the orbit Op(x) is determined
by the initial value p(z). However, the asymptotic behavior of p(F"x) as n — oo reduces
to that of s, (x).
Assume that the resolving series converges for all z € X to a function s(z).

Then the function pg(x) = —s(x) is a solution to such that

lim @o(F"x) =0

n—oo
since

wo(F"z) = —s(F"x) = — Z'y(sz).
k=n

Furthermore, for any solution ¢ there exists
¢(x) = lim p(F"z) = p(x) + s(z) (32)
n—oo
by (3.1]). The function @(z) is invariant, and
p(x) = —s(x) + &(x) = po(z) + ().
This is an explicit representation of any solution ¢ as the sum of the particular solution
wo = —s and the solution ¢ to the corresponding homogeneous equation.

Those v’s for which the resolving series converges constitute a Tr-invariant subspace
of the space ®(X).
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The following theorem is a general solvability criterion for the c.e. ([1.1)).

THEOREM 3.1. The c.e. (1.1) is solvable if and only if for every integer p > 1 and every
periodic point x of the period p the sum sp_1(x) vanishes, i.e.

p—1

Z'y(Fk:r) =0. (3.3)

k=0
Proof. The necessity of follows from immediately. To prove the sufficiency we
introduce an equivalence relation on X letting x1 ~ x5 if there are some m,n such that
F™gy = F™xy. Since the equivalence classes are invariant, it suffices to solve on
each class separately. Thus, one can assume that all x € X are equivalent to an zy. We
show that for an arbitrary “initial value” o(x¢) there is a unique solution p(x) to the c.e.
(1.1). To this end we denote by [, the minimal n such that x = F"x. Let us consider
two cases.

1) * € Op(zg). Assume that the orbit Op(z) is infinite. Then the points F¥z

(k =0,1,2,...) are pairwise distinct. In particular, Fo = F's*1x, is different from all
Fryo with k < lz, hence lp, = [, + 1. Letting

(@) = p(z0) + Y 1(Frxo), @ € Op(xo), (3-4)

we get ([L.1) since
o(Fz) = o(z0) + Z Y(FFzo) = () + (). (3.5)

Now assume that O () is finite. Then the point xq is preperiodic of a preperiod [ and
a period p, i.e. F'"Pgy = Flzy. Let these values be minimal. Then the orbit reduces to

OF(I‘O) = {1‘0, ceey Fl.lfo, Fl+1.130, “ o ,FH_p_lJ?()} (36)

where all points are pairwise distinct Obviously, we have lp, =, +1 for all z € O (o),
except for the last member in . With this exception we define ¢(z) by (3.4]) and get
(1.1) as before. In the exceptional case we have lp, = [, while l, =1l+p—1. Accordmgly,
if we let

l+p—2
o(z) =p(xo) + Y v(FFa), w=F""a, (3.7)
k=0
and use l
o(Fz) = ¢(xo) + > (F*x0) (3.8)
k=0
then
l+p—2 p—2
p(z) — (Fr) = Y y(FFzg) = y(Fz) (3.9)
k=l k=0

with #; = F'zy. This is a periodic point of period p. By (3.3) the last sum in (3.9) is
equal to —y(FP~lzy) = —y(FHP~1g0) = —y(z), so (3.9) reduces to (1.1)).
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2) x ¢ Op(z0). Let my be the minimal n > 1 such that F"z belongs to O (z). Such
n’s exist since x ~ xg. Obviously, mp, = m, — 1 if m, > 1. Since p(F™=x) is already
determined in case 1), the definition

mye—1
p(r) = p(F™x) = Y y(F*z), ¢ Op(x), (3.10)
k=0
is correct. Accordingly,
p(Fa) = p(F™ ) — 3" ~(F¥a) = pla) +7(x) (3.11)
k=1

if m, > 1. However, if m, = 1 then yet (3.10) is equivalent to (|1.1)).
Since all constructions above follow from (3.1)), the solution is unique. m

REMARK 3.2. In the case of invertible F' the equivalence class of g € X is the two-sided
orbit (Fkxo):;_oo. Hence, for x € O (x¢) we have Fz = x( with a uniquely determined
m > 1. Thus, m, = m in this case.

REMARK 3.3. It suffices to have (3.3)) for every periodic point x and for one of its peri-
ods, say, p. Indeed, p is a multiple of the smallest period pg, say p = dpg. Accordingly,
sp—1(z) = dsp,—1(x), whence s,,_1(x) = 0, and finally, s,_1(z) = 0 for every period g.

The orbit of a periodic point z is a cycle Z,. The condition (3.3) can be rewritten as
/ ydp® =0 (3.12)
b'e

where £(%) is the invariant measure concentrated and uniformly distributed on Z,. Thus,
is just the TNC corresponding to p = p*). Theorem states that for
any discrete dynamical system the conjunction of all these TNC’s is sufficient for the
solvability of the c.e. . In topological terms, a function v is a coboundary if and
only if its integrals of over all cycles vanish. A remarkable case of sufficiency of these
TNC’s for the solvability of in a smooth category is Liv§ic’s theorem [46] concerning
Holder’s solutions.

In the completely formalized proof of Theorem [3.1] one has to consider a subset of X
which intersects every equivalence class by a singleton. This subset is called a transversal.
Its existence follows from the axiom of choice. Given a transversal Xo, the restriction ¢ —
| Xo bijectively maps the set of solutions onto ®(Xy). The inverse mapping is described
by the formulas , and , where zg runs over Xg. For example, every solution
to the homogeneous c.e. is constant on each equivalence class, and, conversely, every such
function is a solution.

The following particular case of Theorem merits to be mentioned.

COROLLARY 3.4. If the mapping F' has no periodic points (thus, X is infinite) then with
any vy the c.e. (L1.1)) is solvable.

For example, any irrational rotation of the unit circle T has no periodic points.
Therefore, the equation (1.6) with irrational « is solvable in 1-periodic functions for any
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1-periodic h. A more general example is the c.e.
plgz) —p(x) =(z), =G,
where G is a group and g € G is of infinite order.

COROLLARY 3.5. With v > 0 (in particular, in the case of Abel equation) the c.e. (1.1))
is solvable if and only if the mapping F has no periodic points.

Proof. The condition (3.3 is not fulfilled if all v(F*z) > 0. m

The set II of periodic points of any mapping F' is invariant but, in general, it is
not completely invariant. Indeed, the union of the preimages F~'II, [ > 0, is the set of
preperiodic points. The latter is already completely invariant. By Corollary [3.4] we have

COROLLARY 3.6. On the complement of the set of preperiodic points the c.e. (1.1) is
solvable with any .

ExXAMPLE 3.7. Let ¢ be an integer, ¢ > 2. The preperiodic points of the mapping x — gx
(mod2m), 0 < x < 2m, are
_ 2mn
o= =) |
where n,l,p € N, p > 1. On the complement of this countable set the c.e. is solvable
in 2m-periodic functions for any 2m-periodic h.

mod 27),

4. Cesaro summation. The reference to the axiom of choice in the proof of Theorem
makes it nonconstructive. However, under some natural conditions a solution to the
c.e. can be found by “analytical” tools, say by a summation of the resolving series.
In this section we consider the Cesaro summation. By the standard definition, the Cesdro
sum of the series is the limit o(x) as N — oo of the arithmetic means

R N k
on (@) = 57 2 sal@) = (1 g ) (Fre). (4.1)

n=0 k=0

Denote by C, the set of those 2 € X for which o(z) exists.

PROPOSITION 4.1. The set C, is completely invariant, and the function —o(x) satisfies
the c.e. (L.1)) for x € C,.

Proof. Using the recurrence relation

sn(Fz) = spi1(z) —v(2) (4.2)
we get
on1(Fa) = N; Lon() — (@), N>1. (4.3)

It remains to pass to the limit as N — co. =

Now we introduce the set E,, of those x € X for which the limit 7(z) of the arithmetic
means

™ (z) = Nirlnz_ogo(F"x) (4.4)

exists as N — oco. Here ¢ can be any function on X.
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PROPOSITION 4.2. The set E,, is completely invariant, and the function T(x) is invariant.
If ¢ is a solution to the c.e. (L.1)) then E, = C,, and on this set

o(x) =71(x) — p(x). (4.5)

Thus, the set E, is independent of the solution ¢ to with a fixed . Formula

represents the solution ¢(x) to the c.e. restricted to E, as the sum of the
solution —o(z) and the solution 7(z) to the corresponding homogeneous equation.

Proof. The first statement follows from the recurrence relation

Tno1(Fx) = N; ! T~ () — %g&(x), N >1. (4.6)
The second one follows from the formula
N +2 4
on (@) = 7 (v (@) — (@) (4.7)

which, in turn, immediately follows from (4.1)), (4.4) and (3.1). =

As an application we consider a preperiodic system (X, F'). The following theorem
was formulated without proof in [6].

THEOREM 4.3. Let F'4*P = F' [ >0, p > 1. Then the c.e. (1.1)) is solvable if and only if

pz_:y(Fk“x) =0, zeX. (4.8)

Under this condition a solution is

-1 1 p—1
= y(FFa) 4 = T ky(FF ). (4.9)
k=0 Z)kzl

Proof. The first statement follows from Theoremsince the condition is equivalent
to . Indeed, for every x € X the point Flz is periodic of period p, thus implies
(4.8). Conversely, let be fulfilled, and let z € X be a periodic point of a period q.
Then F™z = 2 for all n € N. With n > 1/q we get z = Flx where x = F™~!z. Obviously,
p is a period of z and

Thus, (3.3)) is fulfilled.
Now assuming (4.8]) we derive (4.9) via the Cesdro summation. Let ¢ be a solution

to (1.1). With N > [ and ¢ such that [ + pg < N <1+ p(q+ 1) we have

N l+p—1 N—pq
ICLEEDWILEITS WELERD L)
n=0 n=I

Hence, for all x € X
1l+p71
T(x)_N%ONHZ“” - E_:lso(F ).

Thus, E, = X, so C,, = X by Proposition and —o(x) satisfies (1.1)) by Proposition
Zmil
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Now we take N =1 — 1+ mp in (4.1), m — oo. This yields

-1 [—1+mp k
o Z’y (Ftz)+ Tim ; (l_’_mpfl)’y(Fkx). (4.10)

It remains to show that the limit in is equal to the second summand in (4.9)). To
this end we parametrize the index k in the second sum in (4.10) as k =1+ + pj, where
0<i<p—1,0<j<m-—1. Since FI*"tPi = Fl+i this sum reduces to

m—1p—1 (l+’b+pj

> Y(FYiz) =% + 5y

== l+m

where

m—1 p—1

[+ pj ]
m=( —1) Sy

= I+ mp =

and
m 21
3 i Fl—i—z
2 I+ mp ; Y( )

However, ¥; = 0 by (4.8), while ¥5 tends to the second summand in (4.9). =

COROLLARY 4.4. Let F be preperiodic, and let (4.8)) be fulfilled for a function v from
a Tr-invariant subspace E C ®(X). Then the c.e. (1.1) has a solution in E.

Proof. The required solution is that of (4.9)). m
By Theorem [3.1] this can be reformulated as follows.

COROLLARY 4.5. Let F' be preperiodic, and let v belongs to a Tr-invariant subspace
E C ®(X). Then if the c.e. (1.1)) is solvable in ®(X) then it is solvable in E.

For example, if (X, F) is a preperiodic topological dynamical system and v is a con-
tinuous function on X then there exists a continuous solution as long as a solution exists
at all.

For [ = 0 the first summand in vanishes and we get the following

COROLLARY 4.6. Let F' be periodic of a period p, i.e. FP = I. If the condition (3.3 is
fulfilled for all x € X then the function

= %ka(F’“x) = —% Z sn(z) (4.11)
k=1 n=0

is a solution to the c.e. (1.1)).

ExaMPLE 4.7. Cousider the equation (|1.6) with rational a = r/p, g.c.d.(r,p) = 1, and
1-periodic h. The shift F'x = x + o modulo 1 is periodic of period p. Under conditions

p—1
Y hz+ka)=0, 0<z<1, (4.12)
k=0
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Corollary [4.6] yields the 1-periodic solution
152
fl@) == kh(z + ka). (4.13)
gt

Note that is equivalent to its restriction to 0 < z < 1/p. Indeed, for every
x € [0,1) there exists a unique pair of integers s, ¢ such that the integral part of pz is equal
tors+pt with 0 < s <p—1. Then in one can change x to z = r—sa—t € [0,1/p).
In fact, we see that the interval [0,1/p) is a transversal. Hence, the general solution to
the corresponding homogeneous equation is ¢g(z) where z = z(x) is as above and g is an
arbitrary function on [0,1/p).

REMARK 4.8. If (X, F) is an invertible dynamical system and X is a transversal then
X =|J{F'Xo:nez} (4.14)

It turns out that if F' has no periodic points then Xq is nonmeasurable with respect to any
finite invariant measure on X. Indeed, the constituents in are pairwise disjoint.
If Xo is measurable then u(F"Xy) = p(Xo) for all n. This implies p(Xo) = 0 since
w(X) < oo, thus, u(X) =0.

For example, for the irrational rotation of the unit circle every transversal is nonmea-
surable, in contrast to the rational case. This is a counterpart of the classical example of
a nonmeasurable set, see e.g., [I8], Chapter 8, Example 11.

5. Resolving functionals. In some important situations the c.e. (L.1) can be solved
by a “nonlinear summation” of the resolving series (1.10]).

THEOREM 5.1. Given a dynamical system (X, F') and a function v on X, let A be a set
of scalar sequences (Np)n>0 containing all (—sp(z)), v € X, and let w be a functional
A — R. Assume that

a) A is invariant with respect to the shift n — n+ 1 and to all translations (n,) —

(M + 1),
b) w is shift invariant and translation covariant, i.e.

w[(Mnt1)] = ()], @l +n)] = w[(m)] + .
Then w is a resolving functional for the c.e. in the sense that
o(x) = w[(—sn(z))] (5.1)
is a solution to the c.e. .
Proof. We have
p(Fz) = wl(=sn(Fz))] = w[(=snt1(z) +7(2))] = wl(=snt1(2))] + 7(z)

by and the translation covariance of w. Hence,

p(Fz) — p(z) = 7(2) = {w[(=sa(2))] — w[(—sns1(2))]}- (5.2)
This reduces to by the shift invariance of w. m

Obviously, for every finite family {wy} of resolving functionals all linear combinations
> ok Ckwyi with Y-, ag = 1 are resolving functionals.
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The conditions a) and b) of Theorem [5.1| are fulfilled for A = B(N) (i.e. for the space
of all bounded sequences (7,,)) and

w[(nn)] = Tim (7). (5:3)

Other resolving functionals on this space are: the lower limit, the upper or lower limit of
the arithmetic means of (1,)Y_,, etc. All of them are nonlinear. A linear example is the

Banach limit.

COROLLARY 5.2. If the sequence (s, (x)) is bounded at every x € X then the function
p(z) = lim[—s, ()] (5-4)

is a solution to the c.e. (L.

COROLLARY 5.3. The c.e. (1.1)) has a solution ¢ € B(X) if and only if the sums s, ()
(n > 0) are uniformly bounded. (In particular, y(x) = so(x) s bounded.) Under this
condition a bounded solution is (5.4). Moreover,

1
5 8P [[sa]l < lloll < sup|lsall- (5:5)
n n

Proof. The “if” part with the right-hand inequality in (5.5)) follows from Theorem
with the upper limit in role of w. The “only if” part with the left-hand inequality follows
from ({3.1) for any bounded solution ¢. =

REMARK 5.4. The “if” part of Corollary can also be extracted from the proof of
Theorem Indeed, let the sums s, (z) be uniformly bounded. For every p > 1 and
every periodic point z of period p we have s,_1(z) = n™!s,,_1(z) that yields as
n — oo. Now if zy runs over a transversal X, and ¢p(zp) is bounded then we obtain a

bounded solution ¢ (z) by (3.4), (3.7) and (3.10).

THEOREM 5.5. For any measurable dynamical system (X, F) the c.e. (L.1) has a bounded
measurable solution if and only if the function v(x) is measurable and the sums s, (x) are
uniformly bounded. In this case the function (5.4) is such a solution.

This is a version of Proposition 8 from [45] where a bounded solution is determined
as the upper limit of the arithmetic means of (—s,(x)))_, as N — oo.

THEOREM 5.6. Let (X, F) be a measurable dynamical system with a measure u, and let
v € Loo(X, p). If the sequence (sy) is Loo-bounded then the c.e. (1.1)) is solvable in this
space. If the measure p is invariant then the boundedness condition is necessary.

Proof. The necessity follows from (3.I). Now assume that in Lo (X,p) we have
sup,, |[sn|| < oo. However, |[s,|| = sup,cx, |sn(z)| for a subset X, C X such that
u(X \ X,,) =0. For the intersection Y of all X,, we have u(X \Y) =0 and
sup sup |s,, ()| = sup sup |s,(x)] < sup ||s,|| < cc. (5.6)
z€Y n n xz€Y n
Now let us consider the set Z = {x € X : sup,, |sn(z)| < co}. Since Y C Z C X, we
have (X \ Z) = 0 and u(Z \ 'Y) = 0. The set Z is Tp-invariant because of (4.2)). For
z € Z a solution ¢(x) can be determined by (5.4), and sup,cy [¢(z)| < co by (5.6)), thus
€ Loo(X,p). m
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Theorem [5.6] generalizes Theorem 2 from [I4] where the L,-solutions are constructed
for 1 < p < oo and then an L.-solution is obtained as p — oco. For other results
concerning L-solutions see [45] and [58].

The question arises: is the supremum (or the infimum) a resolving functional? In
general, the answer is negative. The reason is that these functionals are not shift invariant,
so the subtrahend in formula may not vanish.

EXAMPLE 5.7. Let X =N, and let Fn =n+1, n > 0. Then the c.e. (L.1)) turns into the
simplest difference equation

p(n+1) —p(n) =~(n). (5.7)
Its general solution is
n—1
p(n) = (0) + Y _7(k) = 9(0) +5n-1(0), n>1, (5.8)
k=0

with an arbitrary ¢(0). The difference of any two solutions is a constant.

From (5.8) it follows that if the sums s,(0) are bounded then all solutions are
bounded, therefore, the sums s,(m) are uniformly bounded. However, the function
©(m) = sup,,[—s,(m)] is not a solution, in general. Indeed, since

sn(m) = sp4m(0) — 81m—1(0), m>1,

we have
o(m) = 8$;m-1(0) — inf [s,(0)]. (5.9)

n>

This is a solution if and only if the infimum in (5.9) is a constant since s,,_1(0) is a
solution. However, if, for instance, y(n) > 0 for all n then the infimum is equal to s,,(0)
that increases along with m.

Nevertheless, the supremum and infimum are resolving functionals in some special
situations. For definiteness we consider the supremum. Then

sglp(nn) > Sglp(nnﬂ)» () € B(N), (5.10)

instead of the shift invariance. On this base we establish a useful lemma concerning the
residual function

i(z) =)+ o) —p(Fzx), ze€X. (5.11)
This one is defined for any pair of functions ¢,y, and § = 0 if and only if ¢ is a solution

to the c.e. (1.1)).

LEMMA 5.8. Let s,(x) be uniformly bounded, and let p(x) = sup,,[—sn(x)]. Then

1) The residual function 6(x) is nonnegative.
2) The series
0(z)+6(Fx)+...+6(F"x) + ... (5.12)

converges for all x to a bounded nonnegative function A(x).

Proof. 1) From (5.11]) and (5.2)) with w = sup it follows that
§(z) = sup[—sn(x)] — sup[—s,11(x)] > 0. (5.13)
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2) From (j5.11)) it follows that
S 0(Fra) = sule) + (@) - p(F"Ha). (5.14)
k=0
The right-hand side of (5.14]) is uniformly bounded. Hence, 1) = 2) with the inequality
0 < A(z) <3sup,, ||su|- =
COROLLARY 5.9. Under conditions of Lemma 0(F"z) — 0 as n — oo.

Lemma allows us to construct a regularization of the resolving series (|1.10) in the
case of its divergence. Namely, let us consider the difference

dn(z) = sup[—s, (FN 1 2)] — sy (2). (5.15)
THEOREM 5.10. If s, (x) are uniformly bounded then the sequence (dy(x)) is nonincreas-
ing and it tends to a solution to the c.e. (L.1) as N — oo.

Proof. Let ¢(z) = sup,[—sn(z)] as before. The function A(x) from Lemma [5.8] satisfies
the c.e. A(Fz) — A(xz) = —d(x). By (5.11)) the difference ¢ = ¢ — A is a solution to the
c.e. (1.1)). From (5.14) it follows that dy(x) monotonically tends to ¢(z) from above. m

If the resolving series converges to a function s(z) for all x € X then the supremum
in tends to zero as N — oo, thus dy (z) monotonically tends to the solution —s(z)
from above.

Now we consider a situation where the supremum is a resolving functional.

THEOREM 5.11. Let (X, F) be a measurable dynamical system with a finite invariant
measure (1, and let v be a measurable function on X such that the sums s,(x) are uni-
formly bounded. Then the function

o(x) = sup[—sp(z)] (5.16)
n
is a bounded measurable solution to the c.e. (1.1]) a.e.
Proof. We only need to prove that ¢ is a solution a.e. By Lemma [5.8
D 6(FFx) < A(z), zeX, (5.17)
k=0
for all n. Therefore,

(n+1)/ 5du§/ Adp < o0
X X

since the measure is invariant and finite and the function A is measurable and bounded.

/5duS0,
X

so 0(x) =0 a.e. since §(z) >0 forallz € X. n
REMARK 5.12. Under conditions of Theorem the TNC (1.4) is fulfilled. To show

this directly note that
[ s@du=mr) [
X X

and pass to the limit as n — oo.

For n — oo we get
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The conditions of solvability in the space M (X, u) of all measurable functions are
more subtle. Note that if 4 is a finite invariant measure and ¢ is a measurable solution
then for every ¢ > 0 there exists C' > 0 such that pu{z : |p(x)] > C} < e, and then
p{z : |p(F" )| > C} < e. By we get pu{x : |sp(z)| > 2C} < 2¢ for all n. In this
sense the sums s, (z) are “uniformly bounded in measure” in the case of solvability in
M(X, u). For p ergodic the converse is due to Schmidt, see [60], p. 181.

The following general criterion was established by Helson [27] using the harmonic
analysis of the corresponding multiplicative cohomological equation x(Fx)/x(x) = &(x)
in T-valued functions. This kind of c.e. is important and interesting (see e.g., [17], [30]),
but we do not touch it in the present paper.

THEOREM 5.13. Let (X, F) be an invertible measurable dynamical system with a finite
invariant measure pi, and let vy € M (X, ). Then the c.e. (1.1)) has a solution ¢ € M (X, )
if and only if s,(x) is bounded a.e. on a sequence of n having positive upper density.

Other criteria of solvability in M (X, ) are due to Krzyzewski [42] and Sato [59].

6. The Gottschalk—-Hedlund Theorem (GHT). In this section (X, F) is a topolog-
ical dynamical system. Accordingly, we look for the continuous solutions to the c.e. (|1.1)
with continuous v(z).

LEMMA 6.1. If (X, F) is topologically transitive then every continuous solution ¢ to the
homogeneous equation
o(Fx) —p(x) =0, z€X, (6.1)

15 a constant.
Proof. The restriction of ¢ to the closure of any orbit is a constant. m

Further we focus on the minimal systems (X, F'). Note that if X is an infinite Hausdorff
(or, at least, T3-) space and F' is minimal then F' has no periodic points, therefore, the

c.e. (|L.1) is solvable with any .

THEOREM 6.2. Let (X, F) be minimal. The c.e. (L.1) has a solution ¢ € CB(X) if and
only if v € CB(X) and the sums s,(x) are uniformly bounded. Under these conditions
the continuous bounded solution is

o(x) = sup[—sn(z)] (6.2)
up to an arbitrary additive constant.

This is a constructive version (cf. [45]) of Browder’s generalization [I4] of the GHT.
The latter is a principal part of Theorem 14.11 from the book [21]. In its original form the
space X is compact metric and F is invertible, while in [I4] and [45] F is any continuous
self-mapping of a Hausdorff space X. In Theorem X is any topological space admitting
a minimal F', cf. [54]. (In particular, X must be separable). We preserve the name GHT
for all these generalizations. Our proof of the GHT is a modification of that of [45]. Its
the only nontrivial “if” part consists of two statements:

a) the function is continuous;

b) this is a solution to the c.e. (L.1)).
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The statement a) is equivalent to that the oscillation Q. () equals 0 for all z. Recall
that for every bounded function ¢ its oscillation at a point x is

Qy(z) = ligl(itelg ¢(u) — inf ¢(u)) = igf(ilelg ¢(u) — inf ¢(u)) >0, (6.3)

where U runs over the directed set of neighborhoods of x. The function Q4 is bounded
and upper semicontinuous.

In general, a function v is called upper (lower) semicontinuous if for every p € R the
set {z : ¥(z) < p} (theset {z : ¥(z) > p}, respectively) is open. The continuous functions
are just those which are upper and lower semicontinuous simultaneously. The supremum
(the infimum) of any pointwise bounded family of continuous functions is lower (upper,
respectively) semicontinuous.

LEMMA 6.3. If an upper (lower) bounded function ¢ is lower (upper) semicontinuous then
inf Q¢ =0.

Proof. For definiteness, let ¢ be upper bounded. With ¢ = sup ¢ and € > 0 let x be such
that ¢(z) > ¢ — e. Since ¢ is lower semicontinuous, there exists a neighborhood U of x
such that ¢(u) > ¢ — e for u € U. Since ¢(u) < ¢ for all u, we get Qy(z) <e. m

COROLLARY 6.4. Under conditions of Lemma if Qg is a constant then the function
@ is continuous.

After this preparation we can proceed to the proof of Theorem
Proof. To prove a) we note that

o(z) = maX{—v(x),sglp[—snﬂ(x)]}y

whence
#(@) + () = max{0,5up[y(x) = sn41()]}-
By we obtain
(@) +(x) = max{0, sup[—s, (Fz)]} = max{0, p(Fz)} = (p o F) (). (6.4)
From it follows that Q, () = Q(,or), () since 7 is continuous. However, {2y, (7) <

Q4 (x) for any bounded function ¢. Thus, Q,(z) < Quop(z). In turn, Quop(z) < Qu(Fx)
by continuity of F. As a result, Q,(z) < Q,(Fz) and then

Qp(x) < Qu(F"x), n>1. (6.5)
Since the orbit Op () is dense and the function €2, is upper semicontinuous, the inequality
yields Qg (z) < Q,(y) for all y € X. By alternation z <> y we obtain the equality
Qu(z) = Qu(y) for all z,y, i.e. Q, is a constant. Therefore, 2, = 0 by Corollary ie.
® is continuous.

Now it remains to prove that a) = b). We have to show that § = 0 where § is the
residual function defined by with ¢ from Lemma By this lemma the function
0 is nonnegative, and it is continuous by a). Suppose to the contrary that §(x) > 0 at
a point z. Then for any € > 0 there exists a neighborhood W of x such that é(w) > ¢
when w € W. On the other hand, by Corollary there is m € N such that 6(F"z) < ¢
for all n > m. Since the orbit of F™z is dense, there is n > m such that F"z € W, so
0(F™z) > ¢, a contradiction. m
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REMARK 6.5. In [54] the proof of the GHT is given in the form b)&[b) = a)] (in our
notation). The main argument for b) is that from the minimality of (X, F') it follows that

sup[—sn1(2)] = sup[—sn(z)), =€ X, (6.6)

i.e. the shift invariance of the supremum on the set of sequences (s,(z)).

REMARK 6.6. The solution (6.2) in Theorem[6.2] is nonnegative. Indeed, from (6.4) and
(1.1) we see that o(Fz) = ¢y(Fx), i.e. o(Fz) > 0 for all x. This inequality implies
@ > 0, since the image of F' is dense and ¢ is continuous.

REMARK 6.7 ([45]). For minimal (X, F') and continuous vy if the sums s, (x) are bounded
at a point xo then they are uniformly bounded. Indeed, let 7y, . (z) = sn(z) — spm(x),
n>m > —1, s_1(z) = 0, and let sup,, |s,(zg)] = C < oo. Then the subset M =
{z € X :sup, , [7nm(x)] < 2C} is nonempty (since xq € M), closed (since v and F
are continuous) and invariant (since 7, (F2) = rnt1,m+1(x)). Therefore, M = X by
minimality. Since 7, _1(z) = s, (), we get sup,, |sn(z)| < 2C for all x € X.

The minimality is essential for all conclusions in Theorem [6.2]

EXAMPLE 6.8. The system (N, F') from Example is topologically transitive but not
minimal. Indeed, since the topological space N is discrete, we have Or(0) = N and

Op(1) = N\ {1}. The c.e. (5.7)) is solvable in B(N) = CB(N) if and only if the sums
3, (0) are bounded, however, the sup-formula fails if ~,, > 0.

EXAMPLE 6.9. Consider the one-point compactification N = N U {oc}, F(c0) = oo,
F(c0) = 0. The dynamical system (X, F) is topologically transitive but not minimal for
the reason like that in Example [6.8] If the resolving series

vO0)+ (1) + ... +v(n) +... (6.7)

diverges but the sums s, (0) are bounded then there are no continuous solutions. Actually,
in this case all solutions are bounded but discontinuous at infinity.

Nevertheless, the minimality can be replaced by some other assumptions. In [61] the
construction was used to prove a counterpart of the GHT such that X is a compact
metric space but, instead of the minimality, F' is uniquely ergodic and the invariant
measure p is such that p(U) > 0 for all open U C X. In Section [8| we consider another
important class of dynamical systems where the minimality is not needed due to an
assumption on s, (z) stronger than in Theorem [6.2

Let us emphasize that the class of underlying spaces for the minimal systems is
very special. For example, if such a space is locally compact then it is compact [20].
In particular, all minimal discrete dynamical system (X, F') are finite cycles: X = Z, =
{x,Fx,...,FP~lz} for an z such that FPx = z. Indeed, let Op(z) be a dense orbit.
Then X = Op(x) since X is discrete. Therefore, X has to be finite, otherwise, the orbit
Op(Fz) is not dense. Hence, the point x is preperiodic, thus it is periodic by minimality.

For any topological dynamical system (X, F') one can consider in the space CB(X)
the linear (nonclosed, in general) subspace

Er ={v:|7llp =sup|snl < oo}
n
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Obviously, |||z = [|7|l. With this stronger norm Ef is a Banach space. According to
and we have Im(Tp — I) C Ep. Theorem [6.2] states that if (X, F') is minimal
then Im(Tr — I) = Er. Hence, in this case the image Im(Tr — I) is a Banach space with
respect to the norm ||.|| z. As a consequence, we have

PROPOSITION 6.10. Let (X, F) be minimal. Then Im(Tr — I) is closed in CB(X) if and
only if the norms ||v||p and ||v|| are equivalent on this subspace.

Theorem [6.2] determines a mapping R : Ep — C'B(X) such that ¢ = Ry is a solution
to the c.e. (|1.1). This equation is linear but the mapping R is not linear! However, this
collision can be removed by a small perturbation of R.

THEOREM 6.11. Let f be a linear functional on CB(X) such that f[1] = 1. Under
conditions of Theorem[6.2] the formula
po(@) = sup[—su ()] — f [sup[—s,(")]] (6.8)

n

determines a continuous bounded solution to the c.e. (L.1)) such that the mapping @o =
Rovy is linear. In addition, if || f|| =1 then

1
3 e < 1Ryl < [17ll - (6.9)

Thus, Ry is a linear topological isomorphism between |.|| p-normed space Im(Tp —I) and
the closed hyperplane ker f C CB(X).

Proof. In the first summand is a solution to in CB(X), while the second
summand is a constant. Hence, @ is a solution in C'B(X) as well. Moreover, by the
mapping Ry : Er — CB(X) is such that Im Ry C ker f. This allows us to consider Ry as a
mapping Er — ker f. Let us also consider the linear mapping D = Tr—1I : CB(X) — EF.
This is a left inverse to R by definition of the latter.

Now let Dy = D |ker f. The mapping Dy is injective. Indeed, ker D = Span{1} by
Lemma so ker Dy = Span{1} Nker f = 0 since f[1] = 1. On the other hand, Dy is
surjective since DgRy = DR = I|Ep. Eventually, Dy is bijective, and Ry is its inverse
mapping. Hence, Ry is linear.

Now assume || f|| = 1. Then the functional f is nonnegative. In view of Remark
formula yields the inequality

—f[sup[=sn(")]] < wo(z) < sup[-su(z)],
and the right-hand part of follows. The left-hand part follows from (3.1)). =

REMARK 6.12. The solution is uniquely determined by the additional condition
flgo] = 0.

ExAMPLE 6.13. Let X be a compact space with a regular Borel measure p such that
#(X) = 1. Then formula can be realized as

o(e) = supl=s, ()] = [ supl=su(]di (6.10)

n n
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This solution is uniquely determined by the condition

/@oduz(l
X

In particular, for any xg € X we can take the corresponding Dirac measure and get
wo(x) = sup[—sp(x)] — sup[—sn(x0)]. (6.11)
n n

This formula is applicable to any topological space X and yields the unique solution such
that ¢o(zo) = 0.

Now let us compare Theorem [6.2] to Corollary

COROLLARY 6.14. Let (X, F) be minimal, and let v € C(X). Then if the c.e. (1.1)) is
solvable in B(X) then it is solvable in CB(X).

Actually, the bounded solution (5.4]) coincides with ¢ from Theorem under con-
ditions of the latter. This follows from as m — oo.

7. The cohomological equations on topological groups. Let us start with some
general remarks. Let G be a topological group. For any g € G the subsemigroup

[9] = {g" : n €N}
is the 74-orbit of the unit e. If this is dense (thus, the dynamical system (G, 7,) is topo-
logically transitive) then this system is minimal. Indeed, for any = € G its orbit is [¢]z,
hence the closure of the latter is Gx = G.
The two-sided orbit of e is the subgroup

(9) ={g" :n € Z}.
A group G such that (g) is dense for a g € G is called monothetic, and the element g is

called its generator. For example, the unit circle T is monothetic: T = (¢) where { = 2™
and « is any irrational number. Moreover, T = [(], thus the dynamical system (T, 7¢) is
minimal.

In general, if [g] is dense in a group G then such is {(g), thus G is monothetic. The
converse is not true. For example, the discrete additive group Z is monothetic since
Z = (1), while [z] = {nz : n € N} # Z. However, if G is compact monothetic then [g] is
dense for any generator g, see Lemma below.

Obviously, every monothetic group is commutative and separable. On the other hand,
every connected compact separable commutative group is monothetic [25].

In this section we systematically use the classical character theory. For the reader
convenience let us recall some basic definitions and results. For more detail see e.g. [28],
[51], [66].

Let G be a commutative topological group, and let e be its unit. A continuous function
X : G — T is called a character of G if x(gh) = x(g)x(h) for all g,h € G. In particular,
x(e) =1 and x(¢7!) = x(9)~* = x(9), where the bar means the complex conjugation.
The characters constitute a commutative group G’ with respect to the pointwise mul-
tiplication. Its unit is 1, and it may happen that G’ = {1}, in spite of G # {e}. For
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example, if G is the additive group of a linear topological space without nonzero contin-
uous linear functionals (say, G = L,(0,1), 0 < p < 1) then G’ = {1}. In contrast, if G is
locally compact and G’ = {1} then G = {e}. A natural topology on G’ is discrete being
determined by the inclusion G C CB(G). Indeed, let x1,x2 € G’, and let x1 # x2. Then
for every g € G we have |x1(g) — x2(9)| = [x(g) — 1| where x(g9) = x1(9)x2(9) # 1. If g
is such that x(g) # 1 then |x(¢") — 1| = |x(g)" — 1| > V/2 for some n € N. A fortiori,
Ix1 = xall > V2.

If G is locally compact then the classical Pontrjagin—van Kampen duality theory

prescribes to endow G’ with the compact-open topology and get the dual group G*. This
one is locally compact but not discrete, except for the case of compact G. Accordingly,
although G* coincides with G’ algebraically but they are different topological groups if
(and only if) G is not compact. The Duality Theorem states that topological groups G**
and G can be identified by the topological isomorphism G — G** which is as g — ¢**

such that ¢**(x) = x(g)-
In the rest of this section the group G is compact, unless otherwise stated.

LEMMA 7.1. The closures [g] and (g) coincide for every g € G.

Proof. Tt suffices to show that g~1 € [g]. Suppose the contrary. Then the set U = G\ [g] is
a neighborhood of g~! separating this element from m Hence, V' = gU is a neighborhood
of e such that g" ¢ V for all » > 1. Consider the intersection

Q= (){g":k=n} (7.1)

neN

This is not empty since G is compact. Let x € €, and let W be a neighborhood of x such
that WW~! C V. By definition of Q there exists n € N such that ¢g” € W, and there is
m > n such that g™ € W. Then ¢g" € V for r = m — n, a contradiction. m

COROLLARY 7.2. The closure [g] of the semigroup [g] is a group.
COROLLARY 7.3. The sets [g] and (g) are dense or not dense simultaneously.

LEMMA 7.4. The semigroup [g] is dense (thus, the group G is monothetic, generated by g)
if and only if 1 is the only character x such that x(g) = 1.

Proof. If x(g) = 1 then X(hi 1 for h € [g]. Therefore, x =1 if [g] is dense. Now let [g]

be not dense. By Corollary |7.3| the quotient group I' = G /@ is nontrivial. The natural

epimorphism p : G — I' is continuous with respect to the standard topology on I'. Hence,

the group I' is compact. If £ is a nonunity character of I' then xy = £ o p is a character

of G such that x(¢g) =1but x #1. =

ExampPLE 7.5. The characters of the d-dimensional torus
Td:{gz(e2”m’“):0§ak<2ﬂ',1§k‘§d}

are

.....

Hence,

d
x(g9) # 1 <= anak ¢ 7.

k=1
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Therefore, x(g) # 1 for all x # 1 if and only if the real numbers 1,a1,...,a4 are
linearly independent over the field Q of rational numbers. By Lemma [7.4] this condition
is necessary and sufficient for the density of the subsemigroup [g] in T¢. This is the famous
Kronecker theorem. As a consequence, the group T? is monothetic. Note that for d = 1
the Kronecker condition just means that o is irrational.

Now we immediately obtain

THEOREM 7.6. Let G be a compact commutative group, and let g € G be such that
x(g) # 1 for all nonunity characters of G. Then the c.e.

plgz) = p(a) = (), =€, (7.2)
has a solution ¢ € C(QG) if and only if v € C(G) and the sums

n
sn(z) =Y (g*x), n>0,
k=0

are uniformly bounded. Under these conditions with real v the continuous solution is
() = sup[—sn ()] (7.3)

up to an arbitrary additive constant.

Proof. By Lemmathe system (G, 74) is minimal. Hence, Theoremis applicable. m

REMARK 7.7. According to Remark it suffices to require that the set of sums

n

sn(e) =Y (g"), n=>0,

k=

0
is bounded.

COROLLARY 7.8. The equation (1.6 with continuous 1-periodic h and irrational o has a
continuous 1-periodic solution f if and only if the sums

sn(z) = Zh(m +ka), 0<z<1,
k=0

are uniformly bounded.

By Remark it is sufficient that these sums are bounded at x = 0.
The nonlinear construction ([7.3) can be transformed into a linear one according to
Theorem [6.11} For instance, such is

wo(x) = sup[—sp(z)] —/ sup[—sy ()] dv (7.4)

n G n
where v is the Haar measure, v(G) = 1, see Example This solution is determined
by the condition

/G o dv = 0. (7.5)

Now let us analyze the c.e. (7.2 by means of harmonic analysis in the complex space
Ly(G,v). In this space the set G* of the characters is orthonormal and complete. Thus,
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for every ¢ € Lo(G,v) we have the Fourier decomposition

P~ Z ex[¥]x (7.6)
XEG*
where
ol = [ wxas (7.7)

are the Fourier coefficients. The set of those x € G* for which ¢,[¢)] # 0 is at most
countable. This set is called the spectrum of v and denoted by spec. After omitting
the vanishing summands in and an arbitrary ordering of the rest we get the reduced
Fourier series

v= Y eldlx (7.8)

X Espec P

convergent to 1 in Lo-norm. As a consequence, spect = () if and only if ¢ = 0. If
1 € C(G) then its Fourier series can be divergent in C(G) but ¢ is the uniform limit of
a sequence of linear combinations of the characters from spec .

The member corresponding to the unity character in is the constant

¥ = /G oy (7.9)

according to the equality

/ xdv =0, xeG*\{1}. (7.10)
G

/ Yvdr =0
G
if and only if 1 ¢ spec.
The Fourier coefficients of the shifted function 4(z) = ¢(gz) are

Therefore,

ex[¥g] = x(9)ey[¥]- (7.11)
Indeed,
| vtami@ / e
since the measure v is invariant and x(g~'z) = x(g)x(z). By (7-1I) the Fourier image of
the c.e. is
(x(9) = Dexlel = el x e G™ (7.12)

For x = 1 this yields the TNC ¢1[y] =0, i.e. 1 ¢ spec~y. Also, from (7.12) it follows that
x(g) # 1 if x € spec~y. Thus, the Fourier decomposition of the solution ([7.4)) is

o= > _abl (7.13)

X Especy X(g) -1

Obviously, spec pg = specy, while spec ¢ = specy U {1} for all solutions ¢ # ©y.
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An interesting consequence of formula (7.13)) is the inequality

D

X Especy

Cx[ﬂ’
x(g) —1

which is valid for all continuous coboundaries. This follows by changing the sup-norm on
the left of to the La-norm which, in turn, can be found from by the Parseval
equality.

After these preliminaries we can generalize Theorem [7.6 as follows. For any g € G we
consider its annihilator g = {x € G* : x(g9) = 1}. It is a subgroup of the group G*. In
Theorem we actually assume g = {1}. In order to relax this condition we introduce
the subgroup H, C G* generated by the subset spec~y. (For v =0 we let H, = {1}.)

2
< sup Han2 (7.14)
n

THEOREM 7.9. Theorem [0l remains true under the condition

g-NH,={1} (7.15)
instead of g* = {1}.
Proof. The embedding H., C G* induces (by duality) a continuous epimorphism j : G —
HZ. The group HZ is compact since such is G. Every 0 € C(H,’Y") can be lifted to G as
¢ oj. This is a linear isometric mapping C(H3) — C(G). Its image is the uniform closure
Span H., since C(H}) = Span Hx*.

Now in C(Hz) we consider the c.e.

O(hz) —0(z) = B(z), =z¢€ HJ, (7.16)
where h = jg € H> and 8 € C(HY) is such that 3(jz) = v(x), € G. The only character
¢ of the group HJ such that {(h) = 1 is { = 1. Indeed, x = {0 j is a character of G
such that x(g) = 1, i.e. x € g*. On the other hand, x € H,. By (7.15) we get y = 1.

Therefore, £ = 1 since j is surjective.
Thus, we have h't = 1. Furthermore,

8(2) = S B0F2) = 3 Bli(0" ) = 3 2gke) = sula)
k=0 k=0 k=0

for z = jx, x € G. Since these sums are uniformly bounded, the c.e. (7.16) has a contin-
uous solution € by Theorem [7.6] Then p(x) = 6(jz) is a continuous solution to the c.e.
(7.2). With real v one can take

0(z) = stllp[—én(z)] = s%p[—sn(x)]. " (7.17)

REMARK 7.10. With v = 0 the general continuous solution to (7.2)) is Span g1. This
subspace of C(G) consists of constants if and only if g+ = {1}.

Now let G be an arbitrary commutative topological group. An almost periodic function
(a.p.f.) on G is a complex-valued function ¢ € CB(G) such that the set {7, : g € G}
of its shifts is precompact in CB(G). The a.p.f. constitute a subspace AP(G) C CB(G).
All characters of G are almost periodic, so G’ C AP(G). Moreover, the linear span of G’
is dense in AP(G). This Approximation Theorem is central in the theory of a.p.f.; see
e.g. [66] and the references therein. On the additive group R the theory of a.p.f. was
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created by Bohr [12], [I3] and Bochner [IT]. The characters on R are xj(z) = e**
(z, A € R), so in this case the Approximation Theorem means that the a.p.f. on R are
just the uniform limits of the linear combinations of these exponents. In particular, all
periodic functions on R are almost periodic. In this case the Approximation Theorem
turns into the Weierstrass theorem from the classical Fourier analysis.

On any compact group G all continuous functions are almost periodic, i.e. AP(G) =
C(G) in this case. Remarkably, the general case reduces to this one as follows. (See e.g.
[51] for more detail.)

Let K be a compact group such that there exists a continuous homomorphism
j: G — K then for every ¢p € C(K) the function % o j is an a.p.f. on G. In particu-
lar, one can take the Bohr compact K = bG = G"™ and (jg)(x) = x(9), g € G, x € G'.
Although this j is not surjective, its image is dense. It turns out that this construction
yields all a.p.f. on G. The natural extension of j to AP(G) is a bijective linear isome-
try AP(G) — C(bG). This allows one to translate the harmonic analysis from C(bG)
to AP(G). In particular, the spectrum of ¢ € AP(G) is defined as the spectrum of the
corresponding ¢ € C(bG), the Fourier coeflicients of ¢ are defined as the corresponding
ones for 1, etc.

By the way, in the case G = R the Fourier coefficients can be introduced with no
reference to the Bohr compactification, namely,

Mg] = lim — /a o(x)e A dz. (7.18)

We call the set of those A € R for which ¢ [p] # 0 the frequency spectrum of ¢ € AP(R).
If ¢ is periodic, say, 1-periodic, then its frequency spectrum is a subset of 277 and

1
™ o] = enle] = / o(x)e ™" dx, ncZ.
0

THEOREM 7.11. Let G be a commutative topological group, and let v € AP(G). Assume
that the condition (7.15)) is fulfilled for the subgroups g and H, of G' defined as before.
Then the c.e.

p(gr) —p(x) =y(z), z€G, (7.19)
has a solution p € AP(G) if and only if the sums

sn(z) =Y (g*z), n>0,
k=0

are uniformly bounded. Under this condition and with real v an almost periodic (a.p.)
solution is

p(r) = sgbp[—sn(l‘)]- (7.20)

Proof. One can identify G’ with (bG)*. Thus, Theorem is applicable to that c.e. in
C(bG) which corresponds to (7.19). m

REMARK 7.12. According to Remark the a.p. solution to (7.19) is determined up to
an arbitrary summand w € Span g1. The latter means that specw C g=.
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Let us apply the Theorem to the c.e.

olx+a)—g() =), xzeR, ackR\{0}, (7.21)
in AP(R). Note that in this case the TNC (/1.7 should be changed to
N Y
alingo % [a y(z)dz =0 (7.22)

according to ([7.18)).

COROLLARY 7.13. Let v € AP(R), and let the frequency spectrum of v be A. If 27/«
does not belong to the rational linear span of A then the c.e. (7.21) has an a.p. solution
if and only if the sums

Sn(x) = Zv(a: + ka)
k=0

are uniformly bounded. Under this condition and with real v an a.p. solution is
() = sup[—sn(2)] (7.23)
Proof. We have
at = e =1 = {? X =2mn/a, n € Z},
while H, = {xx : A € Ap} where A, is the subgroup of R generated by the subset A.
The assumption in Corollary [7.13|just means that o N H, = {1}. =

Under conditions of Corollary [7-13] the a.p. solution is determined up to an arbitrary
continuous a-periodic summand. Indeed, an a.p.f. w with specw C a™ is a-periodic, and
vice versa.

8. An almost periodic counterpart of GHT. In the GHT the minimality condition
is essential, see Example However, in an almost periodic context this condition does
not appear. Let us start this topic with some known general definitions, cf. [51].

Let T be a bounded linear operator in a Banach space B. A vector v € B is called
almost periodic (a.p.) if its orbit (T"v),>o is precompact. The set of all a.p. vectors is
denoted by AP(B,T). This is a linear subspace of B containing all eigenvectors of 7" with
eigenvalues A such that |A| < 1. The operator T is called a.p. if AP(B,T) = B. By the
Banach-Steinhaus theorem every a.p. operator is power bounded, i.e. sup,,> [|7"]| < oo.

THEOREM 8.1. With h € B the equation
Tf—f=h (8.1)
has an a.p. solution f if and only if the set of sums
Sp = ZTkh, n >0,

k=0
is precompact. Under this condition all solutions are a.p.

Proof. The last sentence is true since the solutions of the corresponding homogeneous
equation are fixed vectors. Now let f be a solution to (8.1). Then

S =T f — f. (8.2)
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Thus, the precompactness of {s,} is equivalent to the almost periodicity of the vector f.
Therefore, it suffices to prove that if {s,, } is precompact then the equation is solvable.
To this end we consider the closure K of the set {—s,}. By assumption, K is compact.
Furthermore, K is invariant for the affine mapping V' : B — B defined as Vf =T f — h.
Indeed, let f € K, and let for a given € > 0 a number n be such that ||f + s,| <&/ ||T]-
Then |[Tf + T's,|| < €. However,

Tsy = Sp+1 — h.
Therefore, |Tf —h+ spy1|| <&, ie. |[Vf+ spt1] <e. Asaresult, Vf € K.
Now we consider the closure @ of the convex hull of K. This is a convex compact

V-invariant set. By the Schauder fixed point theorem there exists f € @ such that
V f = f. This f is a solution to (8.1 by definition of V. m

REMARK 8.2. The precompactness of the set {s,} implies that h is a.p. Indeed,
T"h =5, — s,—-1, n>1.
COROLLARY 8.3. Let (X, F) be a metric compact dynamical system. Then with v € C(X)

the c.e. (L.1) has a solution ¢ € AP(C(X),Tr) if and only if the subset {s,} C C(X) is
uniformly bounded and equicontinuous. In this case all continuous solutions are a.p.

Proof. By the Arzela—Ascoli theorem the subset {s,} is precompact in C(X) if and only
if it is bounded and equicontinuous. m

Now let X be any metric space with a distance d, and let ' be a mapping X — X.
The dynamical system (X, F) is called uniformly stable if for every € > 0 there exists
0 > 0 such that

d(z,y) <d = d(F"z,F"y) < e (8.3)
for all z,y € X, n € N. For n = 1 this means that F' is uniformly continuous.

In fact, the uniform stability is topologically equivalent to a more elementary property.
Namely, the dynamical system (X, F') is called dissipative if

d(Fz,Fy) <d(z,y) (z,y€X), (8.4)
i.e. if F'is a contraction. Obviously, every dissipative system is uniformly stable. In the

converse direction we have

PROPOSITION 8.4. If a dynamical system (X, F) is uniformly stable then it is dissipative
with respect to a distance topologically equivalent to the original one.

Proof. Let us introduce the distance
~ d(F™x, F™y)

d =
(z,9y) S d(Fra, )

instead of the original distance d. Obviously, d(Fz, Fy) < d(z,y). Since

7 d(a:,y)
d(w,y) > m

the d—topology on X is stronger that the d-topology. On the other hand, by (8.3
d(z,y) <8 = d(z,y) < e,

)

i.e. the d-topology is stronger than the d-topology. m
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An important example of a dissipative system (X, F) is a contraction F : X — X of
a convex set X in a normed space:
[Fz—Fy|| <[lz -yl (z,y € X). (8.5)
For (8.5) it is sufficient for F' to be Gateaux differentiable with ||[F'(z)|| < 1, z € X.

LEMMA 8.5. The operator Tp in C(X) associated with a uniformly stable compact dy-
namical system (X, F) is a.p.

Proof. It suffices to show that for every f € C'(X) the set {T} f} is bounded and equicon-
tinuous. The boundedness is obvious since T is a contraction. On the other hand, the

function f is uniformly continuous since X is compact. Let 7 > 0, and let ¢ > 0 be such
that

d(z,y) <e=|f(z) = fly)l <n
for all x,y € X. A fortiori,
d(F"z, F*y) <e = |f(F"z) = f(F"y)| <n (8.6)
for all z, € X and n € N. Combining and we get what we need. m
In the following counterpart of GHT the minimality is not assumed.

THEOREM 8.6. Let (X, F') be a uniformly stable compact dynamical system. The c.e. (1.1)
is solvable in C(X) if and only if v € C(X) and the subset {s,} C C(X) is bounded and
equicontinuous.

Proof. “If” directly follows from Corollary (The uniform stability is not needed in
this part.)

“Only if”. Note that for any ¢ € C(X) the subset {The} C C(X) is precompact
by Lemma If, in addition, ¢ satisfies then formula shows that {s,} is
precompact in C'(X). Hence, this subset is bounded and equicontinuous. m

If X is a convex compact in a Banach space then every continuous self-mapping of X
is not minimal because it has a fixed point. The GHT is not applicable to this case, while
Theorem works immediately.

THEOREM 8.7. Let X be a convexr compact in a Banach space, and let F' : X — X be
a contraction. The c.e. (1.1) has a solution ¢ € C(X) if and only if v € C(X) and the
subset {s,} C C(X) is bounded and equicontinuous.

In the following example all conditions of Theorem except for the equicontinuity
are fulfilled. Accordingly, there are no continuous solutions in this example.

EXAMPLE 8.8. Let X = [0,+/2/3], and let Fx = 2 — 23, x € X. This mapping X — X
is a contraction since |F'(z)| < 1, z € X. Note that Fx # 0 for  # 0 but F(0) = 0. We
consider the c.e. (1.1)) in C(X) with

o1 1
~(z) = sin 7y S0 (x #0), ~(0)=0. (8.7)
This function is indeed continuous since we have
|v(z)] < sini fsinl’ < ’i - l‘ - o
- Fx zl — 1 Fz =z 1— 22
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as x — 0. Also, from it follows that
1 1
Sn(x) = sin W — sin ; (.T 7é O), Sn(o) = O7
hence, |s,,(z)| < 2 for all z € X. However, the sums s, (z) are not equicontinuous. Indeed,
suppose the contrary. Then there is § > 0 such that

. 1 o1 1
Sin o —sin— | = lsn(z) — sn(0)] < 3 0<z<d, n>0,
whence
. 1 1
sin Tz, <z, n > 1, (8.8)

where xg = 1/mm with an integer m > 1/md. The inequality (8.8]) yields
dist(z,,7Z) < /6

where z, = 1/x,, x, = F"xq. This is a contradiction. Indeed, z,, monotonically tends to
infinity, while

1 1 1 1 Tn

- — = 5 — 0.

n

Zn+1 — Bn = -
Tn+1 Tn, Fz, Tn 1-2z

Hence, the sequence of fractional parts of z, /7 is dense in [0/1].

REMARK 8.9. In Example the function ¢(x) which equals sin(1/x) + 1 for = # 0
and ¢(0) = 0 is a bounded discontinuous solution such that ¢(z) = sup,,[—s,(z)] for all
reX.

If on a compact metric space X a dynamical system (X, F') is uniformly stable and
minimal then for every v € C(X) the uniform boundedness of the sums s, (z) implies
their equicontinuity. This immediately follows from the GHT combined with Corollary
In particular, this is true for the sums

sn(x) = Zh(m—l— ka), 0<z<1,
k=0

where h is a continuous 1-periodic function and « is irrational. For rational « this is
trivial since in this case if the set {s,} is bounded then it is finite, see Remark Let
us emphasize that the rational rotation of T is not minimal because of its periodicity.

A dynamical system (X,F) on a metric space X with a distance d is called
conservative if

d(Fz,Fy) =d(z,y) (z,y€X), (8.9)
i.e. if F'is isometric. For example, such is any rotation of T.

THEOREM 8.10. Any compact topologically transitive conservative dynamical system
(X, F) is homeomorphic to (G,74), where G is a monothetic compact group and g is
its generator.

This is a particular case of Theorem 6 from [50]. Its proof in [50] is based on the theory
of almost periodic representations of topological semigroups [48], [5I]. We use this result
in Section [I2] However, in this case the system is minimal. Below we briefly consider a
group situation without the minimality.
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By the Birkhoff-Kakutani theorem (see e.g. [28], Theorem 8.3) on any metric group
G there exists a topologically equivalent distance d which is invariant in the sense that
d(gz, gy) = d(z,y), (v,y€ X, g€q). (8.10)
With respect to this distance all shifts 7, are conservative. Theorem [8.6] yields

COROLLARY 8.11. Let G be a compact metric group, and let g € G. The c.e.

p(gz) = p(a) = (), =€, (8.11)
has a solution ¢ € C(G) if and only if v € C(G) and the subset {s,} C C(G) is bounded

and equicontinuous.

Here the group G can be noncommutative.

9. Recurrence and ergodicity. Some applications. In this section (X, F) is a dy-
namical system with an invariant measure u. We assume that p is finite, though in some
cases (in particular, in Theorem without the equality ) the o-finiteness is suffi-
cient.

The following is a modern form of the Poincaré Recurrence Theorem (RT).

THEOREM 9.1. Let M be a measurable subset of X, u(M) > 0. Then for a.e. v € M
there exists a subsequence (n;);2; C N such that all F™ixz € M.

COROLLARY 9.2. There is a subsequence (m;)52; C N such that p(F~™ M NM) > 0 for
all i.

Actually, a more general theorem can be easily derived from Theorem see [24].
Below we give a “cohomological” proof of this generalization.

THEOREM 9.3. For every nonnegative measurable function v on X the resolving series
(L.10) diverges a.e. on the set Mt = {x : ~v(x) > 0}.

Theorem [9.1]is just that case of Theorem [9.3| where  is the indicator function of the
subset M.

Proof. Denote by A the set of convergence of the series (L.10), and let s(z) be its sum
on A. The set A and the function s are measurable. Furthermore, A is completely invariant
and s satisfies the c.e.

s(z) — s(Fz) =~(z), =€ A (9.1)

We have to prove that
w(An M) =o0. (9.2)

Assume s € Li(A, ). Then we have TNC

/Avdu =0, (9.3)

and (9.2)) follows since v > 0 and (x) > 0 on M.

With a small modification the same argument works in general. Note that one can
assume y(z) < 1 without loss of generality. Indeed, if the theorem is true for the function
min(1,+(z)) then it is true for v(x).
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Now we consider the sequence of measurable sets A, = {z € A: s(x) <n}. They
are invariant since s(Fz) < s(z). On the other hand, A, C F~'A, C A,41. (The first
inclusion follows from F'A, C A,, the second from s(z) < s(Fx) + 1.) Furthermore,
w(F~tA, \ A,) =0 since u(F~1A,) = u(A,).

Since s|A,, is bounded and p is finite, one can integrate over A,:

/Anwduz/A s(m)du—/A S(Fx)du=/A s(x)du—/FlAn s(z)dp = 0.

n n n

Hence, pu(A, N M) = 0. Passing to the limit as n — oo we get (9.2)). m
By formula (3.1) we obtain

COROLLARY 9.4. Under conditions of Theorem [9.3] if ¢ is a solution to the c.e. (L.I)
then @(F™x) — +00 a.c. on the set M.

How fast can be this growth? If v is bounded then (F"z) = O(n) by (3.I). This
simple observation can be refined by the following Individual Ergodic Theorem (IET)
established by Birkhoff [10] and Khinchin [32]. (See e.g. [24], [31], [38] for the proofs and
numerous applications of the IET.)

THEOREM 9.5. For every v € L1(X, u) there exists

n@:ﬁﬁ%ZﬂW@(My (9.4)
k

The function T, belongs to L1(X, ), and

Lﬁ@:me (9.5)

Note that by Proposition the set E., of convergence in (9.4) is completely invariant,
and the function 7, is invariant. The latter is originally defined on F, only, however,
all its continuations to X are invariant and coincide as the elements of Lq (X, u) since

(X \ E,) = 0.

COROLLARY 9.6. If in the IET the measure p is ergodic then

n—1
1 1
lim — ~v(FFg 27/ ydu (a.e.). 9.6
Jm 3o = o [ e (e 9.6)
Proof. This follows from (9.5)) since 7, (z) is a constant a.e. by ergodicity. m

In physical terms formula is a mathematically correct form of the famous Boltz-
mann Hypothesis about the asymptotic behavior of a physical system consisting of a
large number of particles. The equality states that for any admissible function ~
(an “observable quantity”) its average over the space of states coincides with its average
over time along almost every orbit.

COROLLARY 9.7. If v € L1(X, 1) and ¢ is a solution to the c.e. (1.1)) then there exists

gp(x) = lim p(F"7)

n—00 n

(a.e.). (9.7)
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Under conditions of Corollary the set of convergence in (9.7) coincides with E.,,
and e,(z) = 7, (z) for all z € E,. This equality can be extended to X by any common
continuation of e, (x) and 7, (). By (9.5) we get

/X e, du— /X v d. 9.8)

The function e, () is invariant. Therefore, if the measure 4 is ergodic then

p(F™x) 1

Jm PE /X vdu (ae) 9.9)

by and .
THEOREM 9.8. Let v € L1(X,p), and let ¢ be a measurable solution to the c.e. (1.1)

then e,(x) =0 a.e., so (F"x) = o(n) a.e.

Proof. It suffices to prove that e,(x) = 0 a.e. on the set M; = {x € X : |p(z)| <1} for
any [ > 0. The RT yields for a.e. z € M; a subsequence (n;)$° C N such that F™ix € M,
ie. |o(F™z)| <[ If, in addition, e,(x) exists then
_ oy PUE)

co(e) = i 2T

In the corollaries of Theorem we assume 7y € L1 (X, u).

=0. =

COROLLARY 9.9. If the c.e. (L.1) has a measurable solution then v satisfies the TNC

/ vdup = 0. (9.10)

This is the Anosov Theorem 1 from [3]. In our way to this important result we have
used the same arguments (IET, RT) as in [3] but in a wider context.

COROLLARY 9.10. Let the TNC (9.10) be not fulfilled, but let the conditions (3.3]) be
valid. Then the c.e. (1.1)) is solvable but all its solutions are nonmeasurable.

In particular, we have

COROLLARY 9.11. Let the TNC (1.4) be not fulfilled, but let F have no periodic points.
Then the c.e. (L.1)) is solvable but all its solutions are nonmeasurable.

For example, with irrational o the equation is solvable in 1-periodic functions
but all its solutions are nonmeasurable if the TNC is not fulfilled.

The existence of measurable solutions was briefly discussed at the end of Section
Also, in this section the L,-solvability was considered (Theorem. Now let us consider
the L,-solvability starting with p = 1.

THEOREM 9.12. Withy € L1 (X, u) the c.e. (1.1)) is L1-solvable if and only if the resolving
series (1.10) is Cesdro summable a.e. to a function o(x) € L1(X, u). In this case —o(x)
is an Lq-solution.

Proof. “If” follows from Proposition .1 where now (X \ C,) = 0. “Only if” follows from
Proposition 4.2| where now p(X \ E,) =0 by IET. =
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COROLLARY 9.13. Let the measure p be ergodic. With v € L,(X, ), 1 <p < o0, the c.e.
(1.1) 4s L,-solvable if and only if the resolving series (1.10) is Cesdro summable a.e. to
a function o(x) € L,(X, ). In this case —o(x) is an Ly,-solution.

Proof. “If” is the same as in the proof of Theorem[9.12]even without assumptions about .
For the “only if” note that L,(X,u) C L1 (X, i) since the measure p is finite. Let ¢ be
an Ly-solution to (L)), and let o be that of Theorem Then o € Ly (X, u) and o(x)
is the Cesaro sum of the series a.e. and, finally, —o(z) is a solution to . The
sum o(z) 4+ ¢(z) satisfies the corresponding homogeneous equation. By ergodicity this is
a constant a.e., thus o € L,(X, ). m

Other results concerning the L,-solvability were obtained in [41] and [2].
The IET states the convergence a.e. for the sequence (Sy.r7v)(z), where Sp.r are the
operators in L1 (X, u) defined as

n—1
1
Spp=— Tk n>1.
JF nkz_o F n =

The Koopman operator Trp = ¢ o F' acts isometrically (not bijectively, in general) in
every L,(X,p), 1 < p < oo, since the measure y is invariant. In L (X, 1) and in B(X)
the operator Tr is a contraction. A fortiori, T is power bounded in all of these cases.
Therefore, the asymptotic behavior of the operator sequence (S,.r) can be studied by the
following well known Mean Ergodic Theorem (MET). For completeness we give a proof
of that.

THEOREM 9.14. Let T be a bounded linear operator in a Banach space B, and let
1 n—1
S, == TF > 1. 9.11
- ;;) n> (9.11)

Assume that n='T™ strongly tends to zero as m — 0o and sup,, ||Sn|| < co. Then for a
vector h € B the sequence (Sph) converges if and only if h belongs to

L=Im(T —1I)+ker(T —1).
The limit operator is a bounded projection from L onto ker(T —1I) annihilating Im(T — I).

Proof. “If”. Consider two cases.
1. Th = h. Then S, h = h. Thus, on ker(T — I) the sequence (S,,) strongly converges

to I.
2. h=Tf— f, f € B. Then

=5
n

Sph = (n — 00). (9.12)

Thus, on Im(T — I) the sequence (S,) strongly converges to 0. This result extends to
the closure Im(T" — I) since the sequence (||S,]|) is bounded. On the whole of L the limit
operator is as required.
“Only if”. Let lim,_,~ Snh = g. Then
T"h —h
(T-1)g= lim —— =

n—00 n

0,
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ie. g € ker(T —I). Now let ¢’ = h — g. Then
n—1 n—1k—1

= Jim ST = i S ST

k=0 k=0 i=0

ie. g €eIm(T —1). Hence, h=¢g' + g€ L. n
COROLLARY 9.15. Under conditions of MET L is a closed subspace and the topological
direct decomposition

L=TIm(T—-1I)@®ker(T—1) (9.13)
holds.

In general, L # B. The equality L = B just means that the sequence (S,,) strongly
converges on the whole space B.

COROLLARY 9.16. Let the space B be reflexive, and let the operator T be such that n™tT™
uniformly tends to zero as n — oo and sup,, ||Sy|| < co. Then L = B.

Proof. The operator T* in the space B* satisfies the same conditions. Applying MET
to T* we conclude that ker(T* — I) N Im(T* — I) = 0. Since this subspace of B* is the
annihilator of L, we get L = B. m

COROLLARY 9.17. If the space B is reflexive and the operator T is power bounded then
L=B.

This classical case of MET is due to Lorch [47]. For the unitary operator in Hilbert
space this fact was discovered by von Neumann [64] who proved it via the spectral theo-
rem. The following corollary of MET is due to Lin and Sine, cf. [45], Theorem 1.

COROLLARY 9.18. Under conditions of Corollary[9.16] the equation
Tf—f=h (9.14)
in the space B is solvable if and only if the resolving series
h+Th+...+T"h+...
is Cesaro summable in the norm-topology. If the Cesdro sum is s then f = —s is a

solution to (9.14).

The proof is similar to that of Theorem In particular, we have the following
counterpart of Corollary

COROLLARY 9.19. With v € L,(X,u), 1 <p < oo, the c.e. (1.1)) is solvable in L,(X, p)
if and only if the resolving series (1.10) is Cesdaro summable in the L,-norm to a function
o(x). In this case —o(x) is an Ly-solution.

REMARK 9.20. For the “if” part of Corollary the reflexivity of B is not required.
Thus, the cases p = 1,00 can be included into this part of Corollary
Comparing Corollaries [9.19 and we obtain

COROLLARY 9.21. Let the measure u be ergodic. If the resolving series (1.10) is Cesaro
summable a.e. to a function o € L,(X,pu), 1 < p < oo, then it is Cesdro summable to o
in the Ly-norm.
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Now recall that the equation in a Banach space B is called normally solvable if
Im(T —1I) is closed or, equivalently, if with h running over B it is solvable if and only if h
is annihilated by all linear functionals from ker(T* — I). For this property the following
ergodic criterion is due to Dunford [I5] in the “if” part and due to Lin [44] in the “only
if” part. The paper [44] also contains a proof of the “if” part different from that of [I5].

THEOREM 9.22. Let T be a bounded linear operator in a Banach space B such that n='T™
uniformly tends to zero as n — co. Then Im(T — I) is closed if and only if the sequence
(Sn) converges uniformly. Moreover, in this case L = B and the limit operator is the
projection onto ker(T — I) annihilating Tm(T — I).

Being considered as a criterion of the uniform convergence of (S,,) this result is called
the Uniform Ergodic Theorem (UET).

10. The total attractor. This short section contains a useful information from the
general theory of dynamical systems. Let (X, F') be a compact dynamical system, and

Q=()F"X, (10.1)

n>1

cf. (7.1). Obviously, 2 is an invariant nonempty compact subset of X, and Q # X, except
for the case of surjective F.

LEMMA 10.1. The mapping F|Q is surjective.

Proof. Let FQ # Q, and let z € Q\ FQ. Then F~1{z} N Q = () because Q is invariant.
Therefore,
F Yz} |JGn Gn=X\F"X.

n>1

Since G, is open and G,, C G,11, the compact set F~'{z} is contained in some G,,.
Thus, F~Hz}NFmX =0, ie. x ¢ F"T1 X, a fortiori, ¢ Q, a contradiction. m

In addition, we have
LEMMA 10.2. Every invariant set Y such that F|Y is surjective is contained in 2.
Proof. Y =F"Y C F"X foralln,soY CQ. =

Thus, 2 is the largest invariant subset of X with surjective restriction of F.
LEMMA 10.3. For any neighborhood G D 2 there exists n such that F"X C G.

Proof. We have
() (F"X\G)=Q\G=0.

n>1

Since all F*X \ G are compact, there is n such that F"X \ G = 0. =

In view of Lemma let us call  the total attractor for the dynamical system
(X, F). Actually, this construction is classical, coming back to Birkhoff [9].

COROLLARY 10.4. The w-limit sets of all orbits are contained in €.
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Now let i be a regular Borel measure on X. We denote by supp u its support, i.e. the
set of x € X such that u(U) > 0 for every neighborhood U of x. It is easy to see that the
set supp p is closed, hence it is compact. For every function ¢ € L1(X, u) we have

[ vl d = /Suww(ar) .

LEMMA 10.5. For any invariant reqular Borel measure p the set M = supp p s invariant
and the restriction F|M is surjective.

Proof. Let « € M, y = Fz. For any neighborhood V of y the preimage F~'V is a
neighborhood of x and u(V) = pu(F~1V) > 0, hence y € M. Thus, M is invariant.
Now assume F'M # M. By the Urysohn Lemma there exists a nonnegative continuous
function ¢ such that ¢|FM = 0, ¢ # 0. However,

| o@an= [ ornan= [ oFnau=o

Denote by €2y the union of supports of all invariant regular Borel measures. Combining
Lemmas [10.2] and [L0.5] we obtain

a contradiction. m

COROLLARY 10.6. Qg C €.

In general, Qg # Q. For example, if X is the closed interval [0,1] C R and Fa = 2,
then Q = X, but Qq is the two-point set {0,1}.

The concept of total attractor plays an important role in our theory [50] of dissipative
systems. In particular, we have

THEOREM 10.7. If a compact dynamical system (X, F') is dissipative then its restriction
to the total attractor ) is conservative.

A compact dynamical system (X, F') with the total attractor Q is called topologically
QO-transitive if the restriction (€2, F'|2) is topologically transitive.

COROLLARY 10.8. For any compact topologically Q-transitive dissipative dynamical sys-
tem (X, F') the invariant reqular Borel measure u such that pu(X) = 1 is unique.

Proof. By Corollary supp i C €. Therefore, the measure p|Q) is invariant for F|.
This restriction is conservative (Theorem. Hence, the dynamical system (Q, F|Q) is
homeomorphic to (G, 7,) where G is a monothetic compact group and g is its generator
(Theorem . By Proposition the image of the measure u|Q is the Haar measure v
on G. m

11. The normal solvability in C'(X). The following result was obtained in [6].

THEOREM 11.1. Let (X, F) be a compact dynamical system. The c.e. (L.1) is normally
solvable in C(X) if and only if F is preperiodic.

Thus, as long as F' is not preperiodic, there is a continuous function - such that the
TNC ([1.4)) is fulfilled for all invariant regular Borel measures p, but the c.e. (1.1) has no
continuous solutions.
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Proof. The “if” part follows directly from Theorem Conversely, assume that the
c.e. (1.1)) is normally solvable in C'(X), i.e. Im(T — I) is closed for T'= Tx. Since T is a
contraction, the UET (i.e., Theorem [9.22)) yields

n—1
1
- § TF — PH =0
n

k=0

where P is the projection onto ker(7T" — I) annihilating Im (7" — I'). Hence, for every € > 0
there exists n = n(e) such that

lim
n— o0

n—1
> A(FFx) - (Py)(2)
k=0
for all v € C(X), v # 0.

Let © be the total attractor of our system, and let v|Q = 0. Then y(Fkz) = 0 for
x € Q and for all k. Therefore, [(Pv)(z)| < € ||v]|, z € ©, thus Pv|Q2 = 0. Since P = PT™
for every m, we have (Pv)(z) = (Pv)(F™z) for all x € X. Hence, (Pv)(z) = 0 by

Corollary [10.4} and (|11.1)) reduces to

<elvll, n>ne), zelX, (11.1)

3=

n—1
‘; Z’y(Fkx) <elvll, n>ne), zelX.
k=0
Fore =1and I =n(1) — 1 we get
1~ o
= kZO'y(F o<, zeX. (11.2)

The inequality implies F'X = Q. Indeed, let 2 € X be such that Fla ¢ Q,
a fortiori, F¥x ¢ Q for 0 < k < I. By the Urysohn Lemma there exists v € C(X) such
that y|Q = 0, y(F*z) =1, 0 < k <, and |y|| = 1. This contradicts (11.2).

It remains to prove that F|{ is periodic. First, we show that the c.e. remains
normally solvable after restriction to C(Q2). Let v € C(€Q) be annihilated by all invariant
regular Borel measures on 2. Denote by 4 a continuous extension of v to X, and let u be
an invariant regular Borel measure on X. By Corollary the measure p|€ is invariant

for F|2 and
/ﬁd/i:/vd(/i\ﬂ):&
X Q

By assumption, the equation (Fz) — p(x) = ¥(x) on X has a continuous solution. Its
restriction to € satisfies (L.1)).

Now one can assume 2 = X. Then F' is surjective by Lemma Accordingly, the
operator T is isometric. Its spectrum o(7T) contains the point A = 1 (as an eigenvalue
with the eigenfunction 1). This point is isolated in o (7T') since Im(I —T) is closed, see [63],
p. 330. Hence, T is invertible, otherwise o(T") would be the unit disk {x € C: |\ <1},
see [52], p. 185. On the other hand, T is an endomorphism of the Banach algebra C(X).
Therefore, T is an automorphism. By the Kamowitz—Scheinberg theorem [29] either T is
periodic or o(T') is the unit circle {\ € C : |\| = 1}. Thus, T is periodic, so the underlying
mapping F is periodic as well. m
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Theorem can be extended to a wide class of noncompact spaces X by the Cech—
Stone compactification X.

COROLLARY 11.2. Let X be a completely reqular topological space. Then c.e. (1.1) is
normally solvable in CB(X) if and only if F is preperiodic.

Proof. The space X can be considered as a dense subset in X and then F is the restriction
to X of a continuous mapping F : X — X. Since the Banach spaces CB(X) and C(X)
are isometric, the normal solvability of in CB(X) is equivalent to the same property
of the c.e. ¥(Fz) —(z) = () in C(X). On the other hand, the preperiodicity of F is
equivalent to that of F. m

COROLLARY 11.3. For any set X the c.e. (1.1)) is normally solvable in B(X) if and only
if F is preperiodic.

COROLLARY 11.4. Let (X, F) be a minimal topological dynamical system with infinite
completely regular X. Then the c.e. (L.1) is not normally solvable in CB(X).

Proof. The only minimal preperiodic system is the rotation of a cycle. m

COROLLARY 11.5. Under conditions of Corollary the norms ||-|| and ||| on
Im(Tr — I) are not equivalent.

Proof. Combine Corollary with Proposition "

The applications below relate to the shifts of topological semigroups and groups. For
any semigroup S we denote by [[s]] the subsemigroup of S generated by s, i.e. [[s]] =
{s™ :n > 1}. We do not assume that S has a unit. If S is a group and e is its unit then
[[s]] U {e} = [s] according to the notation from Section

COROLLARY 11.6. Let S be a completely regular topological semigroup. With s € S the
c.e.

p(sz) —p(z) =7(x), w€S, (11.3)
is normally solvable in CB(S) if and only if [[s]] is finite.

Proof. 1f [[s]] is finite then sP*! = sP for some p > 1 and [ > 0. Then the shift = +— sz,
x € S, is preperiodic with the period p and preperiod I. Conversely, if sP*'z = sPx for all
x € S then sPHH! = sPF1 50 [[s]] is finite. m

COROLLARY 11.7. Let G be a topological group. With g € G the c.e.

p(gr) —p(x) =(x), =€, (11.4)
is normally solvable in CB(G) if and only if the element g is of a finite order.
Proof. Every topological group is completely regular, see e.g. [28], Theorem 8.4. m

For example, the c.e. corresponding to a rotation of the unit circle T is normally
solvable in C(T) if and only if the rotation is rational.
For the almost periodic solutions we use the Bohr compactification.
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COROLLARY 11.8. If G is a commutative topological group such that its points are sepa-
rated by characters (in particular, if G is locally compact) then with g € G the cohomo-
logical equation

p(gr) —p(z) =(z), z€G, (11.5)
is normally solvable in AP(G) if and only if the element g is of a finite order.
Proof. The normal solvability of in AP(G) is equivalent to the same property of
the corresponding c.e. in C(bG) where bG is the Bohr compact of the group G. Since
the characters separate points of G, the canonical homomorphism G — bG is injective.
Hence, g is of a finite order if and only if such is its image in bG. =

COROLLARY 11.9. With any real o # 0 the c.e.

oz +a) —p(x) =v(x), zeR, (11.6)
is not normally solvable in AP(R).
Proof. There are no nonzero elements of finite order in R. =»

We conclude this section with the question: s the Ly-counterpart of Theorem @
true?

12. Absence of measurable solutions. Let us start with a group situation.

THEOREM 12.1. Let G be an infinite monothetic compact group, and let g be its generator.
Then there exists a function v € C(G) satisfying the TNC

/ ydv =0 (12.1)
G
for the Haar measure v but such that the c.e.

p(gz) — p(x) =(x), z€G, (12.2)
has no measurable solutions.

Let us stress that by Propositionthe only TNC is (12.1)). The absence of continuous
solutions with a v € C(QG) satisfying follows from Corollary

In the proof of Theorem we use the ergodicity of the dynamical system (G, 1,).
This property is stated by the following lemma.

LEMMA 12.2. Under conditions of Theorem [12.1| every measurable solution ¢ to the ho-
mogeneous equation
¢(gz) —p(x) =0, z€G, (12.3)

is a constant a.e.

Proof. One can assume ¢ # 0. If the measure of the set {z € G : p(z) # 0} is not zero
then the measure of the subset M; = {z € G : 0 < |p(z)| < I} is not zero for an I > 0.
By M; is completely invariant for the shift 7,. We prove that ¢(z) is a constant
a.e. on M; and pu(G\ M;) =0.

For any character x of the group G we have

(x(9) - 1) /M o(x)x(z)dv =0,
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see (7.12)). If x # 1 then x(g) # 1 since g is a generator of G. Hence,

[ wlao@n@ar o (12.4)
G

where w; is the indicator of M;. The function 0;(z) = w;(x)p(x) is measurable and
bounded, a fortiori, 8; € Lo(G, v). The relation states that all its Fourier coefficients
corresponding to the nonunity character vanish. Hence, ;(z) is a constant n a.e. on G.
However, 0;(x) = ¢(z) on M,;. Therefore, p(x) = n a.e. on M;. On the other hand,
0;(z) = 0 on G \ M;. If the measure of this set is not zero then n = 0 and then ¢(x) =0
a.e. on Mj, a contradiction. m

Another lemma we need is the following.

LEMMA 12.3. Under conditions of Theorem the set I' = {x(g) : x € G*} is dense
in T.

Proof. The set T' is the image of the mapping x — x(g), x € G*. Since the latter is a
homomorphism G* — T, the set I is a subgroup of T. It is well known (and can be easily
proven) that every nondense subgroup of T is finite. However, if I" is finite then all its
elements are roots of 1 of a power m. Then x(¢™) = x(9)™ = 1 for all x € G* that

m

results in g™ = e according to the duality theory. Since g is a generator of G, the latter

turns out to be finite that contradicts our assumption. =

Now we proceed to the proof of Theorem cf. [6].

Proof. Suppose to the contrary that the equation has a measurable solution for
every v satisfying (12.1)). This TNC determines a closed subspace C°(G) C C(G). On
the other hand, we consider the space M = M (G, v) of measurable functions on G. As
usual, we identify the functions equal a.e. Then the formula

l1 — 2|
o) = | P2l g,
P(SDl 302) /C'Jl+ |SO1 _(,02|

determines a metric on M corresponding to the convergence in measure:
lim p(¢n, ) =0<= Ve >0 limv{z: |p,(x) — p(z)] > e} = 0.
n n

This space is not Banach but it is an F-space. (See e.g. [57] for information on this class
of linear metric spaces.) In what follows we deal with the quotient space M=M /Q
where @ is the subspace of constants. This M is also an F -space.

For a given v € C°(G) a measurable solution ¢ is unique up to an additive constant
by Lemma Therefore, its coset @ € M is uniquely determined, i.e. p = Ry where R
is a mapping C°(G) — M. Obviously, R is linear. Show that the graph of R is closed.

Let a sequence (v,) C C°(G) converge to a v € C°(G) uniformly, and let (Rvy,) =
(pn) converge to a @ € M. By adding of suitable constants the functions ¢, can be
chosen so that ¢, tends to ¢ in measure. By restriction to a subsequence one can assume
lim,, ¢, (z) = ¢(x) a.e. on G. The limit pair (7, ¢) satisfies a.e., thus Ry = @.

By the Closed Graph Theorem the operator R is continuous. To disprove this conclu-
sion we apply Lemma to get a sequence (x,) C G* \ {1} such that lim,, x,(g) = 1.
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With
(@) = (Xn(9) = Dxn(2)
the functions y,, satisfy (12.2]) for v = 4,,. By (7.10) we have

/G’Vnd’/:(Xn(g)*l)/GXndV:O

i.e. v, € C°(@G). Since lim,, v, = 0 in C°(G) and R is continuous, the sequence X, = R,
tends to zero in M. This means that there are constants ¢, such that (x, — ¢,) tends to
zero in measure. Therefore, the sequence (¢, ) is bounded and

lim/(xn—cn)dV:0,
n Ja

whence lim,, ¢,, = 0, and then lim,, x,, = 0 in measure. This contradicts the equality

/\Xn\du:/ dv=1.n
G G

COROLLARY 12.4. In C°(G) the set of v mentioned in Theorem|12.1| has the second Baire
category.

Proof. This set is the complement to Im(r, — I : M — C°(Q)) # C°(G). This image is
the set of first category by the classical Banach theorem. m

Now we are in position to obtain the following general result.

THEOREM 12.5. Let a compact dynamical system (X, F) be uniformly stable and topolog-
ically Q-transitive. If the total attractor Q2 is infinite, then there is an invariant regular
Borel measure i on X and a function v € C(X) such that the TNC is fulfilled but
the c.e. has no measurable solutions.

Proof. One can assume that (X, F) is dissipative. Then (2, F'|?) is conservative by The-
orem [10.7], and it is topologically transitive by definition. By Theorem [8.10] the system
(Q, F|Q?) is homeomorphic to (G, 74) where G is a monothetic compact group and g is a
generator. The group is infinite since such is 2. Thus, Theorem [I2.1] is applicable. Let
~o be the function appearing there, and let «; be the corresponding function from C(£2),
and finally, let ;11 be the measure on 2 corresponding to the Haar measure v on GG. Then

/ Y1 dpr =0 (12.5)
0

but the equation
¢(Fz) = ¢(x) =n(z), =€, (12.6)

has no measurable solutions. To finish the proof it suffices to trivially extend pq from
toX andy toaye C(X). m

REMARK 12.6. By Corollaries and the measure p is unique up to normalization.
Therefore, in the context of Theorem there are no TNC’s essentially different from

[T).



COHOMOLOGICAL EQUATIONS 265

In [49] the Closed Graph Theorem has been applied to prove the following Gordon
theorem [19] the original proof of which is purely analytic. In the proof below we follow
[49]. Actually, this way is also a prototype for the proof of Theorem m

THEOREM 12.7. Let 0(t) (0 < t < 1) be a positive nondecreasing function such that

t719(t) — oo ast — 0. Let o be an irrational number. Then there exists a continuous
1-periodic function h(x), x € R, satisfying the TNC (1.7) and such that

|h(z) — h(y)]
hll, = su < 00, 12.7
H ||6 O§y<€§1 9(56 . y) ( )

but the c.e. (1.6) has no measurable solutions.

Proof. Let us transfer the situation to the group T and consider the space M introduced
in the proof of Theorem On the other hand, the condition ([12.7]) together with (|1.7])
determines a Banach space C§(T) of functions on T. This is a linear nonclosed subspace
of C(T) containing all characters

Xn(2) = 6271‘7;77,:6’ zeR, neZ\{0}.

Indeed,
Il = sup e <2 il 5w g <o (12.8)
Further we use n > 0 only.
First of all, we show that
tim Xello (12.9)
n—oo n
To this end note that for every 7 € (0,1] we have
2 |sin mnt| 2 P
o) ~ o) T
since 6(t) is nondecreasing. On the other hand,
M<2wn supi O<t<r.
o(t) — o<s<r 0(s)’
> Il
Xn S
T Sy 2T gy}

asn — oo and 7 = 1/n.
The character x,, is a solution to the c.e. (|1.6)) with

h(z) = ha(z) = (€27 = 1)xn(@).
Obviously,
[hnllg = 2 [sin wnal [Ixnlly < 27dn [[xalls

where d,, = dist(na, Z). For irrational « the classical Dirichlet theorem states that d,,, <
1/ny, for a sequence (ny) C N. By the sequence (hy,, ) converges to 0 in Cj(T).

Now let us assume that with an irrational o the c.e. has a measurable solution
f for every h € C§(T). Then the Closed Graph Theorem is applicable as in the proof
of Theorem As a result, the sequence (x,,) converges to 0 in measure, that is
impossible. m
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REMARK 12.8. In [I9] the continuity modulus € is supposed to be subadditive, i.e.
O(t1 + t2) < 0(t1) + 0(t2). We have seen that this condition is redundant.

A nice particular case of Theorem is O(t) = t*, 0 < X\ < 1, that means the Holder
condition for h. The case A = 0, i.e. §# =1, is just that of Theorem [12.1]for the irrational
rotation of T. On the other hand, Theorem [12.7] cannot be extended to the case A = 1,
i.e. 6(t) = t, that means the Lipschitz condition for h.

THEOREM 12.9. Let « be irrational such that in the corresponding continued fraction the
set of elements is bounded. Then for every 1-periodic function h satisfying the Lipschitz
condition and the TNC (1.7) the c.e. (1.6)) has a 1-periodic solution f € L2(0,1).

Proof. In the Fourier decomposition

h(l‘): i hn627rinx

n=—oo

we have hy = 0 by (L.7)). Consider the formal solution

h‘n 27N
Z e2mina _ | e, (1210)
n#0

By our assumption on « there exists ¢ > 0 such that dist(na,Z) > ¢/ |n|, n # 0, see
e.g. [33], Theorem 23. Therefore,

‘eQWina _ 1’ = 2|sinmTnal > —

|
since sin7t > 2t for 0 < t < 1/2 and dist(na, Z) < 1/2. On the other hand, h, = —h),/n
where h], are the Fourier coefficients of the derivative h'(z). The latter exists a.e. and
bounded, a fortiori, b’ € Ly(0,1). As a result,

he |21 )2
> < Jooz 2 Ml < o0,
n#0

eQﬂ'ina -1
n#0

hence the series (12.10) converges in L(0,1). m

4c
n|

In particular, all quadratic irrationalities satisfy the condition of Theorem [I2.9] since
in this case the continued fractions are periodic. The simplest example is the Fibonacci
irrationality a@ = % where all elements of the corresponding continued fraction are
equal to 1.

13. Summation of divergent series. The material of this section is basically ex-
tracted from our paper [53]. This starts with the following general definition of summation
of numerical series which is a modern form of the bringing together Hardy—Kolmogorov
axioms [26], [35].

Let s be the linear space of all scalar sequences & = (&,), and let 7 be the shift
operator in s, i.e. 7€ = (§,41), and, finally, let L C s be a 7-invariant subspace. A linear
functional o on L is called a summation of the series

E=&+6+. .+ & +..., €€l (13.1)
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if
ol¢] —or€] = & (13.2)
accordingly to the formal relation

S+&a+.. .+t =+ &G+ + ).

In this situation we say that the subspace L admits summation. Also, we say that a series
£ is summable if it belongs to a subspace admitting summation or, equivalently, if the
subspace Span{7*¢ : k > 0} admits summation. If this summation is ¢ we say that &
is o-summable. Let us emphasize that the equation is a c.e. with given & and
unknown o, both are linear functionals on L. Most of classical summations (for instance,
the Cesaro summation) satisfy (13.2).

LEMMA 13.1. Let (X, F) be a dynamical system. If there exists a summation o such that
the resolving series 7y, of a function v € ®(X) is o-summable for all x € X then the c.e.

(1.1)) s solvable. A solution is p(x) = —o[v,].

Proof. The summation o is defined on a T-invariant subspace L € s containing all ~,,
x € X. Since vy, = 77,, we have

p(Fr) = o(@) = olv,] — olvpa] = olv,] = olmy.] = (7)o = 7(2). =

The nonlinear functionals satisfying are also interesting because of their relation
to the resolving functionals introduced in Section [b} However, the resolving functional w
from Theorem [5.1]is defined on a set A of sequences (7,,) containing all (—s,(z)), x € X,
while the summation o from is defined on a space L of sequences whose coordinates
&, are the members of the series, not the partial sums. Nevertheless, these situations are
connected by means of the linear operator V : s — s such that V(&,) = (1,) where
N = — Y p—o&ks n > 0. Obviously, the operator V is invertible: V~!(n,) = (¢,) where
€ = M1 — M, n > 1,& = —no. Let L = VLA, and let 0(¢) = w(VE¢), £ € L. In
general, the set L and the functional o are nonlinear since such are A and w. It is easy
to prove the following

PRrROPOSITION 13.2. Under conditions of Theorem the set L is T-invariant and the
functional o satisfies the equation (13.2). Every such a nonlinear summation appears in
this way.

In what follows all summations are linear. We start with a crucial example of a
nonsummable series.

ExaMPLE 13.3. The series
e=1+1+...+14+... (13.3)

is not summable. Indeed, the substitution € = € into ((13.2)) yields the classical contra-
diction 0 = 1.
Thus, if a subspace L admits summation then the series € does not belong to L.

Remarkably, the converse is also true.

THEOREM 13.4. If a T-invariant subspace L does not contain the series € then L admits
summation.
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Proof. The series € is a fixed point of the operator 7, i.e. it belongs to the subspace
ker(I — 7). The latter consists of the series of form € +&...+ &+ ..., so ker(I — 7) =
Span{e}. Hence, under condition of Theorem we have L Nker(I — 7) = 0, i.e. the
operator R = (I — 7)|L is injective. Therefore, R maps L onto Im R bijectively. We
denote the corresponding inverse operator by S. Since the subspace L is 7-invariant, we
have ImR C L. Let @ : L — L be a projection onto Im R. Then the linear functional
(&) =& (SQE), € € L, satisfies , i.e. this is a summation on L. Indeed,

o(§) —o(r€) = o(RE) = §(SQRE) = &(SRE) = §o(€). m
An important application of this criterion is the following.

THEOREM 13.5. Let (X, F) be a dynamical system with a finite ergodic invariant mea-
sure p, and let a function v € L1(X,n) satisfy the TNC (L.4). Then there exists a
summation o such that the resolving series 7y, is o-summable a.e.

Proof. By Corollary of the IET we have

n—1
: 1 k —
Jim ];)fy(F z) =0 (13.4)

for x € X, where X is a subset of X such that pu(X \ Xo) = 0. Since X is F-invariant,
the space L = Span{vy, : € Xy} is 7-invariant. We prove that there exists a required
summation o on L.

Suppose the contrary. Then by Theorem [I3.4] the series & belongs to L, i.e.

m
Z Oéi"ymi =€
i=1
with some x; € Xy and some coeflicients «;. In other words,
m
Zai'y(Fkxi) =1, k>0,
i=1

whence

m n—1
Zai(rll Z'y(Fkxl)) =1, n>1,
k

i=1 =0

Passing to the limit as n — 0o we get the contradiction 0 = 1 by (13.4). =
By Lemma we obtain

COROLLARY 13.6. Under conditions of Theorem the c.e. (1.1) has a solution a.e.
The solution is p(x) = —o(v,)-

In particular, this yields a solution a.e. to the c.e.
flgr) = f(z) = h(z), z€R, qeN, ¢>2, (13.5)
in 27-periodic functions with h € L;(0,27). Indeed, this equation is equivalent to

p(z7) —p(2) =7(2), z€T, (13.6)
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with z = €. The mapping F,z = 29 is ergodic with respect to the standard measure
on T. By Corollary the c.e. (13.5) with h € L1(0,27) such that

/% h(z)de =0 (13.7)
0

is solvable a.e. In fact, the solvability follows from Example even without the assump-
tion . However, Corollary yields a solution a.e. as a result of a summation of
the resolving series

h(x) + h(qgz) + ...+ h(q"z) +.... (13.8)

The existence of such a summation for ¢ = 3 and h(z) = sinz was conjectured by
Kolmogorov [35].

Note that, in general, the summability of the resolving series of a c.e. is not necessary
for the solvability. For instance, the resolving series of the Abel equation is € but
this equation can be solvable, see Corollary [3.5

THEOREM 13.7. Let h(z) be a trigonometric polynomial,
m
h(z) = Z(ak cos Vg x + by sin v, x),
k=1
with 0 < v1 < ... < vy, such that all ratios vy /v;, k # j, are not powers of q. Then all
27 -periodic solutions to the c.e. are nonmeasurable.

This is part 3) of our Theorem 4.8 from [53]. For ¢ = 3 and h(z) = sinx this was
announced by Kolmogorov [35]. For ¢ = 2 and h(z) = cos z this was proven by Zygmund
([68], Chapter 5, Problem 26).

COROLLARY 13.8. Let y(z) be a polynomial,

m
v(z) = Z cpz"*,
k=1

with v, same as in Theorem m Then all solutions to the c.e. (13.6) are nonmeasurable.

REMARK 13.9. The self-mapping Fyz = 29 of T is not minimal since z = 1 is the fixed
point. Also, this is not uniformly stable. Indeed, by ergodicity of Fy, the sequence (F'2)
is dense in T for a.e. z, while Fi'1 =1 for all n.
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