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¢-minimal rotational surfaces in
pseudo-Galilean space with density

DAE WON YOON (Jinju), JAE WON LEE (Jinju) and
CHuUL W00 LEE (Daegu)

Abstract. Rotational surfaces in the pseudo-Galilean 3-space G have some types
according to pseudo-Euclidean rotations and isotropic rotations. We study rotational sur-
faces in G3 with a log-linear density and investigate ¢-minimal rotational surfaces.

1. Introduction. Minimal surfaces are one of the main objects which
have drawn geometers’ interest for a long time. In particular, Euler found
that the only minimal rotational surfaces are the planes and the catenoids,
and Catalan proved that the planes and the helicoids are the only minimal
ruled surfaces in the Euclidean 3-space £3. In 1983, Kobayashi [J] classified
space-like minimal ruled surfaces and rotational surfaces in the Minkowski 3-
space £3, and Van de Woestyne [16] extended it to the Lorentz version in 1988.

As a new category in geometry, a manifold with density (also called a
weighted manifold) appears in many areas of mathematics, and the study
of and interest in such manifolds has increased due to their applications in
probability and statistics. It was instrumental in Perelman’s proof of the
Poincaré conjecture [13].

A manifold with density is a Riemannian manifold M with a positive
density function, which is used to weigh the volume and area. Consider a
surface in the Euclidean 3-space £ with density e?. Then the weighted
mean curvature H, (also called ¢-mean curvature) of a surface M in &3
with density e? is defined by

(L1) Hy = H — (Y6, N),

where H is the mean curvature, N is the unit normal vector of M and V¢ is
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the gradient of ¢. The ¢-mean curvature Hy was introduced by Gromov [6]
and it is a natural generalization of the mean curvature H of a surface. As
one can see in [15], the mean curvature can be expressed as an isotropic
surface free energy and the weighted mean curvature is the same as the
anisotropic surface free energy. A surface with Hy = 0 is called a ¢-minimal
surface or a weighted minimal surface in £3. A weighted minimal surface is
the same as a self-similar surface, which is a solution of the mean curvature
flow. Some results on manifolds with density and related topics can be found
in (1], [2), [7], [8], [10], [12] and [14].

In particular, Hieu and Hoang [7] studied ruled surfaces and translation
surfaces in €3 with density e, and they classified the ¢-minimal ruled sur-
faces and the ¢-minimal translation surfaces. Also, Lépez [10] considered a
log-linear density e®®tP¥+72 o B~ € R, and he classified the ¢-minimal
translation surfaces and the ¢-minimal cyclic surfaces in the FEuclidean 3-
space £3. Belarbi and Belkhelfa [I] investigated properties of ¢-minimal
graphs in &3 with a linear density. Recently, the first author [I8] studied
translation surfaces in the Galilean 3-space G3 with a log-linear density, and
completely classified the ¢-minimal translation surfaces in G3. The Galilean
space is one of the Cayley—Klein geometries defined by a Lie group.

In this article, we focus on a class of rotational surfaces in the pseudo-
Galilean 3-space Gil)). We investigate some types of ¢-minimal rotational
surfaces according to pseudo-Euclidean rotations and isotropic rotations in
G} with a log-linear density e®@+8y+72,

2. Preliminaries. In 1872, F. Klein in his Erlangen program proposed
how to classify and characterize geometries on the basis of projective ge-
ometry and group theory. He showed that the Euclidean and non-Euclidean
geometries could be considered as spaces that are invariant under a given
group of transformations. Any geometry motivated by this approach is called
a Cayley—Klein geometry. Actually, the formal definition of a Cayley—Klein
geometry is a pair (G, H), where G is a Lie group and H is a closed Lie
subgroup of G such that the (left) coset space G/H is connected. G/H is
called the space of the geometry or simply the Cayley—Klein geometry.

The pseudo-Galilean geometry is one of the real Cayley—Klein geometries
with projective signature (0,0,+,—). The absolute figure of the pseudo-
Galilean geometry is an ordered triple {w, f, I}, where w is the ideal (abso-
lute) plane, f a line in w and I a fixed hyperbolic involution of f.

Homogeneous coordinates in G:I,) are introduced in such a way that the
absolute plane w is given by xzg = 0, the absolute line f by 9 = z; =0
and the hyperbolic involution by (0: 0 : z3 : 23) — (0: 0 : 3 : x2). With
respect to the absolute figure, metric relations are introduced (see [4]). In
affine coordinates defined by (xg: x1 : 29 :23) = (1: 2 :y: 2), the distance
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between the points P; = (x4, i, z) (i = 1,2) is defined by (see [11])

| — 1 if 21 # 9,
d(P,, Py) =
(1) {\/|(y2—y1)2—(22—21)2| if z1 = 5.

The group of motions of Gzl,, is a six-parameter group given (in affine coor-
dinates) by

r=a-+x,

9y = b+ cx 4 ycosh ¢ + zsinh ¢,
Z = d + ex + ysinh ¢ + z cosh ;

more details can be found in [4, [5].

The pseudo-Galilean scalar product of two vectors x = (1,1, 21) and
y = (72,2, 22) in G} is defined as

T122 if x1 #£ 0 or g # 0,
(x,y) = .
y1yo — 2122 if 1 =0 and a9 = 0,

(2.1)

and the pseudo-Galilean norm of x is given by

|$1‘ if I 7£ 0,
1] = { o e
ly; — 27| ifz1 =0.
A vector x is called isotropic if 1 = 0, otherwise it is called non-isotropic.
All unit non-isotropic vectors are the form (1,y1,21). An isotropic vector
x = (0,y1,21) of G% is said to be spacelike if y?—2% > 0, timelike if y?—23 < 0
and lightlike if y? — 22 = 0. A non-lightlike isotropic vector is a unit vector
if y? — 22 = +1.
The pseudo-Galilean cross product of x and y on G} is defined by

0 —e€2 €3
(2.2) XxxXy=l|r1 y 21
T2 Y2 22
where ez = (0,1,0) and e = (0,0, 1).
Consider a C"-regular surface X, r > 1, in Gzl)) parametrized by
x(ur,uz) = (z(u1, u2), y(ur, uz), 2(u1, uz)).

We denote by x,, yu, and z,, the partial derivatives of the functions z, y
and z with respect to u; (i = 1,2), respectively. The parametrized surface
is admissible if it does not have pseudo-Euclidean tangent planes, that is, if
and only if x,, # 0 for some ¢ = 1, 2.
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On the other hand, the matrix of the first fundamental form ds® of X is

given by
ds? — (ds% 0 )
0 ds3)’

where ds? = (g1duy + godug)? and ds3 = hyidu? + 2hiadurdug + hogdu3.
Here g; = xy, and hyj = (Xy,;,Xy;) (i,j = 1,2) means the Euclidean scalar
product of the projections x,, of x,, onto the yz-plane.

The unit normal vector field N of X' is defined by

N = ;(O, Ty Zuy — Tus Zuy s Tuy Yuz — TugYus ),

where the positive function w is given by

w = \/| (:L'u1zu2 - $U22U1)2 - (mu1yu2 - muzyul)Q"

Since the surface is admissible, the normal vector is isotropic. From this, the
coefficients L;; (i, j = 1,2) of the second fundamental form of X' are given by
€, . - €, -

Lij = 7<glxuiu]’ — Gi,jXuq, N> = 7<g2xuiu]’ — Gi,jXuz> N>a

g1 92
where e denotes the sign of the unit normal vector N and g; ; = dg¢;/0u;. The
Gaussian curvature K and the mean curvature H of X' are defined by [11]
EL11L22 - 13,

(2.3) K=-— a—

w

(2.4) H = (93111 — 29192 L1 + g% La).

€
20?2

Now, we define rotational surfaces in the pseudo-Galilean 3-space G:I,,.

A rotational surface in the Euclidean space is generated by revolving
an arbitrary curve about an arbitrary axis. In the pseudo-Galilean space,
however, there are different cases of curves (non-isotropic or isotropic) as
well as different cases of rotations (pseudo-Euclidean or isotropic). Some
cases of rotational surfaces in G} were studied in [I1] and [L7].

CASE 1: The rotation is pseudo-Euclidean.
Suppose that a non-isotropic curve C' lies in the zy-plane or xz-plane.
Then C' can be represented by

C(u) = (f(u),g(u),0) or C(u) = (f(u),0,g(u)),
where g is a positive function and f is a smooth function on an open interval 1.
On the other hand, a pseudo-Euclidean rotation in G} is given by the
normal form

T
(2.5) i = ycosht + zsinht,
zZ = ysinht + zcosht.
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Thus the corresponding rotational surface can be written as

(2.6) x(u,v) = (f(u), g(u) coshv, g(u) sinh v)
(2.7) x(u,v) = (f(u), g(u) sinh v, g(u) coshv),

for any v € R.

CASE 2: The rotation is isotropic.
First of all, without loss of generality, we may assume that an isotropic
curve C lies in the yz-plane, and so it is given by

C(u) = (0, f(u), g(u))
for some smooth functions f and g. In this case, an isotropic rotation in Gé
is given by the normal form

T =ux+ bt,
(2.8) U=y + xt +bt?/2,
2=z

and the rotational surface can be parametrized by
2

(2.9) x(u,0) = (0 F0) + 00,

where t € R and b is a positive constant.
Next, we assume, again without loss of generality, that a non-isotropic
curve C lies in the isotropic xy-plane and is parametrized by

C(u) = (f(u), g(u),0)
for some smooth functions f and g. In this case, an isotropic rotation in G4
is given by the normal form [3]

&I
Il

+ bt

T
(2.10) y=v,
zZ=2z

+ at + bt? /2.
Thus, the rotational surface is defined by

02
2.11) xtuso) = (1) + 90007 (0) + 5 )

where t € R and b is a positive constant.

3. Minimal rotational surfaces with a linear density. First of all,
we classify the rotational surfaces generated by a non-isotropic curve with
zero ¢g-mean curvature.
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3.1. The rotation is pseudo-Euclidean. Let M be a rotational sur-
face generated by a unit speed non-isotropic curve C(u) = (u, g(u),0) in G3.
Then M is parametrized by
(3.1) x(u,v) = (u,g(u) coshv, g(u) sinhv),

where ¢ is a positive function.
The unit normal vector field N of the surface M is given by

(3.2) N = (0, coshv,sinhv).

By a straightforward computation, the mean curvature H of M is
1

3.3 = .

(33) 29(u)

If M is a rotational surface in G% with a log-linear density e?, where ¢ =
ar + By + vz, a, 3,7 not all zero, then the ¢-mean curvature Hy of M is

(3.4) Hy = H — L(N,V¢)
and the ¢-minimality condition Hy = 0 of M becomes
1
(3.5) — ((0, cosh v, sinhv), (a, 8,7)) =0,

g(u)
where V¢ = («, 3,7) is the gradient of ¢.

If o # 0, the vector («,f,7) is non-isotropic. From this 1/g(u) = 0,
a contradiction.

If « = 0, the vector V¢ is isotropic, which implies that 1/g(u) =
B coshv — ysinhv. Thus, g(u) is a non-zero positive constant function and
the surface has a constant mean curvature. According to [I1], the surface
M 1is a hyperbolic sphere as a timelike surface.

Now, we consider a rotational surface M defined by (2.7). Then, similarly
to the above, we also see that the surface M with an isotropic gradient vector
is a hyperbolic sphere as a spacelike surface.

THEOREM 3.1. Let M be a ¢-minimal rotational surface given by (2.6)
or (2.7) in G} with a log-linear density e®*+P¥+72,

(1) If a # 0, then there are no ¢-minimal rotational surfaces.
(2) If a =0, then M is an open part of a timelike or spacelike hyperbolic
sphere.

3.2. The rotation is isotropic. Let M be a rotational surface gener-
ated by an isotropic curve C'(u) = (0, f(u),g(u)) in Gi. Then the paramet-
rization of M is given by

(36) xu,0) = (v )+ 2ata)).

where f and g are smooth functions and b # 0.
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We may assume C/(u) is parametrized by arc length, i.e., ¢'(u)* — f/(u)?
= €. In this case, the unit normal vector field N and the mean curvature H
of M are given by

N =(0,-g'(u),=f'(u)) and H=-

Suppose that M is a ¢-minimal surface in Gil,, with a log-linear density
e +PY+7Z  Then from (3.4) we get

f"(u)
g'(u)

Let us distinguish two cases according to the value of «:

(3.7) € +((0,=¢'(u), = f'(u)), (o, B,7)) = 0.

CASE 1: a # 0. In this case, M is a minimal surface and the functions
f(u) and g(u) are linear. Thus, M is a parabolic sphere according to [11].

CASE 2: @ = 0. From (3.7), we have the equation
(3.8) ef"(u) — B(f'(w)* +€) + 7 (w)/f(u)? +e=0.

CASE 2-1: v = 0. We set p(u) = f’(u). Then (3.8) becomes ep'(u) =
B(p*(u) +€). If € = 1, then p(u) = tan(Bu + ¢1), and it follows that

(3.9) flu) = ;ln |sec(Bu + c1)| + ¢2

for some constants ¢; and c. By the relation between f(u) and g(u), we get
(3.10) g(u) = ;1n|sec(ﬁu+cl) + tan(Bu + 1| + 0.

If e = —1, a straightforward computation as above shows that

flu) = ;1n|sinh(ﬁu+cl)| + ca,

(3.11)
tanh<ﬂu;_ Cl) ‘ + co,

g(u) = /13 In

for some constants ¢; and cs.
CASE 2-2: § =0. Take p(u) = f/'(u). Then (3.8) reads
(3.12) ep’ (u) + yp(u)y/p2(u) + € = 0.

Since p(u) = 0 is a trivial solution of (3.12), f(u) is constant and g(u) =
u+cy with ¢; € R. Now, assume that p(u) # 0. If € = 1, the general solution
is

1

P = GhGa )
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It follows that

2
(3.13) flu) = - tanh~1(e7%T1) 4 ¢y,
1
(3.14) g(u) = 5 In [sinh(yu + ¢1)| + ¢2,

for some constants ¢; and cs.
If e = —1, by computing as above we get

1
f(u) = = Inlsec(yu + c1) + tan(yu + ¢1)| + c2,
(3.15) 7
1
g(u) = S In [sec(yu + ¢1)| + co,

for some constants ¢; and cs.

THEOREM 3.2. Let M be a ¢-minimal rotational surface parametrized
by

2
() = (0,70 + 5ot
in GY with a log-linear density e®*+Py+7%
(1) If a« # 0, then M is an open part of a parabolic sphere given by f(u) =
ciu+ c2 and g(u) = csu + ¢4.
(2) If a =0 and v = 0, then for a timelike surface we have
1
flu) = 3 In [sec(Bu + ¢1)| + c2,
1
g(u) = 3 In [sec(Bu + ¢1) + tan(Bu + ¢1)| + ¢,

and for a spacelike surface we have

flu) = ;ln|sinh(ﬁu+ c1)| + e,
g(u) = ;ln tanh(ﬁugclﬂ + co.

(3) Ifa =0 and B = 0, then M is an open part of a parabolic cylinder given
by f(u) = c1, g(u) = v+ co or is parametrized by

2
fu) = == tanh™}(€7") + ez,

1
g(u) = 5 In [sinh(yu + ¢1)| + c2
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for a timelike surface, and

1
flu) = 5 In [sec(yu + ¢1) + tan(yu + ¢1)| + c2,

1
g(u) = 5 In [sec(yu + ¢1)] + c2

for a spacelike surface, where c¢1 and co are constant.

REMARK 3.3. In general, the normal vector of a surface in G% is always
isotropic, therefore ¢-minimal rotational surfaces in G% with a log-linear
density e®*+PYy+7% for a # 0 are just those with density 1. Thus, such surfaces
are minimal in G} and classified by Sipus and Divjak [L1].

Now, we have to solve (3.8),

ef"(u) — B(f'(u)* +€) + 7 (u)/F{u)2 +e=0,

for « = 0 and 7y # 0. It could be hard to get a general solution, but not an
analytical solution. To get a special solution, we take ¢ = —1 and 8 = —~.
Then (3.8) can be written as

(3.16) — 30/ (u) + yp(w)V/p(u) + 1+ 7(p 1)v/p(u) =0,

where we set p(u) = f/(u)? — 1 > 0. By a long calculation, the solution of
(3.16) is given by

V(u) = Vp(u) +1=qu+ ¢
with ¢; € R, or equivalently

_(utea)*—1)°
pu) = 4(yu —1F c1)?

Since p(u) = f'(u)> — 1 and f'(u)? — g’(u)2 =1, we have

(3.17) g(u) = %uz + %u - — ln |yu + c1| + c2

with co € R, and it follows that

(3.18) flu) = Zu2—|—§u—|——ln|fyu—|—01]+02

THEOREM 3.4. Let M be a spacelike rotational surface given by (2.9)
in G with a log-linear density e~ ™%, If M is a ¢-minimal surface, then
M is generated by an isotropic curve C(u) = (0, f(u), g(u)), where f(u) and
g(u) are given by (3.18) and (3.17), respectively.

Finally, we consider isotropic rotational surfaces generated by a non-
isotropic curve.
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Suppose that a non-isotropic curve C' is parametrized by arc length, that
is, C(u) = (u,g(u),0). Then the surface M is given by

v

(3.19) x(u,v) = <u+v,g(u),uv+ 22)

where b is a positive constant.
In this case, the unit normal vector field N and the mean curvature H
of M are given by
1 1
N=—- <0,u —v+ 7V —g'(u)),

w

1 v 1
H=—_— (g v — 9 L
s (7 (w4 =) <200 + 30/,
where w = /|(u — v + (1/b)v)2 — ¢/ (u)?|.
Suppose that M is a ¢-minimal surface in G% with a log-linear density
e +BY+7% Then from (3.4) we get

(3.20) [g”(u) (u + % - v) —2¢(u) + 2g’(u)]
- w2< (0, uw—v+ %v, —g’(u)> (a, ﬁ,’y)> =0.

Let us distinguish two cases according to the value of a:

CASE 1: a # 0. In this case, we have

q"(u) <u + % - v> —2¢'(u) + %9’(11) =0

It follows that

(ll) - 1>g"(u) =0, ug"(u)+ (2 - 2)9’(u) =0.

A solution of the ODE system is either b = 1 and g(u) = cju?® + cg, or
b=1/2 and g(u) = dyu+ da, for some constants ¢; # 0, cg, d and dg. Thus,
M is an open part of a parabolic sphere, an isotropic plane or a parabolic
cylinder as a minimal surface (see [3]).

CASE 2: a = 0. In this case, (3.20) implies

21 g+ -v) 2000+ o)

+ s((u —v+ %v)2 — g’(u)2> ([5’(u —v+ %v) + ’yg’(u)) =0,

where ¢ is the sign of the unit normal vector of the surface.
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A direct computation of the left-hand side of (3.21) gives a polynomial
in v with functions of u as coefficients, and thus they must be zero. From
the coefficients of v in (3.21), we have

1 3
3. -—1 =0
v E(b ),8 ,
2

v? (i — 1)2(ﬁu + g (w)) + 2ﬁ<2 — 1) u=0,
(322) v <2 - 1>g”(u) + 256 - 1>u(ﬁu + g/ ()
¥ ﬁ(i - 1) (? — g/ (w)?) = 0,

g0+ (= 2)a/ )+ 2 0 (Bu-+ 29/ (w) = .

CASE 2-1: v = 0. From the first equation of (3.22), we have b = 1. It
follows that the last equation of (3.22) implies
(3.23) ug” (u) — g'(u) + Bu’ — Bug’(u) = 0

when the surface is timelike, that is, ¢ = 1.
To solve the ODE, we take ¢'(u)/u =1+ 1/p(u). Then (3.23) reads

p'(u) + 2Bup(u) + fu = 0,
and its general solution is given by
plu)=—-1/2+ 616_6u2
for some constant ¢;. Thus, we get
Bu?
reon ue
g(u) —U+ ¢l — %eﬂu27

which implies that we can obtain the general solution of the ODE (3.23):

]. 2 1 ]. 2
u) = ~u? — = 1In|c; — = c
g(u) 9 3 1= 5 ‘ + c2
for some constants ¢; and co.
Next, we assume that the surface is spacelike, that is, € = —1. By using

a similar method, we have

1 (cref"* —1/2)2
u)=—1In +c
g( ) 25 ’Cl@ﬁuQ‘ 2

for some constants ¢; and co.

CASE 2-2: f = 0. From the second equation of (3.22) we get b = 1 or
/
g'(u) = 0.
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If b = 1 and the surface is timelike, the last equation of (3.22) gives

(3.24) ug” (u) = g'(u) + yu’g' (u) — 79" (u) = 0.
Let p(u) = ¢'(u)/u in (3.24). Then we can obtain a Riccati differential
equation in terms of wu:

(3.25) P (u) 4+ yup(u) = yup®(u),
and its solution is given by
1
20\ _ .
P =
It follows that the general solution of (3.24) becomes

1 I V1+cer +1
= —1In
2y /1 + e’ —1

where ¢y, ¢ are constant. The surface with ¢’(u) = 0 is an isotropic plane.
Next, we assume that the surface is spacelike. By using a similar method,

we get
1 V14 e 41
=—In =
27y V14 ce ™ —1

where ¢; and cg are constant.

g(u) + c2,

g(u) + c2,

THEOREM 3.5. Let M be a ¢p-minimal rotational surface parametrized by

x(u,v) = x(u,v) = <u + bv, g(u), uv + bv22>

mn G% with a log-linear density e®*+Py+77

(1) If a # 0, then M is an open part of an isotropic plane, a parabolic
cylinder or a parabolic sphere.
(2) If a« =0 and vy =0, then for a timelike surface we have

g(u) = %UZ — ;ln
and for a spacelike surface we have
1 (e —1)2)?
=33 n creP?]

where c1 and co are constant.
(3) If a =0 and g =0, then M is an open part of an isotropic plane or is

parametrized by
1 V14 e +1
=—1In
2y 1+ e — 1

where c1,co € R and € is the sign of the unit normal vector of the surface.

1
c1— 56’8“2 +cy and b=1,

g(u) 4+c and b=1,

g(u) +co and b=1,
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REMARK 3.6. In the case 8y # 0 in (3.22), it could be hard to get a

general solution but not a numerical solution.
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