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Weak solution and asymptotic behavior of
magnetohydrodynamic flows of third grade fluids

X1A0JUAN CHAI and WEISHENG Ni1u (Hefei)

Abstract. The paper in concerned with the large time behavior of a perturbed MHD
system, which is given by the coupling of a class of third grade fluid equation and the
Maxwell equation, governing the fluid motion and the magnetic field respectively. We first
derive the existence and uniqueness result for the system. Then we prove the existence of
a finite-dimensional global attractor and an exponential attractor.

1. Introduction. We consider the large time behavior of solutions to
the following system representing the motion of a third grade fluid in the
presence of a magnetic field:

(1.1)
Ou — vAu+u - Vu — adiv(A?(u))
— Bdiv(|A(u)?A(u)) + V(P + 3[b|?) =b- Vb= f in 2 x (0,00),

Ob+u-Vb—>b-Vu—nAb=0 in 2 x (0, 00),
Vb=V -u=0 in 2 x (0,00),
U(O) = Uo, b(O) :bOa T € Qv

where v > 0 is the constant kinematic viscosity, n > 0 is the constant
magnetic diffusivity, «, 8 are material constants and 8 > 0. The unknown
functions w,b, P are the fluid velocity, the magnetic field and the scalar
pressure respectively; ug, by, f are given functions representing the initial
fluid velocity, the initial magnetic field and the forcing term respectively.
Here A is the tensor defined as

A(u) = Vu + (Vu)T

2010 Mathematics Subject Classification: Primary 35Q35, 37L30; Secondary 76D05.
Key words and phrases: magnetohydrodynamics, third grade fluid equation, attractor.
Received 13 December 2016; revised 25 July 2017 and 27 September 2017.

Published online 20 November 2017.

DOI: 10.4064/ap4161-9-2017 [1] © Instytut Matematyczny PAN, 2017



2 X. Chai and W. Niu

with (Vu)T being the transposition of the Jacobian matrix Vu, and |A(u)|?
denotes tr(A%(u)).
In the absence of a magnetic field, system (1.1) falls into the class of the

following third grade fluid equations:
(O — vAU+ (u- Vv + > v;Vu;
— (a1 + az) div(A*(u)) — A div(|A(u)PA(u)) + VP = f,
(1.2) v =u— ajAu,
divu = 0,
u(z,0) = up.

The third grade fluid is an important case of fluids of grade n introduced
by Rivlin and Ericksen [33], for which the stress tensor is a polynomial of
degree n in the first n Rivlin—Ericksen tensors defined recursively by

A (u) = A(u) = Vu+ (Vu)T,
v (1) = 2 A4(0) + (0 V) Ago) + (V)T Au) + Aeu) Vo

In the past years, third grade fluid equations have been widely studied: see
for example [11, 8 O] T3], 28] 33, 37, 43]. Some local existence and uniqueness
results for initial data of arbitrary size, or global existence and uniqueness
results for small initial data were obtained in the whole space R", n = 2,3,
in I, B7]. These results were then improved by Busuioc and Iftimie [8] and
by Paicu [28]. Hamza and Paicu [I7] studied a particular case of system
(1.2). With the assumption that a; = 0 (see [19] for its physical meaning),
they proved the global existence and uniqueness of weak solutions to system
with H' and L? initial data. More recently, with the same assump-
tion on «y, Zhao and his co-authors [43] studied the time decay results for
weak solutions to system (1.2) with zero forces, while in [I0] we investigated
the asymptotic behavior of solutions to system (1.2) with time dependent
forces.

In recent years, the study of the motion of conducting non-Newtonian
fluids in the presence of a magnetic field has attracted much attention due
to their applications in various areas, such as the flow of plasma, the flow
of mercury amalgams, and the handling of some biological fluids [2} 6, [18].
For example, in [35, 136, [14] [I5], existence results and the control of some
MHD equations arising from the coupling of a Ladyzhenskaya type model
with the Maxwell equation were studied. In [31], 32] the large time behavior
of solutions to some MHD equations for bipolar fluids were investigated.
The existence of trajectory attractors and global attractors was obtained
in different cases. More recently, in [I6] (see also [18]), the existence and
uniqueness results for solutions to the MHD equations for the second grade
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fluid were studied. Yet, as far as we know, few results have been obtained for
the MHD equations of a third grade type fluid, although the third grade fluid
equations have been extensively studied. Note that the MHD equations for
a third grade fluid are quite different from the MHD equations for a bipolar
fluid and the MHD equations for a second grade fluid. They are also different
from the MHD equations composed of the Ladyzhenskaya type model and
the Maxwell equation.

In this paper, we investigate the third grade fluid MHD system (1.1).
We will explore the existence and uniqueness results and the large time
behavior of solutions. Let 2 = [0, L]> C R3, L > 0. We consider the problem
with spatial periodic boundary conditions. We assume periodic boundary
conditions on the initial data so that the corresponding solution is also space
periodic. Furthermore, we make the assumption that the initial data and the
forcing term are zero-spatial-mean functions (§ o dx =0 for ¢ = ug, by, f),
so that the solutions have zero spatial mean, which allows us to use the
Poincaré inequality. As we are mainly interested in the autonomous case, we
assume that the forcing term f is time independent.

With proper assumptions on the material constants, we first prove
the existence of a global solution for system (1.1) with L2 initial data.
Then we show that if the initial fluid velocity and the initial magnetic
field belong to W14(£2) (indeed H!(2) is enough) and H!(2) respectively,
the problem admits a regular solution, which is unique in the class of
weak solutions. With these results, we then investigate the long time be-
havior of the solutions. By the method of short trajectories, we prove
that system (1.1) possesses a finite-dimensional global attractor and an
exponential attractor in L2(£2) x L?(£2). The method of short trajecto-
ries was developed in [24, 26]. It has been used by many authors to
study the large time behavior of solutions to various problems: see e.g.
[7, 23], 25, 29] 30].

Note that system (1.1) could be viewed as a perturbation of the conven-
tional MHD equations, which consist of the Navier—Stokes equation and the
Maxwell equation. As a basic system in magnetohydrodynamics, the conven-
tional MHD equations have been thoroughly studied in the past decades; we
refer readers to [21], [38] for the classical results. It is well known that the con-
ventional MHD equations have a unique global solution in dimension 2, while
in dimension 3, the existence of a unique global solution remains open [38].
However, we will see that for the perturbed system (1.1), for small « there
exists a unique global solution if the initial velocity and the magnetic field
belong to H!(£2) (see Remark [3.5)). This is essentially due to the regular-
ization effect brought by the term —Bdiv(|A(u)|?A(u)). It provides an L*
estimate for the gradient of the fluid velocity u, which helps us deal with the
convective terms in the system.
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This paper is organized as follows. In Section 2, we provide some pre-
liminaries about function spaces. In Section 3, we prove the existence and
uniqueness of a global solution, while in Section 4, we investigate the large
time behavior of the solution.

2. Preliminaries. Let A = (a;;) and B = (b;j;) be n X n matrices.
We denote their scalar product by A- B = Z?,j:l ai;b;j, and in particular
|A]> = A A. Tt is not difficult to show that |A - B| < |A||B|. Moreover,
for a matrix A, the vector (divA)nxi is defined as (divA); = >, 0jai,
1=1,...,n.

For the domain §2 = [0, L]?, let C5e(£2) be the space of restrictions to (2
of infinitely differentiable functions that are L-periodic in each direction,

u(e + Ley) = ule), j =123,

where e; is the unit vector with 1 in the jth component. The Sobolev space
WIlf’q(Q) is the completion of C3°({2) with respect to the norm of Wha,

fullyea = (3 § 10wl dz) "

1<k 2
in particular W9(02) = L1(£2) and W2 (02) = HE(£2). Let
Wllf’q(ﬂ) = {u € Wlf’q(ﬁ) : S udr = 0}.
)

For any function space X we denote by X the space X3 endowed with the
product structure, for example,

WhI(2) = WP, W) = Wpi)P.
In particular,
Wo(2) =LU(2) = [L(Q)P, Wpi(R)=Li(2), Wy(R)=Hi%2).
We define
H={ue IL?D(Q) cdive =0}, with || -] = |- |2 (the usual L? norm),
V={ue H;,(Q) cdivu =0}, with |||y =]V |, and dual space V*,
W= {UEW;A(Q) cdivu=0}, with |- |lw=][V -|Ls, and dual space W*.

Define the linear “Stokes operator” A from V to V* by

3
(Au, v)yy- v = Z S Oju;0jvidr, Yu,v €V,
ij=10
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and the bilinear operator B(u,v) from V x V into V* as

3
81)]'
(B(u,v), w)yy+y = Z S uia—xiwj dr, Nu,v,weV.
i,7=1 8
We also introduce the operators IC, J from W into W* as
(K(u), v = o | A% () - Vo da (< ClAW)ElIVOlla),  Vu,é € W,
10,
(T (u), )y = B | [A(u)[PA(u) - Vo da, Yu,¢ € W.
19,
Let |a| < v/2vf3. We define T : W — W* as

T(u) = —vd)Au+ (1 —50)T (u) + K(u), d=1—+/a?/2v8 € (0,1).
Note that (see, e.g., [40] 411 [34])
Au=—-Au forue D(A)={u¢e Hﬁ(()) s divu = 0}.

By the Hilbert—Schmidt theorem, one can deduce that A has a sequence of
orthonormal eigenfunctions w; belonging to Cp°({2) with zero mean in 2.
Since A is a self-adjoint positive operator with compact inverse, {w;}72,
forms an orthonormal basis of the space H. Moreover, {w;}32; also forms
an orthogonal basis of the space D(A%/?) = {]HI;(Q) : dive = 0} for any
positive integer s (see |34, p. 198] for the details). Let P, be the orthogonal
projection form H onto the space spanned by {w; };”:1 Similar to [34, Lemma

7.5], (with minor modifications) we can show that for any v € D(A%/?),

(2.1) | Prvllgs < vl and Ppv—ov in ]HIZ(_Q) as m — 0o,
D P

Furthermore, let H™® be the dual space of H;(Q) We have

(22)  1Pnflla-s = sup [(Puf,v)|
ol <1
= sup [(f,Pno)l < sup  [(fw)] = || f]lm—-
ol <1 Jwlls <1

Now, we recall some useful lemmas.

LEMMA 2.1 ([8,17]). The operator J is monotone: for any u,v € W,
(T () = T (W), u— vy = 0.

LEMMA 2.2 ([I7]). The operator T is monotone: for any u,v € W,
(T(u) = T(v),u — vyw=w > 0.

Let 71 : W — W* be defined as
Ti(v) = vAv 4+ K(v) + T (v).

Thanks to the above lemmas, 77 is also a monotone operator.
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The following Korn inequality plays an essential role in our analysis.

LEMMA 2.3 ([4]). Assume that 1 < g < oo and 2 =[0,L]", n =2,3. Let
NS W,l,’q(ﬂ). Then there exists a positive constant ¢ = ¢(q, {2) such that

IVollze < cl|A(0)] -

3. Existence and uniqueness of global solutions

DEFINITION 3.1. Let ug, bo, f € H. A weak solution of system ((1.1)) is a
couple of functions (u,b) such that for any 7' > 0,

e u € L®(0,T;H) N L*0,T;V) N L*(0,T; W) and du € L*3(0,T; W*)
with «(0) = uo,

e bec L>(0,T;H) N L3(0,7T;V) and 9;b € L?(0,T; V*) with b(0) = by,

o for any ¢ € Wand ¢p € V, the couple (u,b) satisfies, for almost very
t€[0,T7,

(3.1) (Oru, )w= w + S(u -V)up dx — S(b - V)b dz

0 0
+ S (vVu + ad?(u) + BlA(w)PA(u)) - Vodr = S fedz,
) N
(32) (O, )y + {(u- V)b — (b V)ulipda +n | Vb Vipdz = 0.
N 0

REMARK 3.2. Since u € L*(0,T; W) with dyu € L*3(0,T;W*) and b €
L?(0,T;V) with ;b € L?(0,T;V*), we may conclude that u,b € C([0, T]; H)
(see |40, 41], [34]).

THEOREM 3.3. Let (ug,bp) e Hx H, f € H, 5 >0, |a| < 2vj3. Then
problem (1.1) admits a global weak solution (u,b) such that, for any T > 0
and t € (0,77,

t
(33)  [u®® + 161+ (IVull® + [|A@W) L5 + [IVD]*) ds
0
< C([luoll® + [[boll* + I £1I),
where the positive constant C' depends on «, B,v,T. Furthermore, if'(uo7 bo)
€ WxV and |o| < \/vB/2, then (u,b) € L>(0,T; W x V)N L*(0,T; H2(£2) x
H2(12)) with (u;,b) € L*(0, T;H x H), and
T
(34) V([ Aul® + [ Ab]1% + [[ue® + [[be]|*) ds
0
VOO + [IVu@®)|* + | A (D) Ifs < C,

where the positive constant C' also depends on o, B,v,n, T, ug, bo.
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Proof. We implement the Galerkin approximation method to prove the
existence of weak solutions. Let {w; }‘;‘;1 be an orthonormal basis of H con-
sisting of eigenfunctions of the Stokes operator A. Consider the following
ordinary differential system:

(3.5) Oy, = — Py B(Upn, ) + P B(biny b)) — VAUp, — P [IKC(um,)]
— PulT (um))] + P f,
(3.6) Otb, = P B(bi, um) — P B(Um, b)) — nAbp,

for the m-dimensional approximation u,,(t), by, (t) defined as

m
7=1
m

t) = Zdjm(t)wj
=1

By the standard existence theorem for ordinary differential equations, for
each m there exists a local solution (s, by) to system (3.5)—(3.7) in the
interval [0, T}y,).

I: Estimates and compactness. Here and throughout the paper, C
denotes a positive constant, which varies in different places. Multiplying ({3.5|)
and . by unm (t) and by, ( ) respectively, it is not difficult to obtain

(3.8) a(llumll2 + [1bml1?) + 2|Vt |* + 7] Vo)

1
2§ (A?(um) + Bl A(tm)* Alum)) - Vi d < gllfll2 + el V%,
2
Thanks to [5], by the symmetry of A(u,,) we have
S |A(um)‘2A(um) Vi de = %HA(um)||ﬁ4
Q
Similar to [I7, p. 1103|, from the Cauchy-Schwarz inequality and the fact
that
‘AQ(um)‘ = [A(um)A(um)| < |A(um)‘27

we deduce that
IOéI

|04\5
o § A2(un) - Vit do| < S Al + 52 T
9]
Since |a| < v/2fv, we can choose § = Qimf such that

@<— and M<1/
2 2 26 '
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Taking ¢ small enough, we deduce from (3.8]) that
d
(3.9) 2 * + 116w [1*) + col Va1

+ 1| A(um) s + 20| Vow|* < C| f)1?
for some positive constants cg, c1, which implies that for any fixed T > 0

and any t € (0,71,

(3.10)  [fum®I* + [1bm ()1 < lluol* + llbo]|* + CT £,
t

B11) (ol Vum()I® + e A(um) () £a + 20l Vbin(s)[?) ds
0

< luoll* + [bol* + CT f|1*.
Hence, from and we know that
U, by are uniformly bounded in L (0, T;H) N L*(0,T;V),
Vi, is uniformly bounded in L*(0,7;1L°(§2)) for all 2 < s < 4.
To derive the compactness result for the sequence {(um,bm)}, let us

perform some estimates for Ojt,, O:by,. Thanks to the estimates above for
Um, by, and (2.1)), it is easy to deduce that

| P B(tim, um) || v+ = sup |<PmB(Umvum)a¢>V*,V|

lpllv<1
= sup S(um N )t P de“ = sup M(um - V)P duy, dx
llollv<i'p lgllv<1'p
3/2 3 2
< sup Clum | um 13/ 21 P llv = Cllem |l
llollv<1
which then implies that
3/2
(3'12) HP B(um’um)HL4/3 0,T;V*) = < CHuanoo 0,T;H) HumHLé 0,T3V)"
Similarly,
1/2 3/2
(313)  [PuBbms bl parsorvey < Cllbmll 2 0 iz o | Fot0 7y
On the other hand,
||PmB(Uma bm)”V* = Ssup |<PmB(umv bm)y ¢>V*,V’
llollv<t
= sup S(um . V)memqbcm‘ = sup S(um - V) Py by, dz:
lollv<1'g, llpllv<1'y)
4/7
< ”;”ulzl (3 L o v/ TP T vy A
V>

and
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HPmB(bm’um) * = Sup |<PmB(bmaUm)a¢>V*,V‘
llollv<1
= sup [\ (b VIumPrnodz| < sup bl | Vimpsl| Pnollv
llollv<i'g, llllv<1

< Cllom] [V tim||ps-
Moreover, using (2.1)) we deduce that

1Pa ()l 2 = 50D (P )y Shiga s )
P
||¢||H%<Q)§1

= swp | T(um)Pudde| < sup  [A(up)lFi]| Pndllw
H¢I|H2(m7 ||¢HH2<_Q)S1

<C  sup [A(um)IEallPmdllge o) < CllAwm)IEs-
||¢H[H]%(Q)

We then obtain
(3.14) || PmB(wm, bm) || 200,157+

1/2
< Clbml| /2 e 1|

3/7 1/2 47

(OT]HI)HbmHL2 0,73V) Hum”L‘l(O,T;W)’
(3.15) ([P B(brms um) | L2 0,75v+) < Cllbm || oo (0,7 | V|l L3 0,713 (02))-

In a similar way, we find that for large m (m > my),

(3.16) A, Abp, € L2(0,T;V*) — LY3(0,T; W),
(3.17) 1Pk ()| 2 0,7:9+) < CllA(wm) 740 70 (2
(3.18) [P T (um) | /30,2y < C||A(Um)||?i4(o,T;L4(Q))-

Combining (3.5)), (3.6) and (3.12))—(3.18)), we deduce that (for m > my)
Ayt is uniformly bounded in LY/3(0, T; H™2),
Otby, is uniformly bounded in L*(0,T; V*).

Thanks to the Aubin—Simon type compactness results (see for example [41]
34, [39]), there exist vector-valued functions u,b such that, up to subse-
quences,

Uy by — u, b weakly™ in L°°(0,T; H),
Upny by — u, b weakly in L2(0,T;V),
Up, by — u, b strongly in L?(0, T; H),
U, — U weakly in L*(0,T; W),
Oy, — Opu weakly™ in L4/3(0, T; ]H[*Q),
Otbyy — Ob  weakly* in L(0,T;V*),

u, b satisfy the estimates (3.10)), (3.11)) and hence (3.3).

(3.19)
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II: Passing to the limit. To prove that (u,b) is a weak solution, let
us check that the equations

(3.20) Ou = —B(u,u) + B(b,b) — vAu — K(u) — T (u) + f,
(3.21) ob = B(b,u) — B(u,b) — nAb
hold, respectively, in L*/3(0,T; W*) and L2(0,T; V*) by passing to the limit

in the approximate problem ({3.5)—(3.7]). Let us consider the convergence of
each term on the right hand sides of (3.5 and (3.6]). We first prove that

(3.22) PuB(tm, ) — B(u,u)  weakly™ in LY3(0,T; W),

(3.23) PuB(by, b)) — B(b,b)  weakly* in LY3(0, T; W*),
(3.24) PuB(t, b)) — B(u,b)  weakly* in L?(0,T;V*),
(3.25) PouB(by, ) — B(b,u)  weakly® in L?(0,T;V*).
Set

k
S = {Z N(1)E < A\ € CH[0,T]), & € D(A), k =1,2, .. }
j=1

It is not difficult to prove that S is dense in L*(0,7;W) and L?(0,T;V)
(see [34, p. 211]). Hence, to prove (3.22)), we only need to verify that for any

fixed & (= 35, X;(1)&;) €8,

T
326) | | {(um - V)umPn® — (v V)ud} dvds = I) + I + I3 — 0,
0N

where
T
I = S Z Aj(s) S((Um —u) - V), Ppé;deds,
0 j=1 9]
T k
L= 2i(s) | (u V)u(Png; — &) duds,
0j=1 (9]
T k
Iy=— S Z)‘J( ) S(“ V) P& (wm — u) dx ds.
0 j=1 0
Note that
11 < CH@HL4(O,T;L4(Q))||VUm||L4(0’T;]L4(_Q)) Hu — umHLQ(O’T;Hﬁ(Q)),
k
I < Cllullgso.rasp I Vull orasey D 1€ = Pmésl
j=1

Is < OV Laoraepllull aoris@) v — umll z20,r12(2)-
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Thanks to the convergence of uy, (to u in L?(0,T;L2(£2))) and of P,&; (to &
in H), we conclude that

T
(3.27) S S {(um - V)umPp® — (u-V)ud} dzds -0 asm — oc.
00

In a similar way, we can obtain

(3.28) SS{ V)b Pr® — (b- V)b®} dzds — 0 as m — oo,
0
T

(3.29) 5 {um - V)b Prn® — (u- V)bB} dzds — 0 as m — oo,
0
T

(3.30) SS{ V)t Pn® — (b V)ud} dzds — 0  as m — oo,
00

which implies respectively (3.23)), (3.24]) and (3.25)).
On the other hand, note that A is a continuous linear mapping from
L2(0,T;V) into L?(0,T;V*), and we conclude that

(3.31) P Aby, — Ab - weakly* in L2(0,T;V*).

Hence, combining (3.29)—(3.31)), we get (3.21]). Also, bearing in mind ([3.27)

and 1' to obtain (3.20) we only need to check that for any fixed @
(=221 A ) €5,
(3.32) (P Ti(um), @)1 — (Th(u), )1,

where (,); is the duality product between L*/3(0,T;W*) and L*(0,T;W).

Note that

(PnTi(um), @)1 — (Ti(w), )1 = (Ti(um) — Ti(w), D)1 + (Ti(um), Pn® — Ph
=Ji+ Jo.

For Jy, we have

- S Z g (VVtm + aA? (um) + Bl A(um) > A(um) )V (Pné; — &) da ds

k
< C(IVumll 2,122y + 1A a0 71 (2)) ZHmej*fij

k
+ A Fa 0 11y D 1Py = &l
j=1
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Since {w;}32, forms an orthonormal basis of the space D(A®/?) for any
positive integer s, as we pointed in , taking s large enough such that
D(A%/%) < W, we deduce that P,,¢; converges to &; in both the spaces V, W
for each j as m tends to infinity. Therefore, we conclude that Jy converges
to zero as m tends to infinity.

Now it remains to verify that J; converges to zero. This can be achieved
by the monotone operator theory as in [17, 22} 20, [3]. Indeed since T (uy,)
is uniformly (in m) bounded in L*3(0,T; W*), we may assume that

Ti(um) — = weakly* in L*3(0, T; W*).
Hence passing to the limit in (3.5)) we have

(3.33) du = —B(u,u) + B(b,b) — Z+ f in LY3(0,T; W*).
Taking u as a test function in (3.33)), we obtain
(3.34) (2 u)1 = 5llu(0)* = 3llu(D)|I* + (B(b,b), u)1 + (f, u)1.

Tanking u,, as a test function in (3.5]) yields

(3:35)  (Ti(um)s umht = gllum (O[> = gllwn(T)I* + (B(brms bm) + frm)1.
Due to the monotonicity of 71, for any ¢ € L*(0,T; W) we have

(3.36) (Ti(um), um)1 = (Ti(um), @)1 + (Ti(@), um — @)1

Taking b as a test function in (3.21)), we find that

T
(3.37) (B(b,b),u)y1 = 3[b(0)]|* = FI6(T)I* = | V] dt.
0
On the other hand, taking b, as a test function in (3.6)), we get
T
(3.38) (B(bm,bn), wm)1 = 3bm O)|> = §1[bm (T[> = § V0| dt.
0

Noting that by, (T"), um(T) converge weakly in H to b(T),u(T') respectively,
and by, converges to b weakly in L2(0,T;V), we have

I(T)* < Yim inf [[b (D)%, [lu(T)|* < lim inf [um (T)],

T T
1B dt < timint | [V, de.

0 0
Hence inserting (3.37)), (3.38) into (3.34), (3.35) and combining this with
(3.36)), we obtain

<E,’LL>1 Z <7-1<um>7um>1 Z <7-1(um)7 ()0>1 + <7-1<90)7um - ()0>1
Letting m — oo yields
(3.39) (E—Ti(g),u—¢)1 >0 for any ¢ € L*(0,T;W).
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Take o = u + 0¢ for § > 0 and ¢ € L*(0,T;W). Then after division by &
and letting § — 0, we deduce that
(3.40) (5 —Ti(u),$)1 >0 for any ¢ € L0, T;W).
Hence = = Ti(u) and of course J; converges to 0 as m tends to infinity.

At last, since we can easily check that (u(0),b(0)) = (uo,bg) just as for
the Navier—Stokes equations (see for example [34]), we omit the details and
conclude that (u,b) is a weak solution to system (1.1).

III: Regular solutions. Now we prove the second part of Theorem 1.1.

Multiplying the equation by Au,,, Ab,, and integrating, we deduce that

1d
(341) 5 a||vum||2 + V)| At |2+ § (e + V)t Aty dx
19
— B\ div(|A(um) P A(um)) Ay dz — o | div[A® ()] Aty d
19 1 [0
< —IIFI* + eall Aum|® + § (b - V)b Aty da,
481 0

d
(342) = Vbl + 0ll Qb |* + § {(m - Vb — (b - V)t } Abiy = 0.
(0]
Note that
(3:43) || (um - V) then Aty d| < || Aty || ||Vt || 121 | 1.5
2

1
< 1| Aum | + E\\Vum\lﬁsWumHZ,

(3.44) |\ (b - V)umAuy dr| < || Ay || |Vt |31y o
N
1
< 1| Aum|* + e IVt 2 Vo 12,
€1

(3845) || (s - V)b At | < 1| Dt [Vl s
(0]

2/3
< C| A | | Qb |2 Vb2Vt 75 et |2

8/3
< 21([| Qb + [|Au]?) + Cey [V 15 | Vbim I,

and

3
(3.46) ’ S(bm-V)bmAumdx‘:‘ S | briibin O3t do
2

, ij k=110
= ‘ > (OkbmiOibm;Oktim; + bmi0iOkbum; Optim;) dz
ij k=110

< Vbl sl Vtm s + | Qb | Vetmllis 16 1Ls
< e1]|Abm|® + Ce, [ Vama £ Vo1
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On the other hand,

(3.47) B | div(|A(um) > A(tm)) At dz = 8 Y | 0(aZjak1)0F i da,
n i3kl 2
where Qi5 = aij(um) = @-umj + (%umi, i,j = 1,2,3. Since A5 = Qj;, WE

deduce from ([3.47) by integration by parts that

(3.48) B\ div(|A(um)® Alum)) Aty daz

2
= —é Z S aZ.ap02ay d
Ty ij Akl Op Akl AT
ikl Q2
B
=4 Z S(aijaga”)(aklazakl) dzr + 5 S a;; (agakl)Q dx
iGkle 2 ikl Q2

Moreover,

(3.49) ‘oz [ diviA® ()] Aun, dx‘
2

< ' | g |div[A%(up,)][? do + 92 6'“’ [ 14U de
02

|O‘|Z§ 103 A2 ()] da +6’a’ g | Aty | i

| /\

2!a! 6Iozl
>V 10iAwm) P Alum) ? do + —— S]Aum\de
s 02

Since |a| < y/v3/2, taking € = ﬁygliﬂf"z we obtain

(3.50) 20al/e < /2, €al/2 <.
Taking €1 small enough, we deduce from (3.41)—(3.46]) and (3.48)—(3.50|) that

| /\

d
(851) < (IVuml* + 1Vom*) + call Aum|* + 3] b
+ead  \ 1A®Um)P10iA (um )| d

i £2

8/3 1
< Oy (IVumlZs + IVum 553 (V| + [V |2) + 271Hf|!2

for some positive constants co, 3, ¢4. Gronwall’s inequality (see, e.g., [40} 34])
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then implies that
(352)  [Vum (@) + [[Vom (1)

t
< (IvulP + 190l + 5 1£17)

< exp { (§ [V ) 257 (§ [V 2 ) 8/9751/9}.
0 0

Note that (3.11)) and the Korn inequality imply that
t t
VIVumlisds < O A(unm)llfsds <O, YO<t<T.
0 0

Since
¢ t

t
S IVl ds < {I1Vuml|? ds + | [ Vum|fs ds,
0 0

0
we deduce from (3.11]) and ( - ) that
T
(353)  [Vun®IP + Vo0 < c(uwow T Vbl + 261||f||2)

for all 0 < t < T, where the positive constant C' depends on «, B,v,n,T,
ug, bp. Integrating (3.51)), we have

T
(3.54) S{CQHAum\F tesl| Abul? +ex > | |A(um)\2]8,~A(um)\2dx} ds
0 i 02

T
< C<||Vu0||2 + || Vbol|? + 251”fH2>’

where the positive constant C' depends on «, 5,v,n,T, ug, by.
Now, let us multiply the equations by Oy, Oy, to deduce that

(3.55) ||0tum||2+ \|Vum\|2+ﬁS]A(um)| Aum) - (Vg ); d

2 dt
02
= — S (U, + V) Uy Oty d + S(bm - V)b Ortuy, dz
2 k0]
a | div(A2 (um))Optim dz + | fr Oyt da,
2 k0]
(3.56)  ||0sbml* + = 5 dt||me||2 — {{(m - V)b + (b - V)t } 010y, d.
2

Similar to (3.48]), due to the symmetry of A(u,,), we have

(3.57) BN A(um) PA(um) - (Vt)s dz = % V1A (um)|* da.
2 2

ol
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On the other hand, note that
(3.58) (a [ div(A(um)) et dx’

(9}
< 5o S A P o+ 5 o

mMZﬂWA 21 A )2+ 2 2,
(359) | (um V)umatumdx( SCEHVumH 2|Vt |25 + ]| Byt |2,
2
(3.60) |\ (b - V)bmOrtty dz| < Cel|Vpm || Abr | + ]| Ot |12,
2
(3.61) |\ (b - V)0 dz| < Cel| Vo * |Vt |25 + ]| 0tbm 1%,
2
(3.62) || (tm - V)bmOrby dz| < Ce|| Vg |*|[ Vi | | Abyn | + €| Oebim 1%,
2
(3:63) | fmOutim da| < Coll funl* + e Grtom |
9]

Inserting (3.57)—(3.63]) into (3.55)) and (3.56|), we obtain
d B
360 ol + 5 (190l + S 1AL )

<O 10:A () | A(um) | dz + C|| Vb *[| Abi|
i 02
ot CUIVum* [ VeumlEs + | fml*},
(3:65)  [|8:bm|I* + [ Vbm|*

< C{IVurm |21V 0m]| || Abm || 4 1V |2 Vttn ||}

Integrating (3.64) and (3.65) over [0,¢], 0 < ¢t < T, and taking (3.52)) and
(3.54) into consideration, we deduce that

T

B
} (et + 1106 2) dt + 1V bm (8)|| + | Vet ()| + 1A @)ILs
0

< |[Vuol* + (| Vol + %|Vu0||4L4 + CZ S 105 A () || A(um ) |2 da dt
. i Or
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where 27 = 2% (0,T), and the positive constant C' depends on «, 8, v,n, T,
ug, bp. Similar to [I7, Section 4| (see also [34]), this combined with (3.54)
gives (3.4) by letting m — co. m

THEOREM 3.4. Let (ug,b1) and (ua, ba) be weak solutions of system (1.1)
corresponding to initial data (ui0,b10) and (ug20,b) respectively. Assume
that |a] < /2vB and (ug,b2) € L>®(0,T;W x V). Then, for 0 <t < T, we
have
(3.66)  Jlua(t) —u2()[* + 1ba() — ba(1)]*

< C(JJuro — usol|* + ||bro — baol[?).-

Furthermore, for 0 <1< T/2,
(3.67)  lur — u2”%2(l,21;V) + [1br — b2HQL2(l,2z;V)
< C(llur — w720 1y + 1101 = balI 720 1))
(3.68)  [10kur — Oyl 11 g oy, 222y + 106b1 = Oeball 1 oy g2 2y
< Cllur — w2l 2@ 20wy + 101 = b2(l 201,267y ) -
Proof. Set w = u; — ug and b= b1 — bs. It is obvious that (ﬂ,g) satisfies
the system
Oyt + v AT + B(uy, ) + B(w, uz) — B(b1,b) — B(b, ba)
(T w) - T )+ Kw) —K(uz) =0,
(3.69) O¢b + B(u, by) + B(uz,b) — B(b, u2) — B(b1,u) +nAb =0,
V-b=V-u=0,
up = u10 — u20, bo = b1o — b2o-

Multiplying |) by ﬂ,g and integrating, bearing in mind that
T(u) = (v—vdo)Au+ (1 —00)T (u) + K(u), dp=1—+/a?/(2vp) € (0,1),

we obtain
1d, - -
(3.70) 5 @HUH2 + || Va||* + 60(T (u1) — T (uz), @)= w

= —(T(w) = T (u2), Wwew — | (@ V)uitidw
2
+ (b1 V)b da + [ (b- V)bsii da,
2 2
(3.71) % %H’EHQ VB2 = = {{@ )b+ (b V)ua + (b - V)}b .
2
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Since J and T are monotone operators (see Lemmas 2.1 and 2.2), and

V(b - V)b da = — | (by - V)ubda,
2 0
we deduce from (3.70) and (3.71)) that

(3.72) [@1* + [16]1%) + véo | Val|* + nl|Vb|*

d
3 di'
< H(a- V)uQadm\ + H(’B- V)bgﬂdm’
P %
+ H(a- V)b{z}dx) + H(’E- V)uQde‘.
02 7

Note that, for 0 <t < T,

313)  |[@ Vywade| < a2Vl < | Val? + Cla)®
Similarly
3740 |§b- Vyusbda| < VB + CoIH)?,
9]
(375)  |[@ V)badde| < Vb [l bls
’ < GBI VB a4 v
< (B2 =+ ) (Va2 + [ 7B)12)
< CL(BI2 + ) + (1@l + |VB]2),
376)  |§(@ V)bibda| < Co(BI? + @) + (vl + V5.

0

Combining (3.72)—(3.76) and taking £ small enough, we get
d - _ ~ _ ~

(3.77) a(HUll2 + [1B11%) + vdo| Val* +nl Vo[ < C([all* + [[b]%),
which implies that, for any 0 < s <t < T,
(3.78) [@@)|* + [6() 1> < e“E(fJas)|1* + [1b(s)II)-
This gives (3.66) by taking s = 0. In particular, if ujo = ugg and bjg = beg,
then u;(t) = ua(t) and by (t) = ba(t).

Now for [ > 0, we take s € (0,1) and integrate (3.77)) over (s, 2l) to obtain

2[

(3.79)  [[@@)* + [50)7* + [ Va)|* +nlVb(o)|*) di

s
21

< C Y@@l + 16()1%) dt + [[a(s)|I* + ()]

S
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Using (3.78)), we have
2l
(380) (VAR + IVBEI) de < COJa(s) 2 + [5(s)]).
Integrating (3.80) with respect to s over (0,1), we get (3.67) immediately.
Finally, let us prove (3.68). Taking (¢, %) from the unit ball in L*°(1, 2i;
Wi2(02) x W?(£2)) as test functions in (3.69), we deduce that

2 2l 2
(3.81) H(Btu ©) ds‘ < 1/ |{(Aw, p)| ds + S (T uz), )| ds
l l l
2l _ _
+ S ‘<—B(U1,a) - B(aal@) +B(blab) +B(b7 b2)7g0>‘ ds
l
2l
+ V(K (w) = K(uz), ¢} ds,
l
21 21

(3.82) | [ (@b, v) ds| < n | (b, )| ds
l l

2l
+ § B, br) + Buz,b) — B(b, uz) — B(br, ), ¥)| ds.
l
Let us estimate the terms on the right hand sides of (3.81]), (3.82)) one by
one to derive (3.68]). From the imbedding of Sobolev spaces we know that

el 2,209y 1 2 0,209y < C
[91] oo 1,205 (2)) 5 1] Loo 1,200 (2)) < C,
V| Lo 1,201.00 (02))5 IV @l Loo 1,201.0 (02)) < C.
Thus it is easy to infer that
2

(3.83) v S (A, p) ds < vl g2 v 1l L2209 < Cllallp2a,2iv)s
!
21

(3.84) n S [(Ab, )| ds < 77||ZHL2(1,21;V)||¢||L2(z,21;V) < C||g||L2(l,2l;V)a
!

and also

2l
(3.85) | [(B(u1, @) + B(@, up) — B(b1,b) — B(b,ba), )| ds
l

C U 2219 + 10l L2209,
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21
(3.86) | [(B(iL, b1) + Bluz, b) — B(b, up) — B(by, 1), 1)) ds

l ~

< C([ull 2,209y + 110l 21,209 ) -

Furthermore, since V¢ is bounded, we deduce that

21
(3:87) | [(K(uw) ~ K(u2), ¢)|ds

!

21

- SH(A2(U1) — A%(up)) - Vo dx
)
2l

I
ey

{A@A(w) + A(u) A@)} - Vipda| ds
1 2

< CHA@)HB(ZQZ;M(Q))(HA(ul)Hm(z,zz;M(rz)) + HA(U2)HL2(1,2Z;L2(Q)))
< Cllull g2 2wy (luall 2,209y + llwzllzg2ivy) < Cllall 2,260y,
where we have used the fact that
AP (ur) — A (uz) = (A(ur) — A(uz)) A(ur) + A(uz) (A(ur) — A(uz))
for the second equality. Similarly, we have
21

(3.88) S (T (1) — T (u2), )| ds
!

l .Q

21
<0\ S{IA un) P|A@@)] + (|Aur)] + [Auz)]) | Au2)| |A@@)]}
12

< C(HA(U1>HL4(l,21;L4(Q)) + HA(U2)H%4(Z,2l;L4(Q))) IA@) || L2202 (2))
< Cllall 2,260y
where, for the first inequality, we have used the observation that
| Alur) P A(ur) — |A(uz)[* A(us)
= |A(ur) PA®@) + (|A(ur)| = [Alu2)]) (|Alur)] + [Aluz)]) Auz).
Plugging ([3.83)—(3.88) into (3.81)) and (3.82)), we conclude that

21 2l
(3.89) |V o) ds| + | §(@ib, ) ds| < Clllpaq ) + IBllz2.20)
l l
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for any (¢,1) belonging to the unit ball of L>(1,2l; Wi?(£2) x Wa?(£2)).
Taking the supremum over all (¢, ) we obtain (3.68]). =

REMARK 3.5. Recall that, in the absence of a magnetic field, Hamza
and Paicu [I7] have proved the uniqueness of weak solutions for the reduced
third grade fluid system. For the coupled system (1.1), we have not been
able to prove the uniqueness of weak solutions due to the lack of regularity
of the magnetic field b. However, under some additional assumptions, such
as b € L*(0,T;V), the uniqueness result could be recovered for system (1.1).
However, we will not pursue this in detail, since the result is well known for
Navier—Stokes equations and the proof is also not difficult.

4. Large time behavior. In this section, we use the I-trajectory method
developed in [24] 26] to prove the existence of a finite-dimensional global
attractor and an exponential attractor for system (1.1). For the convenience
of the reader, we first give a brief review of the [-trajectory method.

4.1. The [-trajectory method

DEFINITION 4.1 (|34, B, 42, 27]). Let {S(¢)}+>0 be a semigroup on a Ba-
nach space X. A subset &7 C X is called a global attractor for the semigroup
if & enjoys the following properties:

(i) &7 is compact in X
(ii) <7 is invariant, i.e., S(t)o/ = o/ for any t > 0,
(iii) < attracts every bounded subset of X, i.e.,

VB C X bounded, lim dist(S(t)B, <) =0,

t—o00

where dist is the Hausdorff semidistance between sets in X, defined as

dist(A, B) = sup inf |ja — b||x, VA,BC X.
aeAbGB

DEFINITION 4.2 ([34, [42, 27]). The fractal dimension of a compact set
K in a Banach space X is defined as

log N.(K
d¢(K) = limsup log Ne(K)
€0 —loge

where N (K) is the minimal number of balls of radius € in X needed to
cover K.

DEFINITION 4.3 ([12,27,11]). Let {S(t)}+>0 be a semigroup on a Banach
space X. A subset & C X is called an exponential attractor for the semigroup
if & is compact in X and enjoys the following properties:

(i) & is positively invariant, i.e., S(¢t)& C & for any ¢t > 0,
(ii) the fractal dimension d¢(&’) is finite,
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(iii) & attracts bounded subsets of X exponentially, i.e.,
VB C X bounded, dist(S(t)B,&) < Q(|| Bl x)e”“,

where the positive constant ¢ and the monotonic function ) are inde-
pendent of B.

Let X, Y, Z be three Banach spaces, with X being reflexive and separable,
such that ¥ << X (compact imbedding) and X < Z. For p; € [2,00),
p2 € [1,00) and fixed 7 > 0, let

X, =L%0,7:X), Y,={ueLP(0,7;Y):u € LP*(0,7;Z)}.

Thanks to the well known Aubin-Simon type compactness results (see for
example [411 34, 39]), we have Y; <—— X.
Consider an abstract autonomous evolutionary problem

(4.1) O = F(u(t)) inX (t>0),
u(0) = u,

where F' : X — X is a nonlinear operator, ug € X. Assume that, for any
T > 0, system admits at least one solution u € C'(0,T; X,,), the space of
weakly continuous functions from the interval [0, 7] to the Banach space X.
Then for any fixed [ > 0, the [-trajectory is any solution on the time interval
[0,{]. The set of all I-trajectories is denoted by 2; and equipped with the
topology of X; = L?(0,1; X).

Now, we formulate the assumptions made in [26], which guarantee the
existence of a global attractor and an exponential attractor for problem (4.1).

(A1) For any up € X and any T' > 0, there exists a (not necessarily unique)
solution w € C([0,T]; Xy) N Y7 to problem on [0,7] with «(0)
= up. Moreover, for any solution the estimates of ||u||y;, are uniform
with respect to |lugl|x-

(A2) There exists a bounded set B® C X with the following properties: if
u is an arbitrary solution with initial condition ug € X then (i) there
exists tg = to(|lug||x) such that u(t) € B° for all t > to and (ii) if
ug € BY then u(t) € B for all t > 0.

(A3) Each I-trajectory has among all solutions a unique continuation, i.e.,
from an end point of an [-trajectory there starts at most one solution.

By (Ag3), we can define a semigroup L; on 2 as
Li(x)(7) ==t +7), Vvrel0l],
where u is the unique solution on [0, + 7] such that ulj ; = x.

(A4) For all ¢ > 0, the operator L; : X; — X; is continuous on %’? =
{x € 2i:x(0) € B"}.
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5 or some Ty > the closure of L m X; (denote 1S
(A5) F 0, the cl f L,(#) in X; (d d by %}) i
—X

included in &Y, i.e., L (#%)""' (= B}) C B.

(Ag) There exist a space W; and a constant 7 > 0 such that W; —— X
and L. : X; — W; is Lipschitz continuous on %’}

(A7) The map e : X; — X, e(x) = x(l), is continuous on %;}.

(As) The map e : X; — X is Holder-continuous on %}

(Ag) For all 7 > 0, the operators L; : X; — X are uniformly (with respect
to t € [0,7]) Lipschitz continuous on 4.

(A1) For all 7 > 0, there exist ¢ > 0 and v € (0, 1] such that for all y € B}
and tq,ts € [0,7’],

HLt1 (X) - Lt2 (X)HXZ < C|t1 - t2”y-

Note that the map e : X; — X assigns to every [-trajectory its end point.
It is meaningful since all trajectories are weakly continuous. Let B! = e(%}).
Thanks to (A3), for every initial condition ug € B!, there exists a unique
solution to , hence the solution operators S; are well defined on B!.
Moreover, it is not difficult to find that B! is positively invariant with respect
to St.

Now, under some of the assumptions above, we state the existence of
a finite-dimensional global attractor and an exponential attractor for the
dynamical system (S, B1).

THEOREM 4.4 (|20]). Let assumptions (A1)—(As) and (A7) hold. Then
there exists a global attractor </ for the dynamical system (Si, B'). More-
over, if assumptions (Ag), (As) are satisfied then the fractal dimension of
the attractor is finite.

THEOREM 4.5 (|26]). Let X be a separable Hilbert space and let assump-
tions (A1)—(Ag) and (Ag)—(A1g) hold. Then there exists an exponential at-
tractor & for the dynamical system (Sy, BY).

4.2. Existence of global attractors and exponential attractors.
The main results of this section can be stated as follows.

THEOREM 4.6. Assume that (ug,bp) € Hx H, f € H, 8 > 0 and |a| <
VvB/2. Then system (1.1) has a finite-dimensional global attractor </ in
H x H.

THEOREM 4.7. Assume that (ug,bp) € Hx H, f € H, > 0 and |a| <
VvB/2. Then system (1.1) has an exponential attractor & in H x H.

Proof of Theorem 4.3. Thanks to Theorem [£.4] to prove the above theo-
rem it is enough to check assumptions (A1)—(Ag) and (Ag). Now let us check
them one by one.
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Assumption (A1). For our problem, we set
X=HxH and X;=L%0,;H x H),
and
Vi = {(u,b) 1w € LY0,1; W), dyu € LY3(0,1; W)
and b € L*(0,1;V), 0;b € L*(0,1;V*)}.

Thanks to Theorem for any T' > 0 and any (ug,by) € X, there exists
a weak solution (u,b) € C([0,T]; X) such that for any ¢ € L*(0,T; W) and
¥ € L*(0,T3V),

T
(4.2) S(@tu, ©)w wdt = — S (u- V)updzdt + S (b-V)bpdxdt
0 7 Q7
— V {wVu+ad®w) + BlA(W)PA(w)) - Vo + fo} du dt,
Q7
T
(43) (@b, )yt =— | {[(u-V)b+ (b- V)uly) — Vb - Vip} da dt.
0 N7
Moreover,

(4.4) Hu(t)H%?(O,T;V) + ||A(U)(t)||4L4(o,T;L4(Q)) + ||b(t)||%2(o,T;v)
< C(Jluoll* + lloll* + 1 £11%),

where the positive constant C' depends on v, a, 5, T.

On the other hand, similar to (3.12)—(3.18) we can deduce from (4.2 and
(4.4) that, for any weak solution (u,b),

(4-5) |<atu7 @>L4/3(0,T;W*),L4(0,T;W) |
3/2 3/2
< CHU’HL2(O7T;V)H(p|’L4(O,T;V) + CHbHL2(07T;V)”‘PHL‘l(O,T;V)
+ CHUHH(O,T;V) H‘PHL?(O,T;V) + C||A(u) H2L4(O,T;IL4(Q)) H‘PHL?(O,T;V)
+ CHA(U)|’%4(0,T;L4(Q))HSD\|L4(0,T;W) + CT | fI el z2(0,7;w)
< C(llull 20 + 1017 200.7:5) + 1A 240 110027y + DIl Laorom)
< C([luoll; [[bolD) llell 40, 7;m) -
Also we can deduce from (4.3]) and that

4/7 1/2
(4'6) ‘<8tb’ Qb>L2(0,T;V*),LQ(O,T;V)’ < CHUHL/AL(QT;W)HbHL/2(07T;V)”¢HL2(0,T;V)

+ ClIVull s 0,3 ) ¥l L20,0v) + Cllbl L2 0,759 19| 2 0,759
< C(lfuolls 1ol 11l 220, 7:v) -
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From (4.5) and (4.6), we then conclude that
(4.7) 10cull Lars o 7wy + 19:bll 20,739+ < C([luoll, [1bol])-
Now (A;) follows from (4.4]), (4.7) and the Korn inequality.

Assumption (Agz). Taking ¢ = u and ¢ = v as test functions, similar to
(3.9) in the proof of Theorem we can deduce that

d
—(lul® + [1B1%) + [Vull* + [ Al + [ V5]* < CIFI,

where the positive constant C' only depends on v, «, 8, 7. Using the Poincaré
inequality

[ull < Cul[Vull, (bl < C1[[ V0,
and Gronwall’s inequality, we get

ClrI?
Cq

Taking B as the ball centered at zero with radius /C/Cy || f|| in X, we
obtain (Ag).

Assumption (Ag). For any trajectory y € 2, there exists 0 < 7 < [
such that x(7) € W x V, since x € L*(0,1; W) x L?(0,1;V). Thanks to
Theorem [3.3] we know that there exists a solution (u,b) € L>(0,T; W x V)N
L2(0,T; HZ(2) x Hf,(())) starting from x(7) with (9yu, 9;b) € L?(0,T; H x H)
for any 7' > 0. Thanks to Theorem [3.4] such a solution is unique in the class
of weak solutions. Thus, we obtain (Asz).

Assumption (Ayg). Set B = {x € 2i : x(0) € B°}, where B is the
set derived in (Az). For any x € %), there exists a so € (0,1/2) such
that x(s9) € W x V. Thanks to (As), there exists a unique solution (u,b) €
L>(s0, T; Wx V) starting from x(sg). The semigroup L; is well defined on .27,

Li(x)(1) :== (u(t+7),b(t+ 7)), Vrelol],
where (u, b) is the unique solution on [0, + 7] such that (u,b)j0;; = X.
For any ¢ > 0, let (u1,b1) and (ug,b2) be solutions on [0, + [] whose

restrictions to [0,!] are x1, x2 respectively. Let 7 € [I/2,t + [/2]. For any
s € (0,1/2), thanks to Theorem [3.4] (see (3.78))), we have

(48)  [u®IP + DO < (ol + lbo]2)e= + A= (1 — =€),

(4.9)  ur (T + 5) —ua(t 4+ 8)||* + [|br (7 + 5) — bo(7 + 8) |
< eall/2+s) = x2(l/2 + )|
Integrating (4.9) with respect to s on (0,1/2), we get

T+L/2
(4.10) V' (luals) = ua(s) 1 + [Ib1(s) — ba(s)[|?) ds

T c c
<e“xa = x2llZ20/20) < €llxa — xellZ200x)-
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If (k— 1)l <t < kl for some positive integer k£ > 1, then taking 7 =
(k— 1), kl —1/2,kl, kl + 1/2 respectively, we deduce from (4.10)) that
kl—1/2
o (lur(s) = ua(o)[* + 11 (s) = ba()[1*) ds < e“Ix1 = xall72(04ex):
(k—1)l
kl
Vo (lur(s) = ua(s)[I* + 11 (s) = ba(9)[1?) ds < e“Ix1 = xall72(04ex):
kl—1/2
kl+1/2
| (lur(s) = ua(s)[> + 1b1(s) = ba()]1*) ds < e“Ix1 = xall72(04ex);
ki
kl+1

[ (lun(s) = ua(s) 1> + 1b1(s) = ba(s)]1%) ds < e lIx1 = x2llF2025)-
kl+1/2

Hence
t+1
(411) | (llua(s) = ua(s)[* + [br(s) = ba(s)]1%) ds
¢ ki+1
< | (lua(s) = ua(s)[? + b1 (s) — ba(s)]|?) ds
(k—1)1

< 4e“|x1 - XQH%Q(O,I;X)'
If 0 <t <, taking 7 =1/2,1,31/2 we have
l
V (i (s) = ua(s)[* + [lor(s) = ba(s)1%) ds < € = xall72(01.x):
1/2
31/2
V (lua(s) = ua(s)[I* + [101(5) = ba(s)II*) ds < ellxa = X2l 72(0,4.x);
l
2l

b (lur(s) = ua(s)I* + [101(s) = ba(9)]1%) ds < e“llxa = xal72(0.5)
31/2

which imply that

t+1
(412) | (lur(s) = ua(s)[* + l[br(s) — ba(s)]%) ds

by 1/2

< ) (llur(s) = uz(s)]* + [ba(s) = ba(s) %) ds + | I = xellk ds
12 0

< (3% + 1) xa1 - X2l 204 x)-
Combining (4.11)) and (4.12), we obtain (Ay4).
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Assumption (As). Note that (As) implies that %) is positively invariant
with respect to L;. Thus to verify (As), it is enough to check that 2 is closed
in Xy, that is, if {xn}(= {(tn,bn)lo,y}) is a sequence in %} converging to
some x (= (u,b)[jo) in X then y is also a trajectory with x(0) € B°.

From Assumption (Ay), it follows that {x,} is bounded in Y}, that is,

”unH%%o,l;W + HA(un)Hiél(o,l;Lél(Q)) + anH%Q(OJ;V) <C,
||atun||L4/3(o,T;W*) + 10¢bn | 220, 17v+) < C.
Thus up to subsequences,
Up, by — u, b weakly in L?(0,1;V),
Un, by — u, b strongly in L?(0, [, H),
Up —> U weakly in L*(0,1; W),
Oup — Oyu weakly™ in L4/3(O, I; W),
Ob, — 9b  weakly* in L2(0,1; V*).
Thus similar to the proof of Theorem [3.3] using the monotone operator
theory we can verify that x = (u,b)|o is a weak solution of problem (1.1)
in [0,]. Tt remains to show that x(0) = (u(0),b(0)) € B°. Indeed, since
Xn — X in L2(0,1; H x H), we infer that x,(t) — x(¢) in H x H for almost
every t. Note that B is a closed ball in H x H. Thus x(t) € B° for almost
every t € [0,!]. Finally, thanks to the continuity of x : [0,]] — H x H, we
conclude that x(0) € B°, proving (As).

Assumption (Ag). Set
Wi = {(u,b) €L*(0,1;V x V) : (Jgu, dpb) € L' (0, I; (W2(£2))* x (W32(£2))")}.
Note that ‘ ‘

V x Ve H x H — (W52(02))* x (W32(12))*.
By the Aubin—Simon type compactness results, we have W; —— X;. It
remains to verify that for some 7 > 0, L, : X; — W, is Lipschitz continuous
on %!. From the definition of %’ll and the regularity results in Theorem
(see ), we know that L is bounded in L>°(0,1; W x V)N L*(0, 1; HZ(£2) x
]HI%(Q)) Thus thanks to Theorem (see 1’ ), for any x1, x2
in ,%’ll,
[ Li(x1) = Li(x2)llw, < Cllxa = xallx,-

Hence (Ag) holds.

Assumption (A7). Let x1,x2 € ,%’ll From the regularity of ,%’ll, we know
that 1, x2 are bounded in L°°(0,1; W x V)N L2(0,; H%(Q) X H%(Q)) Thus
thanks to Theorem (see (3.78))), for any 0 < s < I,

1) = x2 (D% < Clixa(s) — xa(s) %
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Integrating with respect to s over (0,1), we obtain

(@) = x2(Dllx < Clixa = xallx
which is exactly (Ar).

Assumption (Ag). It follows directly from (Ar).
This completes the proof of Theorem

Proof of Theorem 4.4. Thanks to Theorem it is enough to prove (Ag)

and (Ajg). Note that (Ag) is a simple consequence of (4.11]) and (4.12), so
we only need to verify (Ajg). Thanks to Theorem 3.1, the set %} is bounded

in L>°(0,1; W x V)N L2(0, Z;Hg(ﬂ) X HZ(Q)) and {0y : x € B} } is bounded
in L2(0,1;H x H). Here 9y is the partial derivative of y with respect to ¢
(i-e., (Oru, Oib)ljo,))- Thus for any x € B! and any t1 <ty € [0, 7],

l

(4.13) V1 Zeix(s) = Lipx(s)lIx ds
0

lultz + s) = u(ty + 5)|* + [1b(t2 + 5) — b(t1 + 8)||2} ds

IN

!
H
0
l to+s 9 to+s 9
:S{ S agu(g)ckH + S 8§b(§)d§H }ds
0 1+s t1+s
l to+s 9 to+s 9
:S{S S 8§u(§)d§) dw—i—S S 8§b(§)d§) dw}ds
0 2 ti+s Q2 ti+s
l ta+s
<J{t=t) | T 190 +10:b(5)) ds do } ds
0 Qt1+s
l to+s to+s
= {2 =) | 10 ds + (t2 = 11) | 10:b(6)|* ds } ds
0 t1+s t1+s
l
S
0

(tQ - tl)(Hagu(g)||L2(t1+s,t2+s;H) + Ha@b(g)HLQ(t1+s,t2+s;H)) ds.

Since 93} is positively invariant, we find that

H8€u(g)HLz(t1+s,t2+s;H) + Ha§b(g)”LQ(t1+s,t2+s;H)
is bounded by some constant depending on 7,l. Then it is easy to deduce

from (4.13) that
1L, () = Le 001, < Ot — o2,
Thus we obtain (A1) and complete the proof of Theorem
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