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On the growth of a holomorphic curve
with deficient moving hyperplanes

Nan Wu (Beijing)

Abstract. We generalize some results on the growth of meromorphic functions or
ν-valued algebroid functions to holomorphic curves with deficient moving hyperplanes.

1. Notation and results. We denote the n-dimensional complex pro-
jective space by Pn(C). Let

f = [f0 : f1 : · · · : fn] : C→ Pn(C)

be a holomorphic curve and f = (f0, f1, . . . , fn) : C → Cn+1 \ {0} be its
reduced representation, i.e., f0(z), f1(z), . . . , fn(z) have no common zeros.

Cartan’s characteristic function T (r, f) of f is defined by

(1.1) T (r, f) =
1

2π

2π�

0

log ‖f(reiθ)‖ dθ − log ‖f(0)‖,

where f is a reduced representation of f and ‖f(z)‖ = (
∑n

j=0 |fj(z)|2)1/2.
The order and lower order of f are defined as

λ(f) := lim sup
r→∞

log T (r, f)

log r
, µ(f) := lim inf

r→∞

log T (r, f)

log r
.

By a moving hyperplane H in Pn(C), we mean

H = {[x0 : · · · : xn] ∈ Pn(C) | a0x0 + · · ·+ anxn = 0},

where a0, . . . , an are entire functions without common zeros. So H is as-
sociated with a holomorphic map a = [a0 : · · · : an] : C → Pn(C). Write
a = (a0, . . . , an). Given a holomorphic map f : C → Pn(C), we say that f
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and H are free if 〈f(z),a(z)〉 6≡ 0, where

〈f(z),a(z)〉 = a0(z)f0(z) + a1(z)f1(z) + · · ·+ an(z)fn(z).

Let n(r,H, f) denote the number of zeros (counting multiplicities) of the
entire function

F (z) := 〈f(z),a(z)〉 =

n∑
j=0

aj(z)fj(z) 6≡ 0

in the disk {|z| ≤ r}. We denote by N(r,H, f) the counting function of zeros
of the entire function F (z), that is, N(r,H, f) = N(r, 0, F ).

Under the assumption that 〈f(z),a(z)〉 6≡ 0, we define the approximating
function m(r,H, f) of f with respect to H by

m(r,H, f) =
1

2π

2π�

0

log
‖f(reiφ)‖ ‖a(reiφ)‖
|〈f(reiφ),a(reiφ)〉|

dφ.

Set

T (r,H, f) = m(r,H, f) +N(r,H, f).

Applying the Jensen formula to the entire function F (z), we have

(1.2) N(r, 0, F ) =
1

2π

2π�

0

log |F (reiθ)| dθ − log |F (0)|.

This gives

T (r,H, f) = m(r,H, f) +N(r,H, f)(1.3)

=
1

2π

2π�

0

log(‖f(reiφ)‖ ‖a(reiφ)‖) dφ− log |〈f(0),a(0)〉|

= T (r, f) + T (r, a) + log
‖f(0)‖ ‖a(0)‖
|〈f(0),a(0)〉|

.

We define the Nevanlinna deficiency δ(H) = δ(H, f) of H with respect
to f by

(1.4) δ(H, f) = lim inf
r→∞

m(r,H, f)

T (r, f)
= 1 + lim sup

r→∞

T (r, a)−N(r,H, f)

T (r, f)
.

The moving hyperplane H is said to be Nevanlinna deficient if δ(H, f) > 0.
We notice that if a satisfies

(1.5) T (r, a) = o(T (r, f)), r →∞,
then (1.4) is reduced to

(1.6) δ(H, f) = 1− lim sup
r→∞

N(r,H, f)

T (r, f)
.
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We define the Valiron deficiency ∆(H) = ∆(H, f) of H with respect to f
by

(1.7) ∆(H, f) = lim sup
r→∞

m(r,H, f)

T (r, f)
= 1 + lim inf

r→∞

T (r, a)−N(r,H, f)

T (r, f)
.

The moving hyperplane H is Valiron deficient if ∆(H, f) > 0. We notice
that if H (or a) satisfies T (r, a) = o(T (r, f)), then (1.7) is reduced to

(1.8) ∆(H, f) = 1− lim inf
r→∞

N(r,H, f)

T (r, f)
.

Following [P2], we define the Petrenko deviation β(H) = β(H, f) of H
with respect to f by

(1.9) β(H, f) = lim inf
r→∞

L(r, a, f)

T (r, f)
,

where

L(r, a, f) = max
|z|=r

log
‖f(z)‖ ‖a(z)‖
|〈f(z),a(z)〉|

.

For W = [w0 : · · · : wn] ∈ Pn(C), let

ω = ddc log ‖W‖2.
Then ω is a well defined (1, 1) form on Pn(C), called the Fubini–Study form.
Define

A(r, f) =
�

|z|≤r

f∗ω, T (r, f) =

r�

0

A(t, f)

t
dt.

T (r, f) is called the Ahlfors characteristic function. In [R, p. 101] it is
pointed out that T (r, f) = T (r, f).

Following [B], we define the Bergweiler deviation b(H) = b(H, f) of H
with respect to f by

(1.10) b(H, f) = lim inf
r→∞

L(r, a, f)

rT ′−(r, f)
= lim inf

r→∞

L(r, a, f)

A(r, f)
,

where T ′−(r, f) is the left derivative of T (r, f) at r.
If T (r, a) = o(T (r, f)), then 0 ≤ δ(H, f) ≤ ∆(H, f) ≤ 1 and δ(H, f) ≤

β(H, f).
Let A = {Hj | j = 1, . . . , q} be q ≥ n+ 1 moving hyperplanes in Pn(C),

associated with q holomorphic maps aj = [aj0 : · · · : ajn] : C → Pn(C).

Suppose that aj = (aj0, a
j
1, . . . , a

j
n) (j = 1, . . . , q) are the reduced represen-

tations of aj (j = 1, . . . , q) . If det{ajki ; 0 ≤ i ≤ n, 1 ≤ k ≤ n + 1} 6≡ 0
for any {j1, . . . , jn+1} ⊂ {1, . . . , q}, then A is said to be in general position.
A holomorphic curve f is said to be nondegenerate with respect to A if
Fj(z) =

∑n
i=0 a

j
i (z)fi(z) 6≡ 0 for all j = 1, . . . , q.
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Edrei and Fuchs [EF] proved that if a transcendental meromorphic func-
tion f(z) has two Nevanlinna deficient values, then its lower order is positive.
Mori [M] generalized this conclusion: if a transcendental meromorphic func-
tion f(z) has two Nevanlinna deficient small functions, then the lower order
is positive. Ozawa [O1, O2] proved that if an n-valued transcendental alge-
broid function f(z) has n+1 deficient values, then the lower order is positive.

In this paper we will establish an analogous conclusion for holomorphic
curves (Theorem 1.1). Since an algebroid function is a special case of a
holomorphic curve, our results are more general.

Theorem 1.1. Suppose that f(z) is a holomorphic curve in Pn(C) sat-
isfying

lim
r→∞

T (r, f)/log r =∞

with n + 1 Nevanlinna deficient moving hyperplanes A = {Hj | j = 1, . . . ,
n+ 1} (or a1, . . . , an+1) satisfying T (r, aj) = o(T (r, f)) (j = 1, . . . , n + 1),
where A is in general position and f is nondegenerate with respect to A.
Then the lower order of f(z) is positive.

Lamzina [L] studied the relation between the Petrenko deviation and the

Nevanlinna deficiency of an entire curve ~G(z) at a vector ~a and obtained
the following theorem.

Theorem 1.2 ([L]). If for an entire curve ~G(z) of lower order µ < 1 we

have β(~ap, ~G) > 0, then

β(~ap−1, ~G) ≤ πµ tan
πµ

2

(
p−

p∑
k=1

δ(~ak, ~G)
)
,

where the vectors ~ak (k = 1, . . . , p) are such that β(~ak, ~G) > 0 (k = 1, . . . , p)
and

β(~ak+1, ~G) ≤ β(~ak, ~G), k = 1, . . . , p− 1.

However, Lamzina [L] did not study the deviation of ~G(z) at its small
entire curves ~a1(z), . . . , ap(z). In this paper we assume that A = {Hj |
j = 1, . . . , n+ 1} are moving hyperplanes with respect to f(z), and we will
estimate the Bergweiler deviation b(Hn+1, f) for a holomorphic curve f(z)
by the Nevanlinna deficiencies δ(Hj , f) (j = 1, . . . , n+ 1). The method here
is different from the method in [L].

Theorem 1.3. Let f(z) be a holomorphic curve of lower order 0 <
µ < 1 in Pn(C), A = {Hj | j = 1, . . . , n + 1} (or a1, . . . , an+1) be n + 1
moving hyperplanes in general position with reduced representations aj (j =
1, . . . , n + 1) and satisfying max|z|=r |log ‖aj(z)‖ | = o(A(r, f)) (j = 1, . . . ,

n + 1) and 0 < b(Hj+1, f) ≤ b(Hj , f) (j = 1, . . . , n). Suppose that f is



Growth of a holomorphic curve 153

nondegenerate with respect to A. Then

b(Hn, f) ≤ π tan
πµ

2

(
n+ 1−

n+1∑
j=1

δ(Hj , f)
)
.

2. Some lemmas and preliminaries. In this section we give some
lemmas which are used in the proofs of our theorems.

Lemma 2.1 ([EF]). Suppose f(z) is a meromorphic function with roots
{aµ} and poles {bν}, and q ≥ 0 is an integer. Then for any S,R > 0 with
2S < R/2, for any z with 2S ≤ |z| = r ≤ R/2, we have

log |f(z)| = log

∣∣∣∣ ∏
S<|aµ|<R

E

(
z

aµ
, q

)∣∣∣∣− log

∣∣∣∣ ∏
S<|bν |<R

E

(
z

bν
, q

)∣∣∣∣(2.1)

+W (z) +O(log |z|),

where

E(u, q) =

{
(1− u) exp(u+ u2/2 + · · ·+ uq/q), q > 0,

1− u, q = 0,

|W (z)| ≤
{
A[(r/S)qT (2S, f) + (r/R)q+1T (2R, f)], q ≥ 1,

A[log(r/S)T (2S, f) + (r/R)T (2R, f)], q = 0,

and A is a positive number independent of r, S,R, f .

In order to prove Theorem 1.3, we need a lemma from Petrenko [P1] to
estimate the error term (see Lemma 2.3 below). The proof of Lemma 2.3 can
be found in [F, P1]. There are several versions of Lemma 2.3, without essen-
tial differences. Our version comes from [MS]. First we give the definition of
Pólya peaks of the second kind.

Definition 2.2 ([MS]). Suppose that T (r) is an increasing function of
r > r0. Then {rm} is called a sequence of Pólya peaks of the second kind of
order µ for T (r) if rm →∞ and there are sequences Km →∞ and εm → 0
such that

T (r) > (1− εm)(r/rm)µT (rm) (rm/Km < r < Kmrm).

Lemma 2.3 ([MS]). Let T (r) be a real function with finite lower order µ,
let {Sm} and {Rm} be sequences of real numbers such that

lim
m→∞

Sm = lim
m→∞

Rm = lim
m→∞

Rm/Sm =∞

and {4Sm}, {4Rm} are sequences of Pólya peaks of the second kind of order µ
for T (r). Then for any ε > 0, there exists a number m0(ε) > 0 such that for
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each m > m0,

T (4Sm)S−µm + T (4Rm)R−µm < ε

Rm/12�

2Sm

T (t)t−µ−1 dt.

By modifying [Y, Lemma 2], we can obtain the following lemma.

Lemma 2.4 ([Y]). Suppose that f : C → Pn(C) is a holomorphic curve
with reduced representation f and A = {Hj | j = 1, . . . , n + 1} are n + 1
moving hyperplanes associated with holomorphic maps aj (j = 1, . . . , n+ 1)
with reduced representations aj (j = 1, . . . , n+ 1). Then

T (r, Fi/Fn+1)− max
1≤j≤n+1

T (r, aj)

≤ T (r, f) ≤
n∑
i=0

T (r, Fi/Fn+1) + max
1≤j≤n+1

T (r, aj).

3. Proof of Theorem 1.1. Set

(3.1) Fj(z) := 〈f(z),aj(z)〉 =
n∑
i=0

fi(z)a
j
i (z) (j = 1, . . . , n+ 1).

For the entire function Fj(z), Edrei and Fuchs [EF] proved that

log |Fj(z)| ≤
4

σ − 1
m(σr, Fj) +N(σr, 0, Fj) +O(log r), σ > 1, r > 2.

Thus for σ > 1, r > 2, we have

(3.2) max
1≤j≤n+1

log |Fj(z)|

≤ 4

σ − 1
max

1≤j≤n+1
m(σr, Fj) + max

1≤j≤n+1
N(σr, 0, Fj) +O(log r).

Set

F (z) = max
1≤j≤n+1

|Fj(z)|.

By the definition of Fj(z), it follows that

1

2π

2π�

0

log |F (reiφ)| dφ =
1

2π

2π�

0

max
1≤j≤n+1

log |Fj(reiφ)| dφ(3.3)

≤ 1

2π

2π�

0

log ‖f(reiφ)‖ dφ+ o(T (r, f)).
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On the other hand, we can obtain the components fi(z) (0 ≤ i ≤ n) of f(z)
by solving the equation (3.1), and estimate T (r, f) as follows:

T (r, f) =
1

2π

2π�

0

max
0≤i≤n

log |fi(reiφ)| dφ+O(1)(3.4)

≤ 1

2π

2π�

0

log |F (reiφ)| dφ+ o(T (r, f)).

Applying (3.3) and (3.4) in (3.2), we obtain

T (r, f)− o(T (r, f)) ≤ 4

σ − 1
T (σr, f) + o(T (σr, f))

+ max
1≤j≤n+1

N(σr, 0, Fj) +O(log r).

Pick max{1− δ(Hj , f)} < c′ < c < 1. Then, for r ≥ r0 > 2,

T (r, f)− o(T (r, f)) ≤ 4

σ − 1
T (σr, f) + o(T (σr, f))

+ c′T (σr, f) +O(log r).

Thus, T (r, f) ≤ AT (σr, f) for r ≥ r∗ ≥ r0, where A = 4/(σ − 1) + c. Take
σ large enough that A < 1. Fixing σ and A, we can derive the following.

Letting r satisfy σkr∗ ≤ r < σk+1r∗, we have

T (σkr∗, f)

T (r∗, f)
=

k∏
j=1

T (σjr∗, f)

T (σj−1r∗, f)
> A−k.

Moreover,

log T (r, f)

log r
>

log T (σkr∗, f)

log σk+1r∗
>
−k logA+ log T (r∗, f)

(k + 1) log σ + log r∗
.

Taking the limit, we have

lim inf
r→∞

log T (r, f)

log r
>
− logA

log σ
> 0.

This completes the proof of Theorem 1.1.

4. Proof of Theorem 1.3. Set

Fk(z) := 〈f(z),ak(z)〉 =
n∑
i=0

fi(z)a
k
i (z).

Let θk = θk(r) be the angle defined by the relation

L(r, ak, f) = max
|z|=r

log
‖f(z)‖ ‖ak(z)‖
|〈f(z),ak(z)〉|

= log
‖f(reiθk)‖ ‖ak(reiθk)‖

|Fk(reiθk)|
.
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For any r > r0, we have

(4.1) Fk(re
iθn+1) =

n∑
i=0

fi(re
iθn+1)aki (re

iθn+1), k = 1, . . . , n+ 1.

Hence fj(re
iθn+1) = Dj/D, where D is the coefficient determinant of the

linear equations (4.1), and

Dj(re
iθn+1) =

n+1∑
i=1

(−1)j+i+1Dij(re
iθn+1)Fi(re

iθn+1),

where Dij(re
iθn+1) is the determinant obtained from D by deleting the ith

row and the jth column. From Hadamard’s inequality, we have

|Dij(re
iθn+1)| ≤

n+1∏
l=1, l 6=i

‖al(reiθn+1)‖,

so that

|fj(reiθn+1)| ≤ 1

|D|

n+1∑
i=1

( n+1∏
l=1, l 6=i

‖al(reiθn+1)‖
)
|Fi(reiθn+1)|.

Therefore,

(4.2) ‖f(reiθn+1)‖

≤ (n+ 1)
√
n+ 1

|D|
max

1≤i≤n+1

( n+1∏
l=1, l 6=i

‖al(reiθn+1)‖
)
|Fi(reiθn+1)|.

Now, we obtain

(4.3) ‖f(reiθn+1)‖ ‖an+1(reiθn+1)‖

≤ (n+ 1)
√
n+ 1

|D|
max

1≤i≤n+1

( n+1∏
l=1, l 6=i

‖al(reiθn+1)‖
)

× |Fi(reiθn+1)| · ‖an+1(reiθn+1)‖

≤ (n+ 1)
√
n+ 1

|D|
max

1≤i≤n+1

( n+1∏
l=1, l 6=i

‖al(reiθn+1)‖
)

× max
1≤i≤n+1

|Fi(reiθn+1)| · ‖an+1(reiθn+1)‖

=
(n+ 1)

√
n+ 1

|D|
max

1≤i≤n+1

( n+1∏
l=1, l 6=i

‖al(reiθn+1)‖
)

× ‖an+1(reiθn+1)‖ · |Fνn(reiθn+1)|,
where νn = ν(n, r) ∈ {1, . . . , n+ 1}.
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Next, we will prove that ν(n, r) 6= n + 1. Assume the opposite. Then
there exists a sequence rm → ∞ for which ν(n, rm) = n + 1. Then from
(4.3) we find that

log
‖f(rmeiθn+1)‖ ‖an+1(rme

iθn+1)‖
|Fn+1(rmeiθn+1)|
≤ 3

2 log(n+ 1) + log+(1/|D|) + log+ ‖an+1(rme
iθn+1)‖

+ max
1≤i≤n+1

n+1∑
l=1, l 6=i

log+ ‖al(rmeiθn+1)‖.

Noticing |D| is a rational function of aij , we have

log
‖f(rmeiθn+1)‖ ‖an+1(rme

iθn+1)‖
|Fn(rmeiθn+1)|

= o(A(rm, f)).

Thus b(Hn+1, f) = 0, which contradicts our hypothesis.

Hence νn may assume only the values 1, . . . , n. Therefore,

(4.4) b(Hn, f) ≤ b(Hνn , f).

In addition, from the definition of θn+1,

(4.5) log
‖f(reiθn+1)‖ ‖an+1(reiθn+1)‖

|Fn+1(reiθn+1)|
≥ log

‖f(reiθνn )‖ ‖an+1(reiθνn )‖
|Fn+1(reiθνn )|

.

By the definition of b(Hn, f) and (4.5), for r > r0(ε) it follows that

(4.6) b(Hn, f)(1− ε)A(r, f) ≤ b(Hνn , f)(1− ε)A(r, f)

≤ log
‖f(reiθνn )‖ ‖aνn(reiθνn )‖

|Fνn(reiθνn )|

≤ log
‖f(reiθn+1)‖ |Fn+1(re

iθνn )|
|Fn+1(reiθn+1)| |Fνn(reiθνn )|

+ log ‖aνn(reiθνn )‖+ log ‖an(reiθn+1)‖.

Combining (4.3) with (4.6), we obtain

(4.7) b(Hn, f)(1− ε)A(r, f)

≤ log
|Fνn(reiθn+1)| |Fn+1(re

iθνn )|
|Fn(reiθn+1)| |Fνn(reiθνn )|

+ log ‖aνn(reiθνn )‖+ log ‖an(reiθn+1)‖

+ 3
2 log(n+ 1) + log(1/|D|) + max

1≤i≤n+1

( n+1∑
l=1, l 6=i

log ‖al(reiθn+1)‖
)

≤ log
|Fνn(reiθn+1)| |Fn+1(re

iθνn )|
|Fn+1(reiθn+1)| |Fνn(reiθνn )|

+ o(A(r, f)).

Applying Lemma 2.1 to the meromorphic function f(z) = Fνn(z)/Fn+1(z)
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and q = 0, we get

log

∣∣∣∣ Fνn(reiθn+1)

Fn+1(reiθn+1)

∣∣∣∣ ≤ ∑
S<|cm(νn)|<R

log

∣∣∣∣1− reiθn+1

cm(νn)

∣∣∣∣
−

∑
S<|cm(n+1)|<R

log

∣∣∣∣1− reiθn+1

cm(n+ 1)

∣∣∣∣
+K1

[
log

(
r

S

)
T

(
2S,

Fνn
Fn+1

)
+

(
r

R

)
T

(
2R,

Fνn
Fn+1

)]
+O(log r),

where cm(νn) are the roots of the entire function Fνn(z), and cm(n+ 1) are
the roots of Fn+1(z). A similar estimate holds for

log |Fn+1(re
iθνn )/Fνn(reiθνn )|.

From (4.7), it follows that

b(Hn, f)(1− ε)A(r, f)

≤
∑

S<|cm(νn)|<R

log

∣∣∣∣reiθn+1 − cm(νn)

reiθνn − cm(νn)

∣∣∣∣+
∑

S<|cm(n+1)|<R

log

∣∣∣∣reiθνn − cm(n+ 1)

reiθn − cm(n+ 1)

∣∣∣∣
+K1

[
log

(
r

S

)
T

(
2S,

Fνn
Fn+1

)
+

(
r

R

)
T

(
2R,

Fνn
Fn+1

)]
+O(log r) + o(A(r, f)),

where cm(n + 1) are the roots of Fn+1(z). Applying Lemma 2.4, we get
T (r, Fνn/Fn+1) ≤ T (r, f) + o(A(r, f)). By noticing that A(r, f) ≤ T (2r, f)
+O(1), it follows that

(4.8) b(Hn, f)(1− ε)A(r, f) ≤
n+1∑
k=1

∑
S<|cm(k)|<R

log

∣∣∣∣r + |cm(k)|
r − |cm(k)|

∣∣∣∣
+ 2K1

[
log

(
r

S

)
T (4S, f) +

(
r

R

)
T (4R, f)

]
+O(log r) + o(A(r, f)).

From the equality (see [F])

(4.9)

∞�

0

log

∣∣∣∣ tγ + |b|γ

tγ − |b|γ

∣∣∣∣ t−p−1dt =

{
π
p |b|
−p tan πp

2γ , p 6= 0,
π2

2γ , p = 0,

we find

(4.10)

R/2�

2S

r−µ−1 log

∣∣∣∣r + |cm(k)|
r − |cm(k)|

∣∣∣∣ dr ≤ π

µ

1

|cm(k)|µ
tan

πµ

2
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for 0 < µ < 1. Summing over (4.10) and applying Stieltjes integration, we
find that

(4.11)
∑

S<|cm(k)|<R

R/2�

2S

r−µ−1 log

∣∣∣∣r + |cm(k)|
r − |cm(k)|

∣∣∣∣ dr
≤ π

µ
tan

πµ

2

∑
S<|cm(k)|<R

1

|cm(k)|µ

≤ (1 + µ)
π

µ
tan

πµ

2

T (2R, f)

Rµ
+ πµ tan

πµ

2

R�

S

N(r, 0, Fk)

rµ+1
dr.

We now divide by r1+µ in (4.8) and integrate from 2S to R/2. Upon using
(4.11), we see that

b(Hn, f)(1− ε)
R/2�

2S

A(r, f)

r1+µ
dr

≤ πµ tan
πµ

2

n+1∑
k=1

R�

S

N(r,Hk, f)

r1+µ
dr

+

(
(1 + µ)

π

µ
tan

πµ

2
+

2µ · 2K1

1− µ

)
T (4R, f)

Rµ

+

(
2K1 log 2

µ2µ
+

2K1

µ22µ

)
T (4S, f)

Sµ
+ o

(R/2�
2S

A(r, f)

rµ+1
dr

)
.

By the definition of δ(Hk, f), for S < r < R, it follows that

N(r,Hk, f) < (1− δ(Hk, f) + ε)T (r, f) + T (r, ak)

= (1− δ(Hk, f) + ε)T (r, f) + o(A(r, f)).

Hence,

b(Hn, f)(1− ε)
R/2�

2S

A(r, f)

r1+µ
dr

≤ πµ tan
πµ

2

n+1∑
k=1

(1− δ(Hk, f) + ε) ·
R�

S

T (r, f)

r1+µ
dr

+

(
(1 + µ)

π

µ
tan

πµ

2
+

2µ · 2K1

1− µ

)
T (4R, f)

Rµ

+

(
2K1 log 2

µ2µ
+

2K1

µ22µ

)
T (4S, f)

Sµ
+ o

(R/2�
2S

A(r, f)

rµ+1
dr

)
.
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Set S = Sm and R = Rm. From Lemma 2.3, we immediately obtain

(4.12) b(Hn, f)(1− ε)
Rm/2�

2Sm

A(r, f)

r1+µ
dr

≤
(
πµ tan

πµ

2

n+1∑
k=1

(1− δ(Hk, f) + ε) + ε+ o(1)

)
·
Rm/2�

2Sm

T (r, f)

r1+µ
dr

+ o

(Rm/2�

2Sm

A(r, f)

rµ+1
dr

)
.

Integration by parts gives

Rm/2�

2Sm

T (r, f)

r1+µ
dr =

T (2Sm, f)

µ2µSµm
− 2µT (Rm/2, f)

µRµm
+

1

µ

Rm/2�

2Sm

A(r, f)

rµ+1
dr.

Then, by Lemma 2.3,

(4.13)

Rm/2�

2Sm

T (r, f)

r1+µ
dr <

1 + ε

µ

Rm/2�

2Sm

A(r, f)

rµ+1
dr.

Combining (4.12) and (4.13), we obtain the conclusion.
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