INSTITUTE OF MATHEMATICS, POLISH ACADEMY OF SCIENCES

DISSERTATIONES
MATHEMATICAE

EDITORIAL BOARD

ANDRZEJ BIALYNICKI-BIRULA, BOGDAN BOJARSKI,
JANUSZ GRABOWSKI editor, STANISLAW JANECZKO,
PIOTR KOSZMIDER, LUDOMIR NEWELSKI, JERZY ZABCZYK,
WIESLAW ZELAZKO deputy editor

527

SAMEER CHAVAN, DEEPAK KUMAR PRADHAN
and SHAILESH TRIVEDI

Multishifts on directed Cartesian products of

rooted directed trees

WARSZAWA 2017



Sameer Chavan, Deepak Kumar Pradhan
Department of Mathematics and Statistics
Indian Institute of Technology Kanpur, India
E-mail: chavan@iitk.ac.in, dpradhan@iitk.ac.in

Shailesh Trivedi

School of Mathematics

Harish-Chandra Research Institute

Chhatnag Road, Jhunsi, Allahabad 211019, India
E-mail: shaileshtrivedi@hri.res.in

Published by the Institute of Mathematics, Polish Academy of Sciences
Typeset using TEX at the Institute

Printed and bound in Poland by HermanDruK, Warszawa
Naktad 200 egz.

Abstracted /Indexed in: Mathematical Reviews, Zentralblatt MATH, Science Citation Index
Expanded, Journal Citation Reports/Science Edition, Google Science, Scopus, EBSCO Discovery
Service.

Available online at http://journals.impan.pl
© Copyright by Instytut Matematyczny PAN, Warszawa 2017
DOI: 10.4064/dm758-6-2017

ISSN 0012-3862



Contents

[ FPY R eYs KT Tey 5 7o) v1 A 5
[L.1. Multivariable spectral theory|......................... 8
2 _ClasSTCAl THUTEISIITT] - - - « oo e e vvve e e e e e e e e e e e e e e e e e e e e 11
[1.3. Weighted shifts on directed trees| ......... ..o i i i 12
L OVEITUTE. oottt et ettt e e 15

2. Products of directed treesl. ... 19
|2.1. Directed Cartesian products of directed trees|............ ... .. ... .. o i ... 19
[2.2. Tensor products of rooted directed trees|...................... ... 26

[3- Multishifts on products of rooted directed Trees] .. ......ovuirererereiiii e 31
[3.1. Definition and elementary properties| ......... ... . i 31
[3.2. Strong circularity and Taylor spectrum|.................... ... ... 39
[3-3 Analyticity and point SPECTITIN] . ...\ ovttt et ettt et e e e e 41
[3.4. A matrix decomposition and essential spectruml................. ... 42

[E"Wandering subSPace PIrOPertyl. .. ... .uvur ittt 46
[£1 The joint kernel and a system of linear equations] ... .........ovevenenenararnennnn. 46
[4.2. Multishifts admitting Shimorin’s analytic model|.............................. ... 56

- Spocial cTasses Of TIUTESRITEE - .-+ -+ - -v v v e ovvm oo e e e e 64
[5.1. Torally balanced DIuIEISIITTS] . . . . v v ov ettt ettt e e e e e e e e e e 64
[2.2. Spherically balanced multishifts|...............ooo 72
B3 Toint subnormal muTSHIFES] « « . .+« eeee vt e ettt 89
[5-4. Joint hyponormal multishifts]. . . . ..o vvveretet et e e e et 92

JADPPEndIx]. . ... 96

ST e U 98

IIndex of notationl .. ... ..o 102

(3]



Abstract

We systematically develop the multivariable counterpart of the theory of weighted shifts on
rooted directed trees. Capitalizing on the theory of products of directed graphs, we introduce
and study the notion of multishifts on directed Cartesian products of rooted directed trees. This
framework unifies the theory of weighted shifts on rooted directed trees and that of classical uni-
lateral multishifts. Moreover, this setup brings out some new phenomena such as the appearance
of a system of linear equations in the eigenvalue problem for the adjoint of a multishift. In the first
half of the paper, we focus our attention mostly on the multivariable spectral theory and function
theory including a finer analysis of various joint spectra and the wandering subspace property
for multishifts. In the second half, we separate out two special classes of multishifts, which we
refer to as torally balanced and spherically balanced multishifts. The classification of these two
classes is closely related to toral and spherical polar decompositions of multishifts. Furthermore,
we exhibit a family of spherically balanced multishifts on a d-fold directed Cartesian product 7
of rooted directed trees. These multishifts turn out to be multiplication d-tuples .Z. , on certain
reproducing kernel Hilbert spaces 7, of vector-valued holomorphic functions defined on the unit
ball B in C¢, which can be thought of as tree analogs of the multiplication d-tuples acting on the
reproducing kernel Hilbert spaces associated with the kernels 1/(1 — (z,w))® (z,w € B%,a € N).
Indeed, the reproducing kernels associated with %, are certain operator linear combinations of
1/(1 — (z,w))® and multivariable hypergeometric functions 2Fi(dy, + a + 1,1,d, + 2,-) defined
on B¢ x B?, where d, denotes the depth of a branching vertex v in 7. We also classify joint
subnormal and joint hyponormal multishifts within the class of spherically balanced multishifts.
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1. Introduction

The investigations in the present work are related to the idea of shifts associated with
discrete structures (e.g. directed trees), recently boosted in the theory of Hilbert space
operators ([67], [27], [68], [28], [69], [70], [29], [30], [31], [35], [79], [26]). The significantly
large class of weighted shift operators on directed trees contains all classical weighted
shifts and has an overlap with that of composition operators. This interplay of graph
theory and operator theory provides illuminating examples exhibiting subtle phenomena
such as existence of nonhyponormal operators generating Stieltjes moment sequences and
triviality of the domain of integral powers of densely defined subnormal operators ([68],
[70], [30], [31]; refer also to [74], [76] for a systematic study of operator algebras associated
with directed graphs). Further, this framework turns out to be a rich source of k-diagonal
reproducing kernel Hilbert spaces of vector-valued holomorphic functions ([I], [35]).

The motivation for the present work primarily comes from multivariable operator the-
ory, where the main objectives of study have been function theory and spectral theory
of classical multishifts ([71], [42], [43], [49], [17], [18], [44], [45], [19], [20], [82], [83], [22],
(4], [91, [60], [59], [58], [5], [84], [52], [54], [24], [72], [73], [36], [63]). The present work is
an effort to develop the theory of weighted shifts on directed trees in several variables
by implementing the methods of graph theory ([86], [92], [80], [62], [56], [66]; refer also
to [10], [, [6], [11], [12], where Hardy—Besov spaces associated with certain trees have
been introduced and studied). The well-established theory of products of directed graphs
provides a foundation for the study of multishifts. Various notions of product of directed
graphs (e.g. Cartesian product, tensor product) lead naturally to interesting counter-
parts of classical shifts in one and several variables. One peculiar aspect of the directed
Cartesian product of directed trees is that although it is not a directed tree, it admits
a directed semi-tree structure. Interestingly, there is a natural shift operator on any di-
rected semi-tree [79]. Thus a single discrete structure gives rise to at least two distinct
notions of shifts. This is not so easy to reveal in the classical case. One of the advantages
of this setup is that any disjoint decomposition of the set V' of vertices induces a natural
decomposition of the associated unweighted Lebesgue space [?(V'), which in turn decom-
poses the multishift Sy into known objects like tuples of compact operators and classical
multishifts. On the other hand, there are numerous ways of decomposing V' by defining
equivalence relations on V in terms of siblings, generations etc. Obviously, every setup
has its own set of problems. Here also in the context of subnormality of multishifts, one
can ask for a finite and minimal subset W of the set V' of vertices with the following prop-
erty: A multishift is joint subnormal if and only if its moments are completely monotone
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6 S. Chavan, D. K. Pradhan and S. Trivedi

at every vertex from W. The notion of joint branching index plays an important role in
the answer to this problem.

In the remaining part of this section, we set some standard notation and also collect
various notions and facts, which are central to the present text. For a set X, card(X)
denotes the cardinality of X. We recall that N stands for the set of nonnegative integers,
which forms a semigroup under addition. For a positive integer d, let N% denote the d-fold
Cartesian product N x - -- x N. For a = (avy,...,aq) and 8 = (31, ..., 4) in N, we write
a<Bifa; < pjforall j=1,...,d, and we also use ! := H?=1 a;! and |of = ijl Q.
Throughout this paper, we follow the conventions

n—1 n—1
dwi=0 ifn=1, JJy=1 ifn=0.
i=1 j=0

More generally, the sum over an empty set is understood to be 0, while the product over
an empty set is always 1.

Let C denote the field of complex numbers. We set tz := (tz1,...,tzq) for t € C and
z=(z1,...,2q) € C% Whenever a € N% or z € C%, it is understood that a = (a, ..., aq)
and z = (21,...,2q4). The complex conjugate of z € C? is defined by z := (Z1,...,%4)-
We denote by BZ the open ball in C? centered at the origin and of radius r > 0:

B :={z=(21,...,24) € CL: ||z|]2 < 7},

where ||z]|2 := \/]21]2 + - - - + [24]? denotes the Euclidean norm of z = (21,...,24) in C%.
The sphere {z € C? : ||z|| = 7} is denoted by dB?. For simplicity, the unit ball B and
the unit sphere B¢ are denoted respectively by B and 9B?. We denote by DZ the open

polydisc centered at the origin and of polyradius r = (r1,...,7rq) with r1,... 74 > 0:
DY = {z=(21,...,24) €C¥: |z1| <r1y...,|2a| <ral}.
The d-torus {z € C¢ : |z;| = 71,...,|24] = rq} is denoted by T¢. Again, for simplicity,

the unit polydisc D{ and the unit d-torus T¢ are denoted respectively by D¢ and T¢. For
a subset X of C¢, the closure of X in | - ||2 is denoted by cl(X).

Let H be a complex Hilbert space. The inner product on H will be denoted by (-, ).
If no confusion is likely, we suppress the subscript, and simply write (-,-). By a subspace
of H, we mean a closed linear manifold. Let W be a subset of H. Then span W stands
for the smallest linear manifold generated by W. In case W is singleton {w}, we use the
convenient notation [w] in place of span{w}. By \/{w : w € W}, we understand the
subspace generated by W. The orthogonal complement of a subspace M in ‘H will be
denoted by M=+ or H & M. The Hilbert space dimension of M is denoted by dim M. We
use Py to denote the orthogonal projection of ‘H onto M, and I to denote the identity
operator on H. If M is a subspace of H, then we use | to denote the identity operator
on M.

Unless stated otherwise, all the Hilbert spaces occurring in this paper are complex
infinite-dimensional separable and for any such Hilbert space H, B(H) denotes the C*-
algebra of all bounded linear operators on H endowed with the operator norm. For
A € B(H), the symbols ker A and ran A stand for the kernel and the range of A re-
spectively. The Hilbert space adjoint of A will be denoted by A*.
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By a commuting d-tuple T on ‘H, we mean a tuple (T4, ..., Ty) of commuting bounded
linear operators 71, ...,Ty on H. In case d = 1, we denote the 1-tuple T by T;. A commut-
ing d-tuple T" on H is said to be doubly commuting it T;T; = T}T; for all 4,5 =1,....d
with ¢ #£ j. If T = (Ty,...,Ty) is a commuting d-tuple on H, then we set T* to denote
(Ty,...,T;) while T represents 77" -+ T3¢ for o = (@, ...,aq) € N, where we use
the convention that A° = I for A € B(H).

Also, we find it convenient to introduce the following operators on B(#H). Given a
commuting d-tuple T on H, define Qr : B(H) — B(H) by

d
Qr(X):=Y T;XT; for X € B(H).
j=1

Further, the operator Q% is inductively defined for all n € N through Q%(X) := X and
QH(X) := Qr(QE (X)) (n>1) for X € B(H). It is easy to see that

QI = > %T*“T“ (n € N). (1.1)

la|=n
Let T = (Th,...,T4) be a commuting d-tuple on H. We say that T is a

(i) toral contraction if Qr,(I) < I for j=1,...,d;
(ii) toral isometry if Qr,(I) =1 for j =1,...,d;
(iii) toral left invertible d-tuple if Qr, (1) is invertible for j =1,...,d;
(iv) joint contraction if Qr(I) < I;
(v) joint isometry if Qr(I) = I;
(vi) joint left invertible d-tuple if Qp(I) is invertible.

A commuting d-tuple T' = (T, ...,Ty) on H is joint subnormal if there exist a Hilbert
space K containing H and a commuting d-tuple N = (Ny,..., Ng) of normal operators
Ni,...,Ng in B(K) such that Njh = T;h for every h € H and j = 1,....d. It is well-
known that a toral isometry and a joint isometry are joint subnormal [19, Propositions 1
and 2]. The notion of joint subnormal tuples is closely related to a classical notion from
abstract harmonic analysis, namely, the notion of completely monotone functions.

Let ¢ be a real-valued map on N?. For 1 < j < d, define the difference operators V; by
(V;0) () := ¢p(a) —p(a+e;) (a € N?), where ¢; is the d-tuple with 1 in the jth place and
zeros elsewhere. The operator V# is inductively defined for every 8 € N by V¢ := ¢,
VAteig := V;(VP¢). A real-valued map ¢ on N is said to be completely monotone if
(VP¢)(a) > 0 for all o, 3 € N

REMARK 1.0.1. A toral contractive d-tuple T on H is joint subnormal if and only if
d(a) == ||T*h||? (o € N?) is completely monotone for every h € H [I7, Theorem 4.4].

A commuting d-tuple T = (T1,...,T4) is joint hyponormal if the d x d matrix
([T}, Ti])1<i,j<a is positive definite, where [A, B] stands for the commutator AB — BA
for A and B in B(H). A joint subnormal tuple is always joint hyponormal [I8], [45].

For all notions introduced above, we skip the prefizes toral or joint in case the dimen-
sion d is 1. Although it has been a common practice to use interchangeably joint isometry
with spherical isometry, we do not follow this practice.
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We briefly recall from [32] the definitions of toral and spherical Cauchy dual tuples.
Let T = (T4, ...,Tq) be a commuting d-tuple on H. Assume that T is toral left invertible.
We refer to the d-tuple T = (T}, ..., T}) as the toral Cauchy dual of T, where

T = Ty(Qr (D)™ (G=1,....d). (1:2)
Note that (T*)' =T.
Assume that T is joint left invertible. We refer to the d-tuple T° = (I7,...,T;) as
the spherical Cauchy dual of T'; where

Ty =T(Qr(I)™" (j=1,...,d). (1.3)
Note that (T°)° =T.

1.1. Multivariable spectral theory. In what follows, multivariable spectral theory
will be central to the investigations in this paper. Therefore we include a brief account
of Taylor’s notion of invertibility and related concepts. We have freely drawn on [44] and
[15] throughout this paper, particularly in the following discussion.

The classical spectral theory deals with the problem of finding € H such that Tz =y
for any given y € H, where T' € B(H). Note that T is (boundedly) invertible if and only
if the above problem is solvable for every y € H with a unique z € H. Let us formulate
an analog of the problem above for two operators T1,T» € B(H) such that Th'Ts = ToT;.
One is interested in the notion of invertibility which will give a “unique” solution (x1, z2)
of the problem of finding z1,x2 € H such that Tz, + Thxy = y for every given y € H. In
this case, we cannot hope for uniqueness. Indeed, if (1, x5) is a solution of this problem,
then for any h € H, we may set 2| := x1 —Toh and x}, := x9+T1 h, and verify that (2], z5)
is also a solution. Following [15], we will refer to (z}, z5) as the tautological perturbation
of the solution (x1,z2).

REMARK 1.1.1. There are no nontrivial tautological perturbations in case of a single
operator.

One needs to determine what happens modulo tautological perturbations. This is
where homology enters into the picture.
Given a Hilbert space H, consider
AO = H,
A= {(hhhz) thy,he € H},
Ao = {(hij) : hyj € H for 1 < 4,5 <2, (h;;) is skew symmetric}.

Note that As is isometrically isomorphic to H via (f)h h ) > h. Consider the sequence

K {0} % Ay 225 A 25 A0 S {03, (1.4)
where

Ba((ty) i= (1) (71 ) = iz, ~Ti),

T
Bi(hi, ha) := (ha, ho) (T‘D =Tihy + Trhs.
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Note that K is a complex, that is, By o By = 0. Let us examine this complex:

1. T2y + Toxo = y has a solution if and only if By(x1,x2) = y has a solution if and only
if By is surjective.

2. Given a solution (z1,z2) € Ay of Ty + Toxos = y for a given y € H, (], 25) is also a
solution if and only if (x1 — @7, x2 — x5) € ker By.

3. ker BQ = ker T1 N ker TQ.

4. (1.4) is exact if and only if TYH + ToH = H, ker T; Nker T, = {0} and the solution of
Tiz1 + Toxe = y for a given y € H is unique up to tautological perturbations.

Let us now look at the Taylor invertibility in the general case. For that purpose,
consider the coordinate linear functionals e, ..., eq on C? with respect to the standard
basis. Let A°(C?) := C and let A'(C?) be the vector space with basis {ei,...,eq}. Given
w,w’ € A(C?) define w A w' by

w A w (vy,v2) := w(v))w (vy) — w(va)w' (v1) (v, v2 € CY).
Note that w Aw = 0 and w A w' = —w’ A w. Also note that any 2-form is a linear
combination of e; A ea, e1 A ez, ...,eqa—1 Aeq ((4%5) elements). One may now define
inductively all higher ordered forms with the help of the following definition of wedge
product: Let w (resp. w’) denote a p-form on the p-fold Cartesian product P of

(resp. a g-form on (Cd(q)). We define the wedge product w A w' as the (p + ¢)-form on
catrto given by
1
w A ’LU/(U) = ool Z Sgn(a)w(va(l)7 e 7”0(:0))71/(”0(194-1)7 s 7UU(P+(1))7

T 0€Sp4q

where S,, denotes the group of permutations on {1,...,n}. Fori =1,...,d, let A(C%) be
the vector space generated by i-forms. We define A(C?) as the algebra over C consisting
of A¥(C%) (i =1,...,d) with identity ey defined by ey A w = w, where the multiplication
is the wedge product. The vector space A(C?) is 29-dimensional, and it can be endowed
with an inner product (-,-)a so that

{eO}U{eil/\~-~/\eik 1< << g Sd}
forms an orthonormal basis.

There are natural operators E; (i =0,...,d), to be referred to as creation operators,
acting on the finite-dimensional Hilbert space A(C?) defined by E;(w) := e; Aw (i =
1,...d), and Eg(w) := w. These operators satisfy the anti-commutation relations:

E,E;+E;E; =0 (1<4i,j<d).

Let T = (Ty,...,Ty) be a commuting d-tuple on H and let A(H) := H ®¢c A(C?) be a
Hilbert space endowed with the inner product

(x@w,y @w)xmy) = (@, y)n(w, w) )
We set AY(H) := H ®@c AY(C?) for i = 0,...,d. Consider the boundary operator Or :
A(H) — A(H) given by
d
Or(h@w) = Ti(h)® E;(w).

i=1
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Note that Or is a bounded linear operator on A(#). Since T is commuting and E1, ..., By
are anti-commuting, 9% = 0. This allows us to define the Koszul complez K (T') associated
with T as

K(T) : {0} % A°H) 2% AY3) 27% A2(3) — - — AY(3) 2298 Ad3) S {o)

where 8T7i = 8T Ai(H) for i = O7 PN 7d — 1.

REMARK 1.1.2. If K(T) is exact, then
1. ker r o = {0}, that is, ﬂ?zl ker T; = {0}.

2. randr, is closed (= rand; , is closed).
3. randr g1 = AYH), that is, TYH + - + TyH = H.

The Taylor spectrum (or joint spectrum) of T is defined as
o(T):={A e C¥: K(T — \) is not exact}.
We also define the point spectrum of T as
0p(T) := {\ € C: dp_y is not one-to-one},
and the left spectrum of T as
o(T) ={\€ ce: Or—»x,0 is not bounded from below}.
REMARK 1.1.3. Note that ¢,(T") C 0;(T") C o(T).

It turns out that the Taylor spectrum of T"is a nonempty compact subset of C?, which
has the spectral mapping property for polynomial mappings p from C? into C? for any
positive integer d’.

The spectral radius for the Taylor spectrum of a commuting d-tuple T on H is defined
as

r(T) := max{||z||2: z € o(T)}.
We recall the spectral radius formula for the Taylor spectrum of a commuting d-tuple T'
(1371, 182]):
H(T) = lim [ Q3(D]Y". (15)

In particular, o(T) C {w € C? : ||lw|]z < r(T)}. It is also known from [36, Lemma 3.6]
that the inner radius mq(T) for the left spectrum of T is given by

Moo(T) = sup inf (Q%(I)h,h)Y/*". (1.6)
n>1 heH
lkll=1
Here by inner radius, we mean the largest nonnegative number r for which
o1(T) C{w e Ch:r < |lw|s < r(T)}.

For k = 0,...,d, let H*(T) denote the kth cohomology group appearing in the Koszul
complex K (T). We say that T is Fredholm if H*(T) is finite-dimensional for every k =
0,...,d. The Fredholm indezx ind(T) of a Fredholm d-tuple T is the Euler characteristic



Multishifts on products of directed trees 11

of K(T) given by
d
ind(7) ==Y _(~1)* dim H*(T). (1.7)
k=0
The essential spectrum of T is defined as

0o(T):={\ € C%: T — X is not Fredholm}.

Clearly, the essential spectrum is a subset of the Taylor spectrum. By the Atkinson—Curto
Theorem [43], o.(T) = o(n(T)), where 7 denotes the Calkin map and

w(T) = (n(Th),...,7(Tq)).

In particular, the essential spectrum is a nonempty compact set with the polynomial
spectral mapping property.

1.2. Classical multishifts. For a given multisequence w = {wgf) :1<j<d, aeN}
of complex numbers and an orthonormal basis {e, },ene of a Hilbert space H, we define
the d-variable unilateral weighted shift S, = (S1,...,Sq) as

Sjeq = wgﬁqu (1<j<d).

For convenience, we refer to Sy as the classical unilateral multishift or sometimes simply
the classical multishift. Notice that S; commutes with S if and only if wy )wgﬁq
P,

for all & € N%. Moreover, S,..., Sy are bounded if and only if
sup{|lw{|:1<j<d, a e N} < occ. (1.8)
In this text, we always assume that the multisequence w consists of positive numbers
and satisfies (|1.8)).
Let Sy be a classical multishift. Define 7, := [|S%eo|| (o € N%), where 0 is the d-tuple

in N with all entries being zero. Consider the Hilbert space H?(v) of formal power series
f(2) =3 ena Gaz® such that

112 = 3 laal?22 < oc.
aeNd
It is worth noting that Sy, is unitarily equivalent to the d-tuple M, = (M,,,...,M,,) of
multiplication by the coordinate functions z1,..., 24 on the corresponding space H?()
[71, Proposition §].
Let us discuss some basic examples of classical multishifts.

ExXAMPLE 1.2.1. For integers a,d > 0, let H, q be the reproducing kernel Hilbert space
of holomorphic functions on the open unit ball B? with reproducing kernel

(=) 1

K Z,W) = —————
et (1~ (z,w))e
The multiplication d-tuple M, , on H,q is unitarily equivalent to the weighted shift
d-tuple Sy , with weight multisequence

. P+ 1
w((ﬂl: ‘aj|:~_|’ (QENdvj:L'"’d)’
9 a a

(z,w € BY).
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(see [58), proof of Lemma 4.4]). The spaces Hg,q, Hda+1,d, H1,4 are commonly known as the
Hardy space H*(OBY), the Bergman space A%(B?), the Drury—Arveson space H? respec-
tively. The associated classical multishifts Sw 4, Sw,d+1,Sw,1 are referred to as the Szegd
d-shift, the Bergman d-shift, and the Drury—Arveson d-shift respectively.

For ready reference, we record the following proposition about various spectral parts
of Sw.q (see [59, Proposition 2.6] and [36, Theorem 3.4]).

PROPOSITION 1.2.2. Let Sy o be as defined in Example[I.2.1} Then
0(Sw,a) =B,  0p(Swa) =0, 05(Sha) =B, 0c(Swa) = OB = 01(Sw,a)-

We will later investigate the so-called tree analogs of Sy o (Section 1.4). We conclude
this section with a brief discussion of multiplication tuples on a vector-valued reproducing
kernel Hilbert space of holomorphic functions in several variables.

Let © be a nonempty bounded, open connected subset of C* and let E be a separable
Hilbert space. Let x be a B(FE)-valued positive definite function on Q x . Consider
the reproducing kernel Hilbert space 77, associated with k. If x is jointly continuous,
holomorphic in the first variable and conjugate holomorphic in the second variable, then
by the Weierstrass convergence theorem, 57, consists of E-valued holomorphic functions
defined on 2. Suppose that 7, is z;-invariant for every j = 1,...,d. An application of the
closed graph theorem shows that the linear operator .#; of multiplication by z; defines a
bounded linear operator on 7, for every j = 1,...,d. We refer to A, = (M, ..., M>,)
as the multiplication d-tuple on .. Note that

A k(L w)f =wik(w)f forwe, feEFandj=1,...,d

Zj

In particular, {w € C?: w € Q} C o, ().

1.3. Weighted shifts on directed trees. In this section, we recall some basic concepts
from the theory of directed graphs which will be frequently used in the subsequent chap-
ters. The reader is referred to R. Diestel [53] for a detailed exposition of graph theory
(see also [67] for a brief account of the theory of directed trees).

A directed graph is a pair F = (V, ), where V is a nonempty set and &£ is a nonempty
subset of V- x V' \ {(v,v) : v € V}. An element of V (resp. £) is called a vertex (resp.
an edge) of 7. A finite sequence {v;}™ ; of distinct vertices is said to be a circuit in .7
ifn>2 (v,vi11) €€ foralll <i<n-—1and (v,,v1) € £. We say that two distinct
vertices u and v of .7 are connected by a path if there exists a finite sequence {v;}? ; of
distinct vertices of J (n > 2) such that u = vy, v, = v and (v, v;41) or (vi+1,v;) € € for
all 1 <4 <n—1. A directed graph 7 is said to be connected if any two distinct vertices
of Z can be connected by a path in 7. For a subset W of V', define

Chi(W) == | J{veV: (uv) €}
ueW
One may define inductively Chi'™ (W) for n € N as follows:
w if n=0,

i(n) =
Chit (W) {Chi(Chi<"1>(W)) ifn > 1.
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Given v € V, we write Chi(v) := Chi({v}), Chi™ (v) := Chi‘™ ({v}). A member of Chi(v)
is called a child of v. The descendants of a vertex v € V are given by

Des(v) := [j Chit™ (v).
n=0

For a given vertex v € V, consider the set Par(v) := {u € V : (u,v) € &} (set of
“generalized” parents). If Par(v) is singleton, then the unique vertex in Par(v) is called
the parent of v, which we denote by par(v). Let

Root(.7) := {v € V : Par(v) = 0}.

An element of Root(.7) is called a root of 7. If Root(.7) is singleton, then its unique
element is denoted by root. We set V° := V' \ Root(.7). A directed graph 7 = (V,€) is
called a directed tree if 7 has no circuits, 7 is connected and each vertex v € V° has a
unique parent.

REMARK 1.3.1. Tt is well-known that every directed tree has at most one root [67, Propo-
sition 2.1.1] (see Figure 1.1).

Fig. 1.1. A directed graph which is not a directed tree

The following example is borrowed from [67, Chapter 6].

EXAMPLE 1.3.2. For a positive integer ng and ko € N, we define the directed tree T, k, =
(V,E) as follows:

V:{—L...,—ko}UN,
‘c":{(j’J‘Fl)J:—kO;a_l}U{(OaJ)J:L,no}
U J{G + =D, j +1Ing) : 1> 1}
j=1

(see Figures 1.2 and 1.3 for the cases (ng, ko) = (1,0) and (ng, ko) = (2,0) respectively).

0 1 2 3

Fig. 1.2. The directed tree 7o

6 4 2 0 1 3 5

Fig. 1.3. The directed tree 5,0
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A directed graph 7 is said to be

(i) rooted if it has a unique root;
(ii) locally finite if card(Chi(w)) is finite for all u € V;
(iil) leafless if every vertex has at least one child.

Let 7 = (V,€) be a directed tree and let [?(V) stand for the Hilbert space of square
summable complex functions on V equipped with the standard inner product. Note that
the set {e,}uev is an orthonormal basis of 1?(V), where e, € [2(V) is the indicator
function of {u}. Given a system A\ = {\,},eveo of nonzero complex numbers, we define
the weighted shift operator Sy on 7 with weights A by

D)) :={fclP(V): Agfc?(V)}, Saf:=Azf, fecD(Sy),
where Az is the mapping defined on complex functions f on V by

Ay - f(par(v)) ifveVe,
0 if v is a root of 7.

(Az f)(v) = {

Unless stated otherwise, {\, }yevo consists of nonzero complex numbers and Sy belongs
to B(12(V)). It may be concluded from [67, Proposition 3.1.7] that Sy is an injective
weighted shift on 7 if and only if 7 is leafless.
In what follows, we always assume that all the directed trees considered are leafless.
Let 7 = (V,€) be a rooted directed tree with root root. Then

V= |_| Chi™ (root)  (disjoint union) (1.9)
n=0

[67, Corollary 2.1.5]. For u € V, let d,, denote the unique integer in N (to be referred
to as the depth of u in J) such that u € Chi<d“>(root). We use the convention that
Chi<j>(root) = (if j < 0. A similar convention holds for par. The branching index ko €
NU {oo} of a rooted directed tree .7 is defined as

k: 1+ sup{dy, : w € V<} if V. is nonempty,
7=
0 if V~ is empty,

where V. := {u € V : card(Chi(u)) > 2}. If V is finite, then ko is necessarily finite but
the converse is not true in general [35, Remark 2.

REMARK 1.3.3. Let 7, k, be as discussed in Example Note that Z,, k, is a locally
finite, rooted directed tree with branching index

ko+1 ifng>2,
ko =
0 otherwise.

If Sy is a left invertible weighted shift on a rooted directed tree, then S, has the
wandering subspace property. This fact was recorded in [35] Theorem 2.2(iii)]. But it
turns out that this is a general feature of a (bounded) weighted shift on a rooted directed
tree, and the left-invertibility is no longer required. We illustrate this fact in the following
proposition.
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PROPOSITION 1.3.4. Let 7 = (V,E) be a leafless, rooted directed tree and Sy € B(I1%(V))
be a weighted shift on 7. Set E :=ker SY. Then

\/ SN(E)=1(V). (1.10)

keN

Proof. Set M :=\/, . S¥(E). We claim that e, € M for all v € Chi{™ (root) and for all
n € N. We prove this by induction on n € N. Recall from [67, Proposition 3.5.1(ii)] that

E = [eroot] & € (2(Chi(v)) © 1] (1.11)
veV

where T, : Chi(v) — C is given by T, = ZuGChi(v) Ay = Sye,. Clearly, €00 € M. Thus
the claim holds true for n = 0. Suppose it is true for some n € N. That is, e,, € M for all
u € Chi™ (root). Let v € Chi™ "1 (root). Then v € Chi(u) for some u € Chi™ (root). By
the induction hypothesis, e,, € M. Since M is Sy-invariant, Sye, = ', € M and hence
[[.] € M. Further, as E C M, ?(Chi(u)) © [['y] € M. Thus [?(Chi(u)) € M, which in
turn implies that e, € M. Thus the claim stands verified. By , it follows that e, € M
for all v € V, and hence [?(V) C M. Thus stands true. m

The argument above relies completely on the formula for the kernel of S3.
Clearly, this formula is associated with a system of linear equations corresponding to
vertices from the branching set. In case of several variables, this correspondence becomes
highly involved. This is one of the difficulties in the derivation of the wandering subspace
property in several variables (see Theorem [4.0.1)).

1.4. Overture. In this section, we briefly discuss some important aspects of this work.
The exposition here is far from being complete, but it conveys some of the essential ideas
presented in this text. Motivated by [36], Question 4.7] about the classification of so-called
spherical tuples of higher multiplicity, we construct tree analogs of the multiplication d-
tuples M. , as discussed in Example We outline this construction as follows.

Consider the directed Cartesian product J = (V, ) of locally finite, rooted directed
trees 71,..., 7 of finite joint branching index and let Sy , denote the multishift on 7
with weights given by

AW = \/card(Clhij(v)) E;:':i for w € Chij(v), veVandj=1,...,d
Here a is a positive integer and d, € N? denotes the depth of u € V in 7. It turns
out that the multishift Sy is unitarily equivalent to the multiplication d-tuple .Z. ,
acting on the reproducing kernel Hilbert space ., 4 of E-valued holomorphic functions
on the open unit ball in C?, where E denotes the joint kernel of S’;‘\cﬂ. The associated
reproducing kernel ., , : BY x BY — B(E) is given by

K, 4 (2, W) = ﬁ leroot] T Z Z Ku,F (2, W)

FeZ2ueQr
F#)
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where

|| —1
dy,! . _
K, p(z,w) = Z s o) ( H (|dy] +a+j)>zaw°‘ Pr, .
u . J:O

a€eNd
with Puq being the orthogonal projection of H onto a subspace M of H. We refer the
reader to Theorem [5.2.6] for a precise statement.

REMARK 1.4.1. In case J; = J1 for j = 1,...,d, L, r = {0} for every v € Qp and
every nonempty F € &, and hence we obtain the kernel
Ig
(1= (zw))

Let us try to understand the above formula for s s, ,(z,w). The following decompo-

(z,w € BY).

sition of the joint kernel £ of S5_ is useful in this regard:

eroot @ @ EuF

FeEP ueQp
F#0)

Here & denotes the power set of {1, ...,d} and Qp is a certain indexing set corresponding
to F' € Z. In particular, the first series appearing in ks, ,(z,w) corresponds to [eroot],
while k,, p corresponds to L, r, where £, r is a subspace associated with a system of
linear equations related to Sx,  (the reader is referred to Chapters 4 and 5 for a detailed
discussion). In case d = 1, the reproducing kernel x;, = K, , takes a concrete form:

L p
(1 _ Z@)a [eroot]

+n+a dy +1)! .
" GXV: z% @y tnri” O Pecheper (2w eD),
veVoin

ke, (z,w) =

where V_ denotes the set of branching vertices of V. One can rewrite this formula using
the hypergeometric function 3 F(a,b, ¢, t) [87, p. 217]:
K2, (Z, w) =5F (a, 1,1, Zﬁ)P[emt]
+ Y oFi(dy +a+1,1,dy +2,20) Pechiperr,] (2w € D).
veV.
An alternative verification of this formula (based on Shimorin’s analytic model) will be

given in Chapter 5.

REMARK 1.4.2. Below we analyze the cases in which a =1 and a = 2 in the one-

dimensional case. Note that k4 is the Cauchy kernel 2=, while £, is given by
Rt (Zv ’LU) = Z(TL + 1)P[emot] AT
n=0
dy+n+2Y\ ,_.
+ 2 Z< dy +2 )Z w" Pechioperr,) (2w € D).
veVs n=0

Note that r = 1/(1 — 2w)? in case T = J 0.
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It turns out that Sy, is a finitely multicyclic, essentially normal d-tuple with Taylor
spectrum being equal to the closed unit ball cl(B%). However, we would like to emphasize
here that Sy, are, in general, not unitarily equivalent to orthogonal direct sums of
any number of copies of the classical multishifts Sy, . For instance, in case d = 1 and
a = 2, the defect operator I — 2S5y 455, , + Se.0Surq is always an orthogonal projection
of rank 1 [64] p. 618]. On the other hand, if v € V° is such that card(sib(par(v))) =1 and
8y := 1/card(sib(v)) < 1, then

((I—28x., 85, + 93,552 Ve en) =(1—s,)7  forj=1,2,

which shows that I — 255, S5+ Sic S;% is not even idempotent.

We conclude this chapter with a brief degcription of the layout of the present work. In
Chapter 2, we discuss the theory of products of directed graphs in the context of directed
trees. The motivation for this chapter comes from the theory of multishifts with which
we are primarily concerned. In particular, we pay attention to two important notions,
namely, directed Cartesian product and tensor product of directed trees. We will see the
significance of the notion of tensor product of directed trees in the context of so-called
spherically balanced multishifts later in Chapter 5.

In Chapter 3, we formally introduce the notion of multishifts Sy on a directed Carte-
sian product 7 of finitely many rooted directed trees. Apart from various elementary
properties of multishifts, we reveal the relation to the shift operator arising from the
directed semi-tree structure of Z as ensured in Chapter 2. The later half of this chapter
deals with spectral properties of multishifts Sy on 7. A particular attention is given to
circularity and analyticity of Sx. Indeed, Sy turns out to be strongly circular and sep-
arately analytic. These properties are then used to show that the point spectrum of Sy
is empty and the Taylor spectrum is Reinhardt. Further, we obtain a matrix decomposi-
tion of 2-variable multishifts and discuss some of its consequences for spectral theory. In
particular, we locate essential spectra for a family of multishifts.

Chapter 4 is devoted to the description of the joint kernel of SY. This in turn relies on
decompositions of the vertex set of a product of directed trees and that of the underlying
Hilbert space. It turns out that the problem of computing the joint kernel ker S of S5 is
equivalent to solving a system of (possibly infinitely many) linear equations. We illustrate
this with the help of two instructive examples in which ker S is explicitly computed. The
description of ker S5 enables us to derive the wandering subspace property for Sy on 7. It
is to be noted that the situation gets far simpler in the case of either one-variable weighted
shifts or classical multishifts. As a consequence, we obtain a multivariable counterpart
of Shimorin’s model in this context, and use it to show that the multishifts which admit
Shimorin’s model belong to the Cowen—Douglas class.

In Chapter 5, we discuss two notions of balanced multishifts, namely, spherical and
toral ones. We use the classification of torally balanced multishifts to obtain a local
analog of von Neumann’s inequality. The classification of spherically balanced multishifts
is given in terms of certain integral representations. Unlike the classical case [33], several
Reinhardt measures appear in this characterization. In the classification of spherically
balanced multishifts, the notion of tensor product .7® of directed trees appears naturally.
Indeed, various properties of Sy on Z are reflected in the corresponding properties of
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the one-variable shift on the component of 7 ® containing the root. This correspondence
allows us, in particular, to compute the spectral radius of the Taylor spectrum and the
inner spectral radius of the left spectrum for Sy. In this chapter, we also discuss special
classes of joint subnormal and joint hyponormal multishifts Sy on 7. In particular, we
characterize these classes within the class of spherically balanced multishifts. We illustrate
these results with a family of examples which can be thought of as tree analogs of the
multiplication tuples on the reproducing kernel Hilbert spaces associated with the kernels
1/(1 = (z,w))* (z,w € B a > 0).



2. Products of directed trees

In this chapter, we discuss two well-studied notions of product of directed trees, namely,
the directed Cartesian product and the tensor product ([86], [92], [80], [62], [56]). These
notions can certainly be introduced in the general context of (directed) graphs. However,
since the main objects of the present study are multishifts on products of directed trees,
we confine ourselves to directed trees.

We recall the assumption that all the directed trees under consideration are assumed
to be leafless.

2.1. Directed Cartesian products of directed trees. The definition of the directed
Cartesian product of two directed graphs has been introduced and studied by G. Sabidussi
[6] (refer also to [56]). This notion readily generalizes to the case of finitely many directed
trees as given below.

DEFINITION 2.1.1. Let d be a positive integer and let 7, = (V;,€&;) (j =1,...,d) be a
collection of directed trees. The directed Cartesian product of 71, ..., 9y is a directed
graph . = (V, &), where V :=V; x --- x V and

& :={(v,w) € V x V : there is a positive integer k € {1,...,d}
such that v; = w; for j # k and the edge (v, wy) € Sk}.
We adhere here to the convention that v € V= V; x --- x Vj is always understood as

v=(v1,...,vq) withv; € V; for j =1,...,d. We sometimes use the notation 7 x---x I
for the directed Cartesian product 7 of 77, ..., J,.

REMARK 2.1.2. Note that £ is precisely the collection of edges (v, w) such that wy is a
child of v, for some k and w; = v; for all j # k. In other words, Chi(v) = {w € V :
(v,w) € £}. Further note that for a subset W of V,

Chi(W) := [ J Chi(u).
ueWw

Inductively for n € N, we set

w ifn=0,

Chi(Chi" D (W) ifn > 1.

REMARK 2.1.3. Incase d > 2, . = (V, &) is never a directed tree. Indeed, card(Chi(u) N

Chi(v)) > 1 for some u,v € V with u # v. This can be seen as follows. Since ,..., Ty
are leafless, for any w = (wq,...,wyq) € V consider u = (uy,ws,...,wy) and v =

&Mwa:{

(19]
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(w1, ug,ws, ..., wq), where u; € Chi(w;) for j = 1,2. Then
(u1,u2,ws,...,wq) € Chi(u) N Chi(v).
REMARK 2.1.4. For j =1,...,d, let J; be a rooted directed tree with root denoted by

root;. Then the directed Cartesian product 7 of J,..., 9, is a rooted directed graph
with root given by root = (rooty,...,rooty) € V.

Below we discuss three basic examples of directed Cartesian products.

EXAMPLE 2.1.5. Let 7 ¢ be as discussed in Example and let J; = 7 for all j =
1,...,d. The directed Cartesian product .7 = ﬂlflo of A,..., T, is given by .7 = (V,E),
where V = N and
E={(a,B) € N¢ x N : there is a positive integer k € {1,...,d}
such that o; = 8; for j # k and B = oy, + 1}
= {(a, +¢j) eENYxN:j=1,...,d}
(see Figure 2.1).

©3 a2l EE]) S
02k @2h  @af G2k
(0,1)A (1,2) 2k (3,1;)? .........
0o @y @ eo

Fig. 2.1. The directed Cartesian product .7 = J1,0 X Ji,0

The directed graph 7 discussed above is the d-finite Bargmann graph in disguise,
which was introduced in [79], Section 3].

EXAMPLE 2.1.6. Let 7, %0 be as discussed in Example Then the directed

Cartesian product .7 = J59 X i is given by 7 = (V,€), where V. = N x N and
((m,n), (k1)) € € if and only if either m =k and l =n+1, or n =1 and

k_{m+2 if m 0,

~ |1lor2 otherwise
(see Figure 2.2).

EXAMPLE 2.1.7. Let 5 ¢ be as discussed in Example Then the directed Cartesian
product of .7 ¢ with itself is given by 7 = (V, &), where V = NxNand ((m,n), (k,1)) € £
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T (6.3) 4.3) 2.3) 0.3) (1.3) 3.3) kL S
T (6.2) 4.2) 2.2) 0.2) (1.2) (3.2) sk
61 (4,1) 2,1) ©0.1) (1.1) 3.1) X1 S
 (6.0) (4,0) 2,0) 00" 1o (3,0) 5.0

Fig. 2.2. The directed Cartesian product .7 = 950 X 10

if and only if either m = k and

n+2 ifn#0,

l =
1 or 2 otherwise,
or n =1 and
P L +2 ifm#0,
1lor2 otherwise
(see Figure 2.3).
(6,5) (4,5) (2,5) (0,5) (1,5) (3,5) (5.5)
(6,3) (4.3) 2,3) (0,3) (1,3) (3.3) (5.3)
(6,1) (4,1) (2,1) (0,1) (1,1) (3,1) (5.1)
(6,0) (4,0) (2,0) (0,0) (1,0) (3,0) (5.0)
(6,2) (4,2) (2,2) (0,2) (1,2) (3.2) (5.2)
(6,4) (4,4) (2,4) (0,4) (1,4) (3,4) (5.4)
(6,6) (4,6) (2,6) (0,6) (1,6) (3,6) (5,6)

Fig. 2.3. The directed Cartesian product 7 = J5,0 X J2,0

DEFINITION 2.1.8. Let 7 = (V, &) be the directed Cartesian product of directed trees
Ay, Tg.For j=1,...,dand v € V, we set

Chij(v) := {w € V : w; € Chi(v;) and wy, = vy, for k # j}.
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Further, for W C V', we define

Chi;(W) == | J Chi;(w).
weWw

For k € N, we denote Chi; K Chi; (W) by Chi;k> (W), where we understand that Chi;O> (W)
= W. Further, for a = (a1, ...,aq) € N® and W C V, we define
Chi<e> (W) := Chi{™ ... Chi{™ (W).
If W = {v} for some v € V, then we use the simpler notation Chi
REMARK 2.1.9. It may be concluded from Remark that
Chiw) ={w e V:(v,w) e &} = LdJ Chij;(v).

=1

<<a>>(,U)_

Further, Chi*“* (v) = Chi;(v) for j = 1,...,d.

The following lemma enriches the directed graph .7 = (V, £) with a tree-like structure.
LEMMA 2.1.10. Let.J =(V, &) be the directed Cartesian product of directed trees 71, . .., Ty.
Then:

(i) Chi;Chi;(v) = Chi;Chij(v) for allv eV andi,j=1,...,d.

(ii) For each a € N% and distinct v,w €V,

Chi<®> (v) N Chi<*> (w) = §.
(iii) For distinct o, 3 € N and v € V,

Chi<®> (v) N Chi<F> (v) = 0.
(iv) Foranyn e N andv €V,

Chi™ (v) = | | Chi<*>(v).

acN?

|a|=n

(v) For distinct m,n € N andv € V,
Chi‘™ (v) N Chit™ (v) = 0.

(Vi) If A, ..., Ty are rooted directed trees, then

|_| Chi' (root) = V = |_| Chi®*> (root).

JeN aeNd
Proof. The conclusion in (i) follows from
{u eV :u; € Chi(v;),u; € Chi(v;) and uy = vy for k #4,5}, 1 # ],
{uEV:uieChi@)(vi) and up = v, fork:;éi}, 1=17,
for 4,7 =1,...,d. To see (ii), let u € Chi<®> (v) N Chi**> (w). Then u; € Chi‘*/’ (v;) N
Chi<a-7'>(wj) for all j = 1,...,d. In other words, par{® (u;) = v; and par'® (u;) = w; for
all j = 1,...,d, where par<k>(-) is obtained by composing the partial function par with
itself k times, k > 1 (refer to [67, p. 9]).

Since parent is unique, it follows that v; = w; for all j = 1,...,d. Thus v = w,

proving (ii).
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Let u € Chi<®>(v) N Chi**> (v). Then u; € Chi'*/(v;) N Chi'%) (v;) for all j =
1,...,d. In other words, par{®’(u;) = v; and parwi)(uj) =w; forall j=1,...,d. Now
implies that o; = B, for all j =1,...,d. Thus a = 3, which proves (iii).

We prove (iv) by induction on n € N. By Remark 2.1.9]

Chi(v |_| Chij (v |_| Chi<o> () = | | Chi®* (v).
. rﬁNd
al=1

Thus the result holds for n = 1. Suppose it is true for some n > 1. Then
Chi™ 1) (v) = Chi( | Chi<<"‘>>(v)> = || chi(chi<e> ()

aeN? aEN?
|Oé\* la=n
= || U Chi<™ (Chi<** (v))
acN? j=1
\a|:n
= U I_l Ch|<<°‘+67>> |_| Ch|<<°‘>>( ),
J=1 qeNd aeN?
|a|=n |a|=n+1

where the last union is disjoint in view of (iii). Part (v) is now immediate from (iii)
and (iv).

To see the last part, let U := | |, ya Chi*?(root) and W := |_|JeN hi®?? (root).
Clearly, U and W are subsets of V. By (iv), U = W and the unions in U and W are
disjoint. Thus it suffices to check that V' C U Let v = (v1,...,vq4) € V. Then there exists
a = (aq,...,a4) € N? such that v; € Chit® (root ) for j = 1,...,d. This implies that
v e Chi§a1) Chlffm(root) = Chi<*>(root). =

DEFINITION 2.1.11. Let . = (V, €) be the directed Cartesian product of rooted directed
trees 7, ..., 7y and let v € V. The unique d,, € N? such that

v € Chi<%> (root)

will be referred to as the depth of v in 7 (see Lemma [2.1.10(vi)). The tth generation G,
of .7 is defined as

Gri={veV:l|d| =t}

REMARK 2.1.12. Note that d, = (d,,,...,dy,), where d,; denotes the depth of the vertex
v; € V; in the directed tree J; for j = 1,...,d. Note further that by Lemma [2.1.10(iv),
G = Chit (root).

Let us briefly discuss the notion of co-ordinate parent of a vertex in the directed
Cartesian product of directed trees.
DEFINITION 2.1.13. Let & = (V, ) be the directed Cartesian product of directed trees
Ay, Tg.For j=1,....dand v € V, we set
) {w eV :w; =par(vj) and wy = vy, for k # j} if v; # root;,
par;(v) :=
0 otherwise.



24 S. Chavan, D. K. Pradhan and S. Trivedi

Further, for W C V', we define

par;(W) := U par; (w).
weW

For a positive integer k, we denote par; . par; (W) by par§k>
stand par§0>(W) =W.
For a = (aq,...,aq) € N® and W C V, we define

par<*> (W) := par§°‘1> ---parf_f‘”(W).
In case W = {v} for some v € V, we use par<®>(v) for par<®>({v}).

REMARK 2.1.14. Note that

(W). Moreover, we under-

d
Par(v) = |_| par;(v). (2.1)

In particular, card(Par(v)) is at most d.

REMARK 2.1.15. Note that par;par;(v) = par;par;(v) for all v € V. Further, for 4,5 =
1,...,d with i # j,
Chi;(par;(v)) = par;(Chi;(v)).

Although the directed Cartesian product of directed trees need not be a directed tree,
the following result shows that it has many structural similarities to a directed tree. In
particular, it always admits a directed semi-tree structure in the sense of [T9, Definition
2.6]. This has been observed in the special context of Example in [79, Lemmas 3.1,
3.2, 3.5(ii)].

THEOREM 2.1.16. Let 7 = (V,&) be the directed Cartesian product of directed trees
A,y..., . Then:

(i) 7 has no circuits.
(il) . is connected.
(iii) 7 can have at most one root.
(iv) card(Chi(u) N Chi(v)) <1 for any distinct u,v € V.

Proof. To see (i), suppose that {v®}?_, C V is a circuit in 7. Then (v(V),v?)) € &
implies that v(?) € Chi(v(")). Similarly, (v(®),v®)) € &£ implies that v®) € Chi(v?) C
Chi®® (v™). Consequently, v € Chi™™Y (v(1). Finally, (v™,v")) € & implies that
oM e Chit™ (v™M). Also, since v € Chi'” (v™), in view of Lemma V), we arrive
at the contradiction that v(!) € Chi‘®® (v(®)) N Chi{™ (b)),

To prove (ii), let v,w € V. Since each .7 (1 < j < d) is connected, for each v; and
w; there is a finite sequence of vertices {ujk}zjzl C Vj such that u;1 = v, uja; = w;

and (uj g, Ujk+1) OF (Ujpr1,ujr) isin & (B =1,...,a; —1). Let @ = (a1,...,0q). We
construct a sequence {u(k)}‘ka:l1 of vertices in V' as follows. Set
1 2
u( ) = v, u( ) = (ULQ, V2, ... avd)a ERR) u(al) = (Ul,al,’Ug, B Ud)a
1
u(Oél"r ) - (ul,a17u2,27 V3,0, 'Ud), ceey u(a1+a2) = (ul,alvu2,a27v37 e ,’Ud), ey

ulleh — (

u17a17u2,0427 ey ud,ad) = w.
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It is evident from the construction that (u(),uU+V) or (uUFY w()) € £. This proves
that .7 is connected.

If at least one of the directed trees is rootless, then for all v € V, par; (v) # 0 for some
j=1,...,d. It follows from that Par(v) # (), and hence Root(.7) = ). Thus we may
assume that all the directed trees are rooted. Suppose that 7 has a root v # root. By
Lemma vi), there exists some a € N\ {0} such that v € Chi®>(root). But then
Par(v) # (), which contradicts the definition of the root.

Let u,v € V and u # v. Without loss of generality, we may assume that u; # v;.
Suppose that s, w € Chi(u)NChi(v). Then s € Chi;(u) N Chig(v) and w € Chi;(u) N Chi;(v)
for some 1 < 4,4, k,l < d. Note that i # k, for if i = k, then u; # v; would imply that
Chi;(u) N Chig(v) = 0. Similarly, j # I. We treat only the case in which ¢ < k and j < [.
Since s € Chi;(u) we have s = (u1,...,U%i—1, S, Uit1,...,Uq), and w € Chi;(u) implies
that w = (u1,...,uj—1,Wj, Uj41,...,uq). Let par(uy) = s and par(y;) = ;. Since ¢ # k
and j # [, it follows from pary(s) = v = par;(w) that

(Uiyee oy Siyeny Ugy ey tg) =0 = (Uty .o, Wyy oo, Ugy v, Ug). (2.2)
In case i = j, we obtain s; = w; in view of . But then as s,w € Chi;(u), we must
have s = w. Let i # j. Then from , either s; = u; or s; = ;. As s € Chi;(u), we must
have s; = 1, and hence ¢ = [. Therefore, s = par;(u). Thus s € Chi;(u) N par;(u). This is
not possible. Hence the case i # j cannot occur. This proves that s = w and hence (iv)
stands verified. m

There are a couple of possible generalizations of the notion of branching vertex in
several variables. However, the following toral analog seems to be suitable to the investi-
gations in the present text.

DEFINITION 2.1.17. Let 7 = (V, &) be the directed Cartesian product of directed trees
Ay, Tg. Avertex v = (v1,...,vq) € Vis called a branching vertex of 7 if card(Chi(v;))
>2for all j =1,...,d. The set of all branching vertices of .7 is denoted by V.

REMARK 2.1.18. If Vij) is the set of branching vertices of .7}, then

Vo=V xox v,
PROPOSITION 2.1.19. Let 7 = (V,€) be the directed Cartesian product of rooted directed
trees J1,...,Jq. If T; has finite branching index kz, for j = 1,...,d, then for ks =
(kay,....ka,), one has

Chi<F7> (V)N vy =0.
Proof. Assume that each .7; has finite branching index k7, and let v € Chi<ks > (V).
Then v € Chile) ~~~Chifik9‘l>(w) for some w € V. That is, v = (v1,...,v4) and v; €
Chi®* ) (w;) with w; € VY. But then v; ¢ VY. Hence v ¢ V.. This shows that
Chi* (Vo )nve=0. u

The multiindex k5 € N¢ appearing in Proposition [2.1.19| will be referred to as the

joint branching index of 7. Also, we say that .7 has finite joint branching index if |k |

is finite.
We conclude this section with a brief discussion on the notion of siblings of a vertex.
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Let .7 = (V, &) be the directed Cartesian product of rooted directed trees .77, ..., ;.
Foru eV and j=1,...,d, we set

b, () Chij(par;(u)) if u; # root;,
sib;(u) :=
! 0 otherwise.

For W C V, we define sib; (W) := U, cyy sibj(u).

REMARK 2.1.20. Let 1 < 4,5 < d and v € V. Then sib;sib;(v) = sibjsib;(v). Further,
SibiSibi(U) = Slbl(?})

For future reference, we record the following simple yet useful observation.

PROPOSITION 2.1.21. Let 7 = (V, &) be the directed Cartesian product of directed trees
A,...,Tg. Then

card(sib;(v)) card(sib; (par;(v))) = card(sib;(v)) card(sib;(par;(v)))
for every v € Chi;(Chij(w)), weV, and i,j =1,...,d.

Proof. Clearly, the identity holds for 4 = j. In case i # j, the conclusion follows from the
fact that card(sib;(par;(v))) = card(sib(v;)) = card(sib;(v)). m

2.2. Tensor products of rooted directed trees. In this section, we discuss another
notion of product of two directed trees, to be referred to as tensor product. This notion
was introduced by P. Weichsel [92] for undirected graphs, and later extended to directed
graphs by M. McAndrew [80] (refer also to [62]). In the literature, the tensor product
is also known as categorical product, Kronecker product, cardinal product, weak direct
product and even Cartesian product. We emphasize that the notions of Cartesian product
and tensor product, as discussed in this text, are different.

The definition of the tensor product of two directed graphs extends naturally to finitely
many directed trees.

DEFINITION 2.2.1. Let d be a positive integer and let .7; = (V},&;) (j =1,...,d) be a
collection of rooted directed trees. The tensor product of 71,...,.9; is a directed graph
T = (V,E%), where V :=V; x -+ x V; and

¥ :={(o,w) €V xV:(vj,1w;) €& forall j=1,...,d}.

Caution. Since the set of vertices of the tensor product is same as that of the directed
Cartesian product, we use scripted letters throughout the text to distinguish the vertices
(except the root) of the tensor product from those of the directed Cartesian product.

REMARK 2.2.2. Note that (v,w) € £ if and only if to € Chiy - - - Chig(v). Thus Chi(v) =
Chiy - - - Chig(vb) (with reference to the directed graph .7®). This should be compared with
the expression for Chi(-) (with reference to the directed graph .7) as given in Remark

219

Let 7% = (V,£%) be the tensor product of rooted directed trees 97, . .., J4. Define
vertices v, € V to be equivalent if either v = tv, or v and w can be connected by a
path in Z®. Note that this defines an equivalence relation. A component of 7% is an
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equivalence class of this relation. It turns out that each component of 7% is a rooted
directed tree. We illustrate this in more detail in the following theorem.

THEOREM 2.2.3. Let T© = (V,E®) be the tensor product of rooted directed trees 71, ...,
Ty and let T2, = (V®, F) denote the (unique) component of 7% that contains root. Let
T be the directed Cartesian product of 71, ..., Jy. Set

Root® := {v € V : v; = root; for at least one j =1,...,d}.
Then:

(i) If v € Root®, then there does not exist any w € V' such that (u,0) € £,

(ii) For each v € V' \ Root®, there is a unique u € V such that (u,v) € £2. In other
words, each v € V \ Root® has a parent.

(iii) % has no circuits.

(iv) No two distinct vertices in Root® can be connected by a path in T®.

(v) There is a bijective correspondence between the collection of components of 7 and

the elements of Root®. In particular, 7® contains countably many components.

) Each component is a rooted directed tree with root coming from Root®.
) T© is locally finite if and only if T is locally finite.

(viii) 7@ is leafless.
) If T is of finite joint branching index kg = (ka,,...,kg,), then the branching

index k zo of T equals max{kg, : 1 < j < d}.

(x) For each v € V, there exists v € V® such that |d,| = dy, where d, is the depth of
vin 7 and dy is the depth of v in the directed tree F,5,.

REMARK 2.2.4. The conclusion of (v) above is in contrast with the situation occurring in
the case of undirected trees, where the tensor product of two undirected trees has exactly
two components (see [66, Theorem 5.29]).

Proof of Theorem 2.2.3. Let v € Root®. Then v; = root; for some j =1,...,d. Now, if
u € V such that (u,v) € £2, then u; = par(v;), which is not possible. This proves (i).

To see (i), let v € V' \ Root®. Then v; # root; for all j = 1,...,d. Consider u € V
with u; = par(v;) for all j = 1,...,d. Then (u,v) € £2. This proves the existence as well
as the uniqueness of u.

To see (iii), suppose there is a finite sequence {r(M}7?_ | (n > 2) of distinct vertices
such that (0, w0*+D) € €2 forall 1 <i < n —1 and (0™, M) € £2. Then m;l) €
Chit™ (mgl)) for all 1 < j < d. This contradicts the fact that .7; has no circuits.

Let u and v be distinct vertices in Root®. Suppose there exists a finite sequence
{ro®M}r_ CV (n>2) of distinct vertices such that v =1, (™ = v and (® WE+D)
or (W) w®) e ® (i=1,....,n—1). By (i), (0®,1w™) cannot belong to £2. Hence,
we must have (0 1w®) € £2. Thus w® € V \ Root®. Next, if (0 w?) ¢ £9,
then by (i), 0® = . This contradicts the vertices w, ... 1w being distinct.
Thus (0, 1w3)) € £2. By arguing similarly, one can see that (0, (1)) € £% for all
1<i<n-—1 Thusv; € Chi<"_1>(uj) for each j = 1,...,d. Hence v ¢ Root®, which is a
contradiction. This proves (iv).
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Suppose that v € V belongs to some component C. There exist ki,...,ks € N such
that v; € Chi<kj>(rootj) for j = 1,...,d. Let k = min{k; : 1 < j < d}. Then u =
paryc> -~~parfik>(u) € Root®, and since C is connected, u € C. Thus each component
contains an element from Root®. Further, (iv) implies that each component contains
at most one element from Root®. Clearly, as each element of Root® belongs to some
component, the correspondence between the collection of components of .7 ® and the
elements of Root® is bijective. This completes the verification of (v).

Let C be any component of .7 ®. From (v), there exists a unique v € Root® such that
v € C. Further, (i) implies that v has no parent, in particular, in the subgraph C. Thus b
is a root for C. Clearly, C is connected, and by (ii), each u € C, with u # v, has a parent.
Also, by (iii), C has no circuits. This proves (vi).

Let v be a vertex in V. By Remark Chi(v) = Chiy - - - Chig(v). It follows that
d d

card(Chi(v)) = ] ] card(Chi;(v)) = ] card(Chi(v;)).
j=1 j=1
Thus Z® is locally finite if and only if .7 is locally finite.

(viii) is an obvious consequence of the fact (observed in Remark that Chi(p) =
Chiy - - - Chig(v) for all v € V.

To see (ix), first note that V& = | 72, Chi®® (root) = | ?, Chi§k>~-Chif1k>(root).
Hence, if v is any vertex of 7,2,  then there exists a unique & € N such that v; €
Chi%*) (root;) for all 1 < j < d. Thus dy, = d,, for all 1 < j < d. Next, observe that
card(Chi(v)) > 2 if and only if there exists a positive integer j (1 < j < d) such that
card(Chi(v;)) > 2. With these two observations, it is easy to see that

sup{d, : card(Chi(v)) > 2} = lrgaécdsup{duj : card(Chi(v;)) > 2}.
<<

This implies that k9®t = max{kz, : 1 < j < d}. We leave the verification of the last part

roof

to the reader. m

We will see later that certain weighted shifts acting on the rooted directed tree 7,5,
arise naturally in an integral representation of so-called spherically balanced multishifts
originating from the directed Cartesian product of directed trees.

REMARK 2.2.5. Note that .72 is an isomorphic invariant for .7%. In fact, let {2 :
1 < j < d} be a collection of rooted directed trees with respective roots root; and let
T be the tensor product of fh R T, Let frgt be the component of T® contain-
ing root. Suppose that ¢; is an isomorphism between .7; and f} Then (vy,...,04) —
(¢1(01),...,04(vg)) defines an isomorphism between .7® and 7€, and hence 7.8, and
71 ‘f%t become isomorphic.

For future reference, we describe 7,5, in Examples [2.1.5} [2.1.6} [2.1.7| (see Figures 2.4,
2.5, 2.6 respectively). In this regard, the reader is advised to recall the definition of .7,

as given in Example

EXAMPLE 2.2.6. Let 71 o be the tree as discussed in Example Let d = 2 and
T = T for j =1,2. Then

Root® = {(4,0), (0,4) : 4,5 > 0}.

0,ko
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:(0,3) ‘(1,3) ‘(2,3) :(3,'3')
0.2) (1.2) (2.2) (3.2)
©01) (fEY) (CY) G
(0,0) (1,0) (2,0 (3.0)

Fig. 2.4. In Z1,0 ® Ji.0, TE, is represented with bold-faced edges

(6,3) (4,3) (2,3) (0,3) (1,3) (3,3) (5,3)
(6,2) (4,2) (2,2) (0,2) (1,2) (3,2) (5.2)
(6,1) (4,1) (2,1) (0,1) (1,1) (3.1) (5,1)
(6,0) (4,0) (2,0 (0,0) (1,0) (3,0) (5,0)

Fig. 2.5. In Z,0 ® Ji.0, T, is represented with bold-faced edges

(6,5) (4,5) (2,5) (0,5) (1,5) (3,5) (5,5)
(6,3) (4,3) (2,3) (0,3) (1,3) (3,3) (5,3)
(6,1) (4,1) (2,1) (0,1) (1,1) (3.1) (5,1)
(6,0) (4,0) (2,0) (0.0) (1,0 (3,0) (5,0)
(6,2) (4,2) (2,2) (0,2) (1,2) (3,2) (5,2)
(6,4) (4,4) (2,4) (0,4) (1,4) (3,4) (5,4)
(6,6) (4,6) (2,6) (0,6) (1,6) (3,6) (5,6)

Fig. 2.6. In Z50 ® 2.0, Z&, is represented with bold-faced edges

For i > 1, the components C(; oy = (V(i,0), £a,0)) containing (i,0) are given by
Vioy ={(+kk): >0} and Chi((i+k,k)) ={(i+Ek+1,k+1)}
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for all k& > 0. A similar description of Cg jy is obtained for j > 1. Further, the rooted
directed tree 7,2, with set of vertices V@, is given by

V® = {(k,k): k >0} and Chi((k,k)) = {(k+1,k+1)}
for all k > 0. Note that Z%, is isomorphic to 73 ¢ via (k, k) — k.
EXAMPLE 2.2.7. Let 74 = S5, T2 = J1,0 (see Example [2.1.6). Then
Root® = {(i,0), (0,4) : 4,5 > 0}.
For i > 1, the components C(; oy = (V(i,0), £xi,0)) containing (i,0) are given by
Vioy = {(i+2k,k) : k> 0} and Chi((i + 2k, k)) = {(i + 2k + 2,k + 1)}

for all k£ > 0. Further, for j > 1, the components Cg jy = (V(0,5),&(0,5)) containing (0, j)
are given by

Vio) ={(0,5), (1L, i+ 1), 2,5+ )} u{@k+1,j +k+1),(2k,j+ k) : k> 1}

and Chi((0,75)) = {(1,7 +1),(2,5 + 1)}, Chi((k,])) = {(k + 2,1 + 1)} for all k,1 > 1.
Moreover, the rooted directed tree .75, , with set of vertices V@, is given by

VE ={(2k+ 1,k +1),(2k,k) : k > 0}

and Chi((0,0)) = {(1,1),(2,1)}, Chi((k,1)) = {(k+ 2,1+ 1)} for all k£,1 > 1. Note that
Z,&. is isomorphic to J ¢ via (k1) — k.

EXAMPLE 2.2.8. Let 71 = 9,0 = 5. Then
Root® = {(4,0),(0,4) : i,j > 0}.

For j > 1, the components Cg jy = (V(0,5), €(0,5)) containing (0, j) are given by
and Chi((0,5)) = {(1,7+2),(2,7+2)}, Chi((k,1)) = {(k+2,1+2)} for all k,1 > 1. Similar
description for C(; o) is obtained for all # > 1. Further, the rooted directed tree FE., with
set of vertices V&, is given by

V® = {(k,k): k>0}yuU{(2k — 1,2k), (2k,2k — 1) : k > 1}
and Chi((0,0)) = {(1,1),(1,2), (2,1), (2,2)}, Chi((k,1)) = {(k + 2,0 + 2)} for all k1 > 1,
It can be seen that .7, is isomorphic to the rooted directed tree Ta0-

We revisit the above examples once again in the context of spherically balanced mul-
tishifts in Chapter 5.



3. Multishifts on products of rooted directed trees

In this chapter, we introduce and study the notion of multishifts on directed Cartesian
product of finitely many rooted directed trees. In particular, we discuss some basic proper-
ties of multishifts such as boundedness, commutativity, circularity and analyticity. These
are then used to describe various spectral parts of S including the Taylor spectrum.

In this paper, we are interested in the tree counterpart of classical unilateral multi-
shifts. Hence all the directed trees discussed in the remaining part of this text will be
rooted.

3.1. Definition and elementary properties. Let .7; = (V;,&;) (j = 1,...,d) be
rooted directed trees and let 7 = (V,€) be their directed Cartesian product. For a
vertex v € V, let e, : V' — C denote the indicator function of the set {v}. Consider the
complex Hilbert space [2(V) of square summable complex functions on V equipped with
the standard inner product. Note that {?(V') admits the orthonormal basis {e, : v € V'}.
We always assume that card(V) = RNg. For a nonempty subset W of V, (?(W) may be
considered as a subspace of [2(V). Indeed, if one sets f = fon W and 0 otherwise, then
the mapping U : [2(W) — 12(V) given by Uf = f is an isometric homomorphism.
REMARK 3.1.1. Consider the category T of directed Cartesian products of finitely many
directed trees with morphisms being directed graph homomorphisms (or directed graph
isomorphisms). Note that [? defines a covariant functor from T into the category C of
Hilbert spaces with bounded linear operators (resp. unitaries) as morphisms. Indeed, any
graph homomorphism (resp. isomorphism) ¢ induces a bounded linear operator (resp.
unitary) [2(¢) given by

P(9)(en) = egw),
which satisfies 12(¢ o ¥) = 12(¢) o I2()).

DEFINITION 3.1.2. Given a system A = {)\S,j) cveVe j=1,...,d} of complex numbers,
we define the multishift Sy on 7 with weights A as the d-tuple of operators Si,..., Sy
on [2(V) given by
P(8;) = A{f €P(V): ADF € P(V)},  Sif == ADf, feD(S)),

where A(}) is the mapping defined on complex functions f on V by

(4) : o
Ay’ - f(par;(v) if vy € VP,
0 if v; is a root of Jj.

(A?ﬁwr:{

[31]
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We note here that not all weights /\gj) in the system X are used in the above definition.

For instance, if v € Chii(root) then /\5,2) will not appear in the definition of Sx. Further,
from here onwards, we assume that A consists of nonzero complex numbers.

REMARK 3.1.3. If e, € 2(S;), then
Sjey = Z ADe,,. (3.1)
wEChi; (v)
EXAMPLE 3.1.4 (Classical multishifts). Consider the directed Cartesian product .7 of d

copies of 71 o as discussed in Example Assume that S; is bounded for j =1,...,d.
Then

Sica = 3. Aes =2Y) eare,
BEChi, (a)
If one sets wY) = )\Of}re , then Sy is nothing but the classical multishift Sy, with weight
multisequence {wa caeNd j=1,...,d}.
LEMMA 3.1.5. Let T = (V, &) be the directed Cartesian product of rooted directed trees

Fy..oy Ty and let Sy = (S1,...,S4) be a multishift on T. Then, for j = 1,...,d, the
following statements hold:

(i) S; is a bounded linear operator on 1*(V) if and only if
su |AL)|2
ve‘r/) Z v
weChij (v)
(i) S; is injective.
Proof. We argue along the lines of [67, Propositions 3.1.8 and 3.1.7]. By Lemma/|2.1.10(ii),

{€w fwechi; (v) 18 orthogonal for every v € V and j = 1,...,d. The first part now follows
from (3.1). To see (ii), suppose that S;f = 0 for some f € [*(V'). Then

D@ Y PPP =S =
veV weChij (v)

Since A consists of nonzero complex numbers, the above equality holds if and only if
either f(v) = 0 or Chij(v) = (. However, by assumption J1,..., .7, are leafless, and
hence f(v) =0forallveV. n

Unless stated otherwise, S; belongs to B(I*(V)) for every j =1,...,d.
If Sx = (S1,...,8q) is the multishift on 7, then the Hilbert space adjoint 7 of S;
is given by

* ~ ()
(S5 H@) = > X fw), felPV).
weChij; (v)
In particular, for all v € V,
~ () .
e — Xy €par;(v) if par;(v) # 0,
a 0 otherwise.

REMARK 3.1.6. Note that Sferoot =0 for all j =1,...,d. In particular, 0 belongs to the
point spectrum of S5.
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In the following proposition, we collect several elementary properties of Sy.

PROPOSITION 3.1.7. Let 7 = (V,&) be the directed Cartesian product of rooted di-
rected trees 9,..., Iy and let Sx be a multishift on 7. For j = 1,...,d, w € V, let
B(j,w,0):=1 and

Also, let o9 =0 e N? and o) = (al,...,aj,O,...,O) €N forj=1,...,d. Then:

(i) Sx is commuting if and only if for all i,5 =1,...,d and for allv €V,

A J))\par w =AIAND - for all u € Chi;Chis(v). (3.2)

(ii) Sx is doubly commuting if and only if (3.2) holds and for allv € V and i,j =
., d with i # j:

A(”Agr w = NX for allu € Chiy(v). (3.3)

If, in addition, Sx is commuting then:
(iii) For all1<i,57<d, allveV and alln >1,
. Q) _ (4)
B(j, par;(v),n)AY = B(j,v, A g

(iv) For a = (a1,...,aq) ENY and allv €V,

o (3.4)

S;\!ev = Z Hﬁ j par<<0t(J K (U))704j>6w. (35)

weChi<a> (v) j=1

(v) Fora=(ay,...,aq) €N? and allv €'V,
)\ e'u Hﬁ j par<<o‘ )>>( ) (X]‘)epar<<a>>('u)7
Jj=1

where B(-) = B(-).
(vi) For a = (a1,...,aq) EN? and allv €V,

d
S3*S\e, = Z H 1B(7, par<<a(j71)>>(w),aj)|2ev.

weChi<a> (v) j=1
(vil) The multishift Sy is toral left invertible if and only if

inf i ()2
B, X WE>o
weChij (v)

(viii) The multishift Sx is joint left invertible if and only if
d
; (42
vlgz > PP >o
J=1 weChi;(v)

(ix) If a# B in N9, then (SSe,, Sfeq) =0 for every v € V.
(x) Ifv#winV, then (Sye,, Syew) =0 for every a € N4,
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Proof. Leti,j=1,...,dand v € V. Then

SjSiev = Sj Z /\g)ew = Z Z )\gj))\gf)e

weChi; (v) w€Chi; (v) ueChij; (w)

= > Y AW (3.6)

we€Chi; (v) ueChij;(w)

SiSje=">_ 3 AD e (3.7)
weChij (v) ueChi; (w)
By Lemma [2.1.10(i), Chi;Chi;(v) = Chi;Chi;(v). Hence, by evaluating at u € Chi;Chi;(v),
we infer from (3.6)) and (3.7) that Sy is commuting if and only if (3.2) holds. To see (ii),
note that

SiSteo = > A Ae, and SiSieo= > AR e -
weChi; (par; (v)) weChi; (v)
By Remarkm, Chi;(par;(v)) = par;(Chi;(v)). Therefore, by arguing as above, S;S7e,
= S} S;e, for all v € V if and only if ( . ) holds. This proves (i) and (ii). Also, (iii) may
be deduced by repeated applications of .

We prove (iv) by induction on |a| for o € N¢. In case |a| = 0, it is easily verified that
holds. Let n € N and suppose that holds for all & € N? with |a| = n. Let
a € N? and |a| = n+ 1. Then a = v + ¢; for some 1 < i < d and some vy € N¢ with
|v| = n. Therefore, for v € V,

By symmetry,

d
Stev=55Ses =5 > [[8Gpar<” "> (w).55)en

weChi<Y> (v) j=1

d
= Y TI86G.par< " 7wy Y AQe

wEChi€Y> (v) 7=1 u€Chi; (w)
d
S TLAGpar< "> (par,(w), 1) A
u€Chi<e> (y) j=1
In view of Chi;(Chi?"> (v)) = Chi<®> (v), the last equality may be justified by pointwise

evaluation. It now suffices to check that

d
. (G—-1) i . (G—1)
186G, par<™™ "> (par;(u), v,)AY = [] BG, par<™ "> (u), ;).  (3.8)
L =

This follows from repeated applications of . Indeed,
B(1, par, (u), y1)AP & 3(1,u mx(”m e’
B2 par{™ (par,(u). A" .y (2 par (), )Ny

Continuing in a similar manner and using the facts that v + ¢; = a and par;(par;(u)) =
par;(par;(u)), we obtain (3.8). This proves (iv). The proof of (v) is along the lines of (iv);
we skip the details. Note that (vi) is a consequence of (iv) and (v). We leave the routine

<’Yl> (u) :
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verifications of (vii) and (viii) to the reader. Finally, (ix) may be deduced from (3.5) and
Lemmal2.1.10(iii), while (x) is an immediate consequence of (3.5)) and Lemma|2.1.10ii). =

The following result says that there is no loss of generality if we assume that the
weight system of Sy is a subset of the positive real line.

COROLLARY 3.1.8. Let = (V,&) be the directed Cartesian product of rooted directed
trees T, ..., Iy and let Sx be a commuting multishift on . Then Sy is unitarily equiv-
alent to S|x|, where

|>‘| = {|>‘1()J)| ‘v E VO7 ] = 177d}
Proof. We combine ideas from [71], Corollary 2| and [67, Theorem 3.2.1|. For simplicity,

we treat the case d = 2. The proof for d > 3 is the same. By Proposition i)7 for all
i,7=1,2and allv e V,

argl?) + argéi)rj(u) = arg!) + argg?ri(u) for all v € Chi;Chi;(v), (3.9)
(4)

where arg;’’ denotes the principal argument of )\1(,] ). For {Wy}vev C R, define the unitary
operator Uy : [2(V) — I2(V) by
Uge, = exp(i¥y)e,, veV.

Let (171,T3) denote the commuting 2-tuple S||. With this notation, the system S;Uy =
UyT; (j = 1,2) is equivalent to

U = Vpar, (w) = arg?),  w e Chij(V) and j = 1,2. (3.10)
We will show that the above system has a solution. Let ¥,oor = 0. Its clear that ¥, can
be defined recursively using (3.10). To see that 1, is well-defined, it suffices to check that

arg'y) +9par, (w) = a8 +Vpar, (), w € Chig (V) N Chix(V),

whenever (3.10)) holds for par;(w) (j = 1,2). Note that

arggf) ‘H9par2(w) argq(f) +(19P3"1(Par2(w)) + argg) )

ry(w)
arg(t) +(»

(2) E.10p 1
pary (pary (w)) T AT8pa) (1) = AT8L) +Upar, (). W

From here onwards, we assume that the weights from X appearing in the definition of
Sx are always positive.
Given a positive integer d, we set

HO = H o DH.
For a commuting d-tuple T = (T1,...,Ty) on H, consider the linear transformation
Dr : H — H®? given by
Drh = (Tyh,...,Tyh) for h € H.

Note that the kernel of Dp is precisely the joint kernel ker T := ﬂ';:l kerT; of T. We
write ker D and ker T" interchangeably.

COROLLARY 3.1.9. Let = (V,&) be the directed Cartesian product of rooted directed
trees A, ..., T and let Sx = (S1,...,54) be a commuting multishift on . Fori € N, let

T denote the commuting d-tuple (Si°,...,S5"). Then Usen ker Dy is dense in 1*(V).
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Proof. Since {ker D) }ien is an increasing sequence of subspaces of [2(V), it suffices to
show that M := J; .y ker Dy contains e, for every v € V. For any v € V, by Proposition
V), ey € ker Dy for all ¢ > |d,|, where d,, is the depth of v in 7. =

The following proposition is motivated by the description of the kernel of the adjoint
of a weighted shift on a directed tree as given in [67].

PROPOSITION 3.1.10. Let F = (V,E) be the directed Cartesian product of rooted directed
trees J,..., T4 and let Sx = (S1,...,5q) be a commuting multishift on 7. Then, for
j=1,...,d, we have

ker ST = @ {I3(Chi;(v)) o TV} @ \/{ev tv €V and v; =root;}, (3.11)
Ujvee‘/‘i(j)

where T Chi;(v) — C is given by I‘E,j)(u) = )\&j)(: (Sjev)(uw)).
Proof. This follows immediately from [67, Proposition 3.5.1(ii)] and [35, (2.2)]. m
REMARK 3.1.11. Note that ker ST is infinite-dimensional whenever d > 1.

It is desirable to have a description similar to (3.11) for the joint kernel of S%. The
following example shows that the situation is more intriguing than it seems.

EXAMPLE 3.1.12. Let 7 = (V,&) be the directed Cartesian product of two rooted di-
rected trees 77, Z5. Assume that there exists a vertex v = (v1,v3) € V such that v; has
two children, say ¥; and 91, and vs has only one child ©2. Then

Chl('l)) = {(i)lv UZ)? (’Ula v?), (Ulv 02)}7
and hence 12(Chi(v)) is 3-dimensional. Let f € 12(Chi(v)) & [TV, TP, and write

[ = (o, m,) + By ,05) T Ve(v1,00)
for some «, 3,7 € C. We claim that
2(Chi(v)) © [TV, TP € B,
where E denotes the joint kernel of S}. Assume to the contrary that f € E. Note that
S5 f = 0 implies

@) (2) 2) _
O (o1 o) E(01par(v2)) T B ) E(1 par(v2)) T YA (o)) E(01,02) = O

which is true only if &« = =« = 0, that is, f = 0. On the other hand, [Fg,l),Fg,Q)] is at

most two-dimensional (as I‘E,l), FE?) could be linearly dependent), and hence
dim(12(Chi(v)) & [V, T3)]) > 1.

Thus the claim stands verified.

As is evident from the preceding discussion, the exact description of the joint kernel
of S} is not as simple as in the case d = 1, and hence we postpone it to Chapter 4. For
the time being, let us see that the joint kernel of S} can be finite-dimensional in many

interesting situations (cf. Remark [3.1.11)).
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PROPOSITION 3.1.13. Let 7 = (V, &) be the directed Cartesian product of rooted directed
trees A, ..., Jq. Let Sx = (S1,...,S4) be a commuting multishift on 7 and let E denote
the joint kernel of SX. Then

d
\/ P {1(Chi;(v)) & TP} @ [eront] € E S \/{ew:v € Fyx - x Fal, (3.12)
j=1veD;
where Dj :={v eV :v; € Vij) and v; = root; fori # j}, ) . Chij(v) — C is given by
I (w) =AY, and F; == Chi(VY) U {root;} (j =1,...,d).

Proof. To see the first inclusion, let f € (?(Chij(v)) & [ng)] for some v € D; and for a
fixed j =1,...,d. Thus f =3, ccpi, o) f(u)eu satisfies (f, T} = 0. Now, for any i # 7,
Sif= > FAepar, ) =0

u€Chij; (v)
since v € D;. Further,
Sif= > f@Nepr = D>, FAPe, = (f,TF)e, =0,
u€Chij; (v) u€Chij; (v)
where we have used (f, ng)> = Zuecmj(v) f(u))\gj).

To see the second inclusion, let f € E be such that f = > _ f(v)e,. Then, for
j=1,....d,

Sif =" FWAY epar, )

veV
= Z f(v))\gj)eparj(v) + Z f(v))\gj)epa,j(v).
veV veV

card(sibj(v))=1 card(sibj (v))>2
Note that epar, (v) is orthogonal to €par; (w) if v # w, and card(sib;(v)) = 1 = card(sib;(w)).
Since S} f = 0, we obtain f(v) = 0 for every v € V such that card(sib;(v)) = 1. Thus
f(v) # 0 implies that either card(sib;(v)) is 0 for all j = 1,...,d or is more than 1 for
all j. However, card(sib;(v)) > 2 if and only if v; € Chi(VS)). Further, card(sib;(v)) =0

if and only if v; = root;. This completes the proof. m

COROLLARY 3.1.14. Let .7, Sx and E be as in the preceding proposition. If T is locally
finite with ﬁm’te set of branching vertices, then E is ﬁnite—dimensional. Moreover,

1+ Z Z (card(Chi(v;)) — 1) < dim E < H card( Chl( )) +1). (3.13)

Jj= 11) GV(])

Proof. This is obvious from (3.12)). =

REMARK 3.1.15. In Example the formula holds with equalities at all places
(with dim E = 1). On the other hand, in Example equality holds only at the left
end of (with dim E = 2). Further, in Example equality may or may not hold
even at the left end of (with dim £ = 3 or 4). The last two assertions may be

deduced from Examples [£.1.8] and [£.1.9]
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COROLLARY 3.1.16. Let .7 = (V,&) be the directed Cartesian product of rooted directed
trees A, ..., Ty. Let Sy be a commuting multishift on 7 and let E denote the joint
kernel of Sy. Then E is finite-dimensional if and only if T is locally finite with finite
joint branching index.

Proof. If E is infinite-dimensional then by (3.12)), the cardinality of F; = Chi(Véj )) U
{root;} must be infinite for some j = 1,...,d. It follows that either .7; is not locally
finite or Vi] ) is infinite. To see the converse, suppose that for some j = 1,...,d, J; is
either not locally finite or of infinite branching index. By Proposition [3.1.13]
M= @ {PP(Chi;(v) o [TP]} C E,
veD;
where D; ={veV:v; € VS) and v; = root; for i # j}. Note that ?(Chi;(v)) © [ng)] is
nonzero for every v € D;. If 7} is not locally finite, then 1?(Chi;(v)) is infinite-dimensional

for some v € D;. If Jj; is of infinite branching index, then D; is infinite. In any case, M
and hence F is infinite-dimensional. m

We have already seen in Theorem [2.1.16] that the directed Cartesian product of di-
rected trees admits a directed semi-tree structure. Since there is a notion of shifts .5 on
directed semi-trees [79], it is thus natural to reveal the relation between .%s on a directed
semi-tree .7 and the multishift Sy. To see this, let us recall the notion of shift on a
directed semi-tree from [79, Section 5].

Let 7 = (V,€) be the directed Cartesian product of rooted directed trees 71, ..., ;.
Given a system 0 = {J(y,0) : (u,v) € €} of positive numbers, define the weighted shift
operator Ss on  with weights & by

D(Is)={felP(V): Azfel?(V)}, Fsf=Asf [ D),
where A& is the mapping defined on complex functions f on V' by

EuEPar(v) S,y f(u) if v eV \ {root},
0 otherwise.

(A7 f)(v) = {

Let us see the precise relation between Sy and .%.

PRrROPOSITION 3.1.17. Let 5 be the weighted shift operator on the directed Cartesian
product of rooted directed trees J1,..., 9. Set /\5,” = O(u,w) for v € Chij(u), and let
Sx = (S1,...,84) be the multishift on T (possibly unbounded). Then ﬂ?zl 2(5;) C
D(Ss). If, in addition, Si,...,Sq are bounded linear operators on 1*(V), then S5 is

bounded. In this case, S5 = Z?Zl S;.
Proof. Let f € ﬂj 1 2(S;). Then
d
(Z5H@) = 3 Sanf@ E DT D @)
u€Par(v) J=1 u=par;(v)

d

d
= 3700 f(par; () = S(S;£)(v).

j=1 j=1
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This shows that f € 2(.%). If S1,...,Sq are bounded on [?(V), then 2(.%5) = I?(V).
However, .5 is always closed [(9, Proposition 5.1], and hence .%5 is a bounded linear
operator in this case. m

The above result shows that Z?:l S; can be realized as the shift on .7 endowed with
a directed semi-tree structure.

In the remaining part of this chapter, we obtain some basic properties of multishifts Sx
on 7. These include circularity and analyticity. We also obtain a matrix decomposition
for S in dimension d = 2. All these results are then used to examine various spectral parts
of Sy such as point spectrum, Taylor spectrum, and essential spectrum. The discussion
to follow relies heavily on the multivariable spectral theory as expounded in [44].

3.2. Strong circularity and Taylor spectrum. Let T'= (T3, ...,T,;) be a commuting
d-tuple on H. We say that T is circular if for every 6 = (6y,...,04) € R? there exists a
unitary operator I'y on H such that

IyT;Ty =exp(if;)T; forallj=1,...,d

We say that T is strongly circular if in addition Iy can be chosen to be a strongly
continuous unitary representation of R% in the following sense: for every h € H, the
function 6 — I'yh is continuous on R<,

The above notion in dimension d = 1 has been introduced and studied in [I6]. These
operators have been extensively studied thereafter (refer to [57], [81], [88], [23]). The fact
that any classical multishift is circular is first obtained in [7I], Corollary 3]. This may also
be deduced from [36, Lemma 2.14].

The following generalizes [71], Corollary 3]. Unlike the method of proof of [67, Theorem
3.3.1], where the unitary Iy comes from solution of a system of equations, our proof
exhibits a formula for I.

PROPOSITION 3.2.1. Let 7 = (V,&) be the directed Cartesian product of rooted directed
trees 91, ..., Tq and let Sy be a commuting multishift on . Then Sy is strongly circular.

Proof. Let 6 = (61,...,04) € R For f =3 f(v)e, € 12(V), define Iy : 1*(V) —
I2(V) by

Ipf = Z exp(—id, - 0) f(v)ey,
veV

where d, is the depth of v in . and a- 6 := ijl a0 for o € N?. Clearly, I'y is unitary

with inverse I'_g. Note that d,, = d,, + ¢; if w € Chij(v) for any v € V and j =1,...,d.
It follows that

(I S;To) f S;) Y exp(—idy - 0)f(v)e,
veV
—FQ(ZGXP —id, - 0) f Z Ay ew)
veV wEChlJ('u)

= Z exp(—id, - 6) f(v) Z A exp(idy - 0)eqw

veV weChij; (v)
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= Z exp(—id, - 0) f(v) Z AP exp(i(d, + €) - 0)ew

veV weChij; (v)
= Z exp(ie; - 0) f(v) Z APe,, = exp(i6;)S; f.
veV weChij (v)

Now we show that for any f € 1?(V), § — Iy f is continuous. Let {#(™}°% | be a sequence
in R? which converges to 6. Then for f =3 f(v)e, € *(V),
1Ty = To)FII* =Y lexp(—id, - 0) — exp(—id, - )|*|f (v)[*.
veV

Let € > 0. Since f € [?(V), there is a finite subset W of V such that D e \W If()]? <e.
Further, as 8 — exp(—id, - ) is continuous for each u € W, there exists a positive
integer n(u) such that ’exp(—idu -0 — exp(—id, - 0)|2 < e for all n > n(u). Let
n(0) := max{n(u) : u € W} < oo. Then, for all n > n(0),

[Ty — To) fI> =Y lexp(—id,, - 0™)) — exp(—id, - 0)[?|f(v)[?

veW
+ D lexp(—id, - 0™)) — exp(—id, - )| f (v)|?
veV\W
< €2< Z |f(v)|2) +4e. m
veW

The following is immediate from the spectral mapping property of Taylor spectrum
and the preceding proposition.

COROLLARY 3.2.2. The Taylor spectrum of a commuting multishift Sx has polycircular
symmetry, that is, ¢ -w € o(Sy) for any w € o(Sx) and any ¢ € T?. In particular, the
Taylor spectrum of Sx coincides with that of Sy.

REMARK 3.2.3. Note that point spectrum, left spectrum and essential spectrum also have
polycircular symmetry.

A special case of the following result, in which .7 is the directed Cartesian product
of 71,0 with itself, has been obtained in [36].

PROPOSITION 3.2.4. Let 7 = (V,&) be the directed Cartesian product of rooted directed
trees A, ..., Tq and let Sx be a commuting multishift on . Then the Taylor spectrum
of Sx is connected.

Proof. The idea of this proof is similar to that of |36, Lemma 3.8]. By Remark
0 belongs to the point spectrum o, (S%) of Sx. Hence 0 belongs to the Taylor spectrum
of S5. In view of Corollary it suffices to check that o(S}) is connected. Let K3 be
the connected component of ¢(S%) containing 0 and let Ky = o(S%) \ K. By the Shilov
Idempotent Theorem [44] Application 5.24], there exist invariant subspaces M1, Mg of S}
such that [2(V) = M;4+ M (vector space direct sum of M and Ms) and o(S5|um,) = K;
for i =1,2.

For every i € N, let T() denote the commuting d-tuple (S;%,...,S%"). Let h €
ker(Dr ) for fixed i € N. Then h = z-+y for € My and y € M. It follows that S3*z = 0
and S¥y =0 forall j = 1,...,d. If y is nonzero, then 0 € 0y, (T V| r,) € (T ry,), and
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hence by the spectral mapping property [44], 0 € o(T™M)|r4,) = 0(S%|m,)- Since 0 ¢ Ko,
we must have y = 0. It follows that M, contains the linear manifold | J, y ker(Dz),
which is dense in I2(V) by Corollary Hence M; = [?(V'). Thus the Taylor spectrum
of S5 is equal to K. In particular, the Taylor spectrum of Sy is connected. m

A connected subset Q of C? is said to be Reinhardt if it is invariant under the action of
the d-torus T¢, that is, ( - z := (C121, .. ., Cqzq) belongs to Q whenever z € Q and ¢ € T
Combining Proposition [3:2.1] with the preceding result, we obtain the following fact.

COROLLARY 3.2.5. Let T = (V,&) be the directed Cartesian product of rooted directed
trees T, ..., 4. Then the Taylor spectrum of a commuting multishift on 7 is Reinhardt.

REMARK 3.2.6. Suppose that the Taylor spectrum o(Sy) has spherical symmetry in the
following sense: Uz € o(Sx) whenever z € (Sy) for every d x d unitary matrix U. Then
o(Sx) must be a closed ball centered at the origin. Indeed, 0 € o(Sy) since €0t belongs
to the joint kernel of S§ in view of Remark The desired conclusion now follows
from the fact that every spherically symmetric, compact Reinhardt set containing 0 is a
closed ball centered at 0.

3.3. Analyticity and point spectrum. A commuting d-tuple T' = (T1,...,T,) on a
Hilbert space H is called analytic if

ﬂ ranT¢ = {0}.
aeNd
Just as in the classical case, the multishifts on 7 are analytic. Indeed, they are
separately analytic in the following sense.

PROPOSITION 3.3.1. Let 7 = (V,&) be the directed Cartesian product of rooted directed
trees A,..., Ty and let Sx = (S1,...,54) be a commuting multishift on . Then for
each j =1,...,d, Sj is analytic.
Proof. Let j =1,...,d be fixed. For n € N, let

M,, = \/{ev i€ Chi<<”6j>>(V)},

and note that by (3.5)), ran 8% C M,. It now suffices to check that Moy M, = {0}.
To see this, note that if f € M,, then f(u) = 0 for every u € V such that u; €
U?:_Ol Chi<i>(rootj). However, ;- Chi<i>(rootj) = Vj}, and hence for any f € [\ —, M,,
we must have f(u) =0 for any u € V. n

The next corollary generalizes |71, Theorem 15], where the method of proof relies on
the description of the commutant of S;.

COROLLARY 3.3.2. Let F = (V,&) be the directed Cartesian product of rooted directed
trees J1,..., Ty and let Sx = (S1,...,54) be a commuting multishift on 7. Then for
each j = 1,...,d, the spectrum of S; equals cl(D,(s,)), where r(T) denotes the spectral
radius of a bounded linear operator T.

Proof. By [35, Lemma 5.2], the spectrum of S; is connected. Since S is circular (Proposi-
tion[3.2.1) and 0 € o(S}) (Remark(3.1.6), the spectrum of S; must be the disc cl(D(s;)). =
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COROLLARY 3.3.3. Let = (V,&) be the directed Cartesian product of rooted directed
trees 9, ..., . Then the commuting multishift Sx on 7 is analytic.

Proof. Note that [ ,cye ran Sy C (,cy ran S’jlc for any 7 = 1,...,d. The desired conclu-
sion now follows from Proposition n

COROLLARY 3.3.4. Let F = (V,&) be the directed Cartesian product of rooted directed
trees J1,..., Ty and let Sx = (S1,...,54) be a commuting multishift on 7. Then for
each j =1,...,d, the point spectrum of S; is empty. In particular, the joint kernel of Sx
1s trivial.

Proof. By Lemma ii), S; is injective. Also, if S;f = wf for some nonzero w € C
then f € [,y ran Sf = {0}, and hence f = 0. This proves that the point spectrum of
S; is empty. m

REMARK 3.3.5. Note that none of Si,...,5¢ can be normal, that is, S7.5; # S5;57 for

every j = 1,...,d. In view of Remark this may be deduced from the fact that for
any normal operator 7', the kernel of T and the kernel of T* coincide.

COROLLARY 3.3.6. Let = (V,&) be the directed Cartesian product of rooted directed
trees A,..., Ty and let Sx = (S1,...,54) be a commuting multishift on . Then for
each j=1,...,d,

\/ kerS;¥ = 12(V) = \/ ker S5

keN aeNd
Proof. After taking orthogonal complement, the first equality may be deduced from the
analyticity of S;, while the second one follows from the analyticity of Sx. =

3.4. A matrix decomposition and essential spectrum. In this section, we discuss
a matrix decomposition of 2-shifts Sx on .7 (cf. [35, Lemma 5.3]). The building blocks in
this decomposition include classical 2-shifts and 2-tuples with entries being weighted shifts
on directed trees. We will use this decomposition to relate the spectral parts of Sy with
the spectral parts of the building blocks appearing in the matrix decomposition of Sy.
Let 7 = (V, &) be the directed Cartesian product of rooted directed trees 7; = (V},&;),
j =1,2. Assume that .7 is locally finite with finite joint branching index ko = (k= , ko,).
Let us observe the following:

(A) Fix vy € Vi. If W = {v1} x Vi, then [?(W) is invariant under Sy. Moreover,
P2 ow)Silizowy =0,

and Sa|;2(wy is unitarily equivalent to a weighted shift on the directed tree 5.
A similar observation holds for V; x {vs} for any vy € Va.
(B) Fix j € {1,2}. Define G, := {root; } if VE) = (). Otherwise, let
G; = {v; € Chi(VY) : card(Chi®™ (v,)) =1 for all n > 1}.

Let v € G1 X Ga. Then L, := | |, cye Chi*>(v) is a directed graph isomorphic to
Ti,0 X 0. Note first that for any two distinct vertices uj,v; € Gj, there is no
positive integer n; such that Chi<”j>(uj) = {v;}. Indeed, if Chi<"j>(uj) = {v;} then
Chi™ = (u;) N Vij) = {par(v;)}, and hence card(Chi{"?(u;)) > 2, a contradiction.
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We next check that for distinct v,w € Gy x Ga, L, N L,, = . Without loss of
generality, assume that v; # wi. Suppose that v € L, N L,. Then Chi<a1>(v1) N
Chi® (wy) = {uy} for some ay,8; € N, and hence Chi‘® (v1) = Chi®®V (wy). Tt
follows that either Chi‘®(w;) = {v1} or Chi‘®? (vy) = {w;} for some o}, 3] € N.
This contradicts the above observation.
Let W; = [J2, pari™(G;) for j = 1,2. Note that Wy, Wy are finite sets. Consider
the disjoint sets
F1 = |_| {wl} X ‘/2, F2 = |_| (Vl \Wl) X {’U)Q}
w1 €Wy wa €W
Note that V = F} U Fy LI F3, where
Fy = |_| L,.
veEG1 X G2
This gives the decomposition 1?(V) = [2(Fy) @ I?(Fy) @ [?(F3), where

(F) = @ Ny, and Ny, :=P{w} x V),

w1 €Wy

P(F)= P My, and My, :=P(Vi\ W) x {ws}),
w2 €EWa

P = @ PL).
vEG1 X G2

now decompose (51, S2) with respect to the decomposition [2(V) = [2(Fy) @ [?(F2) @

ZQ(F3) Indeed, Sl = (Aij)lgi’jggg and SQ = (Bij)lgi,jg& where

(a)
(b)

Ay =0 (i=2,3), Apy = 0= Agp, B1; =0 (i =2,3), By; =0 (j = 1,3), B3 =0,
Ay = 0if Chi(Wy) N Wy = 0 (if and only if k& < 1), and otherwise of infinite rank,
Bay = 0 if Chi(We) N W35 = (if and only if ko, < 1), and otherwise of infinite rank,
Ao is the matrix with generic entry Ppy,, S1 | N, (finite rank operator),

Ass is the diagonal matrix with generic entry 51|Mw27 Bi; is the diagonal matrix
with generic entry S|y, (one-variable shifts on directed trees),

Asg is the diagonal matrix with generic entry Si|;2(z,), Bss is the diagonal matrix
with generic entry Sa|;2(z,) (entries of the classical multishift S.,),

Az is the matrix with generic entry Pp2(r,)S1 |Mw17 Bjo is the matrix with generic
entry Pjz(z,)S2|m,, (infinite rank nonshifts).

Since S7 and S5 are commuting, a plain calculation shows that

A21B11 =0, A31B11 = B3aAo + BszAsy,
A3z3B3y = B3pAgy, A33B33 = B33Ass.

Thus the building blocks for Sy consist of 2-tuples of the form (A1, B11) or (Asg, Bag) for
single variable weighted shifts By, A2s on directed trees, commuting classical multishifts

(As

3, B33), finite rank 2-tuple (As1,0), and infinite rank nonshifts (As1,0), (0, Bss).
It is worth noting that the situation in case d = 1 is entirely different in the sense

that all nondiagonal entries in the matrix decomposition of Sy are of finite rank (see [35]
Lemma 5.3]).
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Before we see applications of the above decomposition, we would like to discuss
convergence of nets associated with directed Cartesian products of directed trees. Let
;= (V;,&) (7 =1,...,d) be rooted directed trees and let 7 = (V, &) be the directed
Cartesian product of 91,..., ;. Define a relation < on V as follows:

v<w if d, <d,

where d,, denotes the depth of v in .. Note that V' is a partially ordered set with partial
order relation < (that is, < is reflexive and transitive). Note that given two vertices
v,w € V, there exists u € V such that v < v and w < w. In this text, we will be
interested in the nets {\,},ev of complex numbers induced by the above partial order
(the reader is referred to [75] for the definition and elementary facts pertaining to nets).

REMARK 3.4.1. One can also endow V with the following partial order relations:

1. v <w if d,, is less than or equal to d,, with respect to the dictionary ordering,
2. v <wif |dy| < |dyl-

Note that convergence of nets in (1) is weaker than and that in (2) is stronger than the
convergence defined prior to the remark. All these notions agree in case d = 1.

We now see an application of the matrix decomposition of multishifts as discussed
above.

PROPOSITION 3.4.2. Let = (V,&) be the directed Cartesian product of locally finite
rooted directed trees J1, T of finite joint branching index ko = (k=,, kz,). Let Sx be the
commuting multishift on . Then:

(i) o(Sx) € o((A11, B11)) U ((Azz, Ba2)) U o ((Ass, Bs3z)).
(ii) o1((As3, B33)) € 01(Sx)-
Assume further that max{kg, ,kz} < 1. Then:

(iii) o(Sx) € ({0} x o(B11)) U (0(A22) x {0}) U o ((Ass, Bss)).
(iv) If, in addition,
lim AY =0= lim A? forallve Gy x G, (3.14)

ug €Des(v2) (v1,uz2) w1 €Des(vy1) (u1,v2)

then o¢(Sx) is the union of the essential spectra of finitely many 2-tuples of the form
(0,Uy) or (U, 0) for a weighted shift Uy on a directed tree, and the essential spectra
of finitely many commuting classical 2-variable shifts.

Proof. Note that (i) and (iii) are particular consequences of part (b) of (D) of the previous
decomposition and [42, Lemmas 4.4 and 4.5]. To see (ii), note that if any commuting d-
tuple T" on H is bounded below then so is its restriction to any joint invariant subspace M
of H. Applying this fact to T := Sy —w (w € C?) and M := [?(F3) yields the conclusion
in (if).

To see the remaining part, assume further that holds. We first note that Sy is a
commuting compact perturbation of an orthogonal direct sum of finitely many 2-tuples of
the form (0,Uy) or (Uy,0) for a single variable weighted shift Uy on a directed tree, and
finitely many commuting classical 2-variable shifts. This may be seen once we observe that
Az1 = Pe(r,)5 N, and Bsz = Pe(r,)52|m,, are compact for every v € G x G2. But
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this follows from . To complete the proof, in view of the Atkinson—Curto Theorem
[43, Theorem 2], we need the fact that the essential spectrum o.(A@ B) of the orthogonal
direct sum of A and B is the union of o.(A) and o.(B), where A and B denote commuting
d-tuples of bounded linear operators on H and I respectively. We include an elementary
verification of this fact. Note that the boundary operators d4qp appearing in the Koszul
complex of A @® B are the orthogonal direct sums of the boundary operators 4 and 0p
appearing in the Koszul complexes of A and B respectively (refer to Section . That is,
OaeB+04gp = (04+0%)®(9p+0%). On the other hand, by [44, Theorem 6.2|, a d-tuple T
is Fredholm if and only if dr+05 is Fredholm. The desired conclusion is now immediate. m

We illustrate the previous result with an example.
EXAMPLE 3.4.3. Let I = 50 x J1 be as discussed in Example Note that
Gy = {1,2}, Gs = {O}, Wy = {0}, Wo=0, F, = {0} X Vo, Fo =0, F3 = L(l,O) UL(270).
Let Sx be a multishift on 7 with weights A such that

(1) (1)
hm )\(1 k) = hm )\(2 k) = =0.

By the above result, the essentlal spectrum Ue(S ) is equal to the union of the essential
spectra of (0,Uy), Sy, Swe . In particular, this is applicable to the commuting multi-
shift Sx = (S1,S2) with weights given by

m 1 [m/2]
Ay = card(siby (m, n)) \| [m/2] +n’ <m”> \ m/2 +n’

where m,n € N, and

2 (m+1)/2 otherwise.

2
Note that none of Sy, .55 is compact. Further, Uy is the unilateral unweighted shift with
essential spectrum the unit circle T (refer to [88]). By spectral mapping property, the
essential spectrum of (0, Uy) is {0} x T. Further, S,,a) is the 2-variable classical multishift
with weights

(1) _ k+1 e I+1
’w(2k+1,l) - \/E, (2k 1 l+1) m (ki Z 1,[ Z 0).

It is easy to see that S is unitarily equivalent to the Drury—Arveson 2-shift, and
hence the essential spectrum of S, ) equals the unit sphere OB? in C? (Proposition
. Similarly, the essential spectrum of S, is OB2. It follows that o.(Sx) = OB2.
Also, since the left spectrum of the Drury—Arveson shift is the unit sphere (Proposition

1.2.2)), it may be concluded from Proposition [3.4.2[(ii) that o;(Sy) contains IB2.
REMARK 3.4.4. We will see later in Chapter 5 that o;(S») is contained in the unit sphere

in C? (see (5.30)).

We conclude this section with a brief discussion of how to construct noncompact

[m] B {m/? if m is an even integer,

multishifts Sy on 7 having Taylor spectra with empty interior. One such family of
classical multishifts has been exhibited in [51, Example 2]. One may capitalize on this
example to construct examples of multishifts Sx on 9 x ¢ with Taylor spectra of

empty interior (see Proposition iii)).



4. Wandering subspace property

Let T = (T1,...,T;) be a commuting d-tuple on a Hilbert space H. A subspace W of H
is said to be wandering for T if TW is orthogonal to W for every a € N4\ {0}. Note that
the joint kernel F = ﬂ;l:l ker T of T* is always a wandering subspace for T Following
[89, Definition 2.4|, we say that T has the wandering subspace property it H = [E|r,
where

[Elr:=\/ T°E.
aeNd
The main result of this chapter ensures the wandering subspace property for a mul-
tishift Sy on .7 under some modest assumptions. Unlike the cases either of classical
multishifts or of one-variable weighted shifts on rooted directed trees, this fact lies deeper.

THEOREM 4.0.1. Let 7 = (V, &) be the directed Cartesian product of locally finite, rooted
directed trees 71,. .., 93 and let Sy be a commuting multishift on 7. Then Sy possesses
wandering subspace property.

The proof of Theorem as presented below, relies heavily on the analysis of the
joint kernel of S} carried out in the next section. Before we start preparing for the proof
of this result, we would like to discuss Shimorin’s approach to the wandering subspace
property for left invertible analytic operators. Note that the wandering subspace property
for a left invertible analytic operator T on H is a simple consequence of the duality relation

1
( N T’kH) = [ker T*]r, (4.1)
kEN
which in turn relies on the identity
n—1
[ — T — Z Tk([ _ TT/*)TI*k, (42)
k=0
where T' = T(T*T)~! denotes the Cauchy dual of T and I — TT"* is the orthogonal
projection Pye, 7+ onto ker T*. In order not to distract the reader from the main line of
development, we have relegated the discussion of some of the difficulties arising in finding
a multivariable counterpart of Shimorin’s approach to the Appendix.

4.1. The joint kernel and a system of linear equations. In this section, we show
that finding the joint kernel of S is equivalent to solving a certain system of linear equa-
tions. This information is then used to derive the wandering subspace property for Sy.

[46]
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We now introduce a framework suitable for decomposing the joint kernel of S5 into
smaller subspaces of [2(V). These are induced by a system of linear equations arising
from the action of S%.

For a set A, let #(A) denote the collection of all subsets of A. In case A ={1,...,d},
we sometimes write just & for Z({1,...,d}).

Let 7 = (V, £) be the directed Cartesian product of rooted directed trees .77, ..., ;.
Consider the set-valued function ® : & — 2 (V) given by ®(F) = ®p, where

Cp={veV:v eV ifjeF, andv; =root; if j ¢ F'}, FeP. (4.3)
Note that ®p NP5 = () if ' # G. Further, if v € V then v € ®f for

F={je{l,....d}:v; #root;}.
This shows that

V= || o (4.4)

FeZ?
Let F:= {i1,...,ix} C{1,...,d} be fixed. For u € ®p, define
sibp(u) := sib;, - - - sib;, (u). (4.5)

As a convention, we set sibg(u) = {u} for all u € V.

Define a relation ~ on ®p by u ~ v if u € sibp(v), and note that ~ is an equivalence
relation. Moreover, for any u € ® g, the equivalence class containing v is precisely sibg(u).
An application of the axiom of choice [6I] allows us to form a set Qg (to be referred to
as an indexing set corresponding to F') by picking up exactly one element from each
equivalence class sibg(u). Thus we have the disjoint union

op = | | sibp(u). (4.6)

uENFr
This combined with (4.4)) yields
V=[] L] sibr(u).
FeZueQr

As a consequence, we obtain the following decomposition of I2(V).

PROPOSITION 4.1.1. Let T = (V, &) be the directed Cartesian product of rooted directed

trees 91, ..., 9. Then
PV)= P P Psibr(u),

FeZueQr
where Qg is the indexing set corresponding to F and sibp(u) is given by (4.5).

In order to describe the joint kernel E of S}, one needs to understand the subspace
12(sibg(u)). Before that, let us make some definitions.

DEFINITION 4.1.2. For F € & and v = (v1,...,v4) € V, let v denote the d-tuple with
jth coordinate given by
v if j € F,
(vr); = { ’

root; if j ¢ F.
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Further, for fixed 1 < ¢ < d such that i ¢ F, and u; € V;, we define vp|u; to be
(w1, ..., wq), where

u; if j =1,
wj = )

(vr); otherwise.
REMARK 4.1.3. Note that vp is obtained from v by replacing the jth coordinate by
root; whenever j ¢ F. On the other hand, vp|u; is obtained from vp by replacing its ith
coordinate by u;.

For subsets F,G of {1,...,d} such that G C F, and u € ®, we define
sibpg(u) :== {vg : v € sibp(u)}. (4.7)
REMARK 4.1.4. Note that different vertices v in sibp(u) may correspond to a single
vg € sibpa(u).
LEMMA 4.1.5. Let F € & and leti € F. For u € ®p and G := F \ {i}, we have:

(i) sibr(u) = [,qesibp e (u) Sibi (valu:).

(ii) For all vg € sibp g (u), card(sib;(vg|w;)) is constant.
(iii) card(sibrc(u)) = [[;cp, jx card(sibj(u)).
(iv) card(sibr(u)) = [[,cp card(sib;(u)).
Proof. Let vg,we € sibrpg(u) be such that vg # wg. Then there exists j € G such
that v; # w;. Suppose that n € sib;(ve|ui) N sib;(we|u;). Then v; = n; = w;, which
is a contradiction. Hence sib;(vg|u;) N sib;(wgl|u;) = 0 if vg # wg. Next, observe that
sib; (vglu;) C sibp(u) for all vg € sibpe(u). To see the other inclusion in (i), note that
if w € sibp(u) then w € sib;(wg|u;). This completes the proof of (i). Next, (ii) follows
from the fact that card(sib;(vg|u;)) = card(sib(w;)); (iii) follows from (£.7); and (iv) is
immediate from (4.5). m

The following lemma describes the action of S} on I*(sibp(u)).

LEMMA 4.1.6. Let T = (V, &) be the directed Cartesian product of rooted directed trees
sy Tg and let Sx = (S1,...,54) be a commuting multishift on . Let F € &, i€ F
and G := F\ {i}. If u € ®p, then for any f € 1*(sibp(u)),

Sz*(f) = Z ( Z f(w)Ag))ePari(vc\m)' (48)
vgEsibp g(u)  wesib; (va|u,)
Proof. Let u € ®p. By Lemma Mi), we obtain the orthogonal decomposition
P(sibr(u)= @  Psibi(valus)).

v Esibp, g (u)

Let f € I*(sibp(u)). Then f = 37, cip, o (uw) wesib (velun)  (Wew € (V). Tt follows

that )
ssh= Y > Fw)AD epar,w)

vg Esibr, ¢ (u) wesib; (va|u;)
= Z ( Z f(w))‘g)>epari(vg\ui)a
vgEsibp g(u) weEsib;(va|ui)

where we have used the fact that par,(sib;(v)) = par;(v) for any v € V. m
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Fix i € F and let G := F \ {i}. In view of (4.8)), finding a solution of S;(f) = 0,
f € I?(sibp(u)) amounts to solving the following system of N;, r equations in M; , r
unknowns:

Z F)AP =0, ve € sibpe(u) and G = F\ {i}, (4.9)

wesib; (v |ui)
where, in view of Lemma Niwry M r € NU{oco} are given by
N, r = card(sibp g (u)) = H card(sib;(u)),
JEF jFi
M; o, 5 = card(sib; (va|ui)) Ni o, p = card(sibp(u H card(sib; (
jEF

Note that M, r := M, r is independent of i. Further, by Lemma i), the set of
unknowns in (4.9) is equal to {f(w) : w € sibp(u)} for each i € F. Thus varying ¢ over F,
we get the system of N(u, F') := ;. Ni . r equations in M, r unknowns given by

Y fwAP =0, i€ F, vg € sibpa(u) and G = F \ {i}. (4.10)

wesib; (va|u;)

Let £, r denote the linear manifold of I*(sibp(u)) given by

Lo p:={f €l?sibp(u)): f is a solution of (&.10)}. (4.11)
If 7,..., 7 are locally finite then £, r is a subspace. In this case, by Proposition
the joint kernel E of S} is given by

eroot @ @ »Cu F- (412)
FeZ? ueQp
F£0
REMARK 4.1.7. Let us discuss the system (4.10]) in following special cases:
1. In case Sy is the classical multishift S,,, the system (4.10) has only the trivial solution,

and hence E = [eg].
2. Incase d =1, & = {0),{1}}, and hence (4.10) takes the form

> fwre =0 (ueV°).
wesib(u)
However, linear equations associated with vertices outside Chi(V<) have trivial solu-
tions, and hence

E=len]® D Luqy
u€eChi(Vx)
This expression should be compared with ((1.11)).
To understand the above description of the joint kernel of S5, we include a couple of
instructive examples.
EXAMPLE 4.1.8. Let 7 be the directed Cartesian product of rooted directed trees 73 =
Ts.0, To = T as described in Example Note that

2 ={0,{1}, {2}, {1,2}}.
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It follows from (4.3) that
) ={(0,0)},  @qy ={(,0):i>1},
(I){Q} = {(07]) j > 1}, (I){LQ} = {(Z,]) : Z,] > 1}
Let us now find sibp(u) for F € & and u € ®p. By convention, siby((0,0)) = {(0,0)}.
Note that

sibay((1, )) {(1, ) (2,0)} = sib13((2,0)),  sib13((3,0)) ={(,0)} (i = 3),
siby23((0, 5 { for all j > 1,

2,7)} ifie{l,2}andj>1,
sb,2((9)) ifi>3,7>1

One may form Qg by picking up one element from each equivalence class sibp(u) as
follows:

Qp ={(0,0)},  Quy ={(L,0)}U{(5,0):i =3}, Qay ={(0,5) : j 2 1},
Q{1,2} = {(1a.7)3 (Za]) 11> 33 J > 1}
Let us calculate sibg g (u) for possible choices of F, G, and u € Qp. If F = {1}, then
G = (. In this case,
SIb{l},@(l?()) = {(070)} = Sib{l},@(i?o) (Z > 3)

This together with (4.9) yields the follovving equations:

FOLOA ) + F(2,005) =0, FL0ALY, =0 (i>3).
In case F' = {2}, G = () and sibyy,¢(0,5) = {(0,0)} for j > 1, and hence we obtain the
equations

f(0, ))‘E(QJ)J) = (4 >1).

In case F = {1,2}, G = {1} or {2}. Then for all ¢« > 3 and j > 1,

sibg1,2},(23(1,5) = {(0,5)},  sibg193,13(1,5) = {(1,0),(2,0)},

sib{1,2),(23(4,5) = {(0,7)},  sibg1 9y (13(4,5) = {(4,0)}.
This gives the following equations:

f(l J))‘u ) + f(2 ]) 2)]) =0,
£ )A%) =0, f(2.j >A§§}> =0, (4.13)
PN =0, fGDAG) =0
for i > 3 and j > 1. Solving ([.13), we get f(1,0) = aA(QO), £(2,0) = QAS?O) for a € C,
fl,5)=0foralli,j > 1, f(0,5) =0 for all j > 1 and f(4,0) =0 for all i > 3. Thus,
E= [eroot] 2] [)‘8?0)6(1,0) - )‘8?0)6(2,0)]'

The situation in the preceding example resembles the situation occurring in dimension
d =1 (cf. (1.11)). Below we present an example which gives an idea of the complications
which can occur in dimension more than 1.
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EXAMPLE 4.1.9. Consider the directed Cartesian product .7 = (V, £) of the directed tree
Ts,0 with itself (see Example [2.1.7]). Note that

P = {[Z)’ {1}7 {2}a {1’2}}'
It follows that
Py = {(070)}7 (I){l} = {(170) 2> 1}7
(I){Q} ={(0,3) : ¢ > 1}, @{1)2} ={(i,7) 24,5 > 1}.

Let us now find sibp(u) for F € & and u € ®p. By convention, siby((0,0)) = {(0,0)}.
Note that

Sib{l}((LO)) ={(1,0),(2,0)} = Sib{l}((270))7 Sib{l}((i,O)) ={(,0} (=3).
Similarly,

sib2) (0, 1)) = {(0,1), (0,2)} = sz (0,2)),  sibgzy (0,4)) = {(0,8)} (i >3)
Further,

{(1,1),(1,2),(2,1),(2,2)} ifi,j€{1,2},
b1 o1 (7. 1)) = {(1,5),(2,9)} if i € {1,2} and j > 3,
i {(,1),(4,2)} ifi >3 and j € {1,2},
{G.0)} ifi,j > 3.

One may form Qp by picking up one element from each sibp(u) as follows:
Q={(0,0}, Quy={10}U{(E0):i>3}, Qpy ={(0,1)}U{(0,5):j >3},
Q{I,Q} = {(17 1)} U {(Zv 1)v (15.])7 (’Laj) : Z7.7 > 3}

Let us calculate sibg g (u) for possible choices of F, G, and u € Qp. If F = {1}, then
G = (. In this case,

Sib{l},@(LO) ={(0,0)}, Sib{l},@(i70) ={(0,0)} (i=3).

This yields
S FwAL) =0, vy €sibay(1,0) = {(0,0)},

wesiby (vg|1)

> FwAY =0, vy € sibgayp(i,0) = {(0,0)} (i > 3),

wesiby (vg|7)
which is the same as
1 1 )
FLONL + F2.00M5 =0, fE,0A[ =0 (i >3).
Similarly, in case F' = {2}, we obtain

FODAD + F0,205), =0, F0,)AF,) =0 (5 >3).
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If F={1,2} then G = {1} or {2}, and hence for i,j > 3,

sib1 23,123 (1, 1) = {(0,1),(0,2)},
sibg1,2,123 (4, 1) = {(0,1), (0,2)},
sibg1 23,123 (1,5) = {(0,4)},
siby1,21,(21 (4, 5) = {(0,)},

Thus we obtain the following equations for i, j > 3:

V{2} € {(0,1),(0,2)},

>

wesiby (vi23|1)

2

wESIbQ(’U{l} |1)

>

wesiby (U{Q} |2)

>

wesiba (vi1y]1)

>

wesiby (vi2y[1)

>

wesiba (vi1y7)

>

wEsiby (U{Q} I’L)

>

wesiba (vi1y7)

which is the same as
1

FL DA + F(2, 1)

)

FODAD + £(1,2

(21 ~

@)
)\(1 o) = =0,

 _
Ay =0,

fG,1
PO + £ 2N, =0

)

)
FALDAL, + 12 mﬁéﬂ—o

)

A

)
)‘(1 i)

1
13N =0,

£, ))\2123)

(1,3

Let W := {(i,j) € V :

F)AP =o,
Fw)AP =0,

Fw)A) =0,

v{1y € {(170)7 (2’ 0)}a

V{2} € {(07 1)7 (0’ 2)}a

vy € {(3,0)},

vay € {(0,5)},

v{1} € {(170)7 (2v 0)}7

vi2y €{(0,7)},

vy € {(4,0)},

FAL2A,) + £(2,2)
F2 NG + F(2.2)A
f( Z ))‘8)2) = 0

. 2
F2, 0003 =0,

[ € I2(V\ W) satisfies the following systems of equations:

(1)
(2,2
(2)
(2,2

sibg1,2,13(1, 1) = {(1,0), (2,0)},
sibg12y,13 (5, 1) = {(i,0)},
sibgr 23,013 (1, 5) = {(1,0),(2,0)},
sibg1,23,¢13(4,9) = {(4,0)}.

y =0,

) =0

i>3orj>3U{(0,0)}. Then f € FE S [eroot) if and only if
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L,0y,113[£(1,0), f(2,0)]7 =0,
L(o,1),12y[£(0,1), f(0,2)] =0,
Laay,palf(11), £(2,1), £(1,2), £(2,2)]" =0,
where XT denotes the transpose of a row vector X. Here L1 1} = [)\gl 0),/\8)0)}
—_n® (2)
Loy, 2y = [)‘(0,1)7>‘(0 2)] and
(1) (1)
Ay e <O> <0>
1 1
Lay,pzy = ((2)) X Agf) Yoo
A (o) Ay (0)
2 2
0 )\(2 ) 0 )\(2’2)

Note that the rank of L 1) (1,2} is at least 3. By Schur’s formula [93, Theorem 1.1], the
determinant of Ly 1 {12} is zero if and only if

1) (1) (@) @) 1) (1) (@) (@)
A2 e A2 = AanAen N1 e

Thus any f € E takes the form
f= 10,0600+ Y, f

veV\W
= £(0,0)eq0,0) + f(1,0)(eq1,0y + are2,0)) + f(0,1)(e(0,1) + a2€(0,2)) + 9(1,1)5
where g(1,1) is given by
g - 0 if rankL(l’l),{LQ} = 4,
11) = )
-y F(L, D) (eq,1y + bieg,n) + b2er,2) + bae(z2)) otherwise.

Further, the scalars aq, as, b1, ba, b3 are given by

(1) @)
R0 Ao
al = a9 —
1 — (1) 9 2 — ( ) )
A2,0) A0,2)
(1) (2) OING
b=t Aoy Aew Aoy
D @ @ 0
A2.1) AL2) A2.2) M

Thus the dimension of E is either 3 or 4.

As a key step in the proof of Theorem [.0.1] we need to calculate the orthogonal
complement of the subspace L, r of [*(sibg(u)).

LEMMA 4.1.10. Let = (V, &) be the directed Cartesian product of locally finite, rooted
directed trees F, ..., T and let Sx = (S1,...,54) be a commuting multishift on 7. Let

Ly r be as given in (4.11). Then
P(sibp () © Lur = \/{Si€ug|par(us) : V& € sibpa(u) with G = F\ {i}, i € F}.
Proof. For vg € sibp,g(u), note that

Sie'uc\par(u,-) = Z )\Ej)ew = Z Aq(j)ew'

weChi; (va|par(u;)) wesib; (v |ui)
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Thus, for f € I%(sibp(u)), by Lemma i),
<f7 Sievc\par(ui)> = < Z Z f(w)ewa Z )\g)ew>

ng€sibr, g (u) wesib; (ng|ui) wesib; (va|ui)

S fw)Al.

wesib; (va|ui)

In particular, f € [?(sibp(u)) is orthogonal to Si€ye|par(uy) for every vg € sibpg(u) and
i € F if and only if f satisfies the system (4.10]). The latter holds if and only if f € £, F.
This yields the desired formula. m

We are now ready to complete the derivation of the wandering subspace property
for Si.

Proof of Theorem[4.0.1] Let E denote the joint kernel of S5. Since eyoor € E, it is enough
to see that for every nonempty F C {1,...,d},

P(Ve) € [Elsy = \/ {S3f: f € B},
aeNd
where Vi = UGEQ(F) . Fix a nonempty subset F of {1,...,d}. For [ =0,...,card(F),
set
Fi={e, € *(V):v € &g with G € Z(F) and card(G) < 1}.
Since \ Feara(r) = 12(Vr), it suffices to check that
Fi1-1 C[Els, = Z1 C[Elsy, l=1,...,card(F).
To this end, fix 1 < < card(F), and assume that .%;_; C [E]s,. Let G € Z(F) with
card(G) = I. In particular,
Coenpy € [Elsy,  for every i € G and v € Pg. (4.14)
We must check that e, € [E]g, for every v € ®¢.
We prove the following statement by induction on k € N:

For every i € G and v € Qg €y (i |w; € [E]s, for all w; € Chi<k>(rooti). (4.15)

In view of , this holds trivially for k& = 0 since v\ (i3 |root; = v 153 Let us assume

k+1)(

the inductive statement for an integer £ > 0 and let w; € Chif root;). By induction

hypothesis, €, ., par(w;) € [E]s, for every i € G and v € ®g. It follows from Lemma
4.1.10| with u := v iy |w; that

P (siba (1)) © Lu.c = \/{Si€ug, () par(w,) : Va\(i} € Siba,\(i} (1), i € G} € [Els,.
But we already know that £, ¢ C F, and hence

Cogn iy lun € P(siba (1)) = Lug ® (Lu,c)" C [Elsy -

This completes the verification of (4.15]).

To complete the proof, let v € ®¢. Thus v = (v1,...,v4) with v; € Vp for j € G and
v; = root; for j ¢ G. Since v; € Chi<d“i>(rooti), we obtain e, = €y, ;|0 € [Els,. =

In the remaining part of this section, we discuss some immediate consequences of

Theorem F.0.11
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Let T = (Ty,...,T;) be a commuting d-tuple on a Hilbert space H. A subspace M of
‘H is said to be cyclic for T if

H=\/{T"h:heM,acN}
We say that T is finitely multicyclic if there exists a finite-dimensional cyclic subspace

for T.

COROLLARY 4.1.11. Let . = (V,&) be the directed Cartesian product of locally finite,
rooted directed trees J1,..., 9 and let Sx be a commuting multishift on . If T has
finite joint branching index, then S is finitely multicyclic with the cyclic subspace being
the joint kernel E of S%. In this case, dimker(S5 —w) < dim E for every w € C.

Proof. Assume that .7 has finite joint branching index. The first part follows from The-
orem and Corollary The idea of the proof of the second part seems to be
known (see, for instance, [65] for the case d = 1) Let w € C%. By Theorem

V S:(B)=12(V).

a€eNd

Since S§ is a finite linear combination of terms of the form (Sx — w)? for 8 € N%, we
must have

V (Sx —w)*(EB) =1*(V).

If P, denotes the orthogonal projection of I?(V') onto ker(S; —w), then P, (S; —w;) =0
for any j =1,...,d. It follows that

ker(S3 —w) = P,I*(V) = P, \/ (Sx —@)*(E) = PwE+Pw( \ (Sx—w)“(E))
aeNd aeN?
a#0
—PE+\/ \/ —w] % (Sy — )*" %% (E) = P,E,
J=1qeN?
aj;éO

since P, (S; —w;)* =0 for k # 0 and j = 1,...,d. Hence the dimension of ker(S} — w)
is at most dim E. m

Recall that l?\/t (N?) is defined as the Hilbert space of square-summable multisequences
{ha}taene in M, where M is a nonzero complex Hilbert space. If {Wéj)}aeNd C B(M) for
j =1,...,d, then the linear operator W in [3,(N?) is defined by W;(ha)aene = (ka)aend

for (ha)aene € D, where
ko = {Wéj—)wha—ej if o > 1,
“ o

lf Oéj = O
and D := {(ha)aene € 3((NY) 1 (ka)aena € 134(N?)}. If we use the convention that
Wo(/) = 0 = ho whenever a; < 0, then the definition of W; can be rewritten as
Wi(ha)aene = (W(ij)ejhoé_gj)aeNd. We refer to the d-tuple W = (Wy,..., W) as an

operator valued multishift with operator weights {Wo(tj) ca€NY j=1,...,d} (for one-
variable counterpart of operator valued multishift, the reader is referred to [78]). Note that
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W is unitarily equivalent to the classical multishift S,, in case M is the one-dimensional
complex Hilbert space.

COROLLARY 4.1.12. Let F = (V,&) be the directed Cartesian product of locally finite,
rooted directed trees 71, ..., 9. Let Sx be a toral left invertible multishift on  and let
E denote the joint kernel of S%. If the multisequence {SYE} ene of linear manifolds of
12(V) is mutually orthogonal, then Sx is unitarily equivalent to a commuting operator
valued multishift W on 1% (N9) with invertible weights.

Proof. The proof relies on the technique employed in [7, Theorem 3.8]. Assume that the
multisequence {S§FE},ene is mutually orthogonal. Since the operator Sy is toral left
invertible, S is left invertible for every a € N%. Hence M, := S{(E) (o € N%) is a
subspace of 12(V) and dim M,, = dim E for every a € N%. For a € N?, let U,: M, — F
be any isometric isomorphism. By Theorem P(V)=@aene SYE) = Bpene Ma-
We can now define the isometric isomorphism U : 1?(V) — [4(N%) by

U(@aeniha) = (Usha)aent; @aeniha € (V).
Consider the operator valued multishift W on 13, (N%) with weights
(W) = Uase; SjlmUs  aere € B(E)  for j=1,....d.
Then for ®yeneha € 12(V) with at most finitely many nonzero terms h,,,
USj(®aentha) = U(@aensSilmaha) = UaSjMa_., ha—c;)acn
= (W, Uaeshae;)aena = WiU(@penaha).
This shows that US;U* agrees with W, on a dense linear manifold of /% (N?), and hence

W; must be a bounded linear operator on 12,(N%). Since Sy is commuting, so is W. Finally,
since Sy is toral left invertible, each W) is invertible in B(E). =

REMARK 4.1.13. The converse of the above result is trivially true. We note further that in
case F is finite-dimensional, the conclusion of the corollary holds without the assumption
of toral left invertibility of Sy. A slight modification of the argument above together with
the injectivity of Si,. .., Sq, as ensured by Corollary [3.3.4] yields the desired conclusion.

4.2. Multishifts admitting Shimorin’s analytic model. In this section, we discuss a
subclass of multishifts Sy on .7 satisfying a kernel condition (cf. [32] (5.3)]). In particular,
we obtain an analytic model for this class and discuss its applications to multivariable
spectral theory. It turns out that Shimorin’s analytic model [89] does not naturally extend
to all toral left invertible multishifts. Indeed, the toral left invertible multishifts admitting
Shimorin’s model must belong to the aforementioned class (see Remark. Before we
introduce this class, we need a lemma pertaining to toral Cauchy dual of multishifts.

LEMMA 4.2.1. Let 7 = (V,&) be the directed Cartesian product of rooted directed trees
Aoy Tg. Let Sy = (S1,...,54) be a toral left invertible multishift on . Then the
toral Cauchy dual S§ = (S},...,SY) of Sx is given by

1 )
Stev=rc—s > Mew forallveV andj=1,...,d.
155ell weChi; (v)
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In particular, S is a multishift with weights
G /]S e : w € Chij(v), v eV, j=1,...,d}.
Proof. This follows from the definition of S} (see (L.2)).

DEFINITION 4.2.2. Let T = (T1,...,Ty) be a toral left invertible d-tuple on H and let
E denote the joint kernel of 7. Let T be the toral Cauchy dual of T. We say that T
satisfies kernel condition (R) if

[

E CkerT;T'; forall j=1,...,d and all a € N%, (R)
where, for « € N® and j =1,....d,
e {I ifd=1,
Vil i .
[, T/ ifd>2.
REMARK 4.2.3. Note that the kernel condition (£) is satisfied in any one of the following
cases:
(i) d =1.
(ii) T is doubly commuting.
(iii) T is a commuting operator valued multishift W.
In dimension 2, Sy satisfies the kernel condition (8) if and only if
E C (ker S785%) N (ker S358")  for all (aq, ) € N2, (4.16)

In general, Sy does not satisfy (8). Indeed, a rather tedious calculation shows that for
Sx on Fh o x Ja9, as discussed in Example 2.1.7|> f= )\8?0)6(170) — )\8?0)6(270) € F does

not belong to ker S}.S% for a suitable choice of weights A.
The following provides a multivariable counterpart of [35, Theorem 2.2].

THEOREM 4.2.4. Let F = (V,&) be the directed Cartesian product of locally finite,
rooted directed trees i, ..., T and let Sx = (S1,...,54) be a toral left invertible mul-
tishift on F. Let E be the joint kernel of Sk. Assume that the toral Cauchy dual S§ =
(St,...,SY) of S is commuting and let

ro=(r(SH™ ..., r(SH™),

where r(T') denotes the spectral radius of a bounded linear operator T. If Sx satisfies the
kernel condition (R), then there exist a reproducing kernel Hilbert space € of E-valued
holomorphic functions defined on the polydisc D¢ and a unitary U : 12(V) — 5 such
that US; = M.,U for j = 1,...,d. If, in addition, F has finite joint branching index
ko, then the reproducing kernel k of F€ is given by

Ko (z,w) = Z PESfan |p2°W"  (z,w € DY). (4.17)
a,BeN?
lej =B <k,
J=1,0d

Proof. The proof relies on Shimorin’s technique as presented in [89] and the wandering
subspace property of Sy as obtained in Theorem[4.0.1} Assume that Sy satisfies the kernel
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condition (8). For f € [>(V), define
Up(z) = Y (PeSY\"f)z%, zeC"

a€eNd
Then the power series Uy converges absolutely on the polydisc D? of polyradius r. Let
¢ denote the complex vector space of E-valued holomorphic functions of the form Uy.
Thus U : 1*(V) — 2 defines a map from [?(V') onto # given by U(f) = Uy. Now we
show that U is injective.

To this end, let Uy = 0 for some f € I>(V). Then 3, yu(PpSY f)z® = 0, which
implies that PpSy " f = 0 for all @ € N% Note that S§ is also a multishift and the
joint kernel of S3* is equal to E (since ker S}* = kerS}). Hence by Theorem
we get \/,ena S% (E) = (3(V). By taking orthogonal complement on both sides, we
get Naene(S% (E))E = {0}. It is easy to see that (SY (E))* = ker PgS{" for any
o € N Hence (), cya ker PrS§" = {0}. Since PpSL " f = 0 for all @ € N¢, we must have
I € Nyene ker PES;m This shows that f = 0, and hence U is injective.

We now define the inner product on # as (Uy,Uy) = (f,g)i2(vy for all f,g € (V).
Since ||[Uy — Uyl = |If — glliz(vy for all f,g € ZQ(V) by a standard Cauchy-sequence
argument, ¢ is complete. Thus it becomes a Hilbert space and U a unitary. Also, for

felP(v),

(US;f)(z) = > (PESy " S;f)z"
acNd
= > (PeS\"Sif)z* + > (PeSy S;f)z"
= o

*a+s

= > (PeSy;Sif)z+ Y (PeSy 7Szt

QGNS a€eNd

Ozj:

= 3" (PesyTTU S a0t (4.18)
aeN?

where we have used the kernel condition (&) to get the last equality. Since the toral
Cauchy dual S§ is commuting and S;*Sj = I, the sum on the right hand side of
is equal to z; 3 cna (PeSY f)2% = 2;Us(2). Thus we get US; = 4, U.

We skip the verification of

d d

Ko (z,w) Z PES tﬁ p2w’ PEH fzzSt H (I - w]St g
o, BeNd i=1 i=1

for z,w € D¢

“, since it is along the lines of [89, Proposition 2.13]. It is now easy to see
that

(U, ke (s w)g)we = (Us(w), g)  (f,9 € E,weDy).
Thus 47 is a reproducing kernel Hilbert space with kernel .

Assume further that .7 has finite joint branching index kz. To check that s has
the form given in ([.17), let a,3 € N* be such that |a; — 3;| > kg, for some j =
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1,...,d. In view of Proposition it suffices to check that PESﬁ\mSiﬁev = 0 for
all v € Fy X -+ x Fy, where F} := Chi(Vij)) U {root;} (j = 1,...,d). To see this, let
v € Fy x --- x Fy. Since the depth d, of v equals (d,,...,d,,) with d,; being the depth
of vj in 7}, we obtain 0 < d,, < kg, for every j =1,...,d. An application of Proposition

vi) shows that
S;jasiﬁev = Z Yulu

uEpar<a> (Chi<A>(v))
for some 7, € C. It follows that d,, = d,, + 5 — a for u € par<®>(Chi<"> (v)). Note that
Bj —aj =dy; —dy, > dy, — kg, and hence
ﬂj—aj+|ﬂj—aj| >ﬁj—04j+kgj Zduj > 0.
This shows that 8; — a; > 0, and consequently
duj = dvj "‘rﬁj — Q5 :dvj + |Olj —ﬁj| > kgj
L. a8
Thus u ¢ Fy x --- x Fy, and hence by Proposition [3.1.13) PrSy S5 e, =0. =

REMARK 4.2.5. The kernel condition (£) is used only in obtaining the intertwining re-
lation US; = ..,U. Conversely, if one assumes that relation then the calculations in
(4.18]) show that the kernel condition (8) is also necessary.

It would be of interest to know the maximum value of r for which k- (z, w) converges
on D¢ x D?. Unfortunately, we do not know this even in the one-dimensional case (see
[35, (2.3)]). Before we proceed to the next result, it is convenient to introduce some
terminology.

Let Sx be a toral left invertible multishift on .7. We refer to the pair (#Z,,xx) as
Shimorin’s analytic model.

If one relaxes the toral left invertibility of Sy then it may happen that the interior of
the Taylor spectrum of Sy is empty [51, Example 2|. This is not possible otherwise.

COROLLARY 4.2.6. If Sx admits Shimorin’s analytic model, then the polydisc D¢ is con-
tained in the point spectrum of S%, where r:= (r(S})~%, ..., r(S4) 7).
REMARK 4.2.7. Since cl(o,(S%)) € 0(S3) = o(Sx), we must have
(r(SH ™2+ +7(S9) 7)Y < r(S),
where 7(Sx) is the spectral radius of Sy.
Let us analyze Theorem in case Sy is a doubly commuting toral isometry.

COROLLARY 4.2.8. Let T = (V,&) be the directed Cartesian product of locally finite,
rooted directed trees 7, ..., Ty, let Sx be a toral isometry multishift on 7 and let E
denote the joint kernel of S5. Then Sx is doubly commuting if and only if Sx is unitar-
ily equivalent to the multiplication d-tuple .#, on the E-valued Hardy space of the unit
polydisc D?. In particular,

d

Ko (z,w) = H

Jj=1

Ig

—~  (z,weD?),
1—Zj@j (’ )

where I denotes the identity operator.
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Proof. Assume that Sy is doubly commuting. Since Sy is a toral isometry, S§ = Si.
Thus

PES}\ S ‘E = 5OLBIE (avﬁ € Nd)a

where 0,5 denotes the Kronecker delta. It follows from that  has the desired form.
The conclusion can now be drawn from Theorem [£.2:4] and the fact that the reproduc-
ing kernel uniquely determines the reproducing kernel Hilbert space [13]. We leave the
converse to the interested reader. m

Now we discuss a large class of multishifts Sy (not covered by Remark [4.2.3) which
always satisfy the kernel condition (8).

COROLLARY 4.2.9. Let 71 = (V1,&1) be a locally finite, rooted directed tree and let T =
T10 be the rooted directed trees as described in Example . Consider the directed
Cartesian product 7 of 1 and Fy. Let Sx = (S1,52) be a toral left invertible multishift
on 7 and let E be the joint kernel of S. Assume that the toral Cauchy dual S§ = (53, S%)
of Sx is commuting and let r := (r(SH)~1,7(S)~1), where r(T) denotes the spectral radius
of a bounded linear operator T. Then Sx admits Shimorin’s analytic model (M, k). If,
in addition, J; has finite branching index ko, , then the reproducing kernel k of € is
given by

Kk (z,w) = Z PES;QS;Q|E PR T

a€eN?
+ Z PSSy S4 \E 227 (z,w € D?).
a,BeN?
0<]ar1 —pB1|<k

az=p2
Proof. We first compute the joint kernel E of S). The argument is similar to that of
Example Note that & = {0, {1}, {2}, {1,2}}. Also,
®y = {(root1,0)}, Pr1y ={(v,0):v eV},
Doy = {(rooty, j) : j > 1}, Ppy9y ={(v,j) v e VP, j > 1}
Note further that

rooty,0)},
0) : w € sib(v)} (v e V),
root,j)} forall j > 1,
Jj):wesb)} (veVy, j>1).

sibg((rooty, 0
S|b{1}((v 0
sibyo) ((rooty, j
sibgy 23 ((v, 7

\_/\_/\_/\_/
Il

)=
)
) =
)

el e N e )

(
(w,
(
(w,

Let us form Qp by picking up one element from each of the equivalence classes sibg(u)
for every F' € 7. We next calculate sibp ¢(u) for possible choices of F, G, and u € Qp.
If F = {1}, then G = (). In this case,

sibg13,0(v,0) = {(root1,0)} (v € V).
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This together with (4.9 @ yields the following equations:
Z f(w,0) )\(1 w0y =0 (UEVil))v
weChi(v)

Flw,0)AM

oy =0 (we Chi(vi\ VL)),

In case ' = {2}, we have G = ) and sibyg} g(rooty, j) = {(root;,0)} for j > 1, and hence

f(rootl,j))\(Z) =0 (J=1).

(rooty,7)
In case F' = {1,2}, we get G = {1} or {2}. Then for all w € V{* and j > 1,
sib{l’z}){g}(w,j) = {(rootl,j)}, sib{l’g}}{l}(w,j) = {(U,O) NS sib(w)}.
This gives the following equations for j > 1:
S Fu A, =0we VEY),  fw, )AL =0 (w e Chi(v \ VAY)),
u€Chi(w)
Fw, DAL =0 (we Chi(VE)),
P, DAL =0, Fw, HAE =0 (we Chi(vi \ Vi),

Solving all the above equations, we get

E = [e(oor,.0)] €D (12(Chi(w) x {0}) & [T )]),

11)€V_(<1)

where F : Chiy ((w,0)) — C defined as I’E )0)( 0) = /\Ei)o)

We next check that Sy satisfies the kernel condition (£). Since E C ker S3S{™" for all
a1 € N, in view of (4.16)), it suffices to check that

E CkerS;S5™  for all ay € N.

Clearly, ¢(ro0t, 0) € ker 5755, For w € V", let

f= > f(u0))ewo € *(Chi(w) x {0})

u€Chi(w)

be such that
S H(w0Ay =0 (we Vi) (4.19)

w€Chi(w)
Note that
L qeo2 f((u,0)) f((w,0) )
SN TR > i@)mm) €(w,az)-
u€Chi(w) H (u k) u€Chi(w) H (u k)

Thus S;S5™% f = 0 if and only if

f((w,0)) )
> TN Alwaz) = 0-

o (
u€Chi(w) : )\( k)
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Note that any general solution of (4.19)) is of the form
A

Z f((ua O)) <€(u,0) - 6(1),0)2?@)
u€Chi(w) )\(’U,O)
uFv
for some fixed v € Chi(w). It follows that
(1) (1) (1)
Z f((u, 0) 1 Z f u, O ( >\ (u,a2) _ >\(u 0) >\(1) a2) )
(2) (u,c (2) 1 (2) ’
u€Chi(w) 02 )\(u k) X ’U.GC;I(U) )\(u k) (v 0) HOQ /\(v k)
and hence it suffices to see that for every u € Chi(w) \ {v},
(1) (1) (1)
)\(u,az) o )\(u,O) )\(’U,Otz) _
az (2) (1) az (2)
A(u,k) )\('U,O) k=1 )\(v,k)

However, by repeated applications of (3.2)), we obtain
g
(1) (1) (2) _ (D AL
Moo (A H Moky) = Moo (H Mo Mot

AW (1 ( — @ AW
vaz)(A(uO)H)\uk)) )\(vag)(H)\wk) uag)
which shows that Sy satisfies the kernel condition (8). The desired conclusion now follows
from Theorem 2.4 once we observe that ko, = 0. m
REMARK 4.2.10. We discuss two special cases of the preceding corollary.

(i) In case i is J1,0, Sx is nothing but the classical multishift and the associated kernel
K (z,w) is diagonal.
(ii) In case A is J5, we have kg, = 1, and hence the kernel k- (z,w) is given by

xa ra _catep _
kw(z,w) =Y PpS\ S\ | 220"+ Y _ PeSy S\ Zogeta
aeN? aeN?
grate _
+ Z PpSy" S g 2w (z,w € D).
aeN?

We conclude this chapter with one application to the Cowen—Douglas theory.
Let © be an open connected subset of CZ. For a positive integer n, let B, () denote
the set of all commuting d-tuples T" on H satisfying the following conditions:

(1) For every point w = (wq,...,wq) € €, we have:
(a) the map Dr_.(x) = ((T; — w;)x) from H into HP? has closed range.
(b) dimker(T — w) = n.

(2) The subspace \/ ., ker(T — w) of H equals H.

We will call the set B, () the Cowen—Douglas class of degree n with respect to Q (refer
to [41], [49] for the basic theory of the Cowen-Douglas class in one and several variables).
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COROLLARY 4.2.11. Let 7 = (V,&) be the directed Cartesian product of locally finite,
rooted directed trees 71, ..., Ty with finite joint branching index. If Sx is a toral left
invertible, Fredholm multishift which satisfies the kernel condition (R), then Sk belongs
to the Cowen—Douglas class BdimE(]Df) for some r > 0, where E denotes the joint kernel
of Sx.

Proof. Suppose that Sy is a toral left invertible multishift satisfying (8). By Corollary
dim F is finite. Also, by Theorem the toral Cauchy dual S§ has the wan-
dering subspace property. It may now be concluded from [32, Theorem 5.4] that for any
s<r,

P(V)=\/ ker(S; —w) and dimker(S} —w) > dim E.

However, by Corollary we get dimker(S} —w) = dim E. Thus it only remains to
check (1)(a) of the definition of the Cowen-Douglas class. However, by our assumption,
0 lies in the open set C%\ 0.(Sx). Thus for some 0 < t; < r; (j = 1,...,d), D¢ C
C%\ 0.(Sx), and hence (1)(a) follows for every w € D¢. m



5. Special classes of multishifts

In this chapter, we discuss two classes of so-called balanced multishifts, namely torally bal-
anced multishifts and spherically balanced multishifts (cf. [33], [77]). These substantially
generalize the classes of toral and spherical isometries ([19], [52], [55], [3]). In particular,
we introduce tree analogs of the classical multishifts Sy, , as discussed in Example
We show that these multishifts are unitarily equivalent to multiplication tuples acting on
reproducing kernel Hilbert spaces of vector valued holomorphic functions defined on the
unit ball. We also provide a compact formula for the associated reproducing kernels involv-
ing finitely many hypergeometric functions. We further investigate some known classes of
multishifts which include mainly the well-studied class of joint subnormal tuples ([50] [17],
[19], [©0], [39], [20], [55], [@], [60]), and the comparatively less understood class of joint hy-
ponormal tuples ([I8], [47], [48], [45], [46]). In particular, we emphasize characterizations
of these classes within the class of spherically balanced multishifts.

5.1. Torally balanced multishifts. Before we introduce the class of torally balanced
multishifts, let us understand the somewhat related class of multishifts with commuting
toral Cauchy dual. The latter class admits a polar decomposition in the following sense.

PROPOSITION 5.1.1. Let 7 = (V, &) be the directed Cartesian product of rooted directed
trees A, ..., Jy. Let Sx = (S1,...,S54) be a toral left invertible multishift on F with toral
Cauchy dual Si. Then S is commuting if and only if there exist a toral isometry mul-
tishift Ug = (Uy,...,Uq) on T and a commuting d-tuple D = (D1,...,Dg) of diagonal,
positive, invertible bounded linear operators on 12(V) such that

S;=U;D;, j=1,....,d. (5.1)
Further, this decomposition is unique.
Proof. Let us first see the uniqueness of the above decomposition. Indeed, if (5.1]) holds
then for j =1,...,d,

S¥S; = D;U;U;D; = D7,
and hence D; must be the positive square root of S7S;. Also, since Dj is invertible,
U; :SjD;1 forj=1,...,d.

By Proposition [3.1.7i) and Lemma S5 is commuting if and only if
”Sjeparj(v)H ”Siepariparj(v)H = Hsiepari(v)H ”Sjeparjpari(v)n (5-2)

for all v € V and ¢,5 = 1,...,d. Consider now the multishift Ug = (Uy,...,Uy) with

[64]
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weights given by

, AW
)= 2 for w € Chij(v), veVandj=1,...,d. (5.3)
1S5€v]l

Since S;8; = S;8; (4,7 = 1,...,d), by an application of Proposition (i), SS s
commuting if and only if U;U; = U;U; (4,5 =1,...,d).

To see the sufficiency part, assume that S§ is commuting. Thus Uy is commuting.
Also, since UsU; = I for j = 1,...,d, Ug is a toral isometry. Thus Sx admits the
decomposition , where D; (j =1,...,d) is given by

Dje, = ||S;ev|len, veW.
Further, by Proposition Vii), Dy, ..., Dy are diagonal, positive, invertible bounded
linear operators.

Finally, since S} is commuting if and only if Uy is commuting, the necessity follows
from the uniqueness of (5.1]). m

For the sake of convenience, we refer to Ug and D = (D, ..., Dy) as the toral isometry
part and the diagonal part of the multishift Sy respectively.

REMARK 5.1.2. Let Sy be a toral left invertible classical multishift. Then the operator
tuple S¥, toral Cauchy dual to Sy, is given by
1

t
Sjea = ﬁeaﬂj
We

(1<j<d).

Note that S% is also a commuting d-variable weighted shift with weight multisequence
{1/wl) :1<j<d, acNY.

Thus the toral Cauchy dual of a classical multishift Sy, always commutes. Indeed, is
equivalent to the commutativity of Sy, in this case. Moreover, the toral isometry part can
be identified with the multiplication tuple .#, of the Hardy space of the unit polydisc
(commonly known as the Cauchy d-shift). Indeed, ng) =l1forallveV°andj=1,...,d.

Since the toral isometry part and the diagonal part in the above decomposition need
not commute, prima facie the relation between the moments {||S§e,[|?}qena of Sx and
that of the toral isometry part Up is not visible. Nevertheless, there is a subclass of
multishifts for which we get a nice formula for {||SYe, ||*}aene (see below).
DEFINITION 5.1.3. Let 7 = (V, &) be the directed Cartesian product of rooted directed
trees J,..., and let Sx = (S1,...,54) be a commuting multishift on 7. For j =
1,...,d, define €; : V. — (0, 00) by

Ci(v) :=||Sje]] (veV,i,j=1,...,d).
We say that Sx is torally balanced if for each j = 1,...,d, €; is constant on every
generation G;, ¢ € N. We denote the constant value of €;(v) by cl(jz‘, where d, is the
depth of v in .7 (see Definition [2.1.11]).

REMARK 5.1.4. Note that Sy is a toral isometry if and only if
> (A@)P=1 forallveVandj=1,...,d

w

weChij (v)
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Clearly, any toral isometry multishift is torally balanced with €; being the constant
function with value 1 for every j =1,...,d.

The following proposition leads to an interesting family of torally balanced multi-
shifts. In particular, any directed Cartesian product of locally finite rooted directed trees
supports a toral isometry (cf. [67, Proposition 8.1.3]).

PROPOSITION 5.1.5. Let = (V,&) be the directed Cartesian product of locally finite
rooted directed trees A, ..., Tq. Fori=1,...,d, letc = {c(t,1)}+en be a bounded sequence
of positive real numbers such that

e(t,i)e(t —1,7) = c(t,j)c(t — 1,4)  for all integerst > 1 and i,j=1,...,d. (5.4)
Consider the multishift Sx, = (S1,...,Sq) with weights

o [_eldl) " -
A card (Chi, (1)) for w € Chi;(v), veV and j yeonsd.

Then Sy, defines a torally balanced multishift. In case c(t,j) =1 for all j=1,...,d and
t € N, Sx_ is a toral isometry.

Proof. Since {c(t, j) }+en is a bounded sequence, by Lemma3.1.5(1), S; defines a bounded
linear operator on [?(V) for every j = 1,...,d. Let w € V and i,5 = 1,...,d. By

Proposition for every v € Chi;(Chi;(w)), we get
card(sib;(v)) card(sib; (par;(v))) = card(sib;(v)) card(sib; (par;(v))). (5.5)

We now check the commutativity of Sy,. Note that for w € Chi;(v), AD can be rewritten
as A = Ve(ldw| — 1, )/card(sib; (w)). Now for u € Chi;Chi;(v), we have

(#) () _ C(ldu‘ - 1ai) \/ C(|dpari(u)| - laj)

A )\pa'i(“) \/Card(sibi(u)) card(sib; (par;(u)))
_ \/Cﬂdu — 1 \/ o(|du| - 2,5)

card(sib; (u)) \/ card(sib;(par;(u)))’

@) (@ _ c(|du| —1,5) \/ c(|dparj(u)| —1,14)

v “par(u) card(sib;(u)) \/ card(sib;(par,(u)))
_ W(mul — 1) [ elldu] - 2.4)

card(sibj(u)) \| card(sib;(par;(u)))”

This together with Proposition [3.1.7(i), (5.4) and (5.5) shows that Sy, is commuting.
Further,

ISl = X 097 - Y o — )

weChij; (v) weChij; (v)

which is a function of |d,|. This shows that Sx_ is torally balanced. The last assertion is
immediate from the above equality. m
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REMARK 5.1.6. Assume that Sy, is toral left invertible. Then S;\C is commuting. Indeed,
the weights of S§ are

1 1 . -
{\/C(|dv|a.]) \/Card((:hij(v)) Tw e Chlj(v)’ v eV and J=1.. ad}

By arguing as above, it can be seen that S;\C is commuting.

EXAMPLE 5.1.7. Let .7 = (V, £) be the directed Cartesian product of locally finite rooted
directed trees 71, . .., Z;. For positive a,b € R, let

t+b
t+a
Then Sy, is a torally balanced multishift on 7. In case 7 is the d-fold directed Cartesian
product of .7 o with itself, the choice a = 1 = b yields the Cauchy d-shift. In case b =1,
we denote ¢, simply by c,.

Cap(t,j) = (teN,j=1,...,d).

In dimension d = 1, the multishifts S, with b = 1 can be realized as multiplication
operators on reproducing kernel Hilbert spaces. Indeed, these shifts can be looked upon as
tree counterpart of Agler-type shifts [2]. This is made precise in the following proposition.

PROPOSITION 5.1.8. Let 7 = (V, &) be a locally finite rooted directed tree of finite branch-
ing index. For a positive integer a, let Sy denote the weighted shift on & with weights

given by
A, =St ! for u € Chi(v), v € V,
dy +a /card(Chi(v))

where d,, denotes the depth of v in 7. Then Sy, is unitarily equivalent to the multipli-
cation operator M, o on a reproducing kernel Hilbert space 7, of E-valued holomorphic
functions on unit disc D, where E := ker S;Ca (see ) Moreover, the reproducing
kernel kg, associated with J€, is given by

N (n+a—1 —
Ko, (z,w) = Z( o ) 2"w" P, )

n=0

v+ n—|— a)!(d, + 1)! nan
"2 Z 7 @ Pechieperr,) (2w € D),
veEV, n= 0 v+ N+ )

where T, : Chi(v) — C is given by '), = ZuGChi(v) AuCu-
Proof. Note that

mf Z )\2—' er1:1.

a a
uEChl (v) dv +

It now follows from Proposition vn) that S, is left invertible. Hence the first part
follows from Remark and Theorem To see the remaining part, we need the
following identity:

Z H—:l forveVand k> 1, (5.6)

weChith) (v) 1=0 """
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where s; , := card(sib(par{?(v))) for a nonnegative integer i and v € V. We prove this by
induction on k > 1. For k = 1, (5.6)) follows from the fact that card(Chi(v)) = card(sib(u)),
where u € Chi(v). Suppose that (5.6) holds for some k£ > 1. Then

SN ETED SR N | EVED SR I | e

S
wEChiHD (1) 1=0 “B% e Chitk) (v) weChi(n) 1=0 “B% L echi®) (v) ueChi(n) =

SRR SR

n€Chi{k) (v) ~u€Chi(n) nEChi¢k) (v) 1=0

Si— 1,par(u

where the last equality follows from the induction hypothesis.

Note that the weights of S, can be rewritten as

Ay = du L for v e V°.

dy +a—1 \/card(sib(v))

Let Sy, denote the Cauchy dual of Sy, . By Lemma , the weights A" of Sy, are
given by

Vo d,+a—1 1
! d, V/card(sib(v))
Now for v € V and 4,k > 1, an application of Proposition iv)&(v) yields

S (dy + k+a—1)d,!
Nea Y (dy +a—1)(d, + k)!

for all v € V°.

u€Chi{k) (v) 1= 0

. Jj—1
v [du+a—1)d, — ) o
S%fm_¢(%+a—j—DHJ Il¢gf””W*

For positive integers j, k and v € V such that par{/—#) (v) is nonempty, set

j—k—1
_ +k+a—UH'
Bjulv,a) := i F\/d +a—1)(dy £ k)!
XV( oAt a—1)d, +k—j)!

(dy +k+a—j7—1)(d, + k)

Let v € V and j > k. It is easily seen that if part=*)(v) is empty, then S:? S’)f, e, = 0.
Otherwise R

oo [ (dotk+a—1)d,!
S&ﬁ&f“‘¢mv+a—nwv+m

eChu““)( )l 0 ’

| (dy+Ek4a—1)d,!
_\/(dv+a1)!(dv+k) Z H

Sl.
weChitk) (v) 1=0 ,u
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j—1
(dy +a— 1)!(dy — 5!} 1
% i _1Did H — Cparli) (u)
(dy +a—j—1)ld,! = Vi

-1
= 6]',16(1)7 a’) Z H Cpar(i—k) (v) = ﬂj,k(v7 a)eparU*’“)(v)?
u€Chi¢k) (v) 1=0 Sty
where the last equality follows from .
Let E be the kernel of S . and let f € E. Note that f = foot + ZUGV_< fv, where

froot = Yeroot for some v € C and fu, = 3=, ccpicy) f(wew such that 37 i) f(W)Au =0
for v € V. Since A, is constant on Chi(v), we obtain

> fw)=0 forallve VL. (5.7)
u€Chi(v)

It follows that for v € V. and j >k,

S)\’ Z f Z f(u)S;Za Sl;’,caeu

u€Chi(v) u€Chi(v)
= D Bkt a)epyi-m () =0,
u€Chi(v)

where we have used and the fact that 5, x(u,a) is constant on Chi(v). Almost the
same calculations show that

(dy +k +a)l(d, +1)!
(dy + a)l(dy + K+ 1)!
It may now be concluded from that the reproducing kernel k-, takes the required
form. Finally, since F is finite-dimensional (Corollary , we note that for every
w €D, Ky, (-, w) is a sum of finitely many power series in z converging on D. =

S}k\f:a S])f,ca fo= fo for every k € N.

We now classify all torally balanced multishifts. For this, we need to calculate their
moments.

LEMMA 5.1.9. Let 7 = (V,&) be the directed Cartesian product of rooted directed trees
A,y Tg. Let Sx be a toral left invertible multishift on 7 with commuting toral Cauchy
dual S and let Ug be the toral isometry part of Sx governed by . If Sy is torally
balanced, then, for any v € V and o € N,

a;—1

Sge’u - H ( H C‘d |+ZJ71 @ +k)Ug€v, (58)
J=1 k=0
where Cfi),\ denotes the constant value of €;(v) forv eV and j=1,...,d. In this case,
d a;—1 9
Isseal =TT ( H D srtan)  WEViaENY, (5.9)
j=1 k =

Proof. Assume that Sy is torally balanced. Let us first verify

n—1
Sie, = ( H c‘(jin)U]”ev (n>1,j=1,...,d)
k=0
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by induction on n > 1. Note that

(4)
Sje'u = Z )\g)ew = Z Aw())Q:j(parj(u}))ew

weChi; (v) wEChi; (v) € (par;(w
@2 (o ( Z 0e, = C|(d)\U €y. (5.10)
wGCh|J (v)

This verifies the base case n = 1. Assume the induction hypothesis for n > 1, and consider

n—1
n+1 o (4) n j ()
$ittes = Il claaSilfen = H oS D 0 Bt (O
k=0 wecm§,"> (v) ’

n—1

€D () ...pW 9
H \d [+k Z O 9 ar (= () “ldu \Uiew
wECh|<n>( )

H C|d |+k Z 97(1.)7) e 9£2:§7L—1)(W)Ujew (Since dw = d’U + ’I’LEJ)
w€Chi]<.">(v)

(TT ey
- (H C\du|+k>U
k=0

This completes the inductive argument. A similar inductive argument on m > 1 together
with the commutativity of S§ yields

m—1 n—1

m Qn _ (%) () myrrn

SR § Y | (o
k=0 k=0

for m,n € N and 1 < 4,5 < d. The desired conclusion may now be deduced from the
above identity by a finite inductive argument. Finally, we note that (5.9) follows from
(5.8) and the fact that Uy is a toral isometry. m

DEFINITION 5.1.10. Let ¢ := {c(t,j) : t € N, j =1,...,d} be a bounded multisequence
of positive real numbers such that (5.4) holds. For s € N, set

d Oéj*l

s =H H c(star+-+aj_1+kj) (aeN).
j=1 k=0

We refer to the Hilbert space of formal series H?(7,) as the Hilbert space associated with c,

where vs = {Va,s }aend-

REMARK 5.1.11. Note that the multiplication d-tuple on H?(v,) is a commuting d-tuple

of bounded linear operators M, , ..., M,,.
We are now in a position to present the main result of this section.

THEOREM 5.1.12. Let 7 = (V,&) be the directed Cartesian product of rooted directed

trees A, ..., ;. ForveV, let

f= Z aBSfev c?(V), flw)= Z agw®.

BENd BENC
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Let Sx be a toral left invertible multishift on T with commuting toral Cauchy dual S5
Then Sx is a torally balanced multishift on 7 if and only if for every v € V, there exists a
Hilbert space H? (Y)d,|) of formal power series in the variables wy,. .., wq associated with
a bounded multisequence ¢ such that

£ 2wy = 1l Er2 -
Proof. Suppose that Sy is a torally balanced multishift. Set ¢(¢,j) := cﬁj ) for t € N and

j=1,...,d, where cg denotes the constant value of €;(v) on the generation G;. Consider

the Hilbert space H?(vjq,|) of formal power series in wy, ..., wq. By taking norms on both
sides of (5.8)) we obtain, for every o € N,
d %] —1

— ©)
18%eullzory = TT (T e it ) 108 €0l

j=1 " k=0

:’ya»‘dvl = ||wa||H2(’y‘dv|)7 (511)

where we have used the fact that Uy is a toral isometry. By orthogonality of {S§e, }qene
(Proposition ix)), the above formula holds for all pairs f and f. To see the converse,
let f = Sje, and f = w; in [|fllizvy = [ fll2(y,q,,) to obtain [|Sje,|| = c(|dy, j), which
is clearly constant on G4, |. =

Here we present a local analog of von Neumann’s inequality for torally balanced
multishifts.

COROLLARY 5.1.13. Let F = (V,&) be the directed Cartesian product of rooted directed
trees J1, J» and let Sy be a toral left invertible, torally balanced multishift with commuting
toral Cauchy dual 2-tuple S5. If Sx is a toral contraction, then for any positive integer k
and scalars ag for B € N? with |B| < k,

sup H Z agSfev

VeV BI<k

< sup Z ag,zﬂ’.

2
#€D% T 51<k

Proof. Assume that S is a toral contraction. Fix v € V. By the preceding theorem, there
exists a Hilbert space H? (7)d,|) of formal power series in the variables w;,ws such that

B — B
|52 oty = | 5 o, =1 5 o],

1B1<
where M, denotes the 2-tuple of operators of multiplication by the coordinate functions
wy, ws. However, since Sy is a toral contraction, by (5.11)), so is M,,. It follows from
||1HH2(V\dv\) =1 that

H Z aBS)‘ev

181<
By Ando’s dilation theorem [§], von Neumann s inequality holds for any torally contrac-
tive classical multishift 2-tuple. Hence

| 3 assies

1BI<k

(Ydw 1) ('Y\dv\),

<HZ%MWWMW H asM2||
<k

< sup

agz
12 (V) z€D?2 A

1BI<k

B’.

Taking supremum over v € V' on the left hand side, we get the desired inequality. =
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REMARK 5.1.14. By a recent result of M. Hartz [63, Theorem 1.1], the result above holds
for any number of variables.

5.2. Spherically balanced multishifts

DEFINITION 5.2.1. Let . = (V, &) be the directed Cartesian product of rooted directed
trees J,..., 7 and let Sx = (S1,...,54) be a commuting multishift on 7. Define
¢:V — (0,00) by

d
v) =Y [ISjen|* forveV. (5.12)

We say that Sy is spherically balanced if € is constant on every generation G, t € N. We
then denote the constant value of €(v) by €j4,|, where d, is the depth of v in 7.

REMARK 5.2.2. Note that Sy is a joint isometry if and only if

d
Z 150 Z Z A2 =1 forallveV.
j=1

J=1 weChi;(v)

It is now clear that every joint isometry multishift is spherically balanced with € being
the constant function 1.

The following proposition yields examples of spherically balanced multishifts apart
from joint isometries.

PROPOSITION 5.2.3. Let = (V,&) be the directed Cartesian product of locally finite
rooted directed trees 71, ..., T4 and let ¢ = {ct}ren be a bounded sequence of positive real
numbers. Consider the multishift Sx, = (S1,...,S4) with weights

7 cdv d’UL+1 . .
A0 = card(lCh!-(v)) Ayl 1 d for w e Chi;(v),veV andi=1,...,d.

Then Sy, defines a spherically balanced multishift. In case ¢, =1 for allt € N, Sy, is a
joint isometry.

Proof. One may conclude from Lemma|3.1.5(i) that S, ..., S4 are bounded linear opera-
tors on [2(V) whenever {c;};en is bounded. Let v € V and 4,5 = 1,...,d. First we check
the commutativity of Sx,. Note that for w € Chi;(v), ALY can be rewritten as

/\(1) _ Cldy|—1 dwi
v card(sib;(w)) \/ |dw| +d—1"
Now for u € Chi;Chi;(v), we have
)\(2))\(]) _ Cldu|-1

w pari(w) A\l card(sibs (u)) |/ |du |—|—d— 1

y Cld,|—2 dpar, (u),
card(sib; (par; ( |dpar, ()] +d =1
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)\(] )\() Cldu|-1
par,; (u) card(sibj(u)) \/ |dy| +d —1

» Cld,|—2 dpar, (u),
card(sib; (par; ( |dpar (wl+d-1

Since dy; = dpar, (u); for i # j, by (5.5), Sx, is commuting. Note further that

d d
o2 = (7)y2 Cldo| o, +1
; ISjea* =" > (Y Z ) card(Chi; (v)) [do| + d

j=1 wGChij (v) J=1 weChij; (v)

dy, +1
|d‘Z|d|+d Cld, |

which is a function of |d,|. Thus Sy, is spherically balanced. The above calculation also

shows that Sx_ is a joint isometry if and only if ¢; =1 for allt € N.

REMARK 5.2.4. The choice ¢; = ii—‘fii—f (t € N) with .7 being the d-fold directed Carte-

sian product of 73 o with itself yields the Dirichlet d-shift on the unit ball [60, Example 1].

Below we discuss a family of examples of spherically balanced multishifts, which is
a tree analog of the multiplication d-tuples on the reproducing kernel Hilbert spaces
associated with the reproducing kernels 1/(1 — (z,w))? defined on the unit ball in C¢,
where a is a positive number.

EXAMPLE 5.2.5. Let . = (V,&) be the directed Cartesian product of locally finite
rooted directed trees 77,...,Jy. For a positive real number a, consider the sequence
a = {Ca,t }ten given by

t+d
t+a
Then the multishift Sx, on .7 is spherically balanced. In case .7 is the d-fold directed
Cartesian product of 7 ¢ with itself then the choices ¢« = d, a = d+ 1, a = 1 yield
Szego d-shift, Bergman d-shift, Drury—Arveson d-shift respectively on the unit ball (see

Example [1.2.1]).

We refer to the multishifts Sy, on .7 as the tree analog of Szego d-shift, Bergman
d-shift, Drury—Arveson d-shift respectively in case a = d,a = d + 1,a = 1. It is worth
noting that Sx,, and Sy,  are joint contractions while Sx., is a row contraction (that

(t eN).

Ca,t =

is, 53, is a joint contraction).

Although there is no known satisfactory counterpart of Shimorin’s analytic model for
joint left invertible analytic tuples, we are able to show, as in the classical case, that the
multishifts Sx,, on 7 can be realized as multiplication tuples .#, on reproducing kernel
Hilbert spaces at least in case the joint kernel E of S;cd is finite-dimensional.

THEOREM 5.2.6. Let = (V, &) be the directed Cartesian product of locally finite rooted
directed trees J,..., 7 of finite joint branching index. Let Sx,. be as introduced in
Example@ and let E denote the joint kernel of S;cd . Then Sx., is unitarily equivalent
to the multiplication d-tuple M, o = (My,, ..., M,,) on a reproducing kernel Hilbert space
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Hy.a of E-valued holomorphic functions defined on the open unit ball B in Ce. Further,
the reproducing kernel ky, , : B x B* — B(E) associated with 7, q is given by

ala+1)---(a+ || —=1)
Kﬁfa,d(zaw) = Z ( ) ( ‘ | )Z w P[eroot] + Z Z K%F(zaw)v

al
aeNd FeZueQr
F#0
where Ky (2, w) is given by
d | Ial_l
Fup(z,w) =Y m 11 (dul + a+j)z2w Pp, ., (5.13)
aeNd Y T j=0

with Pyq being the orthogonal projection of H onto a subspace M of H.

The proof of the above theorem, as presented below, turns out to be more involved
than that of Proposition Perhaps one reason may be that no counterpart of Shi-
morin’s model is known for joint left invertible analytic tuples. This proof relies on the
description of the joint kernel F as provided in Chapter 4. In addition, a key observation
required is the following lemma.

LEMMA 5.2.7. Let 7 = (V,&) be the directed Cartesian product of locally finite rooted

directed trees T, ...,y of finite joint branching index. Let Sx. be as introduced in

E':mmple@ and let E' denote the joint kernel of S5 _ . Then:

(i) E is invariant under S3* S§  and S3¢ S§_ |g is boundedly invertible for every
o € N4,

(ii) The multisequence {S§ E}qene of subspaces of 12(V) is mutually orthogonal.

Proof. (i) In view of ([@.12) and S3* S§ e, = [|S}_ eu[[es (v € V), it suffices to check

that for every F' € & and u € Qp, the function v — [|S}_e,[|? is constant on sibp(u)

with value ||S% e, |*. For j =1,...,d, w € V, let f(j,w,0) =1 and

; — (1)) G) (4
B, w,n) = )\T(ﬁ))\Pi’j(w) o )\pjexr;nﬂ)(w) (n21).
It is easy to see using )\1(5) = \/Card(lsibi(u))) V |dwt;,1 that
n—1
1 du,!  (|dw| —n+a—1)!
B(j,w,n)* = ( ! (5.14)
kl;[O card(sibjpar;]€> (w))) (dw, =n)! (|dw|+a—1)!

forn>landj=1,...,d. Fixae N?andlet 1 <i; < --- < i, < d be integers such that
Q,,...,q; are the only nonzero entries in a. A routine verification using Proposition

vi) and (5.14]) shows that

k
, (=1 2
S, = 2 IIBG P " (w),ai) e,

weChi<a>(v) j=1

>

weChi<e> (v)

-, +a—1)!

ﬁ dwi,j! (‘dpar<<a('i.7’*1)>>(w)‘
Jj=1 (dwij N aij)! (|dpar<<a(ij’1)>>(w)| +ta-— 1)‘
j 1

(O‘i]‘71>

j=1 1=0 card(sibij(parf.?pariji1 ---parif””(w))))

€y
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+al (|d |+Z7n =j+1 Qi +a_1)‘

SIE

=1 Oy (Il + 3 —; @, +a—1)!
k aijfl 1
X Z H H (1) (aij71> <ai1> €y,
wechi<e> () j=1 i=0 card(sib; (par;'par; ™" - par; " (w)))

where we have used |dpar<<a(ij—1)>>(w)| = |dy| — Zl 1 @y, dy = dy + o for any w €
Chi€®> (v). As in the proof of Proposition one can verify by induction on |a| > 1

that

d a;—1 1
Z H H (OFCTEY (a1) =1
weChi<a>(p) j=1 1=0 card(sib; (par par; 5 " ---pary (w)))

This yields

b (o, +ai)! (dy] + o, +a—1
S5 9% ew=1]] T (e + Dy ) ey (veV). (5.15)
Jj=1 Vi (ldv| + Zm:j airn +a— 1)

Since depth is constant on sibp(u) and E is finite-dimensional (Corollary [3.1.16)), (i) is
immediate from this formula. For future reference, we also note the following expression
for moments of Sx, deduced from ([5.15):

dy, + do| + > i +a—1
155, el = [T ol 1o Ticyn s to )
j=1 v (|du|+Zizj a;+a—1)!
_ <ﬁ (d, +a‘7‘)!) 1 5.16)
S\ T Gl aldl et D (dFatlal -1
for all v e V.
(ii) It suffices to check that S*ﬁf+155 |z =0for j=1,...,d. We will verify this only

for j = d. The verification for the other coordmates is the same. Let f € E. Clearly, for
f = €ro0t, We have S*f’d“sﬁ f =0.Let F € 2 be such that F # 0 and let f € L, r

for u € Qp C P (see (4 and (4.6)). If d ¢ F then once again S;BdHSfc f =0 since

f € ?(sibp(u)) is supported on a subset of V} x -+ x V4_1 x {roots}. Hence we may
assume that d € F. Since f € L, r, by (4.10), f = ZUESibF(u) f(v)e, satisfies

Z F)AP =0, i€ F andvg € sibpg(u).

wesib; (va|ui)

dw, - . .
However, since )\( D= \/mrd(s'b = \/ Tdara=T 1S constant on w € sib;(vg|ui), we obtain

Z f(w)=0, i€F andvg € sibpg(u). (5.17)

wesib; (va|ug)

Let o = 8 — B4€4. One may now argue as in (i) to see that
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SIS F=85 Y f(0)S;851SR. e

vEsibp (u)
S H (d, + ay)! f(v)
vesibg(u) \ j=1 d'“j' \/(\d1,|+a)(\dv|+a—|—1)(\dv|+a—|—|a\—1)

d a;j—1

< > I

weChi<a> (v) j=1 1=0 \/camd(sibj(par<>par< Ny 2 -~-par§a1>(w)))
D @SS el X vw,a) SiS S ew), (5.18)

veEsibp (u) weChi<e> (v)

S* (S*Bd Sﬁd )

where v(w, @) is given by

d
:jI;[1 g \/cabrd(s.ibj(par< par

However, by (5.15) and d,,, = d,,,

_ (dwd—’_ﬁd)' (|dw‘+a—1)' B
dw,!  (|dw|+Bs+a—1)1"

_ (do, +B4)!  (ldo| + |a[ +a—1)! .
d'Ud! (‘dv|+‘a|+ﬂd+a—1)' wr

This combined with (5.18)) yields

—

(5.19)

1
e parl™ (w)))

Syl e,

. ey B! (ldo] + o] +a—1)!
Sdﬁ(ﬁ_lsfcaf: Z f(v)HS)\c e H( d ﬂd) (| | | ‘ )

! 1)
vesibr (u) do,!  (ldo| +[a] + Ba +a —1)!

X Z Y(w, @) Seqy.

weChi<e> (v)

Since wg = vg and d,, = d, + «, we have

S*e. — 1 dwd .
o card(sibg(w)) || [dw| +a—1 parg (w)

dy,

1
= € ar(w) -
card(sibg(v)) \/ ldo| +la] +a—1"° a()

This gives

X dp, +B84)!  (do| + |af +a—1)!
Srbatleh g E SXx., € (A
d Ao TS, evll dy,! (Idy| + || + Ba +a — 1)!

vEsibp (u)

1 dv,
X _ Y(w, @)epar,, (w)-
/card(sibg(v)) \/ [do| +[a] +a—1 weCh;>(v) para

It is clear from the definition of depth and siblings that the expression I'(v, ) below is
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independent of v € sibp(u):

do, + Ba)! (|do| + |af +a —1)!
dy,! (|dy| + || + Bg +a — 1)!

P(v,0) = 155, e

card Slbd \/|du+|04|+a—1

Further, since ag = 0, we conclude from ) that v(w, ) is independent of wg = vg.
Also, since v = vg|vg for G = F \ {d} and v E S|bF( ), it follows that

1 *
m5d6d+ls§ca f = Z f(’U) Z ’Y(U), a)epard(w)

vEsibp (u) weChi<e> (v)

= Y (Y ek )mw)

vglvg€sibp(u)  weChi<e> (v)

= Z Z ( Z f(vglva)y(w, O‘)epard(w))

vgEsibp g (u) vg€sib(ug) weChi<a> (v)

= ¥ > ( > f(vclvd)w(w,a)eparm))

vgEsibp g (u) weChi<¥> (v)  vg€Esib(ug)
- Z Z ( Z f(Uled))’Y(w7 a)epard(w)a
vg€Esibp, g (u) weChi<e> (v)  wvg€sib(ug)
where the sum in the inner bracket is 0 in view of (5.17). m
We are now in a position to complete the proof of Theorem [5.2.6

Proof of Theorem [5.2.6. We divide the proof into several steps.

STEP I. In this step, we prove that Sy, can be modeled as the multiplication tuple
M, on a Hilbert space of E-valued formal power series. Note that by Theorem and

Lemma ii), we have
(V)= P S5 E.

a€eNd
Thus for any f € [2(V), there exists a multisequence {f,}oecna in E such that
F=> 9% fa
a€eNd
Also, since Si,..., Sy are injective (Corollary [3.3.4)), the multisequence {fo}aena With
the above property is unique. This unique representation allows us to form the inner
product space 7, 4 of E-valued formal power series by

Aoy = {F(@ =Y farifa€E(@eNY, SIS full® < oo}
aeNd aeNd
endowed with the inner product

(F(2),G(2)) == > (SR, fas 5%, 9a)s
a€eNd

where G(2) = ) cna gaz®. Since S3¢ S5 is bounded below on E (Lemma i),
there exists M, > 0 such that || F[|> > 3, cye Mallfalliz vy for all F € 7, 4. Hence £, 4
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is a Hilbert space. We now define unitary U : [*(V) — 5, 4 by U(f) = F. Further, if
M. denotes the d-tuple of (densely defined) multiplication operators A, ..., #,, in
Hg.q then for j =1,....,4d,

USj(S‘;fca foz) = Usij;ejfa = faza+€j = %z,' faz® = ///sz(Sica foz)'
Note that US; = .#.,U holds on a dense set. Since S is bounded, it follows that .Z is
bounded for every j =1,...,d.

STEP II. In this step, we check that J7, 4 is a reproducing kernel Hilbert space associated
with the reproducing kernel

() = Y Daztm® (e Q)

where Dy, is the inverse of 53 S5 |g on E as ensured by Lemmal5.2.7(i), and €2 denotes
the domain of convergence of k., , (possibly {0}). Note that for F'(2) = Y e faz® €
Had, 9 € Eand w e,

(F.ti, ,(w)g) = > (S8, far S%. (Dag)@®) = Y (faw®, S5 S5 Dag)
aeNd aeNd
= (F(w),9)E,
where we have used the fact that S3* S% D, = I|g for every a € N¢. This completes
the verification of Step II. Cr

STtep III. We note that D, is the diagonal operator on F with diagonal entries
ala+1)---(a+|a] —1)/a! (corresponding to eoor) and

T dy,!
(]1:[1 W>(|du| t+a)(|du| +a+1)- - (|du| + a+|a| — 1)

(corresponding to the component of E from [2(sibr(u))). This is immediate from (5.16))
and the definition of D,,.

STEP IV. We verify that the domain of convergence of k., , equals the open unit ball
B¢ in C?. Indeed, by the preceding two steps, ., , takes the form

ala+1)---(a+ || —=1)
Ky, (2, W) = Z ( ). (at]o] )z W Pleye] + Z Z Ku,F (2, W),

al
aeNd Fe 2 ueQr
F£0
where k,,¢(2, w) is given by (5.13). Since the first series in the expression for ., ,(z, w)

is precisely P, .j/(1 — (z,w))?, it suffices to check that the domain of convergence of

Ku,r (-, w) equals B? for every w € B?. However, the coefficients in this series are ob-
tained (modulo some scalars) by adding the constant d-tuple d, to the coefficients of
1/(1 — (z,w))*, and hence the domain of convergence is BY. m

REMARK 5.2.8. In case J; = J1 for j = 1,...,d, then the reproducing kernel spaces
S, q are precisely the spaces appearing in [24] (1.11)] (see Table 1 below).

COROLLARY 5.2.9. Let F = (V,&) be the directed Cartesian product of locally finite
rooted directed trees Ji,..., 7y of finite joint branching indexr and let Sx., be as in
Ezample . Then the point spectrum of Sy_ contains the open unit ball B? in C%.
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Table 1. Tree analogs of reproducing kernels x#, ,(z,w)

Kernel ke, ,(2,w) T X T

T Fio X P

al—1 S\ L =—Qy
T Do) + Lacnd (a+e1>'H‘ §a+1+5)2 Pri oy | P20 X 10
ol -1 o
a— (z e Pleco,o)) T 2 aend (a+61 IH 2o (a+1+j)zw" Prio.m
+Saent el Lo (0 + 147220 Pegy ) 1) Ta,0 X T2,0
al—1 S\ e
JrZaeNd (a+€1+€2)‘1—l| o ( +2+])Z w P‘C(l,l),{l,z}

€(0,0)]

Proof. By Theorem 6} Sx., is unitarily equivalent to the multiplication d-tuple .Z, =
(My,. .., M) actlng on the reproducing kernel Hilbert space 4%, 4 of E-valued holo-
morphic functions defined on the unit ball B?. The desired conclusion now follows from
the fact that 2 (ke (s w)f) = Wik, ,(,w)f forany f € B, w € Blandj=1,...,d,
where ks, , denotes the reproducing kernel associated with J7; 4. m

We now turn our attention to the classification of spherically balanced multishifts. The
notion of spherically balanced multishifts is closely related to that of spherical Cauchy
dual tuple. Before we make this precise, note that by , S? = Si(zg:l S;‘Si)_l
It follows that the spherical Cauchy dual S5 = (S7,...,55) of a joint left invertible
multishift Sy is given by

d
-1 )
Soe, = (Z ||sjev||2) Y ADe, forallveV,i=1,....d
j=1

weChi; (v)
Note that S35 is also a multishift on .7 with weights

d
X —1
AD (Z ||sjepari(w)||2) L weVe, i=1,....d
j=1

In the next proposition, we show that every joint left invertible spherically balanced
multishift admits a polar decomposition in the following sense.

PROPOSITION 5.2.10. Let 7 = (V, &) be the directed Cartesian product of rooted directed
trees F, ..., 4. Let Sx = (S1,...,54) be a joint left invertible multishift on T and let
S35 denote the spherical Cauchy dual of Sx. Then the following statements are equivalent:

(1) S3 is commuting.

(i) For every v € V°, € is constant on Par(v), where € is as defined in (5.12).

(iil) There exists a joint isometry multishift T = (T1,...,Tq) and a diagonal, positive,

invertible bounded linear operator D, on 1?(V') such that
S; =T;D,, j=1,....d.

In this case, the above decomposition is unique.

Proof. We do not include the verification of the uniqueness part as it is similar to that
of Proposition [5.1.1
(i)ye(ii): Fix v € V. By the discussion prior to the proposition, we have
Sie, = €(v > Aey.
weChi; (v)
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Therefore,
SiSte, =€) Y ADSte, =€) Y APew)t Y APe,
weChi; (v) weChi; (v) u€Chi;(w)
=¢)t ) Apa, W€ par;(u) e,
w€Chi; Chi; (v)
Similarly,

SiSjes =)™ D0 A (AP e(pary(u) e

par; (u)
u€EChi; Chij (v)
Since Sy is commuting, by Proposition (i), SiSie, = S3S7e, forall 4,5 =1,...,dif
and only if
&(par;(u)) = €(par;(u)) for all u € Chi;Chij(v) and 4,j =1,...,d.
This yields the desired equivalence of (i) and (ii).
(ii)<(iil): We introduce a multishift Ty = (T1,...,Ty) on 7 with weights
AD/\/€w), weChij(v), veV, andi=1,...,d.
Note that for v € V,

d d
> oATenl? = €)™ Y (IS en]* =
j=1 j=1

One may argue as in the previous paragraph to see that T is commuting if and only (ii)
holds. We now define a diagonal operator D,. on (?(V) as follows:

D.e, :=+/C(v) e, foranyveV. (5.20)
Since Sy is joint left invertible, by Proposition viii), D, is a diagonal, positive,
invertible bounded linear operator. If (ii) holds then by the above argument Sy has
the decomposition given in (iii). Conversely, if (iii) holds then by the uniqueness of the
decomposition, T and D. must be of the form as defined above. The desired conclusion
in (ii) now follows from the commutativity of Tx. m

REMARK 5.2.11. The spherical Cauchy dual S, of a joint left invertible classical multi-
shift Sy, is the d-variable weighted shift given by

Sjea = 5a,Sw €ate; (1 <7< d)7
where
d .
sy = W (o €N
=1

It is easily seen that that S, is commuting if and only if dac; 5, = Oate,,s, for all
1 < j,k < d [32, Section 6]. In this case, the function € turns out to be a function
of |a|, @ € N? [33, Lemma 3.1]. This may also be deduced from the result above once
we note that for any integer ¢ > 1, one can order G; as {uq,... ,ucard(gt)} such that
Par(u;) N Par(u;11) # 0 for every i = 1,...,card(G;) — 1.

We refer to T and D, as the joint isometry part and the diagonal part of the multishift
S respectively.
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COROLLARY 5.2.12. Let T = (V,&) be the directed Cartesian product of rooted directed
trees T, ..., 7 and let Sx be a joint left invertible multishift on 7. If Sx is spherically
balanced, then for any 8 € N% and any v € V, we have

8 1Bl-1 1 B
() T €y = (H m)s)\em
.. 1
(i) 17%eul* = (TL2 " et ) ISRenl?,

where €, denotes the constant value of € on the generation Gy, and Ty is the joint
isometry part of Sx.

Proof. Assume that Sy, is spherically balanced. Note that the weights of T take the form
/\Sj)/\/qdv, w € Chi;(v),veV, andi=1,...,d.
To see (i), let v € V. Using induction on k € N, one can verify that for i = 1,...,d,

= Skev.
H \/ |dv|+p

Further, in a similar fashion one can get
kl—1

H \/ |dv|+p

Continuing, we obtain (i). Finally, (ii) is 1mmed1ate from (i). m

T,T}e, = ————Si5Fe,.

Note that part (ii) above gives a precise relation between the moments of Sy and
that of T. The multiplicative factor Hf:' 81 m appearing in (ii) suggests introducing
a classical unilateral weighted shift Sy on some Hilbert space H?(v) of formal power
series, so that ||TerH = ||Sg,mf0|| HSerH for some orthonormal basis {fx}ren of H2(7).
Unfortunately, in this formulation, the tree like structure of .7 does not reflect in the
construction of Sy on H?(v). However, there is an alternative way to construct a shift on
a directed tree arising naturally from 7 which at the same time gives the above relation

between moments of Sy and of T).

DEFINITION 5.2.13. Let 7 = (V, &) be the directed Cartesian product of locally finite,
rooted directed trees 73, ..., Zy. Consider the component 7,5, = (V®, F) of the tensor
product 7% of 91,..., 7, which contains root (see Theorem . For a bounded
sequence {c¢;}ten of positive real numbers, consider the (one-variable) weighted shift Sy
on the rooted directed tree 7,2 with weights given by

Or = \/Cdn_1/\/card(sib(tv)) (v € V®\ root), (5.21)
where dy, is the depth of tv in .75, and sib(tv) is the set of siblings of to in the directed tree
T2 .. We refer to the weighted shift Sy on 7,2, as the balanced weighted shift associated
with {ct}ren.

EXAMPLE 5.2.14. If 71 = 1,0 = J, then as seen in Example Z,&. is (isomorphic
to) Z1.0, and hence Sy is (unitarily equivalent to) the classical unilateral shift on [?(N).

If 74 = P50, %5 = T, then as seen in Example T8, is Ja0, and hence Sp is
a weighted shift on the rooted directed tree % (see Figure 5.1).
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--------- ——————@C———@<—————@———— 30— 30— >0
(6,3) (4,2) (2,1) (0,0) (1,1) (3,2) (5,3)

Fig. 5.1. The weights of Sp on Z,52, = Ze.0

6,6)TV0

Fig. 5.2. The weights of Sp on .2, = T

Finally, if 71 = 959 = Z then as seen in Example Z,8. s Tup, and hence Sy
is a weighted shift on the rooted directed tree 74 (see Figure 5.2).

Before we present the main result of this section, recall that a finite positive Borel
measure g supported in the unit sphere dB? in C? is said to be T%invariant if for any
Borel measurable subset A of B¢,

w(C-A) = pu(A)  forall ¢ € T
where (- A ={(-z: 2z € A} with ¢z denoting the dot product of ¢ and z. A Reinhardt
measure is a T%invariant probability measure on the unit sphere.

The following generalizes [33, Theorem 1.10] and |77, Theorem 1.3] (the case in which
T = F%, as described in Example with v = root).

THEOREM 5.2.15. Let 7 = (V, &) be the directed Cartesian product of locally finite, rooted
directed trees 71, . .., Ty and let 7.5 = (V©, F) be the component of 7% containing root.
Forv €V, choose v € V® so that |d,| = dy (see the last part of Theorem. If Sy s
a joint left invertible multishift on 7, then the following statements are equivalent:

(i) The multishift Sx is spherically balanced.
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(ii) For every v € V, there exists a Reinhardt measure p, supported in the unit sphere
OB¢ and a balanced weighted shift Sy on F,%. associated with a bounded sequence
{¢t}ten such that

Il = [ WoxE e, din(o) (5.22)
where

fe="Y_ asSie, € *(V),

BeN?
[BI<k

for(z Z agz’BSlﬁlen c2(V®) (keN,zeC?).

BeN?
[BI<k

If any of the above equivalent statements holds, then:

(a) If {fx}ren converges to f in 1*(V), then {for(2)}ken converges to some fo(2) in
2(V®) for uy-a.e. z € OB, and

ey = [ Mo doa(2) (5.23)

(b) If Q%(I) is as defined in , then for n € N,
(@, (Dews ) = |57l (5.24)
Q& (D) = 155 . (5.25)

Proof. Suppose that Sy is a joint left invertible multishift on 7. To see (i)=-(ii), assume
that S is spherically balanced and let ¢; := &, the constant value of € on the generation
G for t € N. Consider the balanced weighted shift Sy on 7, associated with {c;}sen.
We first prove the formula

ISGeol* = H Cdpip (F>1,0€VT) (5.26)

by induction on k > 1. If k =1, then
1
S 2 _ 92 — _ .
ISses Z Z card Slb card(sib(u)) s Z card(sib(u)) s
ueChi(v) ueChi(v) u€eChi(v)
Assume the formula holds for some k& > 1. By the induction hypothesis, we obtain

. 2 Cd —
Issredt=| 3 auste = 3 dlselt= Y e (HCd )
ueChi(v) ueChi(v) ueChi( )
k—1
:cd"(ncd“ﬂﬂo) Z card S|b Hcd"+p
p=0 u€eChi(v)

This completes the induction. We now verify that there exists a Reinhardt measure .,
supported in the unit sphere B¢ such that

I3l = 155 enllavey [ 18P a5 e, (5.27)

In view of Corollary [5.2.12(ii), it suffices to find a Reinhardt measure p, supported in
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the unit sphere 9B? such that ||Tfev||2 = [,ga |2°[Pdpsy, where T is the joint isometry
part of Sx. Consider the Tx-invariant subspace M := \/{Tfev : B € N9} of 12(V). By
Proposition (ix), (Tfev, Ty e,) =0 if 5 # ~. It follows that Tx|xq is a joint isometry
classical multishift (up to unitary equivalence). The existence of the desired measure is
now a consequence of the well-known fact that any joint isometry is joint subnormal [19]
Proposition 2] (see [33], proof of Theorem 1.10] for more details).

We now check the integral representation appearing in (5.22). Note that <S§ev, Siev)

= 0if B # v and (Shey, She,) = 0 if k # [ (see Proposition (ix)). It follows
that

Il = > lasllSSeul? v,

BeN?
|8|1<k

Z |GB‘2||SgB‘eu||?2(V®) /818[1 |ZB|2 de- (5'28)

BeNd
|BI<k

Since i, is a Reinhardt measure, by [33, Lemma 2.3] the monomials {z*},cne are or-
thogonal in L?(0BY, ). Thus

Jo Mooty = [ 37 a5 o0, 5 e

B,yEN?

Y
1BL1vI<k
E23)
= Z |a5|2||5|9'8|€n||l22(v®)/ |Zﬁ‘2dﬂv(z) = ||fk||l22(V)'
Bend OBd
|BI<k

This proves that (i) implies (ii). To see that (ii) implies (i), let fi = Sje, and fo . = z;Spey
in and sum over j = 1,...,d to see that

d d
Z ||Sj€v||122(V) = ||S«9€n||122(v®) Z/am%d |2 P dps, = ||59€n|\122(v®) = Gy = Cldu)>
j=1

j=1
which is constant on gw.
In the remaining part of the proof, we assume that S is spherically balanced.

(a) Note that || fillizcvy T | flliz(vy and [[ fo.x(2)li2(vey T g(2) (possibly in the extended
real line) as k — oo, where

1/2
9(2) = (2 lasPl"PUSeal?) (2 € 0BY).
BeN

Applying the monotone convergence theorem to (5.22)), we obtain

Iy = [ o) din ).

Since the left hand side is a finite positive number, 0 < g(z) < oo except for z in a set of
pp measure 0. It follows that fp(2) := 3 5oy angSgﬁ‘eb € 12(V®) except for z in a set
of y1, measure 0 and g(z) = || fo(2)|l;2(ve). This also yields (5.23)).



Multishifts on products of directed trees 85

(b) Note that

Z ||SA vn“"z HS leolovey [ 12°dp
oBd

aENd aeNd
|a]=n lal=n
n!
ISgenliey [ 50 e,
OB aeN? '

|a]=n

which is the same as ||S§‘en||122(v®) since

n!
> 5|ZO“|2 = [lz[l5* (2 €C%
Ne
s

and p is a probability measure supported in the unit sphere. It follows that (ng (Iey, ey)
= ||Syey||>. Note further that

1Q%, (Dl = sup (@5, (Dew, ) = sup [[Sges* = IS5
veV eV ®
This completes the verification of (b). m

For convenience, we refer to the balanced weighted shift Sy on 7,5, as the shift
associated with the multishift Sx on 7 (cf. [36, Definition 2.3]).

Here we discuss some consequences of the preceding theorem. The first one is a local
spherical analog of von Neumann’s inequality (cf. [77, Proposition 2.5] and [73] Theo-
rem 7.6]).

COROLLARY 5.2.16. Let 9 = (V,&) be the directed Cartesian product of locally finite,
rooted directed trees J1,..., 9. Let Sx be a joint left invertible, spherically balanced
multishift on 7. If Sx is a joint contraction, then for any positive integer k and finite
sequence {ag : B € N, |8| < k}, we have

< sup Z aﬁzﬂ}.
€8T g ene

sup H Z aBS§eU
BeN?
1B1<k 1BI<k

veV

Proof. Suppose that Sy is a joint contraction. Let Sy be the balanced weighted shift
associated with Sy and fix v € V. Note that by (5.25]), Sy is a contraction. On the other
hand, by the preceding theorem, there exists a Reinhardt measure u, supported in OB¢

such that
2

2 BglBl,

H Z ags)\ev o) - Z agz’ S, lzw@)duv(z)

BeEN?

[BI<k |[3|<k
:/ Zzaﬁzﬁs“wd o(2)
87 1120 gene 2ve)
|8|=l

/de Z’ Z agzﬁ‘ 1Sheoll?: (ve) Aty (2)

=0 ﬂeNd
|Bl=t
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<[ ]S we = [

2
S 52| din(2)
BeN?

=0 ﬂeNd
|B]=l |BI<k
< sup agzﬂ,
2€OBY T gend
|BI<k

where we have used the orthogonality of monomials in L%(9B?, u,). After taking the
supremum over v € V, the desired conclusion follows from the maximum modulus prin-
ciple in several complex variables [85] p. 5|. m

COROLLARY 5.2.17. Let = (V,&) be the directed Cartesian product of locally finite,
rooted directed trees 71, ..., Jy. Let Sx = (S1,...,Sq) be a joint left invertible, spherically
balanced multishift on 7 and let Sy be the weighted shift on the rooted directed tree
78, = (V®,F) associated with Sx. Let €; be the constant value of Z] L 1S;eu]|? on the
generation Gy of . Then:

(i) 7(Sx) = limy— 0o supkeN(Hz;é Crip) /™ = 1r(Sy), where r(T) denotes the spectral
radius of any commuting d-tuple T'. In particular, the Taylor spectrum of Sx is a
Reinhardt set containing 0 and contained in the closed ball centered at the origin and
of radius r(Sy).

(ii) Meo(Sx) = sup,,>1 1nfkeN(H €k+ YW@ = mo(Sp). In particular, the left spec-
trum o;(Sx) of Sx is contamed in the closed ball shell centered at the origin with
inner radius Mmoo (Se) and outer radius r(Sp).

Proof. The first part follows from (5.25)), (5.26)), and the spectral radius formula (L.5)) for
the Taylor spectrum:

r(Sx) = lim [|Q, (DY = lim S|V = r(Sy).
To see (ii), note that by (1.6 .,

Moo (Sx) < sup inf <QS (I )ev,€7j>1/(2”),
n>1vE

Let M, = infyev (Q% (I)ey, e,)'/ ™ for n > 1. Then for any f =3,y f(v)e, € 12(V)
of unit norm, by Proposition vi)&(x),

1/(2n)
Q5 (DF DY = (3 1 (0) Q8 (Dewsen)) = Mo,
veV
and hence mo(Sx) = sup,>q inf,ev(Q%, (I)ey, en)t /) A similar observation holds

for Sg. The desired conclusion in (ii) may now be drawn from (5.24) and (5.26). =

EXAMPLE 5.2.18. Consider the multishift Sy, as discussed in Example[5.2.5] Recall that

¢o = {Cq,t}ten is given by
t+d
i = ——— t € N).
Cat =11, ( )

Thus weights of Sy, = (S1,...,5q) are given by

‘ d, +1
A0 = ! : s for w € Chij(v) and j =1,...,d.  (5.29)
card(Chi;(v)) |/ |duv| +a
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By the preceding corollary,

n—1 1/(2n) k+ 1/(2n)
p+d

o= s (T ) = o (] 20) ™
r(Sx.) n0o i Gkt nl—r&igg( k+p+a>

We follow the argument in [36], Lemma 3.9] to see that r(Sx., ) = 1. Let F(n, k) =

HZ;& :frgig (k € N,n > 1), and note that F(n, k) is increasing (resp. decreasing) in k if

and only if a > d (resp. a < d). Thus the following possibilities occur:

n—1

FARACD)
H (p_—:: ) = F(n,0)"/®" < F(n, k)" <1 or
p+a

n—1 1/(2n)

1< Fn. )Y@ < P(n,0)/CW = [] <pId> |
p+a

p=0

In either case, limy, oo SUPLey (Hn_l k+p+d)l/(2n) = 1. This shows that r(Sx,, ) = 1.

p=0 k+p+a
One can argue similarly to see that m..(Sx,,) = 1. In particular,
o(Sa.,) Ccl(BY), oi(Sa.,) C OB (5.30)

Finally, by Corollary we must have o(Sx,, ) = cl(BY).

We conclude this section with a brief discussion on the essential spectrum of the
multishift Sx, . Recall first that a commuting d-tuple T'is essentially normal if [T}, T;] =
TT; —T;T; is compact for every 4,5 =1,...,d.

PROPOSITION 5.2.19. Let Sx,, be a multishift as in Example[5.2.5] If 7 is of finite joint
branching index ko, then Sx,, = (S1,...,84) is essentially normal.

Proof. Assume that 7 is of finite joint branching index kz. By the Putnam-Fuglede
Theorem [38] (applied to the image of S; under the Calkin map), the compactness of the
commutators [S¥,5;] (1 < j < d) implies that of the cross-commutators [S7, Sk] (1 <
J»k < d,j # k). Thus it suffices to check that [S7,S;] is compact for every j = 1,...,d.
For fixed j =1,...,d, define
W; :={v € V : card(Chij(v)) = 1 and card(sib;(v)) = 1}.

Note that [S%, S;] decomposes into A; @ B; on I2(V) = I>(W;) @ 1>(V \ W), where A;, B;
are block diagonal operators given by

Aje, = (M) = (A7) ey (v € W;, Chij(v) = {w}),

Biev=Y_ (A= > AP,  (veV\W)).

weChij; (v) u€sib; (v)
By (5.29), A; is the diagonal operator with diagonal entries
ldy| —dy; +a—1

(Ido| + a)(|do| +a — 1)
which tends to 0 as |d,,| — co. This shows that A; is compact. To see that B; is compact,
note first that

()\(j))2 _ (/\(j))Z -
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1 dy; +1
Bje, = - €y
/ ue;}(v) card(Chij;(v)) |dy | +a

o Z 1 d’UJ
card(sib;(v)) |dy| +a — 1€

wesibj (v)
dy; +1 1 dy,
= €y : 5 w - 5.31
|dy | +a ”  card(sibj(v)) |dy| +a—1 Z ¢ (5:31)

wesibj; (v)
We next decompose V' \ Wj as | ], sibj(v), where Q is formed by picking up only one
element from every sib;(v) for j = 1,...,d. The existence of  is ensured by the axiom of
choice. Note that ?(sibj(v)) is reducing for B; for every v € Q. This immediately yields
the decomposition
B, = @ij on (V\ W;) @12 (sib(
vEQN vEQN

where Bj, is a finite rank operator (since .7; is locally finite) for j = 1,...,d. It now
suffices to check that || Bj,| — 0 as |d,| — oo (see Remark [3.4.1). Before proceeding to
this end, observe that

sup card(sibj(v)) < M; := = card(Chi‘*7 (root )) < o0, (5.32)
veV\W;

sup d;, <kg. (5.33)
veV\W;

Let f =73 cab, () f(Weu € I%(sib;(v)) and Y, := > _uesib, (v) f (1) Note that
dy, +1 1 du,
By - €y - w
il = Z f(u)<|d [ +a " card(sibj(u)) |du| +a—1 Z( )e

u65|b (v) wesib; (u
7) + 1 T d'l)'
e 2 Jw 5 : >, ew
|dy| + a wedba(w) ~ card(sib;(v)) |dy|+a—1 (wESibj(U) )
= Z Bueu)
u€sib; (v)
where 3, is given by
dy, +1 T, d,.
Bu=r—fu) - - .
|dv| +a card(sib;(v)) |dy| +a—1
Since | Y, | < || f||M;, by (5.33)) and the Cauchy-Schwarz inequality,
Bul < (kﬁj + DIf(w)] Lo kg,
= |dy| + a card(sibj(v)) |dy| +a—1

k’yj—i-l

< 14—
T |dy] +a—1 card(sib;(v))
It follows from ([5.32) that

1Bju fII* =

i

SR (kz, + 1)2(1 + M;)?

2
(dlra—1? I

u€sib; (v)
This shows that || Bj,|| — 0 as |d,| = co. =

The conclusion of the preceding proposition does not hold true if we relax the as-
sumption of finite joint branching index.
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EXAMPLE 5.2.20. Consider the n-ary tree 7™ given by
VW = fyp ik eN I=1,...,2"},  Chi(vg) = {vks1, :n(l — 1) +1 < j <nl}.
Let 7 = (V, &) denote the directed product of .7 (™ with itself. Note that for vy, v, , €
v,
Chiv (v, pq)) = {(Vkt1,5,pq) €V in(l—1)+1 < j <nl},
Chiz((vk,1, 0p,q)) = {(Vk1 Up41,5) €V inlg = 1) +1 < j < ng},

so that card(Chi;((vk,,vpq))) = n for j = 1,2. Let Sy, be as in Example with
d = 2. Note that the system A is given by

-
~{

1 k+1

AL = NG T w € Chiy((vi1,Vpq))s
1 p+1 .
A2 = N T w € Chia((vg,1,vp.q))-

We claim that Sx, on (") is essentially normal if and only if n = 1. In case n = 1,
Sx., are classical multishifts. The essential normality in this case is well-known (see, for
example, [36]). To see the converse, assume that n > 2. Let B; := [S}, 5] for j = 1,2. It
suffices to check that || Bie )l 0 as k= p— co. For v = (vg,1,p,q), note that

Vk,1,Vp,q

1 k+1 1 k
(Biey,en) = > ————— = Y — (e, )
weChiy(v) ¥ kt+pta wesiby (v) k+pta-1
__ k1 1k
k4+p+a nk+p+a-1’

which converges to 1(1—1/n) as k = p — co.

COROLLARY 5.2.21. Let Sx_  be the multishift as in Example[5.2.5] Assume that 7 is of
finite joint branching index k. Then

(Te(S)\cd) - OB,

Proof. It may be concluded from [36], proof of Lemma 3.5] that for any essentially normal
d-tuple T, the essential spectrum o.(7T) is contained in

{weCl: wl3 € 0e(Qr(I)},
where Qr(+) is as defined in (|1.1). In view of the last result, it now suffices to check that
0¢(Qsx, (I)) is equal to {1}. However, Qs,  (I) is the diagonal operator with diagonal

entries (|dy| + d)/(|dy| 4+ @) (repeated card(Chi< > (root)) times) for v € V. Since the
only limit point of these eigenvalues of QSMQ (I) is 1, the essential spectrum of QSMQ (I
must be {1} [38]. =

REMARK 5.2.22. Since the point spectrum of Sy is empty (Corollary , in dimension
d = 2, the dimension of the cohomology group at the middle stage in the Koszul complex
of S5 —w is constant for every w € B? (see (8)).

5.3. Joint subnormal multishifts. We begin this section with a simple characteriza-
tion of joint subnormal multishifts in terms of complete monotonicity of their moments.
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PROPOSITION 5.3.1. Let 7 = (V, &) be the directed Cartesian product of rooted directed
trees T, ..., 7. Let Sx be a toral contractive multishift on 7. Then Sy is joint sub-
normal if and only if for every v € V, the multisequence {||S§ey||?}acna is completely
monotone.

Proof. As recorded earlier, by [I7, Theorem 4.4], a toral contractive d-tuple T on a com-
plex Hilbert space H is joint subnormal if and only if for every h € H, the multisequence
{IIT*h||*} 4ena is completely monotone. Since {S{e, }yev is mutually orthogonal (Propo-

sition x)), for f =3 v f(v)eo,
ISSFI% =D L () PlISKes|.

veV
By the general theory [25] Chapter 4], we conclude that Sy is joint subnormal if and only
if for every v € V, {||SYeu||*}aena is completely monotone. m

Although the preceding result characterizes all joint subnormal contractive multishifts
on .7, the necessary and sufficient conditions include information about moments at all
vertices. On the other hand, information about the moment at a single vertex (namely,
{1155 €root]|® aena is completely monotone) is sufficient to ensure joint subnormality in
the context of classical multishifts. Thus a natural question arises whether joint subnor-
mality of Sy can be recovered from complete monotonicity at finitely many vertices. This
question has an affirmative answer in case each .Jj is locally finite with finite branching
index.

THEOREM 5.3.2. Let 7 = (V, &) be the directed Cartesian product of rooted directed trees
A, ..., Tg. Let Sy be a toral contractive multishift on 7. Let
W= [J Chi<**(root)

aeN?
a<kg

and let W := Wi x -+ x Wy, where
W; = Chi(V_gj))U{rootj}, j=1,...,d
Then the following statements are equivalent:

(i) Sx is joint subnormal.

(ii) For every v € W, {||S5e,||*}aena is completely monotone.

(iii) For every v € W, {||SSe,||?Yaecna is completely monotone.
Proof. The implication (i)=-(ii) is clear from the previous result while (ii)=-(iii) is obvious
in view of the inclusion W C W. Let us check (ii)=(i). Assume that for every v € W, the
multisequence {||SSe,||?}aena is completely monotone. Fix v € V'\ W. We contend that
there exist w € W, @ € N% and « € C such that

ey = VS ew. (5.34)
Note that there exists a subset {i1,...,4x} of {1,...,d} such that dv,ij > kgii for every
j=1,....k Letl; =dy, — kg (j=1,....k) and set '

w = pargl) -~~par§i">(v).
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Then d,; < kg, for every j =1,...,d, and hence w € W. Now set

0= li€, + -+ lre,,
Since d,, G = k;g for j =1,...,k, we must have vS{e,, = e, for some scalar v € C. This
completes the verlﬁcatlon of - It follows that for any 3 € N¢,

S (MY Is e = X (2 lIsg e 2 o

aeN? aeN?
[a]<n la|<n

since {||S§ew||?}aena is assumed to be completely monotone. Now apply the preceding
proposition to complete the verification of (ii)=-(i).
Finally, we check the implication that (iii)=(ii). Let v € W \ W. Define

= . w) .
Fp i ={weW: Ch|<<a( > (w) contains v for some o) e N},
Then .%, is nonempty as root € .%,. Now consider the set
G, :={w € F, : |dy| > |dy]| for all u € F#,}.

We claim that for all w € &,, there exists a®®) = (i, .. O‘El )) € N¢ such that
Chi<<a(w)>>(w) = {v}. If possible, suppose there are distinct vertices v, v’ € Chi<<a(w>>>(w)
for some w € ¥,. Without loss of generality, we may assume that v; # v{. As vy,v] €
Chi<°‘§w>>(w1), there exists an integer k, 1 S k< aﬁ‘”, such that uq := par(¥) (v1) € Vil).
Let @; € Chi(uy) be such that v; € Chi%®* YV (i;). Note that @ € Wi. Consider w' :=
(11, wa, ..., wg). Then w’ € W and v € Chi?> ('), where 8 = (k —l,aéw),. ozgl ))
Thus w' € .%,, and hence |dy| > |du|. On the other hand, |du/| = |dw| + a{*) — k +
1 > |dy]|, which is a contradiction. This proves the claim that Chi<<a(m>>(w) = {v} for
all w € ¥,. It is now easy to see that for every v € W'\ W, there exist w € W, & € N4
and v € C such that e, = fySfew. This immediately gives the complete monotonicity of

{lIS%evl*} aena. =

REMARK 5.3.3. If  is locally finite with finite joint branching index, then W (and
hence W) is finite.

It is well-known that there is a class of tuples antithetical to joint subnormal tuples
commonly known as (toral or joint) completely hyperezpansive tuples (refer to [21] and [32]
for definitions and basic properties). A characterization similar to one given above can
be obtained for toral completely hyperexpansive multishifts as well, where, as expected,
the moments being completely monotone is replaced by moments being completely alter-
nating (refer to [25] for the definition of completely alternating functions). Similarly, the
class of joint g-isometries, as introduced and studied in [58], can be characterized within
the class of multishifts.

The class of joint subnormal multishifts within the class of spherically balanced mul-
tishifts admits a handy characterization (cf. [36] Theorem 5.3(1)]).

PROPOSITION 5.3.4. Let = (V,&) be the directed Cartesian product of locally finite,
rooted directed trees I, ..., Jy. Let Sx = (S1,...,S54) be a joint left invertible, spherically
balanced multishift on 7 and let Sy be the weighted shift on the rooted directed tree
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FE. = (VO F) associated with Sx. If Sx is a joint contraction, then the following
statements are equivalent:

(i) Sx is joint subnormal.
(ii) {1,€, Co¢, ¢ 1Co, ...} is completely monotone, where €, denotes the constant
value of 2?21 S eu||? on the generation Gy of 7.

(iii) Sp is subnormal.

Proof. Assume that S is a joint contraction. We have proved (see (5.24)) that
(@5, (Dev, e) = |Sje|*  (n€N),

where Q7.(+) is as given by (LI)). By [20, Theorem 5.2], S is joint subnormal if and only
if {(Q%, (I)ev; €y) }nen is completely monotone for every v € V', and hence by the formula
above, this is equivalent to the complete monotonicity of {||S§ey||*}rnen for every v € V.
This yields the equivalence of (i) and (iii). The equivalence of (ii) and (iii) is immediate

from (5.26). m

Let us illustrate the previous result with the help of the family of multishifts discussed

in Example

EXAMPLE 5.3.5. Let Sx,, be as in Example [5.2.5] Note that Sy, is a joint contraction
if and only if d < a. Assume that a is an integer such that d < a. By the preceding
proposition, S, is joint subnormal if and only if {szo Ca,p }nen is completely monotone,

where
t+d
=—— (teN).
Car =7, (EN)
Let us verify the last statement. Recall that the product of completely monotone se-
quences ({Z._%n}neN, t=d,...,d+ k) is completely monotone. Since for k =a —d € N,
ﬁ {1 if k=0,
Cap = d(d41)--(d4k—1) :
p=0 (d+n+1)(d+n+2)-(d+k+n) otherwise,

{HZZO Ca,pnen is completely monotone.

5.4. Joint hyponormal multishifts. In this short section, we discuss the class of joint
hyponormal multishifts.

PROPOSITION 5.4.1. Let 7 = (V, &) be the directed Cartesian product of rooted directed
trees S, ..., 4. Let Sx = (S1,...,54) be a multishift on T . Then Sy is joint hyponormal
if and only if for every t € N and every fi,..., fa € 1>(V) supported on Gy,

d

ij=1
Proof. Note that ([S7,Sile,,ew) = 0 (i,j = 1,...,d) for any v,w € V such that
|dy| # |dw| (see Lemma [2.1.10(vi)). It follows that for f;,gs € [*(V) with supports
on G; and G, respectively with s # ¢,

(157,85 ft,95) =0 for every i,j=1,....d. (5.35)
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For j =1,...,d, let f; € [>(V) and write f; = > ien fit, where f;; is supported on G.

Then
d
Z<[ f]afl Z Z fjtafls -ZZ fgtafzt>
i,j=1 t,seNz,j=1 teNi,7=1

The desired equivalence is now immediate. m

In the case of spherically balanced multishifts, the preceding characterization can be
made more explicit (cf. [36, Theorem 5.3(5)]).

THEOREM 5.4.2. Let 7 = (V, &) be the directed Cartesian product of locally finite, rooted
directed trees J,..., . Let Sx = (S1,...,S54) be a joint left invertible, spherically
balanced multishift on 7 and let Sy be the weighted shift on the rooted directed tree
T8 = (V®,F) associated with Sx. Then the following statements are equivalent:

(i) Sa is joint hyponormal.
(i) {C}ien is increasing, where € is the constant value of ijl S eu]|* on the gen-
eration Gy of 7.
(i) Sp is hyponormal.
Proof. We first verify (i)=(ii). Recall from [34, Lemma 4.10] that any joint hyponormal
d-tuple T satisfies the inequality

Q%(I) Z QT(I)27
where Q%.(-) is as given in (1.1). In particular, for any v € V,
(Q%, (Dew,en) > Qs (Dey .

However, by the polar decomposition obtained in Proposition [5.2.10

S; =1;D., j=1,....d, (5.36)
where Ty = (T1,...,T4) and D, are the joint isometry part and the diagonal part of Sy
respectively. Since T \ 1S a joint isometry, Z = I, and hence by (5.36| -,

d
Qs\(I) =Y _D.I;T;D, = D.
j=1

It is now easy to see that

€|d,,\€|d,,\+1 <QS>\( )evaev> <Q%>\ (I)ev,€v>

> [|Qsx (I )evll2 = |DZe.|” = €y,
which implies that {€;}+cy is increasing.
We next verify (ii)=-(i). In view of Proposition it suffices to check that for every
t € N and every fi,..., fq € [>(V) supported on Gy,
d

SIS Silf fi) = 0

ij=1
So let fi,..., fa € 1*(V) be supported on G; for some ¢t € N. A routine verification using
(5.36)) shows that

[S7, Silew = €q,| [T}, Tiley + (€4, — Cjg,|-1)TiT e, for any v € V.
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Hence
d d d
D ASTSfi fi) =€ Y (T Tl fi) + (& = &n) D (LTS f. fi), (5.37)
i,j=1 i,j=1 i,j=1

where we have used the convention that €_; = 0. However,
d
Z <[T;ajji]fjvfi> > 0
i,j=1
since T, being joint subnormal, is joint hyponormal, and
d d 9
S @t t = |||
— e

s

Since {€;}ten is increasing, we conclude from (5.37)) that
d

> (IS5, Silfs fi) = 0.

ij=1
We finally check the equivalence of (ii) and (iii). In view of [67, Theorem 5.1.2], it
suffices to check that

92
Z ﬁgl for every v € V®
to €Chi(v) ” eem”

if and only if {€;};en is increasing. Since ||Spew||? = €4, and O, = == ”id(“’_l:(lm) (o €
cardalsi
V®\ root) (see (5.26) and (5.21))), we obtain

Z 02 _ Z 1 Cap—1
I1Soew||? card(sib(w)) €4,

ro€Chi(v) o €Chi(v)
gy, 1 gy,
Cop+1 weChi(s) card(sib(w)) €4, 41

The equivalence of (ii) and (iii) is now clear. m

REMARK 5.4.3. Assume that Sy is a joint hyponormal multishift. It is well-known that
the spectral radius and norm of a hyponormal operator coincide [40]. One may now

conclude from Corollary [5.2.17|i) and (5.25) that the spectral radius of Sx equals
I1S7S1+ -+ + SSall /2.

EXAMPLE 5.4.4. Let Sy, be as in Example [5.2.5] Note that Sy, is a joint hyponormal
if and only if {c, ¢ }ien is increasing, where
_t+d
T t+ta
This holds if and only if d < a. In view of Example[5.3.5] we have the following equivalent
statements (cf. [9, Lemma 3.3]):

(t € N).

Ca,t

1. Sy, is joint subnormal.
2. S, is joint hyponormal.
3. Sx,, is joint contraction.
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Afterword. Needless to say, the work presented in this paper provides a framework to
unify the theories of classical multishifts and weighted shifts on rooted directed trees. This
framework also enables one to pose and peruse a diverse range of problems. More impor-
tantly, this framework allows the rich interplay of graph theory, complex function theory,
and operator theory. One of the important outcomes of these investigations is perhaps
the tree analogs S, of extensively studied classical multishifts like Szegd, Bergman, and
Drury—Arveson d-shifts. On the one hand, the tree analogs of these d-shifts share many
important properties of their classical counterparts; e.g. Sx,, (Szego d-shift) is a joint
isometry, Sx,,,, (Bergman d-shift) is joint subnormal, and Sy, (Drury-Arveson d-shift)
is a row contraction. On the other hand, due to abundance of directed tree structures,
various intricacies may arise. For instance, unlike their classical counterparts, for a suit-
able choice of .7, the defect operator Y _7_ (—1)% () ng)\ca (I) fails to be an orthogonal
projection. Further, in the matrix decomposition of S3_ , nondiagonal tuples of infinite
rank operators appear naturally. We believe that the class of multishifts S A, warrants
further attention as they may play the role of building blocks in the classification of
G-homogeneous tuples associated with the action of various linear groups G C GL4(C).



Appendix
We are grateful to V. M. Sholapurkar for kindly providing a multivariable analog of the
identity given in (4.2)) (along with proof).

LEMMA 1. Let n be a positive integer and let X = (x1,...,24),Y = (y1,...,ya) be
d-tuples such that the variables x;,y; (i = 1,...,d) belong to a unital complex algebra.
Then

=Y <|Z|>X“Y“ = > (|g|>X5(l — @1y — w2ys — - — zaya)Y”,

aeN? Bend
lal=n |B|<n—1
aly — _ lof! d
where (Ial) = a1 (@ €NY).

Proof. We use induction on n € N. For n = 1, both sides of the identity reduce to
1—z1y1 —x2y2 — - - - — x4yq and hence the result holds. Suppose the result holds for some
n > 1. We now prove the identity for n + 1. Starting with the right hand side, we split
the sum

A= Z <|g|>Xﬂ(1 — @1y — T2y — - — Taya) Y’

BeN?
[B]<n—1

as A; + As, where

Aq = Z (|g|>Xﬁ(1 — Ty — Tays — - — Tqya)YP,
BeN?
[B]<n—1
Ayi= Y ('g')Xﬁ(l —x1y1 — Toyz — - — zaya) Y.
BeN?
|B]=n

Now by induction hypothesis, 43 =1 — Zlﬁlzn (g) XBYP. Observe also that

e 3 (- 2 ()5 r]

BeN? BeN? i=1
|Bl=n |B|=n

Thus

[96]
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d

A+ Ay =1- Z <Z) |:2Xﬁ+5iyﬁ+€i:|

pent i=1
|Bl=n

g )

BeNd  -i=1
|B]l=n+1

=1- Y (”;1>Xﬂ’yﬂ.

BeNd
|Bl=n+1

This is the left hand side of the identity with n replaced by n+ 1. =

Let us discuss some of the difficulties in the deduction of appropriate analogs of
Shimorin’s formula in several variables. The very first difficulty which arises is the
appropriate notion of Cauchy dual S’ in several variables, where S = (Si,...,Sg) is the
given d-tuple of bounded linear operators on H. To see what a correct choice would be,
note that may be rewritten as

n—1

I — T — Z TkPET/*k,

k=0
where T is a left invertible operator on H and Pg = I —TT"* is the orthogonal projection
onto the kernel of T*. Hence, in view of the preceding lemma, the choice of Cauchy
dual in several variables should necessarily ensure that I — Z?:l S;S!* is an orthogonal
projection. Examples show that none of the notions of Cauchy dual (toral and spherical)
can be applied with success in this context. Keeping this aside and assuming this condition
for a moment, what we obtain is the following formula:

() kerS™* C \/{SPf: fekers* |B] <n-—1},

loe|=n
where it is not clear whether equality holds. For a single operator, we obtain equal-
ity, which can then be used to derive the duality formula crucial in obtaining the
wandering subspace property for T'.
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