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Abstract. We develop a microspectral theory for quasinilpotent linear operators @ (i.e., those
with (@) = {0}) in a Banach space. For such operators, the classical spectral theory gives little
information. Deeper structure can be obtained from microspectral sets in C as defined below.
Such sets describe, e.g., semigroup generation, various resolvent properties, power boundedness
as well as Tauberian properties associated to z@Q for z € C.

1. Introduction. Let T be a bounded linear operator on a complex Banach space X
with its spectrum denoted by o (7). Local spectral theory deals with the local resolvent

A= (A=T)"'z, reX.

The domain and the analytic properties of such functions depend on the choice of the
vector x; see [NRR&7) [FNRRI0] for background in this area. In this paper we discuss
related microspectral questions.

Let Ao € o(T) be an isolated point. If Ag is a pole of the global resolvent

A (A=T)"1 X¢o(T),

then the resolvent appears of the same size when approaching the singularity Ay from all
directions; see Proposition 2.2 below. If, however, \g is an essential singularity, then the
growth depends on the direction from which the singularity is approached. In order to
study this in a more detailed manner, we proceed as follows:
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Let Py be the Riesz spectral projection of X to the invariant subspace with respect
to Ao € o(T), and define Xy := PX and Ty = T|Xo. Then clearly @ := To — Ao is a
quasinilpotent operator on Xg. Rather than studying (A — Q)~! for A # 0, we change the
variable and consider the entire function

2z (I—2Q)7 Y, zeC. (1.1)
Refined spectral information for @ can be obtained from the mapping
i (I+2Q)Y, jeN:={1,2...}
in terms of the set
Bg :={z € C: 3N, < oo such that ||(1+ 2Q)’|| < N, for all j € N}; (1.2)

i.e., our requirement is the power-boundedness at the point z with the bound N, that
possibly depends on z € Bg. It is easy to see that always 0 € By and that Bg is convex
by the binomial formula for commuting operators.

In addition to the power-bounded set Bg, a number of additional sets in C are de-
fined in 7 below. Studying these sets is a powerful tool for understanding the
asymptotic behaviour of powers of the families of operators

T(z):=T+4+2Q and T,:=(I—-2Q)"" (1.3)
for complex z. Intuitively speaking, the proposed microspectral analysis amounts to look-
ing at @ from all possible directions and using all possible magnifying glasses.

We shall see below in Section [3]that topological properties of a point zy with respect to
the set Bg (such as zg € B¢, the open interior of Bg) correspond to additional properties
of powers T'(z)? (such as growth condition on their consecutive differences (I-T(z))T(z)?)
or the analytic properties of the resolvent (like the Ritt resolvent condition).

In particular, it is known that the differences of consecutive powers (I — T'(2))T(z)’
cannot decay arbitrarily fast since either liminf; o (j + 1)||[(I — T(2))T(2)’|| > 1/e or
Q = 0; see [Est83| Ber83, KMSOT04, MNTY07]. The question arises whether z € By if
the fastest possible speed of decay is attained, i.e.,

sup (j + DI = T(2)T(2)|| < 0. (1.4)
i>
Theorem gives an affirmative answer for real operators.

Notation. The set of bounded linear operators in a Banach space X is denoted by £(X).
The norm of X and induced operator norm of £(X) are both denoted by ||-||. Throughout
this paper we assume that Q € £(X) with o(Q) = {0}.

The natural numbers are N := {1,2,...}. The complex plane and the real axis are
denoted by C and R, respectively. For any set A C C, we denote by A, A¢, 9A, and A° the
closure, complement, boundary, and the (open) interior of A, respectively. The positive
real axis is denoted by Ry = (0,00) with R} = [0,00), and D, , := {z € C : [z—z0| < r}.
We define the unit disc D := Dy ; and its boundary, the unit circle T := dD. If A, B C C,
we define their product set by AB := {zs: 2z € A and s € B}. We say that a set A C C
is star-like or that it consists of full rays if

A(0,1]Cc A or AR, C A,
respectively. Note that the set {0} satisfies both of these conditions.
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Sectors are convex sets that consist of full rays. We denote the balanced open sectors

in C by
Yo :={re’ :r>0and 6 € (-60,0)} for 0<6<m. (1.5)
We write Cy := X./5. General open sectors are the sets €Yy for ¢ € [—m,7) and

6 € (0, 7). The central angle of e!*Y is defined as 26. Closed sectors are closures of open
sectors or rays ¢'’R, for some ¢ € [—, 7).

2. Elementary properties. In addition to the set Bg already introduced in (1.2), we
also consider the sets

A’é ={z€C: lirngrtcg) [(1-52Q)7% <0} for keN, (2.1)

Gq = {z € C:limsup [|e"?|| < oo}, (2.2)
t—+oo

Kg={2€C: sup ([s+1]—[s])[(1—-s2Q)7 " < oo}, (2.3)
Res>—1/2

Ky ={zeC:  sup  (s+1]—[s)"[I(1 - s2Q) "] < oo}, (2.4)
Res>—1/2,keN

Ro:={2€C: sup |[(1-s2Q)7"| < oo}, (2.5)
Res>—1/2

75 = {z € C:limsup (j + 1)*|2Q(1 + 2Q)’|| <00} for a >0 (2.6)
j—o0

as well as the constants defined by

M, :=sup (j+ 1)]|2Q(1 + 2Q)’ || for z € Tg,

7=>0

N, :=sup |(1+2Q)| for z € Bg.
j=0

We shall abbreviate T = Tq and Ap, = Aq. If Q = 0, then all these sets coincide with C.

The set Ag is referred to as the Abel set of order k for obvious reasons. The Kreiss
set is so defined that z € Kg if and only if T'(z) in satisfies the Kreiss resolvent
condition [[(A = T'(2))~'|| < M/(]A| — 1) for all [A| > 1. Similarly, the set g relates to
the iterated Kreiss condition ||[(A — T(2))~%|| < M/(|]A| — 1) for k € N. For the Ritt set
we have z € R if and only if |(A — T'(2)) || < M/(]A —1|) for all || > 1. Out of the
Tauberian sets TS5, only the cases a = 1/2 and o = 1 will be studied in this paper, and
they correspond to the differences of consecutive powers of T'(z).

Before going any further, let us give examples:

REMARK 2.1. Suppose Q = [J }]. We get (14+2Q)F = [§ %], (1—2Q) % = (1+2Q)*,
e*@ = [} #]. It follows A% = By = Go = {0} for any k. Moreover, 2Q(1 + zQ)* = [ }
and thus Tg = 1/2 = {0}.
The higher dimensional Jordan matrices and even all algebraic (quasi)nilpotent oper-
ators have exactly the same properties:
PROPOSITION 2.2. Let Q € L(X), @ # 0, be a nilpotent operator. Then Aqg = Bg =
Go =T5"* = {0}.
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Proof. Tf Q"1 =0, Q" # 0, and j > n+1, we have (I —T(2))T(2)) = —2Q(1+2Q)7 =
= 2k=1 (111) #°Q". Now

(,71) Dkt (kzl) Q" _.n

lim ————%— =1, andhence lim — , 2"Q"
770 31 (621) imee 3 (W)
by convex combinations. We conclude from this that
I—-T()T(z)
lim ( - (2)) ](2) - 2"Q"x  forallz e X
ivoe 30 (1)
which gives the estimate
I =TETEY > 5 3 ()@l > 5 () l"@tel (21)

k=1
or a arge enough. x and z we conclude from (2.7) that z since
for all j larg gh. If Q"z # 0 and z # 0, lude from (2.7) that = ¢ Tg'” si
(nﬂ 1) is a polynomial of degree n — 1 in variable j. We have now proved 7'5/ 2 = {0}

which implies Bg = {0} by claim of Theorem [2.9, To prove the remaining claims,
it is sufficient (by the same theorem) to treat Ag in a similar manner. m

REMARK 2.3. Let us describe the sets (2.1)—(2.6) in the case Q@ = —V* where
1 x
Vef)(x) = —/ (z —v)* 1 f(v) dv
VD) =g | )

is the quasinilpotent Riemann-Liouville operator on L?(0,1) for o € (0,1]. When a = 1
we have the Volterra operator that satisfies

BQ:gQ:Té/2:R+7 A’g):((j+7 and  To=Rg = {0}

see [Tse03, Theorem 1], [Lyul0, Theorem 1.1] as well as Theorem below. Further
examples of quasinilpotent operators are given by (V,f)(z) = (V f)(¢(x)) for ¢ € C[0,1],
in which case V, is quasinilpotent if and only if ¢(x) < x for all z € [0, 1]; see [Ton89] and
[Whi87]. For a € (0,1), we have R, C Rg; see [Lyu0l, p. 137] and also [Dun08a]. This
provides us with an example of a bounded analytic semigroup generated by a quasinilpo-
tent operator.

We give next the elementary properties of the sets defined in (2.1)—(2.6) based on a
direct application of well-known results.

PROPOSITION 2.4. Let Q € L(X) be quasinilpotent. Then the following holds:

(i) The sets Bg and Gg are conve.
(ii) The sets Bg and Kg are star-like.
(iii) A6R+ = A’é for k € N and GoR4 = Gg; i.e., they consist of full rays.

Proof. Since convex combinations of power bounded operators are power-bounded, we
have az; + B2y € B if 21,22 € Bg and «, 8 > 0 satisfy o« + 3 = 1. That B is star-like
follows from convexity and the fact that 0 € Bg. The full ray property of the sets is
trivial as well as convexity of Gg.

It remains to prove that K7y is star-like. Using the Hille-Yosida generator theorem
we see that each €' — 14 €' 2Q for ¢ € [—, m) generates a bounded semigroup (with an



MICROSPECTRAL ANALYSIS 285

upper bound M, not depending on ¢) if and only if z € K¥; see [Nev97, pp. 248-249].
For a € [0,1] and ¢t > 0 we have

Het(ei‘i’flJreid’azQ) H < eft(lfa)(lfcos ) Het(eid)*lJreid)ZQ) H < Mz (28)
and the claim follows. =

REMARK 2.5. We conclude that Gq is a convex sets consisting of full rays, i.e., a sector,
a single ray, or just the set {0}. Thus, either Gg C €'*C,. for some ¢ € [—7,m) or Gg = C
which implies the boundedness of the entire function e*@; hence Q = 0 by the Liouville
theorem.

The Hille-Yosida generator theorem for continuous semigroups takes the following
form:

PROPOSITION 2.6. Defining the operators T, for z € C by (1.3)), we have

Go={z€C: sup |TE| < oo} ={z€C:limsup(sup|TL]) < oo}. (2.9)
5>0,keN s—+oo keN

This Gelfand—Hille theorem is a consequence of Proposition [2.6

PROPOSITION 2.7. Let Q € L(X) be a quasinilpotent operator. Suppose there is z € Gg,
z # 0, such that —z € Té/z. Then Q = 0.

The conclusion can be written as (—Gg) N Té/Q = {0} for @ # 0.
Proof. We clearly have
I =T(=2)| < I T(=2)7|| - (I = T(=2)T(=2)|.

Now T(—2)"1 = (I —2Q)™! = T,. If z € Gg, then | TY|| < M < oo for all j > 0. If

—2 € Ty/%, we have ||(I = T(=2))T(~2)| < < for all j > 0. Then

MC
HH=T(-2)|| < —=—0 asj— oc;

Vitl
hence T'(—z) =1, and @ =0 follows if z # 0. m

We remark that the classical Gelfand—Hille theorem (see [Zem94, Theorem 1])) implies
that neither of the sets Bg or Gg contains a line e’’R for ¢ € [—7/2,7/2) unless Q = 0.
Indeed, if R C Gg then T := €% would be an operator with o(T) = {1} and sup,,¢z, [|T"|| <
oo. The claim about By follows from the inclusion Bg C Gg given in Theorem below.

PROPOSITION 2.8. The following are equivalent for z = re*® € C:
(i) There exists a constant C < oo such that
[(1—s2Q)7Y| <C  for all s with Res > —1/2.

(i.e., z € Rg).
(ii) There exists 6 > 0 with the following property: For any n € [0,0), there exists a
constant Cy < oo such that

[(1—s2Q)""| <C,  foralls € SyppyU{Res>—1/2}. (2.10)



286 J. MALINEN, O. NEVANLINNA AND J. ZEMANEK

(iii) There exists § > 0 with the following property: For any n € [0,4), there exists a
constant Cy, < oo such that

[(1-sQ)7' <Cy forallsee®S, 5, U{Re(e ¥s) > —r/2}. (2.11)
(iv) T(z) = I + 2Q is power-bounded, and it satisfies the Tauberian condition

sup (n+ DI =T()T(2)"| < oo

This is plainly the characterisation of Ritt’s operators in [MNY09, Proposition 1.1]
when applied to T'(z) in (1.3).
There is a number of inclusions that the sets in (2.1)—(2.6]) satisfy:

THEOREM 2.9. Let Q € L(X) be quasinilpotent. Then the following holds:

(i) Ro = Bo N Ta;
(if) GoC4 C A’é for all k € N and, in particular, RoCt C Ag;
(ili) Bo C BoRy C G C Af for all k € N;
(iv) Ro = A5 NTq for all k € N;
(v) Tg C TQ1/2 and Gg N Té/Q C Bg;
(vi) Rg =Go NTg;

(vii) RoRy = Re;

1/2

(viii) Bgl[0,1) C TQ/ ;
(ix) Bg C Kq and KoCy C Ag;
(x) Bg C /C(OQO CGoNKg;

(xi)

Proof. Claim (fi) and the latter part of follow directly from Proposition The first
inclusion of follows from the Hille-Yosida theorem: if z € Gg, then for all s € C,
and k € N we have ||(s7! — 2Q)7%|| < M/(Res 1)*; ie., (I — s2Q)~%|| < M/cos* ¢
for some constant M < oo where cos ¢ = Re s/|s|. Claim follows from the fact that
the power series coefficients of e® are positive, together with and the fact that
GoRy = Gg by Proposition Let us prove the first part of claim . The inclusion
Ao NTg C Bg follows by applying [MNY09, Theorem 1] to operators 1 + zQ. Hence
Ao NTo C BgNTo = Rg by claim (). The converse inclusion follows from claims (f)
and .

Claim is another Tauberian theorem, and it follows from [Pey69, Theorem IIL.5
on p. 68] as pointed out in [MNYQ9].

Claim is given in [Tse03 Proposition 2] but we prove it here, too. Let z = re®? €
Rg and h > 0 be given. Then there exists § > 0 such that () satisfies condition of
Proposition This is equivalent with having ||(1 — s-hQ) || < Cy s for any n € [0,0)
and all s € €% /00, U{Re(e7"s) > —r/2h} since h™'eS, )5y, = €%, o,, and
h="Re (e ¥s) > —r/2} = {Re (e"¥s) > —r/2h}. If h > 1, we do not have the inclusion
{Re (e7s) > —r/2} C {Re(e™®s) > —r/2h} but it is nevertheless easy to see that the
estimate [|(1—s-hQ) ™| < Cp 5 holds (with a larger constant Cj 5 < oo in place of Cy 5)
even for s in the larger set €, /5., U {Re(es) > —r/2} since this set differs from

(—BQ2)1/2 NGg C Bg.
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€%, /21y U{Re (e7*s) > —r/2h} only by a precompact set. Proposition [2.8 proves now
claim ().

Claim follows from the fact that for o € [0,1) and power-bounded T, the
bound /5 + 1||(I — T,)T?|| < M, < oo holds for all operators T, = o + (1 — )T, see
[Nev93, Theorem 4.5.3]. See also [Tse03 Remark 2] and [FW73| Lemma 2.1].

Let us prove claim . The inclusion Bg C Kg follows because power-boundedness
implies (even the iterated) the Kreiss resolvent condition by a straightforward argument.
Let us prove the latter inclusion. Clearly for all s € C we have |s+1|—|s| = éflel“f:";l , and
|s| < |s+1]| for s € C4. Thus for s € C, we have cosf — ﬁ <|s+1]—|s] < cosqb—i—ﬁ

where cosf = Rlcs(j_;rll) > F‘{els = cos¢ and 0 < ¢ < 6. It follows that for ¢ € [0,7/2),

there are costants mg, My such that

0<mg <|s+1]—|s|] <My < oo (2.12)

for all s € 3.
Now, let z € Kg and ¢ € [0,7/2). Then for any o € [—¢, ¢] we get

sup ||(1—r- eiazQ)_lﬂ < sup ||(1- szQ)_lu < 00
>0 s€Ty

by equation (2.12). Thus e®z € Ag and also X452 C Ag. Because ¢ € (—/2,7/2) and
z € Kq are arbitrary, we conclude that KoCy C Ag.

The nontrivial part K7 C Ggq of claim (x) follows from the estimate et *=Q|| <
M, et1=co59) for all ¢ € [—m,7) that can be proved in a similar way as (2.8).

Finally claim (xi): Note that implies T'(2)* = (1 — 22Q?)*TF for all k € N. If
2% € —Bg2, then 1 — 22Q)? is power-bounded. Since z € Gg, the operator T} is power-
bounded, and thus z € Bg. =

REMARK 2.10. Claim . is Strengthened in Theorem . It is instructive to compare
claims and (| . By claim we get BQ C TQ ? where BQ denotes the open interior
of Bg. A stronger form of this clalm is given by Proposition

REMARK 2.11. Note that and imply that the inclusion Rg = Ag NTg C Ag is
strict if R¢g has a nonempty interior. Hence the inclusion Ag C Tg does not generally
hold, and even Ag C Té/ 2 fails by the remark following Theorem It is an open
question whether the converse inclusion 73/ ’c Ag always holds. This and the stronger

inclusion 7o C Bg are given in Theorem @ under quite restrictive assumptions.

COROLLARY 2.12. For a quasinilpotent Q € L(X) we have Bg = Gg if and only if
1/2
Go CTy'".

Indeed, this follows from claims and of Theorem
A slight improvement of Proposition [2.8]is possible:
PROPOSITION 2.13. For any quasinilpotent Q € L(X) we have

Rog={z€C: sup [(1—s2Q)7"|| < oo} (2.13)
Re s>
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Proof. 1t is clear by continuity that supg, o~ [|(1 — $2Q) || = supre 4> [|(1 — s2Q) .
By (2.5)), it is thus enough to show that
A:={2€C: sup [(1-s2Q)7 Y < o0} C Reg.
Res>0
Fix z € A, and define M := supg, ;5o ||(I — 52Q) || < 0o and a :=
any s =z + yi € C where z € (—,0] and y € R. Now

_ ) - . _ ; —1
I = 52Q) 7l < I = ig=@) 7| - [|(Z = (I = iy=Q) ™ (s — iy)2Q) |
where ||(I —iy2Q)~ || < M and
. _ . 1
(7 = iy=@) " (s —iy)2Q|l < Ma2Q|| = 3.
It follows from this that
(I —s2Q)7 || < M, for all s satisfying —a < Res <0 (2.14)

holds with M, = 2M, and hence for all s with Res > —a because z € A. Condition
(2.14) for Res > —a is clearly equivalent with

||(I — 5= 202Q) || < M, for all s satisfying Re & > —1/2.

2M\|zQ|| > 0. Take

which by (2.5)) is equlvalent with 2az € Rg, and further equivalent with z € R by claim
(vii) of Theorem n

Clearly (2.13) implies trivially RgRy C Rg but we use it in the above proof. Using
the sectorial extension property in claim of Proposition and the boundedness of
the resolvent in any compact set, we see that whenever z € R holds, we have

sup [|(I —52Q)7 Y| < oo forall a < 0.
Res>a

The resolvent estimation technique in the proof of Proposition [2:13|shows also the follow-
ing: If My, := SUPRe soa ||(1 — $2Q) | < oo for some a > 0, then Mz < oo holds for some
B € (0,q). Indeed, for any a > 0 it follows from supge - [|[(1 — $2Q) || < oo by con-
tinuity that supge s>, [|(I — s2Q) || < oco. This implies supg, -4 [[(1 —$2Q) 7| < oo
for some 8 € (0,«) by an estimation using the resolvent identity. However, we cannot
exclude the possibilities that v := inf{5 : Mg < oo} > 0 or M, = oo even in the case
when v = 0.

An interpolation between R and Té/ 2 produces the following result:
PROPOSITION 2.14. For a quasinilpotent @Q € L(X) we have

{azl +(1—a)ze:ae€l0,1], z1 € 73/2, 29 € RQ} C 73/2.
Since always 0 € Rq, we conclude that Té/ ? is a star-like set.

Proof. Fix z, € T612/27 29 € R, and « € [0, 1]. Then there are constants My, Mo, Ms, M,
from (0, 00) such that the estimates

. M, . -
[21QT (21)|| € ==, | T(z1)’|| < M2n/j +1
vi+l (2.15)

. M. ;
120QT (22)" N < 57 and |1 T()" ) < Ma
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hold for all j, k satisfying 0 < j < k. For the second estimate, it is enough to estimate the
sum I —T(z)! = Z{:—é (I —T(21))T(21)" using the first inequality in to obtain
IT(21)7]] < 14 2M;(v/j+1 —1). The latter two estimates follow from claim () of
Theorem 2.9l
Now, define T(a) := T(az; + (1 — a)z) = aT(21) + (1 — @)T(2,) for a € [0, 1]. For
all £ we have
5 Ok . . .
~(1 =TT =3 (*)o 0y ) - T

Jj=0

k
K aFT(2) (1 — a)F—iH1 29 29 k=g
+j_0(.) T(21)7(1 - o)t (5,QT ().

J

By using the estimates (2.15) we get

(1 = T(a)T(a)¥|| < MM,y zk: ! <k> (1 — a)ki
- VIt

k -
Vi+1l (kY . b
My M. Vs - i1 — It
+ Mo 3j§0k—j+1 o’ ( @)

J
1 (k : VEDGHD -
Note that /2 (%) = /3 (51]) < (41)) and Y2272 (5) = 35 (5 < (1)

for all 0 < 5 < k. By the binomial theorem, we get
VEFT|(I = T(a)T(a)*|| < MyMy(1 — (1 — )**) + MyMs(1 — o*). m

REMARK 2.15. Using the same technique as in the proof of Proposition we get the
estimate || (I —T(2))T(2)|| < M1In(j+1)/v/j + 1 where z = az; + (1 — a)2; for a €
[0,1], z1 € T, and 25 € Bg. Similarly, we have || (I — T'(2)) T(2)’| < MIn(j +1)/(j+1)
if 1 € Tg, and 22 € R instead. Hence, if 21 € T \ Ag and 22 € Rg C Ag we have at
most logarithmic growth in the powers T(z)? for those z = az; + (1 — )29, a € (0,1],
that satisfy z € Ag; this follows by modifying the proof of Tauberian theorem [MNY09,
Theorem 1].

Note that in the proof of Proposition we use for z € 7'5/2 the estimate ||T(2)7| <
M /7 + 1 which cannot be improved by the Tauberian approach used in [MNY09, The-
orem 1] even if z € Ag N 73/2.

3. Interior points of Bg and Rq. Recall that B, denotes the open interior of Bq,.
PROPOSITION 3.1. The function By, > z +— N, € Ry defined by
N.i=sup (14 Q)" (3.1)

is uniformly bounded on compact subsets of Bg).

Proof. Let zo € B, be arbitrary, and define § = 1 dist(20,0Bgq). Define D = {z € C :
|z — 20| < 0}.
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Then there exists a regular, convex polygon around D of, say, n vertices v1,vs,...,Un
such that
D C conv{vi,va,...,v,} C BY
where conv denotes the closed, convex hull. Now, the set conv{vy,vs,...,v,,} can be
written as a union of m — 2 closed triangles whose vertices are in the set {v1,va,..., v}

To show that z — N, is uniformly bounded on D, it is enough to show that the same
function is bounded on all closed triangles inside Bcog-

So, let v1,v2,v3 be the vertices of a triangle, and define M = max (M,,, M,,, M,,)
(see (3.1)). Recall the trinomial formula (a 4+ b+ ¢)" = szzo c;.‘,kajbkc”_j_’C where the
coefficients ¢}y, are natural numbers. We have for any a, 8,7 € [0,1], a+ 8+~ =1, and
n € N the estimate

[[(1+ (avy + Bva +703)Q)" || = [[(a(1 + v1Q) + B(1 + v2Q) +v(1 + v3Q)) " ||

< DGR BT + 01 Q) - (L 4 02Q) - (L0 @)"

j,k=0
< MPa+B+7)" = M.

Thus Sup. ccony(vy,vs,05) Nz < M?3 < oo. We have now proved that z — N is uniformly

bounded on any disk D whose closure is in (). The proof is completed by a usual covering
argument. m

PROPOSITION 3.2. Always By C Tq for any quasinilpotent Q € L(X).

Proof. By the Cauchy integral, we have

() = 55 [ £(OE =20 e = 5 [ F(€)E -0 e

where T' surrounds zp inside the domain of analyticity of f. If I' = T’y := {z € C :
|z — 20| = 0}, we get the estimate

1 1
1/ (z0)l < o= sup [F(E)]l - = - 2md = < sup [|f ()]
2 £ETs )

32 cers
Note that (n + 1)zQ(1 + 2Q)" = z-(1 4 2Q)"*! for all = € C. Applying the above
estimate gives for all z € By, and n € N

(n+D)2Q(L +2Q)"|| < [2] - sup [[(1+€Q)" || < [2] - sup M
£el's el
where § = dist(z, 0Bg). Because I's is a compact subset of Bp, the claim follows from
Proposition n
An alternative proof for Proposition [3.2] can be based on Proposition [4.4]

THEOREM 3.3. Let Q € L(X) be a quasinilpotent operator. Then

(i) Rq = B3 U {0} and ORq = 9Bz U {0};

(ii) Rq # {0} if and only if the set By, is a non-empty open sector;

(iii) either Rg = {0}, Rg = C (i.e., Q@ = 0), or there exists ¢ € [—m,7) and § € (0,7/2]
such that Rg = €%y U {0}.
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Proof. We know by claim ({i) of Theorem and Proposition that
ng U{0} C BoNTg=Rg C Bg. (3.2)

It follows that Bf = R¢ where R¢) denotes the open interior of Rq. Because Bg is
convex by Proposition so is its interior BE’Q. Because R consists of full rays by claim
of Theorem so does its interior R¢,. We conclude that either R¢) = (0, or it is
an open, convex set that consists of full rays. In other words, R¢ is an open sector if
Rg # 0. It follows from this that

Ro=RyU{0}UE with E= [ "Ry
PpeA

where A C [-m,7), R NE =0, and E° = (). Thus e’’R; C dRq for all ¢ € A.

We proceed to show that R = Rg U {0} by excluding the set E. It is clear that
this equality may fail only if e?’R, C 9Rg N R for some ¢ € [—m, ). This is, however,
impossible by the equivalence of and of Proposition implying that any ray
in Rq is in fact contained in an open sector in Rg. This proves that Rq = B U {0}
and hence ORq = 9Bp if Rq # {0}. This proves (i), and the latter two claims are
consequences of this. m

Thus, the set R¢ is a convex sector whose central angle plays such an important role
that it deserves a name:

DEFINITION 3.4. Let @ € £(X) be a quasinilpotent operator. If Rg # {0}, we call the
angle 0 € (0,7/2] the Ritt angle of operator Q if Rg = €'*3y U {0} for some ¢ € [, ).
If Go = €"’R, for some ¢ € [—, ), then we say that the Ritt angle of Q equals 0. (If
Go = {0}, the Ritt angle of ) is not defined.)

It is now possible to improve claim of Theorem a bit:

PROPOSITION 3.5. We have By C Ag and hence 0Bg NTg = {0} for any quasinilpotent
operator Q € L(X).

Proof. We show first that Bg C Ag. This claim clearly holds when B¢, = C but this
situation happens only if @@ = 0 by Remark

Let us first consider the case B, = (. Then by convexity, By C e’Ry for some
¢ € [—m,m). If Bg = {0}, there is nothing to prove. Otherwise Bg is a possibly non-closed,
possibly finite interval whose one end is at the origin, and then By C BoR; C A’é for
all k € N by claim of Theorem

Suppose now that Bg, # ). By Theorem we have 0By = OR¢ (that is a set
consisting of two rays), and thus claim of Theorem implies that 0Bg C Ag by
proximity. We conclude that By = Bg U 0Bg C Ag as claimed.

We have now shown that 0Bg C Ag for all quasinilpotent operators Q. If z is in
0BoNTg, then z € AgNTo = Rg by claim of Theorem We also have z € R
because IRq = 9Bq, and hence z = 0 follows since Rq = By, U {0} by Theorem "
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4. Interior points of Gg, Kq, and Kg’. Let us recall [ABHNOI, Definition 3.7.3] of
bounded analytic semigroups:

DEFINITION 4.1. We say that a strongly continuous semigroup S(t), t € Ry, is a bounded
analytic (holomorphic) semigroup of angle 6 € (0,7/2] if S(¢) has a bounded, analytic
extension to Xg/ for all 6" € (0,6).

In the context of this paper, the semigroup is given by S.(t) = ¢*@ for quasinilpotent

Q and z € Gg. Let us recall a classical result from function theory that we need in proving
Theorem .3t

PROPOSITION 4.2. Let X be a Banach space. Suppose that A,w, 7 > 0, 6 € (0,7), and
that Xg is defined by (L1.5). Suppose that the L£(X)-valued function f is analytic in 3g
and continuous in Lg. Suppose that the inequalities

20< = and [f()I| < A" for all = € 2 (4.1)

hold. If || f(2)|| < 1 for all z € %y, then also || f(2)|| <1 for all z € Zy.

Proof. By considering the functions z — (2%, f(2)x) x. x for z € X and 2* € X*, the
claim can be reduced to the scalar case which we prove next. Let § < 5 and take z € Y.
Then for any 8 satisfying w < 8 < 75 we have the inequality

Re(z+1)7 > |z + 1§
where § := cos 80 > 0 since |arg (z + 1)|] < |argz| < 6 and 0 < 6 < 7/2. Define now
he(z) = e=<G+D” for any € > 0. This is an analytic function for z € Sy # C, and it is
continuous in Xy. Then for all z € Ty we have the estimate

|f(2)he(2)] < AeTl#I"—eRe D7 < gemlzl=edl=H1l? ) ag |z] = oo.
The maximum modulus theorem says that

max|f(2)he(2)| = max |f(2)he(2)] < max he(2)]

for all € > 0. Letting € — 0+ completes the proof. m
Note that f(z) = e* satisfies |f(2)| < Ae™*” for A=w=7=1andall z € C. If

20 = m/w = 7 and 3y = C,, we see that f is bounded on 9%y = iR but not on Xy. Hence
the inequality 20 < T cannot be replaced by the weaker 20 < 7 in Proposition [4.2}

THEOREM 4.3. Let Q € L(X) be a quasinilpotent operator. Then the following are equiv-
alent for z € C:

(i) = € G3;
(ii) z # 0 and the operator zQ generates an analytic semigroup t — e*9;
(iii) z € Rg \ {0}
Thus Rq = G4 U {0}. Moreover, we have R = {0} if and only if Go C eR, for
some ¢ € [—m, 7).
Proof. — (i): Take z € GP, and let 0 < 6 < m/2 such that both ze®, ze™* € Gg,.
It follows that the analytic function g(t) := e**% is bounded on both rays t € e*R, .
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Since [et*@| < €l!I” with 7 = ||2Q| and w = 1, Proposition implies now that
SUP;es, ||g(t)]| < 0o; hence 2@ generates a bounded analytic semigroup with angle > 6.
i) < (ii): This follows from Proposition because the semigroup S,(t) :=
e'*@ satisfies the conditions of Definition for some angle in (0,7/2] if and only if
SUPRe 550 [|[(1 — 52Q) Y| < 005 see, e.g., [ABHNOI], Corollary 3.7.12].
= : Because Bg C Gg by claim of Theorem also their interiors satisfy
B3 C G§. Thus by Theorem 3.3 we get Ro \ {0} = B3 C G5. u

PROPOSITION 4.4. A quasinilpotent Q € L(X) satisfies Rq = K¢ U {0}.

Proof. Let s = re'® € C, and define # by s+ 1 = |s + 1|e?’. Then |s+ 1| > |s|, Res > 0,
and we obtain
1 2[s 4 1 2ls+1| 2 < 2

ls+1]—|s| ~2Res+1 ~Re(s+1) cosf ~ cos¢

where the last inequality holds because 0 < |0] < |¢| < 7/2 and thus 0 < cos ¢ < cos 0.
For z € Kg we thus have a constant M, < oo such that

_ M i
(I —s2Q)7 1| < m for all s = re'® € C,.

If 2 € K3, we have a > 0 such that ez € Kg. Writing s4 1= set = |s]e*(¢%0) we
see that there is a constant M < oo such that

M .
I- < —— forall s=re ,
(I —s£2Q) 7| < P orall s=re'® € Cy

Varying ¢ through the interval (—7/2 + 6/2,7/2 — 6/2) (in which 1/ cos ¢ is bounded)
proves that supycc, [|(I — §'2Q)~"|| < oo, and by Proposition we have z € Rg. The
claim follows since R¢ \ {0} is open by Theorem "

PROPOSITION 4.5. The set K¢y is convez for all quasinilpotent @) € L(X).

Proof. We have Rqg C K C Gq by Theorem If Rg = {0}, then Gg C €’R, for
some ¢ € [—m, ) by Theorern Then there is nothing to prove because K¢y is star-like
(hence, a convex subset of e!?R ) by Proposition

If Rg # {0}, the sets R and Gg are sectors with the same interior Rg \ {0}. Thus,
K¢ may fail to be convex only if the set K¢y N 0Gq is not star-like which, however, is
excluded by Proposition 2.4}

THEOREM 4.6. For any quasinilpotent operator Q € L(X) we have
Rq =B, U{0} =G5 u{0} =Kg u{0} = (Kg)° U {0}
If Rg # {0}, then Bg = Gg = @ =TRq and dBg = 0Gg = 8/ng° =0Rg.
Proof. The first equality is just a composition of claim (])_—c[) of Theorem (giving first
Bg € (Kg')° C G and hence the equality of interiors), Theorems and Proposi-
tion [L.41
By what we have already proved, all of the sets Bg, Gq, K¢, and Rq are convex

with the same interior Rg \ {0}. To complete the proof, we show that for any convex set
K C C with a nonempty interior K°, the closures of K° and K coincide.
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Suppose that the inclusion K° C K of closures is strict, and choose z € K \ K°.
Denote 6§ := dist(z, K°) = dist(z, K°) > 0. Because z € K, there exists a 2’ € K such
that |z — 2’| < 6/3, and thus dist(z’, K°) > §/2. Because K is convex, it follows that

conv(z’, D) :={az'+ (1 —a)z:a€(0,1) and z € D} C K.

where D is any open disc of positive radius contained in K° (here we use the assumption
that K° is nonempty). Since the set conv(z’, D) is an open cone, it contains only interior
points of K, and some of them are arbitrarily close to its vertex z’. This is a contradiction
against § > 0. m

There is an observation concerning the endpoints of Bg N 0Bg:

PROPOSITION 4.7. We have Ty/* N Go NGq € Bo N dBg C Ty!> NGq NdGg. One of

the inclusions is strict if the set Bg N 0Bg is non-trivial (i.e., neither {0}, a full ray of
infinite length, nor a pair of such full rays).

Proof. If Rg # {0} the first inclusion follows because 73/ ’n Go C Bg by claim of
Theorem and dGg = 9Bg by Theorem If Rg = {0}, use Gg NGy = G and
Bg N0Bg = By instead.

For the second inclusion, we argue as follows: If z € BoNJBg, we have for all o € [0,1)
the inclusion ax € 73/2 NGgNOGg because ax € By C Gg and ax € 7—5/2 by claims
and of Theorem and 0Bg = 0Gg by Theorem [4.6]if Rg # {0}. If Rg = {0},

proceed as above. Letting o — 1— proves that = € 7'5/2 NGg N 9Gg in both cases.

For contradiction, assume that at least one side of Bg N 98¢ is a closed ray of finite
positive length, say [0,z] for z € C. If z € 7'5/2, it follows from [Dun08bl Theorem 1.2]
that z/8 € Bg N 0Bg for some B € (0,1) which is impossible. m

Note that by [Dun08bl, Theorem 1.2], claim of Theorem [2.9| cannot be improved
to the inclusion Bg = Bgl0,1] C 7-@1/ ? whenever Bg does not consist of full rays.

5. Growth on rays through Tauberian sets. We now give estimates on the growth
of resolvents and semigroups on the rays that intersect the Tauberian sets T¢g or Té/ 2

PROPOSITION 5.1. Let Q € L(X) be a quasinilpotent operator and z € C.

(i) If z € 73/2, then there are constants Cr,Cy < 0o (both depending on z and given

by (5.5))) such that
[(1—s2Q)7 Y| <Cpr(s+1)Y2+1  forall s >0; (5.1)
9] < C,(tY2 + 1)  forall t > 1. (5.2)

(if) If z € Tq, then there are constants D,, Dy < oo (both depending on z and given by
(5.8)) such that

[(1—52Q)7 Y < DyIn(s+1)+1 for all s> 0; (5.3)
9| < Dy(In(t+1/e) +4)  for allt > 1.
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Proof. The proof is based on estimating the growth of powers of T(z) =1+ 2Q, z € C,
by using the identities

-1 .
(1—16’25@) (- —€T() " =1~ ;gu T(:))T(2)""'  for € €D,
k—1
— 1= (=TT,
=0
@ = ¢ tetT(2) = tz th for t € C.

7>0
1/2

Claim : We prove the claims for z € T with the constants

C,:=7n2M and C,:=(2M +1)e’/?  where

M = sup -+ 1) (T = TE)TEY | < oo 59

For all ¢ € [0,1) we have

[(0-1%e0) =1+ 5 Xt 56

where we majorize the sum by an integral, noting that f € (O, 1) and —oo < In¢ < 0:

/ €1 dj 0 ¢2®0p da 1 /°° e T
Z = 172 = eV dy=,/7+—=.
j1/? j1/2 o (@)Y g2 ) In¢]

j>1
Now for s € Ry we have §=—= if and only if { = 7. Thus |1n§| —In¢é = ln% =
In(s+1) —Ins > +1 by the mean value theorem, and thus ) follows.

To estimate ||e?*?||, we note that |T(z)7|| < 1+ 2M(j — )1/2 < (2M + 1)5/2 for
7 > 1, and we get

Q|| < (2M + 1)e™ (1+Zt*[>frt>o (5.7)

j>1

Assume that ¢ > 1/e, and let J be the integer satisfying 1 < J < et < J + 1. Then

- - J :

/g /g t/ \f 1/2,t
> <> T > s 3 ]fl
ji>1 j=1 J>J+1 J>J+1

< izt (1+ LA e + )

- J! J+1 (J+1H)(J+2)

/1 t k /1 t -1

1/2 t _ 1/2 t _
S Z(—) = S+ (1 —) .

>0 J+1

Since J > 1 we get

7t (J+1)/e) Tt 1 . 1\’ 1 J+1
TS amaje - Ve (T+1)-e (H*) =
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Where we used Stirling’s approximation J! > /2w J(J/e)”. Noting that et — 1 < J < et,
-t < e~ ! and hence \ﬁ (1- J—H)fl <1, we get

J+1
th (et)/2e! + (et + 1)(et — 1) 712,

Now (5.2) follows from (5.7) and max;>1 e~ (1 + 2(et + 1) (et — 1)71/2) < V2.
Claim : Take z € Tg and define the constants

D, := sup G+ DI =T(2)T(2)|| <oo and Dy :=D, +1. (5.8)

The resolvent estimate of claim is proved as above but instead of equation ([5.6) we
now compute for ¢ € [0,1) the sum

J § dr
Zf /ZmJ 1dgg—/0 ltix:—ln(l—f):ln(s—i—l).

J>1 j>1

It remains to estimate ||e!*?|| when z € Tg. Again, we have
IT(2)’[| <1+ Dr(141nj) < Dylnej
for 7 > 1, which gives the estimate just like (5.7)
1
€@ < Dye~ (1+Z n (e ) for all ¢ > 0. (5.9)
j>1
Assume again that ¢ > 1/e, and let J be the integer satisfying 1 < J < et < J+ 1. Then
; . J . ; .
t71n (e t1n (e t71n (e
Z (e)) < (ej) + Z '( J)
) J-
j=J+1
Ine(J+1) Z ti
. _ ' .
J+1 Pt (j—1)!
The sum in the latter term can be estimated by Stirling’s approximation together with
the estimates et < J+1<et+1, -t <e? andr(l——) o

» J+1 J+1
2. G

S VT Ok

<e'ln(e]) +

I I+

7l g<Ji1)j <J+1
7=>0

We get >,y i h;,(e]) <e'ln(e])+Ine(J+1) < e'Ine(et + 1), and (5.4) follows since
max;>1 € ‘lne(et+1) < 1. m

6. Consequences of the Phragmen—Lindel6f theorem. Much of the next results
are consequences of Phragmen—Lindel6f theorem (see Proposition applied to the
L(X)-valued functions 7(s) := (1 — sQ)~! (the Fredholm resolvent) and g(t) := e'“.
Because 0(Q) = {0}, the Gelfand formula for the spectral radius implies that for all
r > 0, there exists C, < oo such that ||e!Q|| < Ce"*l holds for all ¢ € C; thus the entire
function g is always of exponential type. Unfortunately, the function r does not have the
same property without an additional compactness assumption on the quasinilpotent Q.
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6.1. Conditions for Tg C Bg. The purpose of this section is to find sufficient condi-
tions that imply 7o C Bg for a quasinilpotent Q; i.e., that the Tauberian condition (|1.4)
implies the power-boundedness of T'(z). We already know that
ToCRg <= ToCBg <<=
.AQ N TQ C BQ, TQ n (—gQ) =@, and TQ n ( 22 \ (—QQ)) = 0.
The first equivalence holds by Proposition because Rg = BE’Q U {0}. Based on claims
and of Theorem we see that inclusion Ag N Tg C Bg always holds. By

Proposition we have Tg N (—Gg) = 0 for all Q # 0, too. Hence, we conclude that
To C Bg if and only if

TN (A5 \ (=) =0, (6.1)
and by a similar argument we see Té/ *c Ag if and only if
752N (A \ (=Ga)) = 0. (6.2)

Clearly (6.2) = (6.1)), and we look for sufficient conditions to ensure either of these. Let
us start from a simple observation when (6.2]) holds trivially:

PROPOSITION 6.1. Let Q € L(X) be a quasinilpotent operator whose Ritt angle satisfies
0 > /4. Then Té/Q C Ag and hence Tg C Bg.

Proof. Denote the Ritt angle of @ by 6 > 0. Then A¢ contains an open sector ¥ := C,Gg
whose central angle is 260+7; see claim of Theorem Because the central angle of the
sector —Gg is 26 and —Gg is geometrically opposite to ¥, we conclude that Ag U (—Gg)
contains open sectors whose total central angle is at least min (27,460 4 7). If now 6 > 7/4,
there is no room at all left for the set A \ (—Gg), and (6.2) follows. =

PROPOSITION 6.2. If Q € L(X) is a quasinilpotent operator such that the origin is an
interior point of conv(Gg U’TC;/Q), then Q = 0. If Rg # {0} and Q # 0, then Ag ¢ 73/2.

Thus, the origin z = 0 is a boundary point of all of the sets Bg, Gg, Kqg, IC%O, RQ,
73/2, or Tg if and only if @ # 0.

Proof. If the origin is an interior point of conv(zy, 22, z3) with 21, 22, 23 € Gg UTS/Z, then
the three rays z1Ry, 2oR,, and 23R, divide C into three sectors whose central angles
are strictly less than 7. On these rays, the entire function g(t) = '@ grows at most like
a square root by claim ({il) of Proposition Since the entire function g is of exponential
type, Proposition (with w = 1) implies [g(¢)|| < C (|¢|'/? + 1) holds for some C' < oo
and all ¢ € C. By the Cauchy estimates, such g is a constant function and @ = 0 follows.

Suppose Rg = ¢X5U{0} for § > 0 and ¢ € [—m, 7). By claim of Theoremwe
have conv(Ag) = C. Now, if Ag C 73/ ? holds, then @ = 0 follows from the first claim. =

To get the main result of this section, we proceed to real operators on partially ordered
complex function spaces. Let us assume that the Banach space X is a complex function
space, meaning that each x € X is actually a function  : Q@ — C where € is a set of
points. We say that © € X is real if z(w) € R for all w € Q, and positive if z(w) > 0 for
all w € Q. The conjugate and absolute value of x are defined as usual by ZT(w) = z(w)
and |z|(w) := |z(w)] for all w € Q. We require from X that
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(i)zeX<—=TecXaswellasz € X < |z]| € X;
(i) [|Z[| = [[[z[l] = [[«]| for all 2 € X;
(iii) ||zl < Jly]] if 0 < z(w) < y(w) for all w € Q.

It follows from these properties that each x € X has a decomposition x = x17 — 12 +
i(x21 — wa2) where all 2, € X are positive and satisfy ||z, x| < ||z].

The conjugate of an operator T € £(X) is defined by T := T7 for z € X, and the
operator is called [positive] real if it maps [positive] real vectors in X to [positive| real
vectors. If —T is positive, then T is, of course, negative. All products of real operators
are real, and the same holds for positive operators. Squares of negative operators are
positive but the same does not generally hold for general real operators: e.g., T2 = —I
if T=[29§]. We always have Tx =T%, T =T and ||T|| = ||T|| but |TT]|| # ||T||? for
positive real T = [§ }]. The operator conjugation is generally not an involution in £(X)
since TS =TS # ST unless [T, 5] = 0. If Q € £L(X) is a quasinilpotent real operator,
we have clearly T(z) = T'(2), T, = T%, €*Q = e*? for t € R which implies that all the
microspectral sets Ag, Bg, Gg, Rq, Tg, and 78/ 2 are conjugate symmetric. It is this
symmetry that makes it possible to use Phragmen—Lindel6f theorem for excluding points
in .

THEOREM 6.3. Let Q € L(X), @ # 0, be a quasinilpotent operator such that zQ is a
positive real operator (in the sense described above) for some z € C, z # 0. If Gg # {0},
then To = By U{0} C Bg and Ty/* C Aqg.

The inclusion Té/Q C Agq is strict if Rg # {0} since conv(Gg U 7'(5/2) C €'*C, for

some half plane e**C C Ag; see Proposition If Bo = Go = Rg = {0}, then we only
know (by the same proposition) that 7, 5/ % is contained in some closed half plane whose
boundary contains the origin.

Proof. We may assume without loss of generality that @) itself is a negative real operator
(i.e., z = —1in the statement of this theorem), and then all the sets Aq, Bg, Gg, Rqg, 7,
and ’TQl/ ? are conjugate symmetric (by the real operator property), and Go C CLu {0}
(by negativity). We divide the proof into two cases depending whether Rg # {0} or
Rg = {0} (but Gg # {0}). By claim ({if) of Theorem Theorem and Proposition
to prove To = B U {0} it is enough to show that 7o C Bg. By claims (i), (iv),
and of Theorem , it is enough to just show that ’TC;/ ’c Ag.

Case Rq # {0}: Now Rg = g U {0} for the Ritt angle ¢ > 0 and X, /540 C Ag
(see claim of Theorem . We conclude from this by simple geometry that

o\ (=Gq) C STAE g Ue P Ty

For contradiction, suppose that TQl/ > c Ag does not hold. Then by and conjugate
symmetry of Té/z there are points 7¢!?, re~% € Tg where r > 0 and ¢ € [7/2+6',7—0'].
By claim of Proposition the entire function g(t) = '@ grows at most like a square
root on the rays e’”’R, and e "*R,. Also Ry C Gg by Theorem and ¢ is bounded
on this ray. These three rays divide the whole C into three sectors whose central angles
are strictly less than 7. Using the same argument as in the proof of Proposition [6.2} we
conclude the contradiction ) = 0. Thus TQI/ ’c Ag follows as claimed.
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Case Rq = {0} but Gg # {0}: Proposition and Theorem imply that Gg =
e'’Ry for some ¢ € [—7, 7). Hence Go = Ry and C; C Ag because @ is negative real.
Let us first prove that 7’5/ ?cCy.

For contradiction, suppose that re'® € Té/Q with ¢ € (7/2,7); note that ¢ = =«
is excluded by Proposition By conjugate symmetry, also re™*® € 7’5/ 2, Now, the
function g(t) = €' grows at most like a square root on the rays e***R, by claim of
Proposition Since the function g is bounded on Ry C Gg, it follows that @ = 0 just
like in the first part of this proof. This contradiction proves ’Té/ > c C, C TQ

To conclude the proof, it remains to show that 73/ UiR = {0}. Suppose not, meaning

that we should have +iy € ’TQl/ % for y > 0 by the conjugate symmetry of Té/ 2, Clearly
there exists K’ > 0 such that [|(1 +iyQ)*|| < 1+ K'k'/? for all k& > 0, and thus
(14 42Q>)*|| = ||(1 +iyQ)* (1 —iyQ)*|| < 1+ (2K’ + 1)k < K(k+ 1) for all k > 0 with
K :=2K'+1.

Since Q is a negative real operator, the operator Q' := 32Q? is positive real. If z € X is
a positive vector, then |(1+e?Q")Fx|(w) < [(14+ Q")Fz](w) for all w € Q and 0 € [—, 7),
and thus [|(1+e?Q")*z|| < ||(1+ Q")*z||. Presenting any x € X in terms of four positive
xj, € X satisfying ||z .|| < [|z] for j,k = 1,2, we obtain

(1 +eQ)F|| < 4]|(1 4+ Q")*|| < 4K (k +1) for all § € [r,7) and k > 0.

Using this estimate on power series of the exponential functions gives
|et+e Q|| < 4K (1 + t)et for t > 0, and hence [|e!?'|| < 4K (1 + |t|) for all ¢ € C. Since
o fetQ/t*’“r1 dt = Q% /k! (where the integration is around any circle rT for r > 0),
we obtain the estimate ||Q"*|/k! = 4K (r + 1)r~%*2 for all r > 0. Putting k = 4 and
letting r — oo gives Q% = 0. We conclude by Proposition that 75/ 2= {0} which is

a contradiction against y > 0. =

Even though we require from X that its elements are functions defined on all of €,
it is not difficult to extend the definition of X to spaces like LP(Q;C), 1 < p < oo,
where 2 C R"™ is equipped with the Lebesgue measure. Of course, then the partial
ordering structure is defined only almost everywhere. This leads to Banach lattices but
we leave such generalizations to the reader. Another way of doing this is to consider first
the vector space C'(2;C) equipped with the LP-norm and then proceeding by a density
argument. With this extension, we see that the results of this section can be applied to
Riemann—Liouville operators V' (that are positive real) as introduced in Remark

PROPOSITION 6.4. Let Q € L(X) be a quasinilpotent operator such that zQ is a positive
real operator for some z € C, z # 0. If Rg # {0}, then at least one of the following

holds: (i) Té/Q C Gg, or (ii) Bg = Gq-.
By Corollary we have either Té/ ’c Gg or Gg C 7’5/ ? for such operators.

Proof. Without loss of generality assume that @) is a negative real operator. Suppose
that Rg # {0} but Téﬂ C Gg does not hold. Then there exists z € C such that

2,Z € TQI/ ®\ Gg. By interpolating between z, Z, and the points of the sector R using
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Proposition we conclude that 0Gg C TQl/Q; thus Gg C 73/2 since G§ = By, C T C

73/ * by Propositionand Theorem Now Bg = Gg follows from claims and
of Theorem 2.9l m

6.2. Quasinilpotent operators in Schatten classes. We proceed to compact quasi-
nilpotent operators on a separable Hilbert space X. The approzimation numbers are
defined by 0,(Q) = infrank p=; |Q — F|| for j = 0,1,.... Clearly 0o(Q) = [|Q] and
lim;_ o 0;(Q) = 0 is equivalent with the compactness of Q. For p € (0, 00), the Schatten
p-class S,(X) is defined by those @ for which the norm

QI ) = 3 05(Q)”
j=0
is finite. It is easy to see that S,(X) C Sp(X) for p < p/, Sp(X) is a Banach space
under this norm, and it has also the ideal property BQ € S,(X) whenever B € L(X)
and @ € Sp(X). For p = 1 the space Sp(X) is called the trace class, and we have
the Hilbert-Schmidt operators for p = 2. The Fredholm resolvent 7(s) := (1 — sQ)~! of
quasinilpotent () is an entire function of finite exponential type 1/p if Q € S,(X). Indeed,
we have the generalized Carleman inequality for m € N and p € (m,m + 1]:

(I = sQ)~ Y| < me?lQlsyc0lsl”  for all s € C; (6.3)

see, e.g., [Mal96, Theorem 5.4], [Nev93| Theorem 5.8.9], and [DS63, pp. 1088-1119].
Using (6.3)) makes it possible to apply Phragmen—Lindel6f theorem on Fredholm resolvent
functions:

PROPOSITION 6.5. Let Q € L(X), Q@ # 0, be a quasinilpotent operator such that
Q € Sp(X) for some p > 1. Then the Ritt angle of Q satisfies 6 < T (1 —1/p).

Proof. Denoting the Ritt angle by 0, we conclude from claim of Theorem that
ACQ is contained in a closed sector e®¥_qy for some ¢ € [—7, 7). We thus have three
rays in Ag that divide C into three closed sectors 3;, ¢ = 1,2,3, so that the largest of
their central angles « satisfies & = 7 — 20 4 € where € > 0 can be chosen arbitrarily small.

If Q € Sp(X) for p > 1, then holds and Proposition can be applied to
(I —sQ)~! on each X; separately. If a < 7/p, we conclude that (I —sQ)~! is bounded on
all of C, and the contradiction @ = 0 follows from Liouville’s theorem. Hence o > 7/p,
and the proof is completed by letting ¢ — 0+. m

COROLLARY 6.6. Let Q € L(X), Q # 0, be a quasinilpotent operator such that Q € S,(X)
for allp > 1. Then Rg = {0}.

Considering the Riemann-Liouville operators @ = —V® on L?(0,1) for a > 0 in
Remark their approximation number asymptotics are known to be ¢;(V*) = (7j)~%;
see [TG96]. Hence V* € S,(L?(0,1)) if and only if p > 1/a. In particular, Corollary
implies R = {0} for @ = —V'!, and the result is sharp by [Lyu01] p. 137].

By Theorem the Ritt set cannot strictly contain any of the half planes e!*C; U{0}
for ¢ € [—m,m) if Q # 0. Even the restricting case is also impossible unless (I — sQ)~! is
quite pathological:
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PROPOSITION 6.7. Let Q € L(X) be a quasinilpotent operator such that R¢g = e'*C, U{0}
for some ¢ € [—m, 7). Then the Fredholm resolvent r(s) = (I — sQ)~! is not an entire
function of exponential type in the sense of (4.1)). In particular, Q ¢ S,(X) for allp > 0.

Proof. If Q is as assumed, then C\ ¢®R; C Ag for some 6 € [—7,7) by claim of
Theorem If r is of some bounded type, we can divide the whole of C into a finite
number of sufficiently small sectors and use Proposition on each of them separately.
Again, the boundedness of the entire function r» would follow, and hence ¢ = 0. That
Q ¢ S,(X) follows from for p > 1, and from [Mal96, Theorem 3.8] for p € (0,1]. =

7. The Abel set Ag revisited. Let us start by stating that if Rg # {0}, there are
sectors inside Ag on which the Fredholm resolvent (I — sQ)~! is uniformly bounded:

LEMMA 7.1. Assume that Q € L(X), Q # 0, is a quasinilpotent operator such that Rg
has a nonempty interior. Define E := RoC. NT, E” := AgNT, and by E’ denote the
(path connected) component of E" that contains E. Define the function ® : E” — Ry by
setting

<I>(ei9) :=sup ||(I — Ter)*IH. (7.1)
r>0

Then E and E'are circular intervals, E C E' C E”, and the following holds:

(i) For any closed, circular interval K C E we have sup,iocx ®(e?) < 0o.
(ii) supgiecp ®(e?) = co.
(iii) For any closed, circular interval K C E’, there is an open circular interval W C K
such that supgie ey ®(e?) < 0o.

Indeed, we do not know whether Ag \ {0} is always a connected set. Proposition
shows that E/ = F for ) that satisfy a compactness assumption.

Proof. Claim : Because t — ¢'@ is an analytic semigroup on Rq that is bounded on
each closed subsector ¥ of R, the Fredholm resolvent (I —sQ)~! is uniformly bounded
on corresponding closed subsectors XC, by the Hille-Yosida theorem.

Claim ({): If supioc g ®(e) = SUPseryc, 11— sQ)7 || < oo, we would conclude by
Proposition E that the bounding ray(s) of Gg in dGg would belong to Rg. This is
impossible by Theorem [£.6]

Claim : The function ® defined by is clearly nonnegative and lower semi-
continuous. Define the level sets for k = 1,2,... by Ey := {# € E' : &(¢%) < k}. By
lower semicontinuity, all of these sets are closed, and clearly E C Ej; for k < j as well as
E=U i>1 Ej Defining K; := KNE; we get an increasing family of closed sets satisfying
K = Uj21 K;. Because K is a complete metric space, there exists j € N such that K;
has a non-empty open interior K7 by Baire’s category theorem. Hence, there exists an
open circular interval W C K7 such that ®(e?) < j for all € € W. This completes the
proof. m

The operator @ = -V for a € (0,1) provides us with an example of an operator for
which Ag is not convex:
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PROPOSITION 7.2. Let Q € L(X) be quasinilpotent operator such that Rg # {0}. Then
one of the following holds:

(i) Agq is not conver;
(ii) the Fredholm resolvent r(s) := (1 — sQ)™! is not of any exponential type;
(iii) @ = 0.
Proof. Assume that Ag is convex, and that r is of some exponential type. We prove that
Q=0.

Since Rg has a nonempty interior, we see from claim of Theorem that
conv(Ag) = C = Ag. Thus the entire function r is bounded on all rays in the sense
that sup,~q (1 — re??Q)~!|| < oo for all § € [—m, ). Propositionimplies that for any
e’? € T, there is an open sector X(6) with ¢ € () on which 7 is uniformly bounded
by some constant C(0) < oo. The sets X(6) N'T are an open cover for T, and hence there
is a finite sub-cover. From this it follows that r is uniformly bounded on all of C, and
@ = 0 by Liouville’s theorem. m

We have RoC,4 C Ag by claim of Theorem but we cannot exclude in Lemma
the possibility that Ag could be substantially larger than RgC.. If the Fredholm
resolvent is of exponential type (e.g., if @ € S,(X) for p > 0), then we know that at least
a part of 0Ag is where one would expect:

PROPOSITION 7.3. Let Q € L(X) be a quasinilpotent operator with Gg # {0} and that
the Fredholm resolvent r(s) = (I — sQ)~" is an entire function of exponential type. Then

6(QQC+) C 8AQ

Proof. We prove this under the stronger assumption Rg # {0} in which case GoC,; =
R@C holds because Cy is open and Rg = G U {0}. Then, by claims (i) and of
Lemma the open sector RgCy \ {0} has the following properties: (i) for each closed
sector ¥ C RgC., the Fredholm resolvent r is bounded on ¥, and (ii) there is no larger
sector than RoC \ {0} having the same property.

Since R¢ is a sector (see Theorem , we have O(RoCy) = 'Ry Uel®2R . for
some ¢1,¢9 € [—m, 7). Suppose, for contradiction, that e!**R, ¢ 0Agq. Since always
RqCy C Ag, it is impossible that 'Ry C A \ dAg. Hence, /'Ry C A and we
have %1%, C Ag U {0} C Ag for all & > 0 small enough. We may conclude that r is
bounded in e%*Yy with sufficiently small § > 0 that is compatible with the exponential
type of r so that Proposition can be used. Now, the set ¥/ = %1%, U RoC, is
strictly larger than RoC4 \ {0} but it still satisfies condition (i) given above. m

8. Miscellaneous observations. We start by giving three results concerning the Ritt
set Rg. We consider the case where T, in is not only (uniformly) power-bounded
as in Proposition (related to Hille-Yosida semigroup generator theorem) but more
strongly, a Ritt operator characterized by the resolvent estimate

sup € =1 [[(€ = T2) 7 < oo

€I+ /o405

For all z € C, define

Q. =T.—I=2Q(1—-2Q)". (8.1)
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PROPOSITION 8.1. Let Q € L(X) be a quasinilpotent operator. Then T, in (1.3)), (8.1)) is
a Ritt operator if and only if z € Rqg.

In other words, 2 € Rg(r—.q)- if and only if 1 € R, if and only if 2 € Rq. This
does not mean that Rg = Rq(r—.q)- for all 2.

Proof. For all £ # 1 we have the identity
-1 £z -1
E-DE-T)" =1-0(1- 750)
If we put s = £/(§—1) it is easy to see that & € 14X /544 is equivalent with s € 1+X, /51 5.
Since p(Q) = 0 we have

sup (€ =1(E-T) | <ooe= sup [(1-s2Q)7 | < o0
SIS DIMYPIE S€EI+E /046

for any 6 > 0. Recall that 2 € Rq if and only if supge g~ 1,2 [|(1 — 52Q) 7| < oco. Since
the set {Res > —1/2}\ (14X, /245) is a closed triangle, and the mapping s — (1—s2Q) "
is continuous for all z, we conclude that
sup  [[(1—-82Q)7 Y <oco<= sup [(1—-52Q)7 Y < 0.
SEI+E /045 Res>—1/2

This proves the claim. m

It is clear that supgey (b + 1)||(I — T.)TF|| < oo for all z € Rg by [MNY09, Proposi-
tion 1.1] and Proposition A similar but weaker conclusion can be given in the larger
set Go:
PROPOSITION 8.2. Let Q € L(X) be a quasinilpotent operator. The operator T, in (1.3)
satisfies suppeny VE + 1]|(I — T)TE|| < oo for all z € Gg.

Proof. Let z € Gg be arbitrary. Define for a € (0,1) the power-bounded operators
Ry, =1—-a)+al, =1+ aQ;

see Propositionabove. Since I — R, » = —azQ(1—2Q) ™!, we get by a straightforward
computation
1
— (I = Ra2)R .- (1= (1= 0)2Q) 7" = 2Q(1 = 2Q) ™", (82)
The Hille-Yosida theorem implies that sup,ey ||(1—(1—a)zQ)~*|| < oo because 1—a > 0
and z € Gg. Moreover, it follows from [Nev93l Theorem 4.5.3] that

sup Vk + 1|[(I = Ra,.)RE || < oo. (8.3)
keN

Since 2Q(1 — 2Q)~*=1 = (I — T,,)T*, the claim follows from (8.2)). m

Note that T, = 1 + 2Q + 22Q%*(1 — 2Q)~! approximates the operator T'(z) = 1+ 2Q
for z ~ 0. If, instead of Proposition we had Gg C Té/ ?, then the equality Bg = Gq
would follow by Corollary 2.12] This is the motivation for Propositions [8:1] and [8:2]

We complete this section by showing that the boundedness of the Fredholm resolvent
in small sectors implies practically nothing on the semigroups:
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PROPOSITION 8.3. There exists a quasinilpotent operator @ € L(X) such that
sup [[(I —sQ)~"|| < o0
SEXs

with some 0 < § < /2 (hence, X5 C Ag) but the estimate
|t < Myt* for allt >0
does not hold for any k > 1 and M} < co.
The operator Q@ = —V'! in Remark is sectorial so that
sup  [|(7 = Q) '] < o0
SES /2y
for all n € (0,7/2); see, e.g., [Lyu01].

Proof. Denote by Q' any quasinilpotent operator with R¢g: # {0} (see Remark .
Such @’ is never nilpotent by Proposition and without loss of generality we may
assume that Rg = o5 U {0} for § > 0. Then by claim of Theorem we have
e (/2055 C Agr, and also supy e sic/aiey, [|[(I— sQ') 71| < oo as can be seen by
Proposition Both the operators QF := eT(™/2+9) ()’ satisfy now the conditions of
this proposition.

For contradiction, suppose that ||etQi | < My.t* for some k, My, and all ¢ > 0. Then we
would have |[e’@’|| < My|t|* on the rays e¥/"/2tOR ,  and also [|!Q'|| < M < 0o on Ry
Propositionimplies that [|e’@’|| < My|t|* for all t € C, and hence €@ is a polynomial.
This is possible only if @ is nilpotent which is impossible by Proposition m

9. Conclusions. These conclusions concern the open problems that remain.

PROBLEM 9.1. Do the sets Bq and K consist of full rays?

In other words, do we have BoR, = Bg? We know that Bg is convex. Since the open
interior BZJ is a sector, it has the full ray property. Thus, the question can be rephrased
whether (0Bg N Bg) Ry C Bg. The same questions can be asked about the set K¢, too.

PROBLEM 9.2. Do we always have Bg = Gg?

If this equality holds, then Problem[0.1]is clearly resolved in positive. Since the convex
sets Bg and Gg have the same interior, the question is whether 0Bg N Bg = 0Gg N Gg.
See Corollary 2:12]

PROBLEM 9.3. Is it possible to have Bg # Rq or even Gg # Rq when Rg # {0} 7
In other words, is one of the sets dBg N Bg and dGg N Gg, or both, always empty for
such Q7 If they are, then Problem is resolved in positive for operators with R¢q # {0}.

PROBLEM 9.4. Does the set Kg consist of full rays, or is it convex?
It would follow from convexity that Theorem could be completed with Rg = K.

PROBLEM 9.5. Do we always have Go N 0T C ’73/2 ?

This inclusion has a flavour of a trace theorem, and there is certain ring of truth in it. If
07 C 75/2 holds for some @ with R¢g # {0}, then 0Gg C 75/2 since 0Gq = 0Bq = 0B
and Aq N Tq = Rq = 0By U {0}. This would again resolve Problem [9.2] in positive for
operators with Rqg # {0}.
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PROBLEM 9.6. Do we have the inclusion Tg C Bg or even 73/2 C Agq without the extra
assumptions of Section [6]?

This is a particularly deep question, and Theorem [6.3] gives hints what kind of counter
examples could work. Note that there is a counter example [KMSOT04, Theorem 3.3] for
the same question without the quasinilpotency assumption.

All of these open problems seem to be resistent to the techniques we have presented

in this work. We probably need fresh, new ideas now, and trying to produce counter

examples seems like a reasonable next step.
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