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On the growth of a holomorphic curve
with deficient moving hyperplanes

NAN Wu (Beijing)

Abstract. We generalize some results on the growth of meromorphic functions or
v-valued algebroid functions to holomorphic curves with deficient moving hyperplanes.

1. Notation and results. We denote the n-dimensional complex pro-
jective space by P"(C). Let
f=0fo:fie i fo] :C— P*(C)

be a holomorphic curve and f = (fo, f1,..., fn) : C — C**1\ {0} be its
reduced representation, i.e., fo(z), f1(2),-.., fn(z) have no common zeros.
Cartan’s characteristic function T'(r, f) of f is defined by

2
(1.1) T(r, f)= % | 1og [[£(re®) || 0 — log [|£(0)]],
0

where f is a reduced representation of f and ||f(z)| = (Z?:o |£i(2) )2
The order and lower order of f are defined as
log T'(r, f)

1 log T'(r, f) R
A(f) = higsolip W7 u(f) = hTU_l)&lf W'

By a moving hyperplane H in P™(C), we mean
H={lzg: - :2,) € P"(C) | apzo + - - + anzy = 0},
where ag,...,a, are entire functions without common zeros. So H is as-

sociated with a holomorphic map a = [ag : - : ap] : C — P"(C). Write
a = (ag,...,an). Given a holomorphic map f : C — P"(C), we say that f
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and H are free if (f(z),a(z)) # 0, where
(f(2),a(2)) = ao(2) fo(2) + a1(2) f1(z) + -+ + an(2) fu(2).

Let n(r,H, f) denote the number of zeros (counting multiplicities) of the
entire function

F(2) = (f(2),a(2)) = Y _aj(2)f5(2) #0
§=0

in the disk {|z| < r}. We denote by N(r, H, f) the counting function of zeros
of the entire function F(z), that is, N(r, H, f) = N(r,0, F).

Under the assumption that (f(z), a(z)) # 0, we define the approximating
function m(r, H, f) of f with respect to H by

21 i i
[£(re)|| [la(re™)]]

1
m(r,H, f) = m (S) log |(f(rei?), a(rei?))|

do.
Set
T(r,H, f)=m(r,H, f)+ N(r, H, f).

Applying the Jensen formula to the entire function F(z), we have
27

(1.2) N(r,0,F) = % [ 1og | F(rei®)| o — log [F(0)].
0
This gives
(13)  T(r,H, f) = m(r, H, f) + N(r, H, f)
27
= % | log([[f(re™)|| [la(re™)||) d¢ — log |(£(0),a(0))]
0

IECO) [} [la(0) ]I
|(£(0), a(0))|

We define the Nevanlinna deficiency §(H) = 0(H, f) of H with respect
to f by

(14)  6(H, f) = liminf

=T(r,f)+T(r,a) + log

m(r,H, f) ) T(r,a) — N(r,H, f)
T(rp) TSR TG

The moving hyperplane H is said to be Nevanlinna deficient if §(H, f) > 0.
We notice that if a satisfies

(1.5) T(r,a) =o(T(r,f)), r— o0,
then ([1.4)) is reduced to

(1.6) S(H, f)=1-— liirisolip W
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We define the Valiron deficiency A(H) = A(H, f) of H with respect to f
by
: m(’I“,H,f) E— T(T,CL)—N(T’,H,f)
L. A(H, f) =1 ———=1+1 f
U0 AU = ey T TG

The moving hyperplane H is Valiron deficient if A(H, f) > 0. We notice
that if H (or a) satisfies T'(r,a) = o(T'(r, f)), then (1.7) is reduced to

N(r,H, f)

(1.8) A(H, f) =1 - limnf o F

Following [P2], we define the Petrenko deviation 5(H) = B(H, f) of H
with respect to f by

(1.9) B(H, f) = liggfw,
where 1)1 lla()]
£lr.a. f) = maxlog oy 2l
For W = [wg : -+ - : wy] € P"(C), let

w = dd°log |W|>.

Then w is a well defined (1,1) form on P"(C), called the Fubini—-Study form.
Define

A
A p= | o T =120
jol<r 0

T(r, f) is called the Ahlfors characteristic function. In [Rl p. 101] it is
pointed out that T'(r, f) = T (r, f).

Following [B], we define the Bergweiler deviation b(H) = b(H, f) of H
with respect to f by

o L(ra f) L
where T” (r, f) is the left derivative of T'(r, f) at r.
If T(r,a) = o(T(r, f)), then 0 < 6(H, f) < A(H, f) <1 and 6(H, f) <
B f).
Let A={H’|j=1,...,q} be ¢ > n+1 moving hyperplanes in P"(C),

L(r,a, f)

associated with ¢ holomorphic maps @/ = [a} : --- : a}] : C — P"(C).
Suppose that a/ = (a},a],...,a}) (j = 1,...,q) are the reduced represen-

tations of @/ (j = 1,...,q) . If det{a*; 0 < i <n, 1 <k <n+1} £0
for any {j1,...,Jn+1} C {1,...,q}, then A is said to be in general position.
A holomorphic curve f is said to be nondegenerate with respect to A if

Fi(z) =Y gal(z)fi(z) Z0forall j =1,...,q.
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Edrei and Fuchs [EF] proved that if a transcendental meromorphic func-
tion f(z) has two Nevanlinna deficient values, then its lower order is positive.
Mori [M] generalized this conclusion: if a transcendental meromorphic func-
tion f(z) has two Nevanlinna deficient small functions, then the lower order
is positive. Ozawa |O1} [02] proved that if an n-valued transcendental alge-
broid function f(z) has n+1 deficient values, then the lower order is positive.

In this paper we will establish an analogous conclusion for holomorphic
curves (Theorem . Since an algebroid function is a special case of a
holomorphic curve, our results are more general.

THEOREM 1.1. Suppose that f(z) is a holomorphic curve in P™(C) sat-
1sfying
lim T'(r, f)/logr = oo
T—00

with n + 1 Nevanlinna deficient moving hyperplanes A = {H7 | j =1,...,
n+1} (ora',...,a"") satisfying T(r,a?) = o(T(r, f)) (j = 1,...,n + 1),
where A is in general position and f is nondegenerate with respect to A.
Then the lower order of f(z) is positive.

Lamazina [L] studied the relation between the Petrenko deviation and the
Nevanlinna deficiency of an entire curve G(z) at a vector @ and obtained
the following theorem.

THEOREM 1.2 ([L]). If for an entire curve G(z2) of lower order i < 1 we

—

have B(dy, G) > 0, then

p
Bldy-1,G) < mptan T (p— Y 8@ G))),
k=1

where the vectors dy, (k= 1,...,p) are such that 5(dy,G) >0 (k=1,...,p)
and

B(6k+laé)§ﬁ(ak7é)a k:177p_1

However, Lamzina [[] did not study the deviation of G(z) at its small
entire curves @ (z),...,a,(2). In this paper we assume that A = {H7 |
j=1,...,n+ 1} are moving hyperplanes with respect to f(z), and we will
estimate the Bergweiler deviation b(H"*1, f) for a holomorphic curve f(z)
by the Nevanlinna deficiencies §(H7, f) (j = 1,...,n+1). The method here
is different from the method in [LJ.

THEOREM 1.3. Let f(z) be a holomorphic curve of lower order 0 <
pw<linPYC), A={H'|j=1,....,n+1} (ora',...;a""") ben +1
moving hyperplanes in general position with reduced representations @/ (j =
1L,...,n+ 1) and satisfying max,_, |log|la’(2)||| = o(A(r, f)) (j = 1,...,
n+1) and 0 < b(HITL f) < b(HI, f) (j = 1,...,n). Suppose that f is
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nondegenerate with respect to A. Then

n+1

b(H", f) < ﬂ'tan%<n 138, f)).
j=1

2. Some lemmas and preliminaries. In this section we give some
lemmas which are used in the proofs of our theorems.

LEMMA 2.1 ([EE]). Suppose f(z) is a meromorphic function with roots
{a,} and poles {b,}, and ¢ > 0 is an integer. Then for any S,R > 0 with
25 < R/2, for any z with 25 < |z| =r < R/2, we have

z z
[ 2(ca)|-vel TT2(57a)]
S<l|au|<R S<|by|<R
+ W(z) + O(log |2|),

(21)  log|f(z)| = log

where

(1 —w)exp(u+u?/2+---+ul/q), ¢>0,

1—u, q=20,

W(2)| < {A[(r/SwT(zs, H+@/RMTER ], q>1,
~ UAllog(r/S)T(2S, f) + (r/R)T(2R, f)], ¢=0,

and A is a positive number independent of v, S, R, f.

E(u,q) ={

In order to prove Theorem we need a lemma from Petrenko [P1] to
estimate the error term (see Lemmal[2.3|below). The proof of Lemma[2.3|can
be found in [F}, P1]. There are several versions of Lemmal[2.3] without essen-
tial differences. Our version comes from [MS]. First we give the definition of
Pélya peaks of the second kind.

DEFINITION 2.2 ([MS]). Suppose that T'(r) is an increasing function of
r > ro. Then {r,} is called a sequence of Pdlya peaks of the second kind of
order p for T(r) if r,, — oo and there are sequences K,,, — oo and €, — 0
such that

T(r) > (1 —en)(r/ro) " T(rm)  (rm/Km <r < Knrn).

LEMMA 2.3 ([MS]). Let T(r) be a real function with finite lower order fu,
let {Sm} and {R,,} be sequences of real numbers such that
lim S, = lim R, = lim R,,/S, =
m—00 m—00 m—00

and {4Sm}, {4Rn} are sequences of Pélya peaks of the second kind of order p
for T(r). Then for any € > 0, there exists a number mgy(e) > 0 such that for
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each m > my,

R /12
T(45m)Spt + T(4Rm) Ryt < e | T()t " dt.
2Sm

By modifying [Yl Lemma 2|, we can obtain the following lemma.

LeMMA 2.4 ([Y]). Suppose that f: C — P™(C) is a holomorphic curve
with reduced representation £ and A = {H’ | j = 1,....n+ 1} are n + 1
moving hyperplanes associated with holomorphic maps o/ (j =1,...,n+1)
with reduced representations a’ (j =1,...,n+1). Then

T(r,F;/Fny1) — 1§Ijl(1§a;<+1 T(r,a; )

n

< < : - ).
<T(r, f) < ' OT(T, F;/Fo1) + lgglggHT(r, aj)
1=

3. Proof of Theorem [I.1 Set
(3.1) Fi(z) == (f(2),a7(2)) = Y _ fi(z)al(z) (j=1,...,n+1).
=0

For the entire function Fj(z), Edrei and Fuchs [EE] proved that

4
log |Fj(2)] < ﬁm(ar, F;)+ N(or,0,F;) +O(logr), o>1,1r>2.
o

Thus for ¢ > 1,7 > 2, we have

(3.2)  max  log|F;(2)]

< . - .
“o—1 131}125(4-1 m(or, Fj) + 1§1}1§a7:;<+1 N(or,0,F;) + O(logr)

Set

F(z) = | Jnax [Fy(2)].

By the definition of Fj(z), it follows that

2 2m
. 1 .
—_ i - . ip
(3.3) - (S)log\F(T’e )dé = 5 (S) | Jhax log |Fj(re™)| do
2w

< o { log [f(re®)l| o + o(T(r, f)).
0
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On the other hand, we can obtain the components f;(2) (0 < i < n) of f(z)
by solving the equation (3.1)), and estimate T'(r, f) as follows:

21

(3-4) T(rf) =5 S fmax log |fi(re'?)  do + O(1)

1271'

<o g log |F(re'®)| do + o(T'(r, f)).

Applying (3.3) and . in ., we obtain
T(r, f) ~ oT(r, f)) < ——=T(or, f) + o(T(o, )

N F; 1 .
+ | hax (01,0, F;) + O(logr)

Pick max{1 — 6(H’, f)} < ¢’ < ¢ < 1. Then, for r > ry > 2,

T(r, ) = olT(r, )) € ——=T(or, f) + o(T (o, /)
+dT(or, f) + O(logr).

Thus, T'(r, f) < AT (or, f) for r > r* > 1o, where A = 4/(c — 1) + c. Take
o large enough that A < 1. Fixing o and A, we can derive the following.
Letting r satisfy o*r* < r < oF+1r*, we have

. k
T( r H T(o’r. f) > Ak,

T(ci=1r*, f)

Moreover,

logT(r, f) S log T(ckr*, f)  —klog A+ logT(r*, f)
log log gkt1p* (k+1)logo +logr*

Taking the limit, we have
logT —log A
lim inf —2 (r. /) —
T—00 log r log o
This completes the proof of Theorem

> 0.

4. Proof of Theorem [1.3l Set
Fy(2) := (f(2),a"(2)) = > _ fi(2)al
i=0

Let 6 = 0 (r) be the angle defined by the relation

1) = maelog ARG _ 18] k(e )|
Llra®. J) = maxlos ey Gl 8T [Rure®)]
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For any r > rg, we have

@1 B Zf gk (), k=1, L

Hence fj(re»+1) = D; / D, where D is the coefficient determinant of the
linear equations (4.1]), and

n+1
D; (Tei6n+1) _ Z(_l)j—i-i—&-lDij (reiG”H)Fi(T‘ew"“),
i=1
where D;j(re»+1) is the determinant obtained from D by deleting the ith
row and the jth column. From Hadamard’s inequality, we have

Dyt < T laltreon
I=1,1
so that :
et < A SS(CTT taltemont) e,
1 1=1,1
Therefore, - :

(4.2)  [[f(re® )]

n+1)vn+1 jlass

L. ibn 0,
D 1<i<n+1< H la” (e’ “)H>|Fi(rel il
o I=1,1%#i

<

Now, we obtain
(13) (e ar e
+1
(n+1)vn+1 " i
< T 1<Igl<a5(+l H |a’(re’ n+l)”)
=1, l#i
% |F1i(7,.ei9n+1)| . ||an+1(rei9n+1)||

1 1 n+1 '
< (n+ )Vn+ max ( H ||al(’l“610"+1)”)
1<i<n+1

- D] I=1, 1
(Ot L [|an L0 1001
X Jax [ (re™ )] - [la™ ™ (re™ ) |
1 1 n+1 _
_ (n+ )\/n+ max ( H ”al(rewn.‘.l)”)
|D| 1<i<n+1 .
I=1,1#1

x [[a (e )| - |, (i),

where v, = v(n,r) € {1,...,n+1}.
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Next, we will prove that v(n,r) # n + 1. Assume the opposite. Then
there exists a sequence 1, — oo for which v(n,r,) = n + 1. Then from
(4.3) we find that

||f(rm€i9n+1)|| Han-i-l (Tm€i9"+1)||
‘Fn+1(rmei9”+1)‘
< %log(n + 1) —+ 10g+(1/|D|) + 10g+ HanJrl(rmewnH)H

n+1

+ l i9n+1
+1§I%1§ag<+1 Z log™ ||a’(rme |-
=1, I£i

log

Noticing |D| is a rational function of aj, we have

[£Crme+1) [ [a™ ! (rme )|

1 . = o(A(rm, [)).
N TR ] oA 1)
Thus b(H"*!, f) = 0, which contradicts our hypothesis.
Hence v,, may assume only the values 1,...,n. Therefore,
(4.4) b(H", f) < b(H™, f).

In addition, from the definition of 6,1,
e+ el el e
| P (refnt))| | Frpa (reivn)|
By the definition of b(H", f) and (4.5), for r > ro(e) it follows that
(4.6)  b(H", )1 —e)A(r, f) < b(H™, f)(1 —€)A(r, f)
(e’ )| |a¥» (re™))|
|y, (reifon )]

(4.5) log > log

<log

< tog )| Fyis (ree)|

=B B (e[ [y, (o)
Combining (4.3) with (4.6)), we obtain

(4.7)  b(H", f)(1 —e)A(r, f)
|Fy, (re?m )| [ Fog (re'n )|

+log [[a” (re®) | +log [[a" (re'+1)).

< 1 " - l Un ieun l n i9n+1
< log T e+ 1Bl e+ log (e |
n+1
3 l 10n11
+ 3log(n +1) +log(1/|D]) + max (" loga(re® )] )
1=1,1#i
F i9n+l F Z.ol’n
< log’ l/n(/re )H n+1(7“€ )| —|—O(A(T‘,f)).

| Fnga (renn)] |Fy, (retn))|

Applying Lemma to the meromorphic function f(z) = F,, (2)/Fn+1(2)
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and ¢ = 0, we get

F 10n11 10n+1
10%‘M < X e
ni1(refn) S<|em(vn)|<R em(Vn)

i9n+1
T L ‘

S<|em(n+1)|<R em(n+1)

r F, T F,
Kq|l — T2 z — z
oo )25 )+ ()7 (o)

+ O(log ),

where ¢,,(1,) are the roots of the entire function F, (2), and ¢, (n+ 1) are
the roots of F,+1(2). A similar estimate holds for

log |Fn+1 (reieVn )/FV’VL (reieVn ) ‘ .
From (4.7)), it follows that

b(H", f)(1 —e)A(r, f)
retnii — ¢ (v,
< Z log m(¥n) Z log

S<|em(vn)|<R S<|em(n+1)|<R

T F, T F,
K|l — T 28 ~ — |T|( 2R z
wiloe(5)r (5 )+ (7)7(r )
+ O(logr) + o(A(r, f)),
where ¢,,(n + 1) are the roots of Fj,41(z). Applying Lemma we get

T(Ta FVn/Fn+1) < T(?“, f) + O(A(r7 f)) By nOtiCing that A(Tv f) < T(QT', f)
+ O(1), it follows that

refn — ¢, (n+1)
reifn — cp(n + 1)

reifvm — cp(vy)

n+1

(4.8)  b(H", f)(1—¢)A <> ) log

k=1 S<|cm(k)|<R

+ 2K, {log<;) T(4S, f) + <;>T(4R, f)] + O(logr) + o(A(r, ).

r+ ICm(k)|’
= lem(K)]

From the equality (see [F])

0 AN b Ptan I, p#0,
(4.9) J log |- P gy — { Wl | 2
we find
R/2
o 7+ |em (k)| T 1 T
(4.10) " log dr < — tan —
) = |em (K| p |em (K)[H 2
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for 0 < p < 1. Summing over (4.10) and applying Stieltjes integration, we
find that

R/2
Cu1q | T em(R)]
(411) Z S r—# llog m dr

™ T
< —tan — —_—
Sk D DR v o1

" S<lem(k)|<R
R
r mu TER,f) i ¥ N (r,0, Fy)
< (1 —tan — ———= tan — \ —————=dr.
<( +M)M an - s mptan é T r

We now divide by 7'™# in ([4.§) and integrate from 25 to R/2. Upon using

(4.11)), we see that
R/2
A(r, f)

b(H™, f)(1—¢) | A
25

n+l1 R k
T N(r,H", f)
SWtaﬂ7ZST
k=18
T 202K\ T(4R, f)
1 —tan —
<( +H)ua 2+ 1—p RH

N (2K1 log2 | 2K, ) (S ) | O(RS/ 2 A(r, f) dr>.
25

L2H L2221 Sk rutl

dr

By the definition of §(H*, f), for S < r < R, it follows that
N(r, H, f) < (1= 6(H", f) +&)T(r, f) + T(r,a")
= (1= 6(H", f) +e)T(r, f) + o(A(r, f))-

Hence,
R/2
A
b(H", f)(1—¢) | fﬁf Lar
25
n+1 R
< mutan T Y (1—3(HE, f) +¢) - | T;f;,{) dr

k=1

S
21 . 2K\ T(4R,
+<(1+u) tan 22 4 1) UR )
7 2 L—p

26 log2 | 261\ T(S.S) | R§/2 iy
o7 PEST S 0 rl.
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Set S = Sy, and R = Ry, From Lemma [2.3] we immediately obtain

Rum /2

n A(r, f)
(412)  b(H™, f)(1—¢) | s dr
2S8m
n+1 Rm/2
T I(r,f
< (WutaHQ Z(l —0(H* f)4+e)+e+ 0(1)) : S r(lJru) dr
k=1 2STVL
Rum /2
+ S A(Tv f) d
0 — o dr ).
2S5m
Integration by parts gives
NS ) TS 2T/ f) 1A
It - i 7 +
25 rite u2#Sh, uRm, 1 05 rh

Then, by Lemma [2.3]

R /2 Rin/2

T(r,f) l+e A(r, f)

(4.13) | —atdr< | =

2Sm 28m

Combining (4.12) and (4.13)), we obtain the conclusion. =
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