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Abstract

It has been shown recently that spectral flow admits a natural integer-valued extension to es-
sential spectrum. This extension admits four different interpretations; two of them are singular
spectral shift function and total resonance index. In this work we study the resonance index
outside the essential spectrum.

Among results of this paper are the following;:

(1) Investigation of the root space of the compact operator (Ho + sV — A)™'V corresponding
to an eigenvalue (s — m)717 where Hy is a self-adjoint operator and ry € R is such that
Ho + rAV belongs to the set

R(A) ={Ho+V:V =V"is Ho-compact and A € o4(Ho + V)}.

(2) (a) Criteria for a perturbation V to be tangent to the set R()) at a point H.
(b) Criteria for the order of tangency of a perturbation V to the set R(\).

3) Direct proof of the equality “total resonance index = intersection number”.
4) Direct proof of the equality “total resonance index = total Fredholm index”.
5) Total resonance index satisfies the Robbin—Salamon axioms for spectral flow.
) Direct proof of the equality “total resonance index = spectral shift function” at a point A
not in the essential spectrum oess(Ho).

This analysis gives a finer information about the behaviour of discrete spectrum compared
to spectral flow.

Many results of this paper are non-trivial even in finite dimensions, in which case they can
be and were tested in numerical experiments.

Acknowledgements. 1 thank Tom Daniels for a scrupulous reading of this paper which resulted
in countless improvements including a countable subset of fixed articles. I also thank the referee
whose constructive criticism and numerous suggestions led to a significant improvement of the
presentation of this material.
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1. Introduction

1.1. Introduction. The spectral flow of a continuous path {H,: r € [0,1]} of self-
adjoint operators through a point A which does not belong to the common essential
spectrum o of the operators H,. is naively understood as the number of eigenvalues of
H,. which cross A from left to right minus the number of eigenvalues of H, which cross A
from right to left as the variable  moves from 0 to 1 [APS]. This naive definition was
given a rigorous basis in [RoSa]. An alternative definition of spectral flow as the total
Fredholm index of the path {H,} was suggested in [Phl [Ph2], [BCPRSW| Section 4].
This definition has some advantages compared to the intersection number, for example
it can be applied to study spectral flow in von Neumann algebras, where the notion
of intersection number does not make sense. Further, the total Fredholm index can be
interpreted as an integral of a one-form defined on some real affine space of self-adjoint
operators [Gel [CP] [CP2| [ACS, BCPRSW]; the possibility of such interpretation was first
suggested by I. M. Singer in 1974. The spectral flow can also be interpreted as Maslov
index |RoSal. Finally, outside the essential spectrum the spectral flow is equal to the
spectral shift function [L Ki] (see e.g. [ACDS| [ACS| [Pu]).

These definitions of spectral flow are applicable only for numbers A outside the com-
mon essential spectrum of a path of self-adjoint operators H,., with the exception of the
spectral shift function. The spectral shift function is not integer-valued inside the essen-
tial spectrum, and therefore it cannot be considered as a proper analogue of spectral flow
for essential spectrum. In [Az2l [Az3| [Az4] an analogue of the Lebesgue decomposition
m = m® + m(®) of a measure m into its absolutely continuous and singular parts was
suggested for the spectral shift function £. It was shown that the singular part £(®) of €,
which can be correctly defined by

1
5(3)()\):%/ Te(VED Ydr,  ae. A, (1.1.1)
0

where HT(S) is the singular part of H, = Hy + rV, is a function which takes integer values
for a.e. value of the spectral parameter A, including those in o.ss, and which coincides
with &, and thus with the spectral flow, outside the essential spectrum.

Apparently, it is difficult to work directly with the definition of the singular
spectral shift function ¢*). In [Az5] (see also [Az6, Section 6]) it was found that for
trace class perturbations the singular spectral shift function can be interpreted as total
resonance indexr (TRI),

DN = Y indees(X Hyy V), (1.1.2)
rx€[0,1]

(7]



8 N. Azamov

where indyes(\; Hy,, V) is the so-called resonance index of the triple (\; H,,,V), and
where the sum is taken over the real resonance points 7y of (A; Hy, V') which belong to
[0, 1]. One of the ways to define the resonance points and the resonance index is as follows.
Let L )

2(s8),02(s),. ..
be the list of eigenvalues of the compact operator

(Ho+sV —2)"'V, seR.

g

It is not difficult to show that for each of these eigenvalues there exists a number rJ such
that

ol(s) = (s —rl)™".
The numbers rJ are the resonance points of the triple (z; Ho, V). A real number r is a
real resonance point of (\; Hy, V) if at least one of 77 approaches ry as z = A+iy — A+10.
The resonance index of (A\; H,,,V) is the integer

Ny —N_,

where Ny (respectively, N_) is the number of resonance points which approach ry in the
upper complex half-plane (respectively, lower complex half-plane). The resonance points
rJ in this definition should be counted according to their algebraic multiplicities, which
are transferred from the corresponding eigenvalues o (s).

If A does not belong to the essential spectrum, then £(*)(\) = £()\), as the definition
of singular SSF turns into a well-known Birman—Solomyak [BS|] formula for SSF:

d 1
£\ = */ Te(VE{)dr, ae. .
dX Jo
Thus, outside the essential spectrum the formula (1.1.2)) turns into

spectral flow through A = Z indyes(A; Hry, V).
rx€[0,1]

Once this formula is obtained, one may choose to forget its origin and consider the
right hand side as a new definition of spectral flow. Apart from the fact that, unlike
other definitions of spectral flow, this definition makes perfect sense inside the essential
spectrum, it has two other advantages. Firstly, it requires minimum assumptions in order
to be defined, in particular it includes as special cases the spectral flow for operators with
compact resolvent, and the spectral shift function for relatively trace class perturbations.
Secondly, it is defined in the language of complex analysis and it can be investigated using
tools of complex analysis. It is well known that proofs based on complex analysis are as a
rule considerably simpler (and also more beautiful, but this depends on one’s taste) and
therefore more natural. As a historical example, Franz Rellich’s perturbation theory of
isolated eigenvalues was essentially simplified by introduction of Riesz idempotents.

In this paper we study spectral flow from the point of view of resonance index. In
particular, we show that the total resonance index satisfies the Robbin—Salamon axioms
for spectral flow, and give direct proofs of equality of the total resonance index with other
classical definitions of spectral flow, such as intersection number and the total Fredholm
index.
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1.2. Basic assumption. Below we collect the basic assumptions, notation and termi-
nology which will be used throughout this paper.

ASsuMPTION 1.2.1.

(1) Hy is a self-adjoint operator on a separable complex Hilbert space 1 with dense
domain D.

(2) Ap is a real vector space of self-adjoint operators V' which are relatively compact
with respect to Hy. The latter means by definition that the domain of V' contains D,
and the product

R.(Ho)V := (Hy — 2)"'V

is compact for some and thus for any complex number z which does not belong to
the spectrum of Hy. Elements of Ag will also be called directions.

(3) A is the real affine space Hy + A of self-adjoint operators. Elements of A will also
be called points.

(4) It follows from and the second resolvent identity that all directions from A4, are
relatively compact with respect to any point from A. Therefore, by Weyl’s theorem
(see e.g. [RS)]) all points from A have the same essential spectrum. We denote this
common essential spectrum by oess and refer to it as the essential spectrum of the
affine space A.

(5) There exists at least one real number A which does not belong to gess. Most of the
time, A will be fixed.

(6) We let H; = Hp+ sV and denote by ry a real number such that A is an eigenvalue of

H,, =Hy+r\V

of multiplicity m > 1. Most of the time we will work with one operator H,,, and the
notation r) and m will be used strictly in this sense only. We also assume that for
some real s the number A is not an eigenvalue of Hj.

(7) Ttem (6) implies that the eigenvalue A of multiplicity m moves away from A as the
coupling variable s is varied from ry. The resulting m (counting multiplicities) eigen-
value functions of s are denoted by A,(s), v = 1,...,m, and the corresponding
eigenvectors, which are defined only up to scaling, by ¢, (s), v =1,...,m.

These are the only assumptions which we shall make in this paper. They are quite
generic in Hilbert space perturbation theory. As a special case they include the case of
self-adjoint operators Hy with compact resolvent and a vector space of bounded self-
adjoint perturbations V, which is the main setting of spectral flow theory in differential
geometry and global analysis.

We shall consistently use the words “point” and “direction” instead of “self-adjoint
operator from A” and “self-adjoint perturbation operator from Ay”. Elements of a vector
space associated with an affine space are usually called vectors, but we shall not use this
word to avoid confusion.

The set of all points H from A for which A is an eigenvalue is called the resonance set
and denoted by R(\). Elements of R(\) will be called A-resonant operators or \-resonant
points. Since the real number A will be fixed for most of the time, A-resonant points will
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often be called resonant points. We say that a resonance point H is simple if ) is an
eigenvalue of H of multiplicity 1. An analytic path H(s) will be said to be a resonant
path if H(s) € R(A) for all s. Otherwise we say that H(s) is a regular path. A regular path
H(s) may have resonant points on it, but the set of such points is discrete. A direction V/
at a resonant point H will be said to be regular if the straight line H 4 sV is a regular
path. In my previous papers, whether published or not, regular directions were called
regularising.

The terminology “A-resonant operator” was used in [Az6] in a study of spectral flow
inside oess, but for a real number X outside the essential spectrum the definition of the A-
resonant, operator reduces to the one given above.

A function defined on a finite-dimensional real affine space is called analytic if it is
given by a real analytic function in some and thus in any affine system of coordinates.
A subset R of a finite-dimensional real affine space is called an analytic set if R is the set
of zeros of one or several real analytic functions. A subset R of any real affine space is
called an analytic set if the intersection of R with any finite-dimensional affine subspace
is an analytic set. By an affine space from now on we will always mean a real affine space.
Finite subsets of an affine space and an affine space itself are analytic sets. Intersections
and finite unions of analytic sets are also analytic. The resonance set R()\) is an analytic
set; a proof of this assertion follows verbatim that of [Az4, Theorem 4.2.5].

1.3. Preliminaries. The second resolvent identity
R.(Hy+V)—R.(Hy) =—R,(Hy+V)VR,(Hy) = —R.(H))VR,(Hy+ V) (1.3.1)
holds for any pair of closed operators Hy and V provided Hy + V is well-defined and z

belongs to the resolvent sets of both Hy and Hy + V. This identity can be rewritten as
follows:

R.(Ho+V) = R.(Ho)(1+ VR.(Ho))~" = (1+ R.(Ho)V) ™' R.(Hy). (1.3.2)
We shall extensively use the notation
A,(s) =R,(H,)V and B,(s)=VR,(Hy), (1.3.3)
where
H, = Hy+ sV.

Since V is relatively compact with respect to all Hy, by definition of relative compactness
the domain of V' contains the range D of R,(Hj). Thus, the domain of B,(s) = VR,(Hs)
is the whole Hilbert space. The same cannot be said about R,(H,)V in case V is un-
bounded, so by A.(s) we shall mean the closure of R, (H,)V.

By Assumption the operators A, (s) and B,(s) are compact. The second resol-
vent identity implies that for s,r € C,

A(s) = (1+ (s — 1) A (r) " AL (r) (1.3.4)

and a similar equality holds for B, (s). This shows that A,(s) is a meromorphic function
of s.
We start with a recap of some material of [Az6l Section 3].
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Let Hy € A,V € Ap and let Hy = Hy + sV, where s € C. Let 2 = A+ iy € C \ 0egs.
A point 7, is a resonance point of the triple (z; Hp, V') if any one of the following equivalent
conditions hold:

(1) r, is a pole of the meromorphic function C 3 s — A, (s).
(2) r, is a pole of the meromorphic function C 3 s — B, (s).
(3) The operator 1+ (r, — s)A.(s) has a non-zero kernel for some s € C. The kernel

TZI(TZ; H07 V)

of this operator does not depend on s.
(4) The operator 1+ (r, — s)B.(s) has a non-zero kernel. The kernel

Wzl(’rz; H07 V)

of this operator also does not depend on s.
(5) The number z is an eigenvalue of the operator

HTz = HO + TZV
The corresponding eigenspace is T2 (r.; Hy, V).

In the definition of T}(r,; Hy, V') the operator A,(s) is the closure of R.(H,)V, but
it can be shown that 1}(r,; Hy,V) is a subspace of dom(V), and VY}(r.; Ho,V) =
Wl(r.; Ho, V).

With every resonance point r, of the triple (z; Hp, V'), one can associate an idempo-
tent operator P,(r.), the vector space Y.(r.) := imP,(r,) and a nilpotent opera-
tor A.(r.), which is reduced by the vector space 7,(r.). They can be defined by
[Az6l (3.2.6)]

P(r) = j{c A.(s)ds (1.3.5)

and [Az6| (3.3.1)]
1

Al =5

f (s —1,)A.(s) ds, (1.3.6)
Cr,

where C,_ is a contour encircling r, and no other resonance points. Similarly one defines
an idempotent operator @, (r,) and a nilpotent operator B.(r,), by replacing A.(s) in
(L.3.5) and (1.3.6)) by B.(s). For these operators we have [Az6, (3.3.12) and (3.3.11)]

B.(r.))V=VA.(r.) and (A.(r;))" =Bz(7.). (1.3.7)

The Laurent expansion of the meromorphic function A,(s) at a resonance point r, has
the following form [Az6l (3.3.16)]:

A(s) = A(8)+(s—12) TP (r) + (s —72) T2AL(rs) 4o+ (s—r) TIAIT (), (1.3.8)

where d is the order of the resonance point r, (see below) and A.(s) is the holomorphic
part of the Laurent series. The idempotent operators P, (r,) and @, (r,) have the following
properties. If rgl) and rff) are two different resonance points corresponding to z, then
[Az6], (3.2.8)]

P.(rP,(r?) = 0. (1.3.9)
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Further, [Az6] (3.2.5)]
PI(r.) = Q=(72), (1.3.10)
and [Az6, (3.2.10)]
VP.(r:) = Q:(r:)V. (1.3.11)

Proofs of these equalities are quite elementary.
The operator Qz(7,)V P,(r,) is a finite-rank self-adjoint operator which in [Az6] is
called the resonance matriz. Since Py(ry) is an idempotent, from (|1.3.11) we have

VP,\(’F)\) :Q)\(T)\)VP)\(T,\), (1312)

and so, since A and ry are real and \ ¢ 0., taking into account ([1.3.10), we conclude
that

V Py(ry) is self-adjoint and has finite rank. (1.3.13)

This operator plays an important role in this paper.

The vector space 1 (r,) consists of all vectors x such that for some positive integer k,
(14 (r- —s)A.(s)*x =0, (1.3.14)

where s is any number which is not a pole of A,(s). This definition does not depend on
the choice of s. A vector from 7, (r.) will be called the resonance vector. The equality

1.3.14) will be called the resonance equation of order k. The smallest integer k such that
[1.3.14) holds for some (and thus for any) s will be called the order of x. The vector space
of resonance vectors of order < k is denoted by 7% (r.). The operator A, (r,) maps Y% (r,)
onto YE~1(r,), that is, A,(r.) lowers the order of a resonance vector by 1. A resonance
vector x has depth at least k if y € im A¥(r.), and has depth k if it has depth at least k
but not of at least k + 1.

The dimensions of 1% (r,) and T} (r,) are denoted by N and m respectively. The vector
space T} (r.) is the eigenspace of H, = Hq+r,V corresponding to the eigenvalue z, and
we also denote it by V. (r,) or V, if there is no danger of confusion.

The smallest positive integer d such that 7, (r.) = Y'¢(r,) will be called the order of
the perturbation V' at H,_ and the order of the resonance point r,. A regular direction V'
is said to be simple at a A-resonance point H if V has order 1.

Jordan decomposition of the nilpotent operator A ,(r.) consists of m Jordan blocks;
we use lower case Greek letters v and p to enumerate them. We denote the size of the vth
block by d, and assume that dy > --- > d,,. A basis

X v=1,...,m, j=0,1,...,d, — 1,
of T,(r,) is a Jordan basis if

A (r)x? = xyY,

v

where it is assumed that Xffl) = 0. In particular,

ker(A,(r.))NY.(r.) = Yi(r.) = V..
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A Jordan basis can be depicted by either of the two Young diagrams

X(13) XéB)

X§2) Xg2) Xé2) X512) Xé2>

SING)

4 5 g0

Y

X(lo) X(20) XéO) X§10) Xgo) X(()'U) X’(YO) XéO) Xgo) ‘ ‘ ‘

In such a diagram each square represents a resonance vector from a Jordan basis, and
the height of the square is the order of the vector. The number of squares is N, the
width of the diagram is m, and its height is d. Each Jordan basis defines a direct sum
decomposition of the resonance vector space 7 (r,), the vth summand of which we denote
by Tl (r2). Thus,

T.(r.) = M)+ 4 7).

The height of the vth column in the Young diagram is d, = dim Tl (ry).

For example, the first two of the following three Young diagrams show those elements
of a Jordan basis which have depths 2 and 3, respectively, while the third diagram shows
vectors of order 1, which form a basis of the eigenspace 1} (r.) = V,.

o o o “‘ [ AN J “‘ .......‘.‘0‘

The vector space 1} (z; Hy, V) depends only on the operator H,, = Hy + .V and does
not depend on V, but the vector spaces Y (r,; Hy, V), k > 2, depend on both H,_ and V
[Az6l Section 3].

A complex number 7, is a resonance point iff

o.(s) = (s — 7"2)_1

is an eigenvalue of A,(s). The eigenvalue o, (s) has algebraic multiplicity N and geometric
multiplicity m.

Though z can be any complex number outside essential spectrum, we are mainly
interested in the case where z and the corresponding resonance point r, are real numbers.
In this case, if a real number A is shifted to A+iy with small y > 0, then the real eigenvalue
oa(s) of Ax(s) splits into Ny and N_ (where N1 >0, N + N_ > 1) eigenvalues in C
and C_ respectively, and all shifted eigenvalues are non-real. The resonance index of the
triple (A\; Hy,, V) is by definition the difference

indyes(A; Hy,, V) = Ny — N_. (1.3.15)

The objects such as P,(r,), 1.(r.), etc., depend on Hy and V too, but since for the
most part the operators Hy and V' are fixed, usually we do not indicate this dependence.
If necessary we write P,(r,; Hy, V), etc., or P,(H,_,V), etc., where H,, = Hy+7,V. The
notation such as P,(H,_,V) is not ambiguous, since P,(H,_,V) depends on H, and V
but not on Hy.
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1.4. Description of results
1.4.1. Section Let H,, be a resonance point, V a regular direction and
H, =H,, +(s—r\)V.
We use the following notation: V), is the eigenspace of H,, corresponding to the eigen-

lue )\, .
value H:V)J\_7

and P is the orthogonal projection onto . Further, we let
H,=PH,P, V =PVP, ov=PVP
and RA(IYS) is the resolvent of H, on H = V)J\' and zero on V,. In analogy with lb
we let
A)\(S) = R)\(HS)V
The product R,\(IA{”)V will be encountered quite often, and, as we shall see later, its
negative can be interpreted as a near inverse of A (ry). For this reason we shall introduce
a special notation for this product:
Sy = R\(H,,)V.
THEOREM 1.4.1 (Theorem . Let k> 2. If ¢ € H is a resonance vector of order k
then ¢ belongs to the linear subspace
im Ry (H,, v 4 im Ay (ry) Ry(H,, Jv + - - - -+ im AY =2 (ry) Ry (H,., ).
The following theorem provides a criterion for a resonance vector to have depth at

least 1. This criterion is used several times in the remaining sections.

THEOREM 1.4.2 (Theorem. For a resonance vector x the following three assertions
are equivalent:

(1) Vx LW

(2) x has depth at least 1.

(3) Ax(ra)Sxx = —x-

In particular, if Vx L Vi, then Sxx is a resonance vector.

The operator Sy satisfies the following equality.

THEOREM 1.4.3 (Theorem . Under Assumption forallj=1,...,d,
—S\AL(r2) = PAL (ry).

The last two theorems show that —S) behaves to a certain extent as the inverse of
the nilpotent operator A (ry), in particular Sy increases the order of a resonance vector
by 1, if there is room for that. Since A)(r)) decreases order by 1 and increases depth
by 1, this raises a natural question of whether Sy decreases depth by 1. This assertion is
not proved, but Theorem [2.6.1] provides a criterion for this property.

THEOREM 1.4.4 (Theorem [2.6.1)). Under Assumption the following assertions are
equivalent:

(1) Forall j=1,...,d—1, im(SIAAJA'_) C im(A{™).

(2) Forall j=1,...,d -1, im(P*A™") c im(A{ ™).
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That is, the operator S decreases the depth of resonance vectors by no more than 1
if and only if the orthogonal projection P onto the eigenspace Vy = T (ry) does not
decrease depth.

Item (1) of Theorem can be illustrated by the following picture:

S

o o o o “‘ ......“‘

Item (2) can be illustrated by the following example: the projection of a vector of
depth 1, shown in the left Young diagram, into V) is a linear combination of eigenvectors
of depth at least 1, shown in the right Young diagram.

PL
—

[ 1] efofefofefe] [ | |

1.4.2. Section The eigenvalue A of multiplicity m of the self-adjoint operator H,,
splits into m analytic eigenvalue functions A, (s), v = 1,...,m, of the operator H; =
H,, + (s—r\)V, sothat A,(ry) = A for all v =1,...,m. The corresponding eigenvector
function is denoted by ¢, (s). The eigenvalue functions A, (s) are not necessarily distinct,
and if they are not, we list them according to their multiplicities, but in any case the
analytic eigenvector functions ¢, (s) can be chosen to be pairwise orthogonal: for any s
and any v # p, (¢, (s), ¢u.(s)) = 0. We assume such a choice throughout this paper.

THEOREM 1.4.5 (Theorem [3.1.7). Under Assumption let k > 2 and (s) be an
analytic path of eigenvectors of Hs = Hy + sV. Then the following assertions are equiv-
alent:

(i) The vectors
V(ra), V' (ra), -, Vol =2 ()

are orthogonal to the eigenspace V.
(ii) The vectors

Vo(ra), V' (ra), ..., V=2 (ry)
are orthogonal to the vector o(ry).
(iii) The equalities
N(ry)=0,..., /\(k_l)(T)\) =0

hold, where \(s) is an analytic path of eigenvalues of Hg which corresponds to ¢(s).
(iv) Forall j=1,...,k—1,

(Hpy = NP (r3) = =Vl ().
(v) Forall j=1,...,k—1,
Ax(ra) e (ra) = jl 71 ().
(vi) @(ry) is an eigenvector of depth at least k — 1.
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An eigenpath ¢(s) will be said to have order at least k if it has any of these properties.
This definition is correct in the sense that an eigenpath ¢(s) has order k if and only if an
eigenpath a(s)¢(s) has order k for any analytic function a(s) such that a(ry) # 0. We
shall also say that an eigenvalue function A(s) has order k if the corresponding eigenpath
has order k.

According to item (iii) of Theorem an eigenvalue function of order 2 makes a U-
turn at A, an eigenvalue function of order 3 makes a double U-turn at A, etc. Schematically,
for example, eigenvalue functions of orders 2, 3 and 4 will be depicted using the following
figures:

‘7—"48—’44—5

THEOREM 1.4.6 (Lemma [3.1.5). Under Assumption if an eigenpath (s) of
Hy + sV has order at least k, then the vectors

e(r), @ (ra), -, 5D ()
are resonance vectors of orders respectively 1,2, ... k.
1.4.3. Section It is interesting to find out conditions under which a straight line of
operators Hy, = H,, +(s—ry)V is tangent to the resonance set at a resonance point H,, .

We say that a direction V' is tangent to the resonance set R(\) at H,., to order at least k, if
there exists a resonant path {H(s)} C R(A) such that for some (necessarily real) numbers

€25+, Ch—1,
k—1
H(s)=H,, +(S—T)\)V-FZCJ‘(S—T)\)jV—‘rO((S—T)\)k), 5 — Ty (1.4.1)
j=2

In this case we also say that the path H(s) is tangent to V at H(ry) = H,, to order
at least k. The order of tangency of a direction V' to R(\) is the largest positive integer
k such that holds for some resonance path H(s). We say that a direction V' is
tangent at H,, if V is tangent to order at least 2. If a direction V is tangent only to
order 1 at H,, € R(\), then V is transversal at H,,.

THEOREM 1.4.7 (Theorem [4.1.2). Under Assumption let k > 1, let H,, be a
resonance point and V' be a regular direction at H,,. If H(s) is a resonant path tangent
to V at Hy, to order at least k and if x(s) is a corresponding analytic eigenpath, then

(i) the vectors x(r2), X' (TA), ..., x¥ =D (ry) have orders respectively 1,2,. ..k,
(ii) the direction V' has order at least k,
(iil) forany j=1,...,k,

k—1
k—1 -
An(r)xF () = (k= Dx* 2 (ry) + Zj!( J )CiX(k_l_])(U),
=2
where the numbers ca, ..., cp are as in (1.4.1), and

(iv) the eigenvector x(ry) has depth at least k — 1.

If aresonance path H (s) is tangent to V to order k at aresonant point H,, , then changing
the parameter s if necessary we can always make the operators H” (ry), ..., H#=1(ry)
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equal to zero, so that
H(s) = Hy, + (s = A)V + O((s = m)").
A path of this form will be called standard.
According to Theorem [£.1.2] with a resonant path tangent to order k we can associate
a set of resonance vectors xo, ..., xx—1 of respective orders 1,...,k, namely, the first k
coefficients 1
Xj = ﬁx(”(m), j=0,1,...,k—1,

of the Taylor expansion of a resonance eigenpath x(s).

PROPOSITION 1.4.8 (Proposition 4.1.4). Under Assumption let V be a regular
direction at H,, and let H(s) be a resonant path tangent to V. at H,, to order k. The
path H(s) is standard if and only if for all j=1,... k —1,

Ax(ra)x;(ra) = xj-1(ra),
where x(s) is a corresponding analytic path of eigenvectors.

Given a direction V' of order d it is possible to exhibit a resonant path H(s) which is
tangent to V to order d. Namely, let y be an eigenvector of H(r)y) corresponding to the
eigenvalue A, and let W = (x, -)x. We consider the intersection of the two-dimensional
real affine plane

oa=H, +RV +RW
with R(X). A sufficiently small neighbourhood of H,, in a« N R(A) consists of a unique
simple curve (Theorem [4.2.1). We denote this analytic curve by =, . The curve v, can be
normalised so that v, (rx) = x (Theorem {4.2.3)).
THEOREM 1.4.9 (Theorem [4.3.1)). If x has depth at least k — 1 then

(1) the analytic curve vy, is tangent to V to order k,
(2) for any analytic parametrisation y(s) of vy, and any corresponding analytic eigen-
path x(s), the vectors
X)X (), - XD ()
have orders respectively 1,2,...,k, and
(3) if the parametrisation y(s) of vy is standard then for all j =1,...,k—1,

A )X D (ry) = jxU P ().

Theorems and provide the following geometric interpretation of the order
of a direction V.

THEOREM 1.4.10 (Theorem [4.3.2)). The order of tangency of a regular direction V' at a
resonance point H,, to the resonance set is equal to the order of V.

1.4.4. Section Assume that r) is a resonance point of algebraic multiplicity N and
geometric multiplicity m. A resonance point r, depends analytically on z outside the
essential spectrum, and as A varies, the resonance point r) splits into up to N reso-
nance points rJ. Theorem asserts that all these resonance points rJ have order 1 in
some deleted neighbourhood of A. When z makes one round about A, these IV resonance
points undergo a permutation. Theorem [5.2.3] asserts that this permutation is a product
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of m disjoint cycles of lengths dy, ..., d,,. We denote these cycles by

r,(jj)(z), v=1,....,m, j=0,...,d, — 1.
Functions of each cycle rl(,')(z) represent branches of a multivalued holomorphic func-
tion. The idempotents P, (7‘1(,] )(z)) which correspond to these resonance points are also

multivalued, but the sum
d,—1

P =" P.(r{(2)
§j=0

is single-valued in a neighbourhood of A. Theorem asserts that this sum admits
analytic continuation to the point A. Thus, the limit operator P/{”] (ry) is defined. Simi-
larly, one can define operators QL”], or they can also be defined by Q[Zu] = (PZ[V])*. The
operators Pz[y], including the case of z = A, have the following properties:

z

PP =6, PM,  AL(r)PM = PMAL(ry),  P.(r) =) PV,
v=1

and
Ve = Q.

Here P, (ry) (respectively, A (ry)) is the sum of the idempotents P, (rl(,j) (2)) (respectively,
nilpotent operators A, (7“1(,] )(z))) over all resonance points /' (z) of the group of 7. In
particular, the image T)[\V] of P;\V] reduces A (ry). This reduction is denoted by A[)\V]. The

vector space T;V] has dimension d, and the vectors

P(ra), @' (ra), ..., @ @D (ry)
form its basis (Theorem [5.3.1{[2])). The Jordan cell decomposition of the restriction of this
operator to T)[\V] consists of only one Jordan cell (Theorem )

Proposition asserts that in the Puiseux series (5.5.2)

(oo}
0 (2) =Y rhja, el (G = N =0, d,
k=0

of the function r(')(z) the coefficients 7y, /4, are real and ry,q, # 0.

Theorem [5.2.1] and Proposition [5.2.2] assert that there is a natural one-to-one cor-
respondence between cycles r(')(z) and eigenvalue functions A,(-), and therefore with
eigenpaths ¢, (-). Namely, restriction of one of the functions 7“50)(2:) of a cycle r(')(z) to
at least one of the half-intervals [\, A + €) or (A — g, A] takes real values, and it is the
inverse of A,(s) in some left or right neighbourhood of ry. Such a function T&O)(Z) is
unique in the sense that there is no other branch of r$)(2) which takes real values when
restricted to the same half-interval as 7‘1(,0) (z). Theorem provides more properties of
this one-to-one correspondence.

Theorem [5.2.3| provides further information about this correspondence. It asserts that

for each v = 1,...,m the following numbers are equal (d, is their common value):

(1) the order of the eigenpath ¢, (s) (see Theorem [1.4.5)),

(2) the size of the cycle 7’1(,')(2)7

(3) the size of the vth Jordan cell of Ry(H,)V corresponding to eigenvalue (s — 7)1,
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and that the set of vectors

o (), @ (ra), -l D (ry) (1.4.2)
is a basis of the range T/{V] (rx) of the idempotent P/{V]. In particular, the set of vectors

(1.4.2), v=1,...,m, is a Jordan basis of Tx(ry).
For example, for m = 4 and dy = ds = 3, d3 = 2, dy = 1, the following figures
demonstrate the correspondence between items (1) and (3):

g
g

— |

The Puiseux series of the idempotent P, (rl(,j)(z)) has the form (Proposition |5.6.4))
d,—1
@) = PO @)+ Y e il (oo ) Py,
=0

where ﬁy(j )(z) is continuous at z = A. The informative part of this formula is the upper

summation limit d, — 1. Further, for each v = 1,...,m and for all ¥ > 0 (Proposi-
tion [5.6.5)),
d,—1
Ii () — r VP, (r@) — pW Ak .
li 37 (5(6) =) P = ) A8

The following theorem provides a relationship between different eigenpaths p,(s).

THEOREM 1.4.11 (Theorem[3.1.12} Corollary|5.3.2). Let ¢, (s) and ¢, (s) be two different
eigenpaths of H,, s € R. For all j =0,1,...,d, —1 and all k=0,1,...,d, — 1,

(P (r2), VP (ry)) = 0.

This is a stronger version of Theorem in that it shows that the numbers d,, add
up to N.

Proposition [5.6.6] gives an expression for the restriction of a power of the operator
A\ (7)) to the vector space T;V] (ry) via Puiseux coefficients of rl(,j)(z) and P, (r£j) (2)): for
allv=1,...,mandall k=1,...,d, — 1,

d,—1
PPr)AL () =d, 3 ( S ...rmk/dy)P_l/dU,
=k mi+--+mp=l
where in the sum mq,...,mg > 1.

Inside the essential spectrum the geometric meaning of the total resonance index is
obscure, but outside the essential spectrum it has a clear geometric interpretation, which
is allowed by the fact that r) depends on A analytically. Assume that ry is a resonance
point corresponding to Ag, that is, Ag is an eigenvalue of Hy + V. If r) is an increasing
function of A in a neighbourhood I of Ao, and therefore if A(r) is an increasing function
of r, then intuitively the contribution of A(r) to the spectral flow through \g is 4+1. Since 7,
is an increasing function, the derivative %r,\ is positive on I. Therefore, according to
the geometric interpretation of the derivative of a holomorphic function, when z = )¢ is
perturbed to z = Ag + ¢y with small y > 0, the real value rg of the function r, rotates
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towards the half-plane C. This gives a contribution of +1 to the total resonance index.
Similarly, a decreasing function 7, contributes —1 to TRI.

A more interesting situation occurs if at some value rg of the coupling constant the
derivative N (rg) vanishes. Geometrically, this means that the eigenvalue A(r) of H, stops
at A\g when the coupling constant attains rg and may either turn back or go through g,
thus contributing —1, 0, or +1 to the spectral flow through Ag. Since X (ro) vanishes,
the inverse function r(z) is not single-valued in a neighbourhood of z = Ag. Accordingly,
when )\ is shifted to A\g + iy with y > 0, the resonance point r( splits into two or more
resonance points. About one half d; of those resonance points goes towards C; and
another half d_ goes towards C_, resulting in the contribution of dy — d_ to the total
resonance index. The overall number d = d; +d_ of resonance points equals the smallest
positive number d such that

do\
@l

£0.

T
Moreover, those d resonance points undergo a cyclic permutation when z makes one round
about A\g. Combining this with the fact that r, cannot be real for non-real z, one can
already infer that d, — d_ is necessarily equal to the contribution of A(r) to the spectral
flow. If A\ has geometric multiplicity m > 1, then this argument applies to each of the
m eigenvalue functions A, (s). This formal observation is made precise in Theorems m

and (811

THEOREM 1.4.12 (Theorem [5.7.1)). For each v =1,...,m and for all small enough & > 0
and y > 0, the signs of the following real numbers coincide:

(1) Au(ra+e) = A(ry),

(2) {pu(ry), Vil D (),

(3) Im TSO) (z+iy) for all z from some small enough left or right neighbourhood of A on
which the branch r&o)

a branch exist and are unique).

(2) takes real values larger than ry (such an interval and such

This sign will be called the sign of a cycle v and denoted sign(v). Let
b 0 if d, is even,
|1 ifd, is odd.

The intersection number through A for a resonance point r) can be defined by
> by, sign(v), (1.4.3)
v=1

since, according to Theorems|1.4.12(1) and|1.4.5iii]), each eigenvalue function A, (s) which

reaches A\ at s = r) contributes b, sign(v) to the spectral flow through A, where the case
b, = 0 corresponds to eigenvalues making a U-turn at .

THEOREM 1.4.13 (Theorem |5.8.1)). The sum of the intersection numbers (1.4.3)) of the

resonance points of a path H,., r € [0, 1], through X\ is equal to the total resonance indez.

Theorem [[.4.11] allows us to prove the following two theorems. The first one is an
explicit formula for the idempotent Py(ry) in terms of resonance vectors of a Jordan
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basis. The second asserts that the resonance index equals the signature of the so-called
resonance matrix. The latter holds for A inside the essential spectrum too [Az6, Section 9],
but here we provide a new and simpler proof for \ ¢ oess.

THEOREM 1.4.14 (Theorem [5.9.1)). The idempotent operator Py(ry) can be written as

P =33 0 3 e Ve ). 160 (),

where the N X N matriz o is a direct sum of self-adjoint skew-upper-triangular Hankel
matrices of sizes dy, ..., dm.

For the next theorem, see (|1.3.15)) for the definition of indyes(A; H, , V') and (1.3.12) for
a discussion of the finite-rank self-adjoint operator V Py(ry), which we call the resonance
matriz.

THEOREM 1.4.15 (Theorem [5.10.3). We have the equality
indyes(\; Hyy, V) = sign(V Py (7))).
Here for a finite-rank self-adjoint operator A,
sign(A) = rank(A) — rank(A_)
is the signature of A.

Theorem [1.4.15 is non-trivial even in finite dimensions, in which case it can be and
was tested in numerical experiments using MATLAB.

1.4.5. Section @. Here we study the dependence of the resonance index indyes(A; Hy,, V)
on the direction V. This requires some topology in A. We postulate that the topology of A
has the following properties: for some non-real complex number z and for some Hy € A,
(1) VR,(Hy) continuously depends on V, and (2) ViR,(Hg)V> is compact and jointly
continuously depends on Vi and V,. These properties hold if Ay consists of bounded
operators and the topology of Ay is the uniform topology.

The definition of the topology of Ag ensures that the resonance points r,(Hp, V)
depend continuously on Hy and V.

The sets of regular and simple directions are open in the norm of Ag (Lemma .
The restrictions of the mappings

Ay >V Py(H,,,V) and A3V s VP(H,,,V)

to the open set of simple directions are continuous in the norm of Ay (Lemma [6.2.1)).
Further, the mapping
Ag 3V = indyes(N; Hry, V)

is locally constant on the set of simple directions (Theorem [6.3.1]).
For regular directions these assertions are not true, but the following theorem holds.
Here for simplicity we assume that ry = 0.

THEOREM 1.4.16 (Theorems and[6.3.4). Let V be a regular direction at a resonance
point Hy. Let W be a small (in the norm of Ag) perturbation of V', and let Hjy be a
small perturbation of Hy. Let v (H, W), r3(H, W), ... be resonance points of the triple
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(\; H, W) which belong to the group of the resonance point s = 0 of the triple (A\; Hy, V).
Then indyes(A; Ho, V') is equal to

> indres(A; H,, W),
J
where the sum is over real resonance points of the group of s =0, and H] = H} + rW.

This theorem allows us to prove homotopy stability of the total resonance index.

THEOREM 1.4.17 (Theorem. Let Hy and H, be operators from A which are not res-
onant at A & 0ess. Then there exist neighbourhoods Uy and Uy of Hy and Hy respectively
such that for all Hy € Ug and all H] € Uy,
Z indres(/\§ Hr; V) = Z indres(/\; Hvlﬂﬂ V,)a
rel0,1] rel0,1]
where V! = H{ — H}y and H] = H, + rV’.

Theorem [6.4.7] asserts that the total resonance index satisfies the Robbin—Salamon
axioms for the spectral flow. Since the Robbin—Salamon axioms uniquely identify the
spectral flow (Theorem , this proves the equality of the TRI and the spectral flow.

In Subsection [6.5] we give proofs of some well-known properties of the resonance set
R(A), such as: codim R(A) = 1, R(A) has no cusps, and any plane section of R(A) in a
neighbourhood of a resonance point H,, of multiplicity m consists of no more than m
simple curves.

1.4.6. Section [Tl In this section we also assume for convenience that the resonance
point ry is 0. In Subsection we observe that the finite-rank self-adjoint operator

VP)\(H07V)7

which is called the resonance matriz of the triple (A; Ho, V'), preserves many properties of
the initial direction V: if V' is regular then so is V Py (Theorem further, the opera-
tors Py and A are the same for the triples (\; Hy, V') and (\; Ho, V Py) (Theorem7
and the resonance matrices of the directions V' and V Py are equal (Theorem . In
particular, the resonance indices of (A\; Hy, V) and (A; Ho, V Py) coincide (Theorem:

indyes(A; Ho, V) = indyes(A; Ho, V Py).
All these assertions in essence follow from the following observation (Theorem [7.1.2)):
(Ho+ sVPy —\)'VP\, = (Hy + sV — \)"'VPy.

Further, the operators V and V Py are plane homotopic, that is, a direction V' can be
deformed to a direction V Py in the affine plane generated by these directions without
crossing the resonance set (Theorem [7.1.7)).

In Subsection we give a direct proof of the equality of TRI and the total Fredholm

index (Theorem [7.2.1]).

1.4.7. Section In this sction we give a direct proof of the equality of the total
resonance index and the spectral shift function for A ¢ oes. This is a special case of
equality of TRI and the singular spectral shift function [Az6l Section 6], [Az5]. It also
follows from the fact that the spectral shift function satisfies the Robbin—Salamon axioms.
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The proof highlights a key idea of the proof of the more general result given in [Az6,
Section 6], [Az].

2. 2 X 2 matrix representations

2.1. 2 x 2 representation of A,(s). Recall that we are working in the setting of As-
sumption [[.2.1} Let H,, be a resonance point of multiplicity m. Accordingly, let

H=HOV, (2.1.1)

be the orthogonal decomposition of the Hilbert space H on which H,, acts into the sum
of the m-dimensional eigenspace

Vs={x€H: H,x =}

and its orthogonal complement which we denote 7. Operators acting on the Hilbert
space (2.1.1)) can be written as 2 x 2 matrices. The operator H,, has the matrix repre-

sentation R
H, 0
H, = A . 2.1.2
> ( 0 )\Im) ( )

The operator V' has the form

V= <V ”), (2.1.3)

v a

where V is a self-adjoint operator in 7-1, v is an operator from V) to 7 and a is a self-
adjoint operator on Vy. In [RoSal p. 14] the operator a is called the crossing operator.

We agree to identify an element Af( of the Hilbert space 7 with the element (’5) of H.
Analogously, an operator v: V) — H will also be considered as an operator from H to H.
This remark applies to other operators such as I:Is, v* and a.

The identity operator on a Hilbert space K is denoted by 1x, but if there is no
ambiguity we may write 1 for 1x. The same remark applies to scalar operators.

We denote by P the orthogonal projection from H onto #. Given two vectors f and
g from H, we can form the vector Pf + PLg, which can also be written as

Pf .
(Plg> € HB V.

But to make formulas less cumbersome, we agree to write a vector P f+ pJ-g as

()= () eren

That is, we assume a default application of P to the first component and of P to the
second component of a two-column, if those components are not already in H and V,
respectively.

So, we write (X) for Py and (2) for PLy; with these agreements y and (¥) are two
ways to write the same vector. Hopefully this should not create confusion.
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Similarly, the number 1 is treated as the identity operator on H, or # or ’;’-A[L7 depend-
ing on the context. The components of the operator V' in its 2 x 2 representation (2.1.3)
can be defined by

V= PVP, v=PVP+ and a=P VP
The 2 x 2 representation of the operator
Hy=H, +(s—1)\)V

is given by

H, = ((s _Iii)v* Af(; Tiﬁ)ﬂ)’

where H, = ﬁ” + (s — m)f/. According to our agreements above, we can rewrite this
formula as

Hy = H, 4+ AP + (s —r\) (v 4 v*) + (s — ry)a.
We shall often use both ways of writing this kind of formulas, but mostly we prefer the
matrix version.

In this subsection we consider 2 X 2 matrix representations of some relevant operators,
such as Ay(s), Px(ry), etc., with respect to the decomposition of the Hilbert
space H. One of the outcomes of these lengthy and somewhat tedious calculations is
Theorem [2.3.1] which will be essentially used a few times in subsequent sections.

The starting point is the following well-known fact of linear algebra.

LEMMA 2.1.1. Assume that A is an invertible operator (with bounded inverse). A block

operator
A B
C D

has bounded inverse if and only if the operator D — CA~'B has bounded inverse. In this
case,

A B\' (A4 A'BDCA™' —A7'BD

C D N —-DCA! D ’
where

D=(D-CA'B).
We apply this lemma to the inverse of the 2 x 2 representation of Hs; — z. In this case

the inverse A~! of the (1,1)-entry is the sliced resolvent R.(Hy), and so

s—=r\)v* A—z+(s—Ty
B R.(H,) + (s — 2)2R.(H)vD. (s)v*R.(H,) (rx — s)R.(H)vD.(s)
- (ra — 8)D-(s)o" R (1) o) @1
where
D.(s)=(A—z+(s—ra)a—(s— r,\)2v*RZ(ﬁs)v)_1. (2.1.5)

We use the notation
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‘We have
A.(s) = (Hs — z)*IV
_ <Rz(ﬁs) + (s —r)\)2R.(H,)vD, ( YW*RL(H,)  (ry — S)Rz(ﬁs)sz(s)> (V v)

(rx — 8)D.(s)v*R,(Hy) D.(s) v* a
_ (Au(s) + (ra - S)Rz(Hs)@z( o F.(s) Ra(H)o(L+(ra = s)[--])
-( D.(s)0 (5 ) ) e
with
[...]=D.(s)a+ (rx— s)v* R, (H,)v|
and
F.(s) =1y +(rx— $)A,(s), (2.1.7)

where 1 is the identity operator on #. The operator F,(s) is invertible and

T (s) = Ly + (s =) As(ry). (2.1.8)

The second resolvent identity implies that
F.(s)A.(ry) = A.(s). (2.1.9)

From now on we consider the case of 2z = .
For a regular direction V' we have, from (2.1.5),

Da(s) = ((s —ra)a— (s — ra)*0* Ry(Hy)v)

LEMMA 2.1.2. A direction V' given by (2.1.3) is regular at a resonance point H,, given
by (2.1.2)) if and only if the matriz

a+ (ry — s)v*Ra(H,)v

! (2.1.10)

is defined and invertible for some real s.

Proof. This follows from Lemma the 2 x 2 representation (2.1.4) of (Hy — \)~1
and from the definition (2.1.10]) of D,\( ). m

COROLLARY 2.1.3. If a direction V given by (2.1.3)) is regular at H,, then for any non-
zero eigenvector x of H,, at least one of the two vectors ax, vx is non-zero. That is,
if V' is reqular then for any non-zero eigenvector x the vector Vx is also non-zero.

This necessary condition of regularity of V' is not sufficient. A simple three-dimensional
example can be found in [Az06, §14.6.1].

Using the 2 x 2 representation of Ax(s) and the equality , a direct
calculation gives

s) = A)\(S)"'(T)\—S)R,\(]:IS)UDA(s)U*:T)\(S) 0
Ax(s) < D (s)0* F(s) (s—m)‘1> (2.1.11)

and

Ly + (rx — 5)Ax(s) = (Uﬁ M (s(;ATA—)Z?ZSf\i?)z;U*?;\EZ%U*]%(S) 8) (2.1.12)
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The function Ay(s) is not holomorphic at s = ry. As can be seen from , apart
from the (2,2)-entry of Ax(s), the only factor which fails holomorphicity is Dy (s); the
other terms are holomorphic at s = ry.

One can note that a vector ¢ € 7 has order 2 if and only if

et - 9301 (5) = ():

where the dots denote a non-zero vector. By , this equality is equivalent to
[y + (s = 7a)*Ra(Hy)vD(5)0*]F(s)$ = 0.
It follows that ¢ is a vector of order 2 if and only if
p=—(s— 7“)\)23";1(S)R,\(fls)vD,\(s)v*H’A(s)¢
= —(s — 1) R\(H,, )vDx(s)v* Fx ().
Thus, for a vector ¢ from 7:[,
PeET? & ¢ =—(s—72)2Ra(Hy, )vDAr(s)0* Fr(s5). (2.1.13)

In particular, any resonance vector ¢ € H of order 2 belongs to the image of RA(I?”)U.
The following theorem generalises this to vectors of arbitrary order.

THEOREM 2.1.4. Let k > 2. A resonance vector ¢ of order k from H belongs to the linear
span of the images of the operators

RA(H,, v, Ax(ra)Ba(Hy v, ..., AS72(ra) Ra(Hy v

Proof. The induction base with & = 2 follows from (2.1.13)). Assume that the claim
holds for a vector of order less than k and let ¢ € H be a vector of order k. Since the
operator 1y; + (ry — s)Ax(s) decreases the order of a resonance vector by 1, the vector

Gr—1(8) = (g + (rx — 8) Ax(8)) Pk has order k — 1. Using the 2 x 2 representation (2.1.12)
of 19y + (rx — s)Ax(s), we have

[y + (5 = r2)  Ra(H)vDA(s)0"|F(8)pr = Pr-1(s).
This can be rewritten as
Pr + (s = 72)°F ! () Ra(Ho)oDa(s) 0" Fa(s)dr = Ty (8)r1(s),
which by is equivalent to
G = —(5 = r2)2RA(H,, )JvDA ()0 Fa(8) @k + (L + (s — 73) Ax(rn)) Pr—1(5).
Using induction assumption proves the claim. =

2.2. The operator S,. In what follows, the product of Ry(H,,) and V will be encoun-
tered very often; for this reason, we shall write

Sy = Ra(H,,)V = (AA(()”) RA({;I”)”). (2.2.1)

Restriction of the power S to # coincides with fl’f\ (rx), while its restriction to V, coin-
cides with AX ™ (ry) RA(H,, ).
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LEMMA 2.2.1. For any fe 7-2,

)RA(ffs)vQA(S)v*f> .

(g + (ra — ) Ax(s)Saf = Ax(s)f + ((S " —Da(s)v* f

Proof. Since f € H, we have S\ f = fb\(m)f. Hence,
(L3 + (ra = $)Ax(9)Saf = (Lp + (rx — 5)Ax(5)) Ax(ra) f.
From we have
Ax(ra) = (s =ra) TR () — 1)
Combining the last two equalities and using the 2 x 2 representation of the
operator 1y + (rx — s)Ax(s), we get
(L3 + (ra = 8)Ax(8)Snf = (Lo + (ra — ) Ax(9) Ax(ra) f
= (s =) (I + (ra = 9)Ax(9)(Fy () = 1)
=—(s—7) "Iy + (ra — 5)Ax(s)) f

oyt ([ (s = 1)’ Ra(H)vDa(s)o°] f
womm (Mt O )

(5 = 72) Ra(H, ) oDy (s)v" f) i
—Dia(s)v*f '

THEOREM 2.2.2. If x € H and Vx is orthogonal to the eigenspace Vy, then
(13 + (ra — 5)Ax(s))Sax = Ax(s)x- (22.2)

Proof. (A) The premise Vy L V) means that the second component of Vx in the direct
sum H = H &V, is zero, that is, using 1}

v*x +ax =0. (2.2.3)

:A,\(s)f+<

(B) Here we prove that if Vx L Vy, then

(s = )Rt Jox = (T IDIDIEN) )

Using , we have
(B) = (13 + (ra — 8)Ax(s)) Ra(H,, Jox
_ ([174 + (s — m)zR)\(ﬂs)vDA(s)v*]ﬁ"A(s)RA(ﬁm)Ux)

(rx — S)DA(S)U*?A(S)RA(H”)UX

_ ([1,4 +(s— TA)QR)\(Hs)U‘D/\(S)U*]RA(HS)UX)’ (2.2.5)

(rx — 8)Da(s)v* Ry (Hs)vx

where in the second equality the second resolvent identity (2.1.9) is used. The second
component of this vector can be transformed as follows:

(rx — 8)Da(s)v" Ra(Hs)vx = Da(s)[ax + (ra — s)v* Ra(Hs)vx] — Da(s)ax
= (s —ra)"'PTx — Da(s)ax,
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where the second equality follows from the definition (2.1.10]) of D (s). Combining this
with (2.2.3) gives
(rx = 8)Da(s)v" Ra(H)ox = (5 — )~ PHx + Da(s)v*x.
Substituting the right hand side into (2.2.5)) yields
(E) = <Rx(ffs)v[x +(s— 7‘,\)29,\(5)11*3,\(1615)1196])
(s —7a)"Ix + Dals)o*x
_ <Rx(ﬁs)v[x +(ra—s)((s —ra) TPy + @A(S)U*X)])
(s —7a) "I+ Dals)v*x

_ (TA - S)RA(-EIS)UDA(S)U*X
B < (S_TA)71X+D,\(S)U*X )7 (226)

where in the last line we have used vP+ = v.
(C) By Lemma applied to the vector Py = ¥,
NS . — 73 RA(H)vDa(s)v* ¥
1 —5)A H,)Vx=A (s =) By
(1o + (3 = ARV x = r(sy+ (¢ 7LD
Using this and (2.2.4)) gives

(13 + (ra — 8)Ax(5))Sax

>. (2.2.7)

= (1a + (ra = ) Ax(s)) RA(Hyr, )VX

= (L3 + (rx = ) AN(8) Ra(Hy )V X + (13 + (ra — 8)Ax(9)) Ra(H,, Jux

= anepon (7RI | ot - s Ay

_ Al o (8= )BRAH)vDA(s)v"R (rx — s)Ra(H)uDa(s)v*x

= Ax(s)X + ( (e ) + ( s ot 4 D (sJr ) (2.2.8)

Since v*x = v*x, we get
(Lpg + (ra — ) Ax(8))Sax = Ax(8)X + (s —ra) ' PHx.
Since PLy is an eigenvector of H,,, we have Ak(s)pl-x =(s— m)*lplx. Hence,
(L + (ra — 5)Ax(5))Sax = Ax(s)X + Ax(s)PHx = Ax(s)x. =

This argument shows that in general (without the assumption Vx L V) we have

). (2.2.9)

s —1ra)RA(Hs)vDy(s)(v* + a)x

(-t (s = ) e)Six = r(oh+ (07 VIR

2.3. Depth of resonance vectors and depth criteria. Recall that a resonance vec-
tor x has depth at least k if
x € im(A%).

A resonance vector has depth k if it has depth at least k but not at least k + 1.
The following theorem provides a criterion for a resonance vector to have depth > 1.
This result will be used quite a few times in subsequent sections.
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THEOREM 2.3.1. Let x be a resonance vector. The following assertions are equivalent:

(i) The vector Vx is orthogonal to V.
(ii) The depth of x is at least 1.
(i) Ax(ra)Sxx = —x.
Proof. (1)=-(iii). By (1.3.8]), the meromorphic operator-valued function A,(s) has the

following Laurent expansion at s = rj:

d-1
A)\(S) = A)\(S> + (S - T)\)_IP,\ + Z(S - T)\)_j_lAg\. (231)
j=1
From this we obtain
d—1
Ly + (rx — 8)Ax(s) = (ra — s)Ax(s) + (1 — Py) — Z(s —r\) A3
j=1

Applying the latter series to the vector Sy and retaining on the right hand side only
the term (s — ry) ! gives
(1 4+ (ra — 8)Ax(8))Sax = -+~ — (s = ra) PANSAY +--- .
Since x is a resonance vector, so that Pyx = x, applying the operator (2.3.1) to x also
gives
A/\(S)X:.J’_(S_T)\)_lx—’—. .

Since Vx L V), according to Theorem the last two Laurent expansions are equal,
and therefore A)S\x = —x.

(iii)=-(ii). This immediately follows from the definition of depth.

(ii)=(i). Let x be a resonance vector of depth at least 1. By definition of depth, there
exists a resonance vector x’ such that Ay’ = x. Hence, for any eigenvector ¢ € V,,

(Vx, o) = (VAN ) = (VX', Axp) = 0,
where the last equality holds since A, (r)) eliminates any eigenvector. m
COROLLARY 2.3.2. We have
(v*+a)Ay=0.

Proof. Let f € H and x = A, f. Then x is a resonance vector of depth at least 1. So, by
Theorem the vector Vx is orthogonal to V). In terms of the decomposition H @ Vy
this means that the V\ component of V'x is zero. But this component is (v* + a)A,f. m

COROLLARY 2.3.3. The kernel of the crossing operator a consists of eigenvectors of depth
at least 1, that is,
ker(a) C im(A.),

where by ker(a) we mean ker(a) N Vy.

Proof. Let x € Vy be an eigenvector of H,, such that ay = 0. Then

()0 =)= (0)

Hence Vx L Vy, and so, by Theorem [2:33] x has depth at least 1. m
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QUESTION. Are the items of this theorem also equivalent to this one: (iv) Syx is a

resonance vector? The implication (i)=(iv) follows from Theorem [2.2.2| and (1.3.14)), so

the question is whether (iv)=-(iii).

2.4. 2 x 2 representations of Py(r)) and A,(ry). In this subsection we obtain 2 x 2
matrix representations of the operators Py(ry) and A} (ry), j =1,2,.... These formulas
are used to prove that

—S\A) = PAY,

which, in addition to Theorem [2:3.1] is yet another indication that —S is a kind of “near
inverse” of the nilpotent operator A . Since A increases the depth of resonance vectors
by 1, another property one would expect from the “near inverse” —S) is that it decreases
the depth of vectors by no more than 1. I have spent quite some time trying to prove this
conjecture, but all I could prove (Theorem is that this property of S is equivalent
to the following statement: the orthogonal projection onto the eigenspace V) does not
decrease the depth of resonance vectors.

The results of subsequent sections do not rely on the remaining part of this section.

The meromorphic operator-valued function Dy (s) defined in acts on the finite-
dimensional Hilbert space V. Since the function

Di(s) = (s — ra)a — (s — ) 20" Ra(Ho)v

is holomorphic at s = 7y, by the analytic Fredholm alternative, the Laurent series of D(s)
at the pole ry has finitely many terms with negative powers.

LEMMA 2.4.1. The meromorphic function Dy(s) has a pole of order d at s =ry.

Proof. Since by the operator Ay(s) has a pole of order d at s = r, it follows from
the 2 x 2 representation that Dy (s) has a pole of order at least d at s = ry, since
the other factors in this 2 x 2 representation are holomorphic at s = ry. That the order
of this pole is not greater than d can be observed from the second resolvent identity

RA(Hs) = R\(Hs,) — (s — s0) Ra(Hs)V RA(Hs,)

and the fact that Dy(s) is the (2,2)-entry of Ry(Hj), since the right hand side of the
resolvent identity above has a pole of order at most d. =

This lemma shows that the Laurent expansion of Dy(s) can be written as

o0

Di(s)= Y D_j(s—m) " (2.4.1)

j=—d+1

The additional factor (s — 7,)~! is introduced for convenience; also, since we shall be
working mainly with coeflicients of negative powers of s — ry, we denote the coefficient
of (s —ry)?~! by D_. Since the meromorphic function D, (s) depends only on the triple
(A\; H,.,, V), the operators Dy, ..., Dy are also invariants of this triple. Further, since
D (s) is self-adjoint for real values of s, the operators D; are self-adjoint.
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LEMMA 2.4.2. Forany j=d—1,d—2,...,2,1 and —1,
d—1—j

Dja= Y Djuv"(=Ax(r))*Ra(H,, o,
k=1

and (for j =0)
DoCl = 11;)\ Z Dk’U A)\ T,\))kR,\(]:ITA)U.

Proof. By definition of D (s), we have
1y, = (s —7A)Da(s)(a + (rx — s)v" Ry (H,)v).
Replacing Dy (s) by its Laurent expansion (2.4.1)) and the resolvent Ry (H,) by its Neu-

mann expansion gives

1y, = i Doi(s ) (a+z 1+ (s )J’HU*Ai(r/\)RA(ﬁm)v).

k=—d+1

Comparing powers of s — ) on both sides gives the required equalities. m

In the next theorem we obtain 2 x 2 representations of the operators Ag\(r,\), j =
1,...,d =1, Py(ry) and Ax(ry). To simplify the resulting formulas we use the notation

Y; := Rz(H,, )vD;v*
and
{AL(rn), Y3} = AN(r)Y; + AT () Y5 Ax(ra) + A2 (m) Y A3 (m) + - + Y AL ().
In particular,
{A(r2), Y3} = Y.
We also observe that
ANr){AN (), Y5} = {AS (r2), Y5} = VAN (). (2.4.2)

THEOREM 2.4.3. The 2 X 2 representations of operators Ag\ (ra),j=1,....,d=1, P\x(ry)
and Ax(ry) are given by

d—j—1 )
, (—D)F{ALT (r2), Yigk} O
Al = ’;j_l A , (2.4.3)
(=D Djyrv AL (ra) 0
k=0
d-1 .
> (DAY (r), Vi) 0
Py =[5 , (2.4.4)
Z( DEDgv* Ak (ry) 1
d—1
) Ax(r) + X (DR AR (ry), Y2} 0
Ax(ra) = g A : (2.4.5)
> (=1)*Dy_1v* Ak (ry) 0
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where Ax(s) is the holomorphic part of the Laurent expansion of Ax(s) at s = 75

(see Z33)).

In particular,

0 0 -Y 0
Ad 1 _ Ad 2 _ d—1 )
(Dd 1’[) 0)’ Dd 2’U - Dd 1v A)\(T)\) 0

These formulas generalise those given in [Az6| §14.4] considering that in this setting the
eigenvalue X is degenerate. Note that the (2,2)-entry of Py is 1.

Proof of Theorem , The operators Py and Ai are coeflicients of the Laurent se-
ries ([2.3.1)) of the meromorphic function A, (s). Combining this with the 2 x 2 represen-
tation (2.1.11) of Ax(s), the Laurent series (2.4.1) for Dy (s) and the Neumann series

Z S—T)\)mA)\ (T)\)R)\( )7 Z S—T')\ kA)\(’f')\)

m=0 k=0

one can calculate 2 x 2 representations of these operators. For example, the (1, 1)-entry
of AJ is the coefficient of (s — 7)™/ ~! in the (1,1)-entry of Ax(s), which is

(E) := Ax(s) + (rx — 8)Ra(Hs)vDx(s)v* F(s)
= A\(s) + (ra — s)Ra(H,)v
X ( 3 D_n(s—m)nfl)v* (Z(_1)k(3_m)m§(m))
n=—d+1 k=0

Z Z Z 1)k (s — )™tk AT (O Ry (H, oD o™ Ak (ry)
m=0n=—d+1 k=0

Z Z Z 1) R (s — py )R AT (p VYL, AR (1))
m=0n=—d+1 k=0

o0 o0

=2 2 (W= Y AR ()Y AN()
=0 n=—d+1 m,k>0
00 o m-+k=I

=3 3 (s =) AL, Yo
=0 n=—d+1

Now we collect in (. ..) the positive powers of s —ry, which are not of interest for us (more
precisely, A = (...) + B means that A and B are equal up to a function of s holomorphic
in a neighbourhood of s = r)):

d—1 —1
(B) = () +Aaa) = D0 D (F1)' (s = ra)" AN (r), You)
=0 n=—d+1
d—1d—1
= () Anra) + D0 (1) (s =) AL (), Ya )

=0 n=l
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Replacing n by [ + j + 1 gives

d—1d—1-2
(B)= () +Axra) + D > (s—ra) 7 =D)AL (), Vi)
1=0 j=—1
. d—2 d—j—2 .
=(...)0+Ax(r\) + Z s—ry) 01 Z DAL (7)), Yigjaa )
j=—1 1=0
The coefficient of (s — ry)~7~! here is (after the change | = k — 1)
d—j—1

i—
> CDMAT (), Vi)

k=

Ja

as required.
Other entries of Py and A7 are found by similar calculations. m

THEOREM 2.4.4. In the 2 X 2 representation, for all j =1,...,d, the only non-zero entry
of the operator —S\A? is the (1,1)-entry, which is equal to the (1,1)-entry of Agfl. In
other words,

—S\A) = PALTL (2.4.6)

Proof. This is a direct calculation based on the 2 x 2 representation (2.4.3) of the oper-
ator A. For j > 1, we have

Z( DF{AY (), Y} 0

&Ai%)(“lk(r*) R“g””) =L

0 .
(—1)ij+kU*A’§(TA) 0

The only non-zero entry of this product is the (1 ) entry, which is equal to

—j—1 d—j—1
Z DFANr)AY (), Vi + Y (D)"Y AN ().
k=1 k=0
Using (2.4.2)), we can rewrite this as follows:
d—j—1 d—j—1
(B) =Y (=D {AL(r2), Yjx} — YigrAS(ra)) + (=D)*Yj AR ()
k=1 k=0
d—j—1 ) d—j—1 d—j—1
= (DAY Yind = D (DY) + ) (- A5 ()
k=1 k=1 k=0
d—j—-1 —J-
= Z (_]‘)k{AI)C\(T)\),Y—jJrk}—’_Y—j Z {A)\ ’l")\), ]+k}
k=1 k=0
d—j
== > (DHAYT (), Yicaga )
k=1

Since, according to 1) this is the negative of (1,1)-entry of Ai_l, we are done. m
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Subtracting Ag\_l from both sides of 1' and replacing 7 — 1 by j in the resulting
formula gives, for each j =0,1,...,d — 1,
(Iy + SAA,\)AK\ = PJ‘A&
(In this equality, 14 can be replaced by Py, since the latter gets absorbed by AJA) Since
P~ is the orthogonal projection onto the eigenspace Vy, combining this equality with
(2.4.3) gives, for j =1,2,...,
d—1—j
(I + SaANAL = D (—1)FD; 0 A5 (ra). (2.4.7)
k=0

If j = 0, then we have to use (2.4.4), which has (2,2)-entry 1. This entry results in the
additional summand Pt. Hence7

U

-1
(17.[ + S)\A)\)P,\ = (—1)kD}€’U*A§(T)\) + pL. (248)
0

E

THEOREM 2.4.5. Foranyj=1,...,d—1,
Djv* = (13 + SxAN) AL (13 + AxAx(ry)).

Also,
D()’U* = —pl + (17.[ + S)\A)\)P)\(lq.t + A)\A)\<’r’)\>).

Proof. Since A? = 0, the equality (2.4.7), taken with j = d — 1, gives
Dd,l’l)* = Aiil.

Further we proceed by induction from j = d — 1 to j = 1. Moving all summands of the
right side of (2.4.7)), except the first one, to the left side and then using the induction
assumption we obtain (we write 1 for 14)

Djv* _ (1 4 S)\AA)AJA + Z(—l)k+1Dj+kU*A§(T)\)
k=1

= (1+ SAA)AL + D (D) 1+ S A ALT (1 + Ay Ay () AR ()
k=1

= (1+ SyA))A] (1 + Z DFAK( + AAAA(T)\))AI;(T/\))

=(1+SAAA)A§(1+Z(— DFFARAR () + D (~ 1) ALTAR ()
k k=1

= (1 4+ 5\A0)AL(1+ AyAy(ry)).

The appearance of the additional summand —P~ in the case of j = 0 was explained
before the statement of the theorem. We also remark that the infinite sums above are in
fact finite, but for simplicity the upper summation indices are replaced by infinity. =

Since a.Sy = 0, this theorem implies the equality
aDjv* = aAl(1+ AxAx(ry), j=1,...,d—1. (2.4.9)
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Using the 2 x 2 representations of operators Py, Ay, fl,\(r,\) and Lemma straight-
forward but somewhat lengthy calculations prove that

d—1
Pyt AxSy =Y _(-1)'S{Dy(v* +a),
=0
5 d—1
AN(ra) + PaSy = Sy + > (=) S Dy (v* + ),
I=—1

where S9 is the identity operator on the whole Hilbert space H. Since these formulas are
not used further, their proofs are omitted. As Vx L V, if and only if (v* 4+ a)x = 0,
Theorem [2.3.1] immediately follows from the first of these formulas.

2.5. Resonance points with property B. In this subsection we prove the following
theorem. We say that a resonance point ry has property B if one (and hence all) of the
equivalent conditions of this theorem hold.

THEOREM 2.5.1. The following assertions are equivalent:
(1) aDj =0 forallj=1,...,d—1.
(2) aDjv* =0 forallj=1,...,d—1.
( ) ClA)\ =0.

(4) v*A, =0.
(5)
(6)
(

w

5) The function (s — ry)Dx(s)a is holomorphic at s = r.
6) The function (s — ry)vDx(s)a is holomorphic at s = ry.
7) im(PLA,) Cim(Ay).

Proof. We prove the following equivalences:

D=0 A= B<@. 0. @=0. @@

:> is obvious.

@)=(1). We shall prove that vDja = 0 implies Dja = 0.

The equality Dy_1a = 0 follows from Lemma Lemma [2.4.2] also implies that
aDg_sa = 0. So, if Dg_sa # 0 then by Corollary we would have vDy_sa # 0, which
contradicts the premise. Hence, Dy_sa = 0.

The equalities Dy_1a = 0, Dg_a = 0 and Lemma [2.4.2) imply that aDy_sa = 0. So,
if Dg_3a # 0 then by Corollary 2.1.3] we would have vDg_3a # 0, which contradicts the
premise. Hence, Dy_sa = 0. And so on.

B)=(2) follows immediately from (2.4.9).
@)=(3). Using [2:4.9) with j = d — 1 we infer that

0=aDg_1v* = aA‘ifl.
Hence, using (2.4.9) with j = d — 2 we infer that
0=aDg_ov* = aA§ 2.

And so on:
0= ClDl'U>k = CLA%\

(@)« (). This follows from the formula (v* + a)A = 0 of Corollary
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The equivalences @, @@ obviously follow from the Laurent expan-

sion ([2.4.1)) of Dy(s).
(E :>. Since a = aP*, we have

aim(A,) = aim(PLA,).

By the premise, we have
im(P+A,) Cim(Ay).
Combining this with the obvious inclusion
im(pJ‘A,\) C Va
gives
aim(A,) = aim(PTA)) C a(im(Ay) N Vy).
An element x of im(A )NV, is an eigenvector of depth at least 1. Hence, by Theorem
Vx L V,, that is, the second component of V', which is ay, is zero.

:. Since a = aPL, we have aPL Ay = 0. Since by Corollary the kernel of
a consists of vectors of depth at least 1, we are done. m

2.6. Resonance points with property A. Theoremand formula indicate
that the operators Ay and —S) restricted to the vector space 1\ (ry) behave to a certain
extent as inverses of each other. In particular, A, decreases the order of a resonance
vector y by 1, while S increases the order of y by 1, provided there is some room for
increasing the order. Another property of A is that it increases the depth of a resonance
vector by 1 (this is, in fact, the definition of depth). It is therefore reasonable to inquire
whether S decreases the depth of a resonance vector by 1. We say that a resonance
point has property A if it has this property. We conjecture that all resonance points
have property A. In this subsection we give three conditions which are equivalent to
property A.

THEOREM 2.6.1. For a real resonance point ry which does not belong to the essential
spectrum, the following assertions are equivalent:

(1) Forall j=1,...,d—1, im(DjU*) C im(Ai).

(2) Forall j=1,...,d—1, im(S:,\Ag\) C im(AJ)\fl).

(3) Forall j=1,...,d -1, im(PAJ™") C im(AJ™").

(4) Forall j=1,...,d -1, im(P*A]™") c im(A]™").

Proof. The equivalence «t> follows from 12.4.7) applied for j = d—1,d —2,...;
@ follows immediately from ([2.4.6)); and @ is obvious. m

We note that item (2) of this theorem asserts that S decreases the depth of resonance
vectors by no more than 1, as demonstrated in the following picture:

im(A3) im(A3)
Sax oo
[ BN J L] [ ] L] [ ] L]
[ BN BN J [ ] oo 0o | o o0

e o o0 o o0 [l o|o® 0 0o |0 o [l
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Ttem (4) asserts that the orthogonal projection onto the eigenspace Vy does not decrease
the depth of resonance vectors:

im(A3)
::... P—L>
::::::.. [l oo (0o | o 0 0 0 |0 [l

Precisely, these diagrams should be interpreted as follows: the linear span of resonance
vectors in the left Young diagram is mapped into the linear span of resonance vectors in
the right Young diagram.

Property A implies property B, since item (7)) of Theorem is a special case of
item (4) of Theorem m Property A holds trivially in two cases: if m = 1 or d < 2.
Also, if d < 3 then property B trivially implies property A.

CONJECTURE 1.
(i) Property B implies property A.

(ii) Property B holds.
(iii) Property A holds.

3. On eigenpaths ¢, (s) of Hy+ sV

3.1. Order of an eigenpath. Let H,, be a A-resonant operator. Eigenvectors of H,,
corresponding to the eigenvalue A form a vector space V), whose dimension we denote
by m. Given a regular direction V, among the eigenvectors of H,, one can distinguish
vectors which are also eigenvectors of the crossing operator a = PLypL

We denote by A\, (s), v = 1,...,m, the eigenvalue functions of H,, and by ¢, (s) the
corresponding eigenvector functions of Hj.

PROPOSITION 3.1.1. If ©,(s) is an eigenpath of H then ¢,(ry) is also an eigenvector
of the crossing operator a = PV PL. Moreover, the corresponding eigenvalue is X, (ry).

Proof. Differentiating Hs,(s) = A, (8)¢,(s) and letting s = r) we obtain
Viou(ra) + Hyy 0, (ra) = X, (r)@u (ra) + A () @y, (73).-
Applying P+ to both sides gives PLV i, (ry) = N, (ra)ew(ry), as required. m

DEFINITION 3.1.2. Let ¢(s) be an analytic path of eigenvectors of Hs and let k be a
positive integer. We say that ¢(s) has order at least k if the vectors

Vo), Ve (ra), ..., V=2 (ry) (3.1.1)

are orthogonal to the eigenspace V.
We also say that ¢(s) has order k if in addition Vp(*~D(ry) is not orthogonal
to Vy.
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Since for k = 1 the set of vectors (3.1.1)) is empty, the order of every eigenpath is at
least 1. As we shall see later, the largest order of eigenpaths is equal to the order of the
direction V.

LEMMA 3.1.3. The definition of the order of an eigenpath is correct in the sense that it
does not depend on a normalisation of ¢(s). That is, if a(s) is an analytic function such
that a(ry) # 0, then for the eigenpath ¥(s) = a(s)p(s) the vectors

V(ra), Vo' (ra), ..., V=2 (ry)
are orthogonal to Vy if and only if so are the vectors (3.1.1)).

Proof. This immediately follows from the Leibniz rule

k

E\ ,

pE(s) =" ( _>a(3)(s)go(k3)(s). . (3.1.2)
=0 M

If (Ho+ sV)p(s) = A(s)p(s), then X (ry) = (@(rx), Vip(ry)), which is a well-known

fact in perturbation theory (see e.g. [LLl §38]). In particular, if N'(ry) = 0, then vector

Vp(ry) is orthogonal to ¢(ry). The following lemma is a generalisation of this statement.

LEMMA 3.1.4. Let k > 2 and let p(s) be an analytic path of eigenvectors of the path
H; =H,, + (s—7r\)V.
The following assertions are equivalent:

(i) The path o(s) has order at least k.
(ii) The vectors V(ry), V' (ry), ..., Ve*=2(ry) are orthogonal to o(ry).
(iii) The equalities N (ry) = 0,...,A*=D(ry) = 0 hold, where \(s) is an analytic path of
eigenvalues of Hy which corresponds to (s).
(iv) Forall j=1,....;k—1, (H., — X)W (ry) = —jVel=1(ry).

Proof. Since ¢(ry) is an eigenvector, (i) plainly implies (ii). The implication (iv)=-(i) is
also obvious. We shall prove (ii)=>(iii) and (iii)=(iv).
(ii)=(iii). Differentiating the eigenvalue equation Hsp(s) = A(s)p(s) k—1 times gives

k-1
(k= 1)VpE=2(s) + Hyph—1(s) = Z (k ; 1) A9 (5) k=1 (4). (3.1.3)
=0

Here we let s = r) and take the scalar product of both sides with ¢(ry). This leads to

cancellation of the second summand of the left hand side with the first summand of the
right hand side. Hence,

k=1

(= ot Ve D) = X (7

j=1

]1)A(j)<m><wm>,so(’f-l-ﬁ(m». (3.1.4)

If k = 2 then (o(ry), Vio(ra)) = X (rx){(@(ry), ¢(rx)). This implies the assertion for k = 2.
Assume that the claim holds for & < n. Then from (3.1.4]) with & = n, using the induction
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assumption, we get
(n = D{p(ra), Ve =2 (ra)) = AP () {p(ra), ¢(r2)).-
Since {¢(ry), Vo™= (ry)) = 0 by the premise, this gives A"~V (ry) = 0.
(iii)=-(iv). Letting s = r in (3.1.3)) gives

k—1
k—1 , ,
(k= DV"2 () + Hy V() = ( j )A(”(m)@(k“)(m)

=0
By the premise, the right hand side simplifies to A(ry)@* =D (ry) = Ap®* =1 (ry). Hence,
(Hpy =NV (r0) = =(k = 1)V (ry). u

This proof also shows that if an eigenpath (s) has order k, then

_ 1
(p(ra), Ve (ry)) = EA(k) (ra){e(ra), o(r2))- (3.1.5)
In particular, in this case the number (p(ry), Vip* =1 (ry)) is non-zero and real.

LEMMA 3.1.5. Let k > 2 and let ©(s) be an analytic path of eigenvectors of the path
H; = Ho + sV. If @(s) has order at least k, then

(1) @Y (ry) is a resonance vector of order j+ 1 for all 7 =0,1,...,k — 1, and
(2) forall j=1,...,k—1,
Ax(ra)eP (ra) = jl 71 (r0); (3.1.6)
in particular, ©(ry) is an eigenvector of depth at least k — 1.

Proof. We use induction on k.
(A) Let k = 2. Differentiation of the eigenvalue equation gives

Vip(s) + Hs ' (s) = N(s)p(s) + Ms)¢' ().

Since k = 2, by the premise and Lemma [3.1.4)(iii]), the first summand on the right vanishes
at s = ry. Hence,

V(ra) + Hry ' (rx) = A(ra)¢' (ra),
which can be rewritten as
(Hry = N¢'(r2) = =Veo(ra).
Applying Rx(H,,) to both sides gives
©'(ra) = —Sxe(ra) + order 1 vector.

Combining this with the premise Vip(ry) L V) and Theorem implies that ¢'(ry) is
a resonance vector of order 2. Theorem also implies (3.1.6) for j = 2.
(B) Assume that the claim holds for k£ < n and let ¢(s) be an eigenpath of order > n.

By Lemma [3.1.4)(iv]), we have
(Hpy = Ve D () = =(n = )V (ry).
Applying the sliced resolvent R (ﬂ”) to both sides gives

1
190(71*1)(”) = — 550" (ry) 4 order 1 vector.
n_
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By the induction assumption the order of the vector (=2 (ry) is n — 1, and since ¢(s)
has order > n, we have V(=2 1 V). Hence, Theorem implies that ™1 is
a vector of order n and that (3.1.6]) holds. m

LEMMA 3.1.6. Let k > 2. If (s) is an analytic path of eigenvectors of the path Hg =
Hy + sV such that ¢(ry) has depth at least k — 1, then o(s) has order at least k.

Proof. If k = 2 then the assertion follows from the equivalence for ¢(r)) to have depth at
least 1 and to be V-orthogonal to Vy (see Theorem [2.3.1)). Assume that the claim holds
for k < n, and let (ry) be of depth at least n — 1. For the eigenvalue function A(s)
which corresponds to ¢(s), by the induction assumption and Lemma [3.1.4)iii) we have
N(ry) == A2 (ry) = 0. Combining this with (3.1.4), we obtain
(n = 1){p(ra), Vel = (ra)) = AV () (i0(r2), (1))
Since (7)) has depth at least n — 1, there exists a vector f such that A} ™' f = ¢(ry).
Hence,
AD () (p(ra)s p(ra)) = (n = (AR, V2 (1y))
=(n— 1)<f’ VAg\Lilw(n_m(T)\» =0,
where the last equality follows from the induction assumption, according to which and
Lemma the vector p("~2)(ry) has order n — 1 and therefore A} 1p("=2)(ry) = 0.
This gives "1 (ry) = 0. Hence, by Lemma the proof is complete. m
Since the eigenvalue A has geometric~multiplicity m, there are m eigenpaths ¢, (s),

v =1,...,m; we denote their orders by d,,.
We summarise Lemmas in the following theorem.

THEOREM 3.1.7. Under Assumption[I.2.1] for each v =1,...,m the following assertions
are equivalent:

(i) The eigenpath o, (s) has order d,,.

(ii) The vectors

Voo (ra), Vel (ra), -, Vl® =2 (ry)

are orthogonal to v, (ry), but the vector Vgol(,d"_l)(r)\) is not.
(iii) The equalities

X)) =0, M(ra)=0 ..., A& Dr)=0

hold but )\(yd”)(r,\) # 0, where A\, (s) is an analytic path of eigenvalues of Hs which

corresponds to ¢y, (s).
(iv) For each j=1,...,d, — 1 the equalitly

(Hry =M@ (r2) = =iVl 7D (r2)

holds, but it fails for j = d,,.

(v) Foreach j=1,...,d, —1 the equalitly
Ax(ra)ed)

holds, but it fails for j = dy. )

(vi) @, (ry) is an eigenvector of depth d, — 1.

(ra) = 57V (ry)
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We shall refer to the positive integer d,, as the order of the eigenvalue function \, (s)

too. Thus, the order of A\, (s) is the smallest positive integer d, such that )\,(,J”)(s) # 0,
or

Mo(5) = At eu(s — )% +0((s =)@ FY), s =y, (3.1.7)
where €, # 0.
REMARK 3.1.8. The formula (3.1.6]) is independent of the choice of normalisation of the
eigenpath ¢(s). That is, if 1 (s) = a(s)p(s) is another eigenpath, where a(s) is an analytic

function with a(ry) # 0, then Axy)@) (ry) = jiU =1 (ry). This equality also follows from
(3.1.6) and (3.1.2).

REMARK 3.1.9. In this paper we use ¢*~1 to denote a vector of order k. This is consis-
tent with the usage of the bracketed superscript (k) for the kth order derivative. In [Az6]
the notation ¢*) was used to denote a vector of order k.

Assume that H,, is a A-resonance point of multiplicity m. Let V' be a regular di-
rection and let Hy = H,, + (s —rx)V. Let A\, (s), v = 1,...,m, be eigenvalue functions
of Hy, listed counting multiplicities, and let ¢, (s), 1,...,m, be corresponding eigenvector
functions. If the eigenvalue A of H,., is splitting, that is, the functions A1(s),..., An(s)
are distinct, then for p # v the vectors ¢, (s) and ¢, (s) are orthogonal as eigenvectors of
a self-adjoint operator H, corresponding to different eigenvalues A, (s) and A,(s). Even
if the eigenvalue A of H,, is not splitting, it is always possible to choose the eigenvector
functions ¢, (s) to be pairwise orthogonal. Thus, we can and do assume that for any s,

{bv (), ouls)) = 0. (3.1.8)

In particular, (¢, (7x), ¢u(rx)) = 0. Hence, a regular direction V' induces a natural or-
thogonal decomposition of the eigenspace. This decomposition has an additional property
given by the following lemma.

LEMMA 3.1.10. In the setting above, if p# v then (Vi (7)), ¢u(ra)) = 0.
Proof. Taking the derivative of we get

(1 (8): 0u(8)) + (pu(s), ¢,.(s)) = 0. (3.1.9)
Further, for any s from some neighbourhood of r) we have

0= (A(8)pu(s), puls)) = (Hspw(s),pu(s))-

Hence,

0= %<Hs%(3)>%(8)> = (Hypu(8), 0u(5)) + (Hsp,, (5), 0u(5)) + (Hspu(5), 0 (5))-
With s = r) this gives
0= (Vu(ra), pu(ra)) + (Hry @), (r2), 0 (12)) + (Hry 0 (12), 9, (r2))
= (Voo (1), 0u(ra)) + Moy (r2), 9u(r2)) + Mew (ra), 93, (r2)) = (Voo (2), 9 (7)),
where the last equality follows from (3.1.9). =
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The following lemma is a special case of the next theorem, but nevertheless we give
it here separately as a warm up, since its proof uses the same idea but with less obscure
calculations.

LEMMA 3.1.11. Let ¢, (s) and ¢,(s) be (orthogonal) eigenpaths of Ho+ sV with corre-
sponding eigem}alue functions \,(s) and A, (s). If u(s) has order at least k, then for

all j=0,1,....k =1, (Vo) (r2), 0, (r2)) = 0.

Proof. Tt is sufficient to prove <V<p£k_1)(r>\),tp,,(r>\)> = 0. Since by 1} the func-
tion s — (Hsp,(s),¢u(s)) is zero, for any non-negative integer k the Leibniz rule im-

plies
dk
0= W<HS‘PW Pv)

k—1 k—1
= (HoP), o) + () (Ho D), oF=7)) 4+ k( > Vi) pk=1=9),
7=0 7=0

(3.1.10)

Here we have explicitly separated the first summand <Hs<pﬂc), ) since it will be
treated differently. After this special treatment, this summand will be returned into the
sum.

In this equality we replace s by ry, but nevertheless we write ¢, instead of ¢, (ry),
etc. We have H,, ¢, = Ap,. By Lemma the premise asserts that the path ¢, (s)
has order at least k. Hence, Lemma [3.1.4 m implies that for all j =0,1,...,k—1,

H,, (J)_A¢(J) Vo (J 1)

Using these equalities, from (3.1.10)) with s = r) we get

O_< 7>\(pu 7‘Pu +Z( ) (k 7) +Zk< ) V(pu)’(p(k 1- J)>

— [k
30 03 ()t

7=0

k—1 k k—1 k1

- J(J)(VSO(J Y wﬁk_j)HZk( ; )<V¢§3>,¢<k =)
j=0 =0
k k k—1

.Y 9) k=3 VU1 pk=7)
;()@‘ ;J—l —e >
k—1
k!

T sl

i=0

The first summand of the last expression is equal to

dk
)‘@ <50ua o)

)
S=T)
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which by (3.1.8) is zero. Hence,

k2
k! k—1— k—1—
0=-Y mﬁ/@g LTI + E 1) (VoD o177
7=0

=k(Velf 1 0,). =

THEOREM 3.1.12. If ¢,(s) and ¢,(s) are distinct eigenpaths with orders d, and d,
respectively, then for any j =0,1,...,d, —1 and k=0,1,...,d, — 1,

(Vgoff)(m), e F) (13)) = 0.

Proof. As in Lemma [3.1.11} it is sufficient to prove (ch&d“_l), gal(,d”_l)> =0.
Let | = d, 4 d, — 2. Since the eigenpaths @u(s) and ¢, (s) are distinct, we have
(Hspu(s), () = Mu(8)(pu(s), pu(s)) = 0,
where A\, (s) is the eigenvalue function for ¢, (s). The Leibniz rule gives

diH1
0= W<Hs¢m%>

S ! ‘ ‘
Z( . )(Hs DUt 1Y 1+ 1) () (VD o=y, (3.1.11)
. par

We transform the first summand as follows:

1+1

l+1 ; s
S (") et ot )

=0 ’ I+1 d,
I+1 : — [1+1 , »
= Z ( ) (J),Hs%(jlﬂ ) Z ( ) ,(f),%(,lH .
7=0

Here we let s = r) and apply the equalities

Ho\ o179 = Mgl (L= VD, o) = Xel) — VgD,

which follow from the premise that the eigenpaths ¢, (s) and ¢, (s) have orders d,, and
d,, respectively, according to Theorem 3.1.7((iv). This gives

Hlora
(E) == Z( . ><Hm¢,(f),s0(yl“ )

=0~/

I+1 du—1
41 . . l+1
z( . )ww mz( . )wgw »y
; J =\
I+1 - »
]( ) D, U1y,

=ay

+1 H_

!
—Z I+1—3j <+. ><<p# , V=)

Jj=0
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We can rewrite this expression as follows:

+1
=\ Z (Hl) o), p(t1=9)

141 dy—1
30 L e, v, (Vg 1)
J_d,j7<l = G-=DI+1-= )
I+1 d,—2
((+ 1) ( i+
—0— ~ T J)V(yl J) fv(ﬂ, (=2)y,

Here the first summand is zero for the same reason as in Lemma [3.1.11} Combining this
equality with 1’ gives ( Vap(d ),cp,(,d 71)) =0.m

3.2. On the ground eigenvalue. If H,, is bounded below then its smallest eigenvalue,
if it exists, is called the ground eigenvalue. Here we make some observations about this
eigenvalue.

In the following proposition we use the notation of Subsection

PROPOSITION 3.2.1. Let A be a simple eigenvalue of H,, . The order of the triple
(N Hy, V) is d if and only if

a=0, (Rx(H,)v,0) =0,...,((Rx(H, V)" >Rx(H,, )v,v) =0

and
(RA(H,,)V)*"2R\(H,, )v,v) # 0.

Proof. Since V) is one-dimensional, the matrix v is reduced to a vector V'x, where y is an
eigenvector. Further, since X is a simple eigenvalue, by Theorem the order is equal
to d if and only if

x L Vx, Sax L Vy, ...,S§_2X 1L Vx

and Sg71>< is not orthogonal to Vx. It remains to note that
((RA(Hy, )V) RA(Hry v, 0) = (517X, Vx). =

THEOREM 3.2.2. If X\ is a non-degenerate ground eigenvalue, then the order of the cor-
responding resonance point is at most 2.

Proof. Since A is the smallest eigenvalue, the sliced resolvent Ry ( m) is a strictly pos-
itive operator. Hence, if the order d is greater than 2, then Proposition [3:27] gives
(Rx(H,, )v,v) = 0, and combining this with Ry(H,,) > 0 gives Ry(H,,)v = 0, which is
a contradiction. m

If the order of a resonance point is even, then the corresponding eigenvalue makes a
U-turn. One may ask whether this is a left or a right U-turn. At the ground eigenvalue,
the following theorem answers this question.

THEOREM 3.2.3. If X\ is a non-degenerate ground eigenvalue and the order of a direc-
tion V is equal to 2, then the corresponding U-turn is a left U-turn.
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Proof. Since d = 2, using Theorem [3.1.7] one infers that

0# (p(ra), Vo' (ra)) = —(p(ra), VSap(ra)) = —(x, VRA(H,, )V x)-

Since A is a ground eigenvalue, the operator Ry (H,, ) is positive. Combining this with the
above display gives (¢o(rx), V' (ry)) < 0. It follows from this and (3.1.5]) that \”(ry) < 0.
Hence, the U-turn is the left one. m

4. Characterisation of order k directions

Recall that a resonant path H(s) is an analytic path of self-adjoint operators in an affine
space A such that A is an eigenvalue of all H(s). For any resonant path H(s) there exists
(see [Ka]) an analytic path of eigenvectors x(s), that is,

H(s)x(s) = Ax(s). (4.0.1)
Such an analytic path of eigenvectors x(s) will be a resonant eigenpath. We say that a
resonant path H(s) is simple if at least one point on that path is simple. If a resonant
path is simple, then all its points except a discrete set are simple. Further, a simple
resonant path has a unique, up to scaling, resonant eigenpath (see e.g. [Kal).

4.1. Tangent directions have high orders. We say that a direction V is tangent
to the resonance set R(X) at H,, to order at least k, if there exists a resonant path

H(s) C R(A) such that for some (necessarily real) numbers cs, ..., cr_1,
k—1
H(s)=Hp, + (s =)V + Y ci(s—m)V+0((s—r)"), s—=ra (4.1.1)
j=2

In this case we also say that the path H(s) is tangent to V at H(rx) = H,, to order
at least k. If k is the greatest positive integer with this property, then we say that V is
tangent at H,, to order k.

We say that a direction V' is tangent at H,, if it is tangent to order at least 2. If V
is tangent only to order 1 at H,, € R(\), then we say that V' is transversal at H,, .

LEMMA 4.1.1. Under Assumption let H,, be a resonant point and V a regular
direction. If V is tangent to the resonance set R(\) at H,,, then the order of V is at
least 2.

Proof. As usual, we let H, = Hy + sV. Since V is tangent to R(A) at H,,, there ex-

ists a resonant path {H(s)} such that H(r\) = H,, and H'(ry) = V. Let x(s) be a
corresponding eigenpath. Differentiating the eigenvalue equation we get
H'(s)x(s) + H(s)X'(s) = AX/(s)-
Letting s = ry gives Vix(rx) + Hr, x'(ra) = AX/(rx). This can be rewritten as
(L+ (ra = s)RA(H)V)X (r2) = —=Ra(Hs)Vx(72),

where s is any real number such that Hy — A has bounded inverse (such s exist since V
is a regular direction). The eigenvalue equation H,, x(rx) = Ax(rx) is equivalent to
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(14 (ra — 8)Rx(Hs)V)x(rx) = 0. Combining this equality with the previous one gives
(1+ (ra = $)BA(H)V)X'(r2) = (ra — )" 'x(ra)-

Therefore, (14 (ry —s)Rx(H,)V)?x'(rx) = 0. Hence, if V is tangent to R(\), then x'(ry)

is a vector of order 2, and therefore V' has order at least 2. m

THEOREM 4.1.2. Under Assumption|l.2.1}, let k > 1, let H,, be a resonance point and V
a regular direction at H,,. If H(s) is a resonant path tangent to V at H,, to order at
least k and if x(s) is a corresponding analytic eigenpath, then

(i) the vectors x(r2), X' (rx), - -, x¥ =P (ry) have orders respectively 1,2, ...k,
(ii) the direction V has order at least k,
(iil) foranyj=1,...k,

-1 .
. . —1 . .
Ax(r)XTD(ra) = (G = XY™ () + Z“(J i )Cix(]_l_z) (r2);
i=2
where the numbers ca, ..., c, are as in (4.1.1), and
(iv) the eigenvector x(ry) has depth at least k — 1.

Proof. (i) We prove this item by induction on k.

The vector x(ry) has order 1 since it is an eigenvector. That in the case of k > 2 the
vector x'(ry) has order 2 was proved in Lemma Now, assuming that the assertion
holds for kK = n — 1, we prove it for k = n; still, we write k instead of n.

Since a path H(s) which is tangent to V' at H,., to order at least k is also tangent to
order at least k — 1, it follows from the induction assumption that the vectors

X(ra) X (), - X2 (ry)

have orders 1,2, ...,k —1 respectively. Differentiating k — 1 times the eigenvalue equation
(4.0.1) gives
Bl g
S (* 7 )OO = 00, (412)
: J
Jj=0

Since H(s) is tangent to V at H,, to order k, the operators H'(ry),..., H*=Y(ry\) are
co-linear to V. Therefore, it follows from the previous equality, taken with s = 7y, that

HUX(’“’I)(T)\) + (k- 1)VX(’“’2)(7")\) + EQVX(’“*S) (ra) 4+ -+ e-1Vx(ry) = /\X(k’l)(r,\),

(4.1.3)
. k—1 n
Cj = ] ].Cj

and the numbers ¢; are from (4.1.1). Adding (s —ry)Vx*~Y(ry) to both sides of (4.1.3)

gives

where

(Hy = 0XF V() + (k= DVxF 2 () + &V () + - + & V()
= (s —=r)VXF V().
Since V is regular, there exists s € R such that Ry(H,) = (Hs — \)~! exists. Multiplying
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both sides of the last displayed equality by Rx(Hs), we obtain

X () + Ba(H)V (k= DxE 2 () + eax D (ra) + - + Geax(ra)

= (s =) RA(H)VXF (1),  (4.14)

which can be rewritten as

(1+ (ra = $)BA(H) V)X (1)

= —Ra(H)V ((k = Dx* 2 (r2) + aax® () + - + Gm1x(r)).

By the induction assumption, the sum in brackets has order k — 1. Since by the defini-
tion (|1.3.14) of vectors of order k the operator Ry(H;)V preserves the order of vectors,
the right hand side above has order k£ — 1 too. Since by the same definition ((1.3.14))
the operator 1 + (ry — s)Rx(H)V decreases the order of vectors by 1, it follows that
x*=V(ry) has order k.

(ii) This follows from (i).

(iii) Taking contour integrals of both sides of (4.1.4)) over a contour enclosing the
resonance point s = ry and using (1.3.5)) and ([1.3.6) we obtain

An(r)XF () = (B = Dx* 2 (r0) + ax* 3 () + -+ Emix(ra).

(iv) This follows immediately from (iii). m

If a resonant path H(s) is tangent to V to order k at a resonant point H.,., , then chang-

ing the parameter s if necessary we can always make the operators H (1), ..., H#=1(ry)
equal to zero, so that the path H(s) takes the form
H(s)=H,, + (s =)V +O0((s —r)"), s—=ri. (4.1.5)

For example, assuming that 7y = 0, to eliminate co one can replace s by ¢t — cot?. Once
co is eliminated, the change of variables s = t — c3t3 eliminates c3, and so on.

DEFINITION 4.1.3. A path of the form (4.1.5) will be called standard.
According to Theorem [£.1.2] with a resonant path tangent to order k we can associate

a set of resonance vectors xg,- .., xk—1 of respective orders 1,...,k, namely the first &k
coefficients 1 ..
Xj = FX(J)(T)\), j=0,1,..., (4.1.6)

of the Taylor expansion of a resonant eigenpath x(s).

PROPOSITION 4.1.4. Under Assumption [[.2.1], let V be a regular direction at H,, and
let H(s) be a resonance path tangent to V' at H,, to order k. The path H(s) is standard
if and only if for all j =1,...,k —1 we have

Ax(ra)xG = Xi-1s (4.1.7)

where x(s) is a corresponding analytic path of eigenvectors.

Proof. This follows from Theorem [4.1.2(fiiil). m

4.2. A resonance curve associated with an eigenvector. As usual, we assume
that V' is a regular direction at a resonance point H,,. We choose another direction W
and consider the real affine plane a = H,, + RV + RW in the affine space A determined
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by the point H,, and the directions V' and W. It is possible that the intersection of «
and the resonance set R(A) in a neighbourhood of H,, consists of only one point H,,.
To avoid this one can choose W to be transversal to the resonance set. Since, as we shall
see later, the resonance set has co-dimension 1, this will ensure that the intersection of
the plane with the resonance set is a curve.

In this and the next subsection we assume that Ag contains rank-one self-adjoint
operators.

THEOREM 4.2.1. Under Assumption(l1.2.1], in particular, for H,, a resonance point and V
a regular direction, let x be an eigenvector of H., and W = (x,-)x. Then the intersection

of the real affine plane
o= H, +RV +RW

with a sufficiently small neighbourhood of the point Hy, in R(A) \ {H,, + RW} consists
of a single analytic curve . Moreover, this curve is simple.

Proof. First we show that any neighbourhood of H,, has a resonance point in o which
is not in H,, + RW. Assume the contrary. Then there exists a convex neighbourhood O
of H,, which does not have a resonance point outside the line H,, + RW. Fix small
enough so > 0 so that H,, & soW are in O. The operators H,, + soW and H,, — soW
have the eigenvalue A of multiplicity m — 1 and the non-degenerate eigenvalues \ + sg
and A — sg respectively.

H,, —soW + &0V
°

H,,

Since V is regular, for all small enough non-zero e the operators H,, + €V are non-
resonant. We choose a small enough €y > 0 so that all the operators

H,, +sW+¢eV, (s,e) € [—s0,S0] X [—€0,€0]s
are in O. We also choose ¢ small enough so that the perturbed eigenvalues A + sg + - - -
and A — sg + - -+ of the perturbed operators H,, £ soW + ¢V are on the same side of A
as the original non-perturbed eigenvalues A + sg and A — sg respectively. The other m — 1

eigenvalues of the operators
Hn + 80W + 8V|5=0

will move away from A as € becomes non-zero, since by assumption there are no resonance
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points in O outside the line H,, + RW. Thus, when we deform H,, — soW + gV to
H,, + soW + &9V by changing —so to sp, the number of eigenvalues on each side of A
changes. Hence, for some s between —sgp and sg the operator H,, + sW + eV has A as
an eigenvalue. This operator is therefore resonant and belongs to O. This contradicts our
assumption.

That there can only be one simple resonance curve in a neighbourhood of H,, in the
plane « follows from the non-negativity of W so that an eigenvalue of H,, + sW + oV
can only move in the positive direction as s increases. The analyticity of this curve follows
from that of the resonance set R(A). m

DEFINITION 4.2.2. The unique curve v determined by Theorem is denoted by 7,
or by vy (A; Hy,, V) if necessary.

Since the resonance curve v, is simple, there exists only one (up to scaling) analytic
eigenpath x(s) corresponding to -y, . Therefore, to an eigenvector x we can assign another
eigenvector x(ry). The following theorem shows that they are in fact the same.

THEOREM 4.2.3. Under Assumption let H,,, V and x be as in Theorem [£.2.1]
If x(s) is an eigenpath corresponding to the curve of operators vy, then the vectors x (7))
and x are co-linear.

Proof. If for H,, the eigenvalue ) is simple, then the assertion is trivial. We shall reduce
the general case to the case of a simple eigenvalue A by slightly perturbing H,, .

Let G¢ = H,, +tW, with W as in Theorem The operator G has an eigenvalue A
of multiplicity m — 1 and, for all small enough ¢, an eigenvalue X\ + ¢ of multiplicity 1
corresponding to the eigenvector x. Since A + ¢ is a simple eigenvalue of Gy, the curve

YA+ 1G, V)

has a resonance eigenpath x;(s) which starts at y (that is, x:(rx) = const -x). When ¢
is deformed to zero, the curve 7, (A +¢; G¢, V) is analytically deformed to v, (\; H,,, V).
Thus, the resonance eigenpath x;(s) gets deformed to xo(s) in such a way that the base
Xt(rx) of this resonance eigenpath stays co-linear to x for all ¢. Hence, in the final position
Xo(s) of this deformation the base of xo(s) will still be co-linear to x. Finally, it remains
to note that any two eigenpaths corresponding to v, are co-linear, since v, is a simple
curve. Hence, x(s) starts at x too. m

4.3. High order directions are tangent. Now we are going to prove the converse of
Theorem if V is a direction of order k at H,,, then V is tangent to R(A) at H,, to
order k.

THEOREM 4.3.1. Under Assumption[[.2.3], let k be an integer greater than 1. If xo is an
eigenvector of depth at least k — 1 for the triple (A\; H,,, V), then

(1) the direction V is tangent to the resonance curve vy, to order at least k,
(2) in the Taylor expansion,

(s =)’ x5, (4.3.1)

I

Il
=)

X(s) =
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of a resonance eigenpath x(s) corresponding to vy, the vectors Xo, X1, - - -, Xk—1 have
orders respectively 1,2,... k,

(3) for any resonance eigenpath corresponding to vy, and forall j=1,... k-1
the vector Axx; is a linear combination of Xo,X1,-.-,Xj—1; moreover, if the

parametrisation of vy, is standard then Axx; = X;j—1, and
(4) the vectors xo,X1,-- -, Xk—2 have depths at least 1 and are V-orthogonal to Vy.

Proof. Let H(s) be a parametrisation of the resonance curve 7,,. Since v,, is the inter-
section of the resonance set and the plane H,, + RV + RW, where W = (xo, -)xo, the
Taylor expansion of the path H(s) has the form

H(s) = Hy, + Y (s —ma) (a;V + B;W). (4.3.2)
j=1
By Theorem [4.2.3] a resonance eigenpath x(s) corresponding to this path has Taylor

series
X(8) =xo+ (s —r)x1 + (s *TA)2X2 +

which starts at xo, that is, x(rx) = xo. Comparing the coefficients of s —r) on both sides
of the eigenvalue equation (4.0.1)) gives

(Hpy, = Mxa = —(aaV + B1W)xo.
The vector (H,., —A)x1 is orthogonal to the eigenspace V), and in particular to xo. Hence,

(X0, (1 V + B1W)x0) = 0.

Since by the premise xo has depth at least 1, it follows from Theorem [2:3.1] that
(x0,Vx0) = 0. Combining this equality with the previous one implies that 8; = 0, and
therefore H(s) is tangent to V' at H,, (to order at least 2). So, (H,, — A)x1 = —a1Vxo.
Consequently,
X1 = —a1Sxxo + order 1 vector.

Since xo has depth at least 1, by Theorem this implies Axx1 = a1X0- In particu-
lar, x1 is a vector of order 2. Further, if the parametrisation of 7, (s) is standard, then
o] = 1.

This proves the theorem in the case of k = 2. We proceed by induction on k. So,
assume that the claim holds for £ < n and let xg be an eigenvector of depth > n.
Differentiating n times the eigenvalue equation H(s)x(s) = Ax(s) we obtain

> (M) HD ) = )
=0 M
Letting s = ry and replacing x/)(ry)/4! by x; gives

Hyy X + Y (V4 B;W)Xn—j = An-

j=1

By the induction assumption,

pr =" =Pn1=0. (4.3.3)
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Hence,
n—1

(Hry = A)Xn + Z ;jVxn—j + (anV + B,W)xo = 0. (4.3.4)
j=1
Since xo has depth at least n, for some vector g we have xo = AYg. Since, by the
induction assumption, x;, j = 0,1,...,n—1, is a vector of order j + 1, it follows that for
all j=0,1,...,n—1,

(X0, Vx;) = (A9, Vx;) = {9, VARXX;) = 0.

Hence, it follows from by taking the scalar product of the left hand side and xq
that

Brn =0 (4.3.5)
and so n

(Hry, — AN)xn + Z a;Vxn—; =0.
j=1

It follows from (4.3.2)), (4.3.3) and (4.3.5)) that V' is tangent to v, to order at least n+1.
Further, (H,, — \)x» is orthogonal to Vy, and Vg, ..,V xn_2 are orthogonal to V) by
the induction assumption (since Xxo, - - ., Xn—2 have depth at least 1). Hence, according to
the last equality, so is Vx,—1. Also by the last equality,

n
Xn + Z 0jS)\Xn—; = order 1 vector.
j=1
Hence, by Theorem [2.3.1}

n
Axxn = Z QjXn—j-
j=1

Since, by the induction assumption, the vectors xg, ..., Xn—2 have depth at least 1, the
last equality implies that so does x,_1-
Further, if the parametrisation of v,,(s) is standard, then ap = --- = a, = 0 and

ay = 1, and therefore A xn, = Xn_1. =
Theorem [£.3.] combined with Theorem proves the following.

THEOREM 4.3.2. Under Assumption a regular direction at any resonance point H,,
s tangent to order at least k if and only if the order of the direction is at least k.

Theorem [£.3.2 has the following corollary.

THEOREM 4.3.3. Under Assumption [1.2.1], a regular direction at a resonance point is
simple if and only if it is transversal.

The last two theorems give a geometric interpretation of the order of a regular direc-
tion in the case where \ is outside the essential spectrum.

5. Resonance points as functions of the spectral parameter

In this section we study resonance points r, as functions of the spectral parameter z. To
stress this, we will often write r(z) instead of r.
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5.1. Order of a resonance function r, = r(z). In this subsection we consider the
following question. Every resonance point r, corresponding to a complex number z from
the complement of the essential spectrum has an order, which is a positive number.
A natural question is how the order of r, depends on z. In the following theorem we
show that the order of r, is equal to 1 for all values of z except a discrete set, provided
that r, admits analytic continuation to a gap in the essential spectrum in the real axis
and that the analytic continuation has a real value at least at one point. We conjecture
that this property holds in general without this assumption, but since we are interested
in analytic continuation of 7y, this hypothesis automatically holds in our case.

THEOREM 5.1.1. Let 7y be a real resonance point of the triple (\; Hy, V). Analytic con-
tinuation of ry as a function of the complex variable A has order 1 except on a discrete
set.

Proof. Assume the contrary: there exists a non-empty open subset G of the domain of
holomorphy of r, such that for all z € GG the resonance point r, has order at least 2.
Then by [Az6l Corollary 3.4.7] there exist holomorphic vector-functions x1(z) and x2(z)
such that

(Ho +7(2)V — 2)xa(z) =0,

(Ho +7(2)V — 2)x2(2) = =Vx1(2). (5.1.2)
Differentiation of (5.1.1)) with respect to z gives
(r'(2)V = 1)xa(2) + (Ho +r(2)V = 2)x1(2) = 0. (5.1.3)
Let ¢(Z) be an anti-resonance vector-function of order 1, that is,
(Ho+7(2)V —2)p(z) = 0. (5.1.4)

Since
(0(2), (Ho + r(2)V = 2)x1(2)) = (Ho + 7(2)V = 2)¢(2), X1 (2)) = 0,
taking the scalar product of ¢(z) with both sides of gives
(0(2), (' (2)V = 1)xa(2)) = 0.
Further, (5.1.2]) implies that
—(p(2), Vx1(2)) = (¢(2), (Ho + r(2)V — 2)x2(2))
= ((Ho +7(2)V = 2)(2), x2(2)) = 0.
Combining this with the previous equality implies
(p(2),x1(2)) = 0.

Since r(z) takes real values in some interval I of the real axis, we can take x1(z) to

(5.1.5)

be the holomorphic extension of a first order vector-function in I, and we can take ¢(z)
to be the anti-holomorphic extension of the same function. Since the scalar product is
anti-linear in the first argument, the scalar product of this pair of holomorphic and anti-
holomorphic vector-functions will be holomorphic, and according to the last displayed
formula it will vanish on I. This implies that both these functions are zero in I, and
therefore everywhere. Since x1(2) is an eigenvector, this gives a contradiction. m
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5.2. Cycles of resonance points. Let r) be a resonance point of geometric multiplic-
ity m and algebraic multiplicity N. When A is shifted to z = A+ iy with small y > 0, the
resonance point ry splits into N = dim 7\ (r) resonance points ’I“,(zj ), counting algebraic
multiplicities. The resonance points rgj ) are holomorphic functions of z in a neighbour-
hood of \. When z makes one round around A, these N holomorphic functions undergo
a permutation. We shall show in this subsection that this permutation consists of m dis-
joint cycles of lengths dy, ..., d,,, where m is the number of Jordan cells of the compact
operator Ay (s) corresponding to the eigenvalue (s —7\)~!, and d, is the size of the vth
cell. Until then we denote the lengths of those cycles by d,.

For convenience, in this subsection we shall often indicate dependence of a resonance
point 7, on the spectral parameter z in the usual way as r(z) instead of using subscript.
If there is no danger of confusion, we may choose to drop the variable z from the notation
altogether.

In Section [3| we studied eigenvalues A, (r) of H, = Hy + rV as functions of the
coupling constant r. The latter was treated as a real variable. In this section we consider
r as a function of the spectral parameter A\, but unlike Section (3] we shall treat both r
and A as complex variables. Since the spectral variable treated as a complex variable is
denoted by z, the functions under study are r,(z), which are inverses of A\, (). According
to Theorem the eigenvalue functions A, (r) of order d, > 1 satisfy A, (ry) = 0.
Hence, in general the corresponding inverse function r,(z) is a branching multivalued
holomorphic function in a neighbourhood of z = A.

THEOREM 5.2.1.

(a) For each cycle r(')(z) of resonance points there exists € > 0 and a resonance point
r£0)(z) of this cycle which takes real values for all z € I, where I is either [\, X + ¢)
or (A—g, .

(b) The number of real resonance points in a cycle for z € I is either 1 or 2.

(¢) In the case there are two real resonance points v’ and r” in a cycle for z € I, the
numbers v’ — ry and "’ — ry have different signs.

(d) The numbers of non-real resonance points in each cycle for z € I are the same in C
and C_.

(e) In case there are two real resonance points ' and '’ in a cycle for z € I, they shift
to different half-planes C and C_ as z € I is shifted to z + iy with small y > 0.

Proof. Part (a) follows from the fact that an isolated eigenvalue A of Hy+r)\V is stable,
that is, an eigenvalue A, (s) of Hy depends on s continuously.

Parts (b) and (c) follow from the formula (see (3.1.7]))
A(s) = At en(s — )% +O0((s — )+, s,

where d, is the order of A, (s). Namely, with & > 0 sufficiently small, if d, is odd then
there is a unique real resonance point for all z € I, where I = [\, A+¢) or I = (A —¢, \].
In this case, I can be chosen to be either [\, A +¢) or (A — ¢, A]. If d, is even, then there
are exactly two real resonance points for all z € I and they are located on different sides
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of ry in the real axis of the coupling constant. In this case, if £, > 0 then I is [\, A\ + &),
and if £, < 0 then I is [A —&, ).

(d) By Lemmabelow, if r, is a resonance point corresponding to z, then 7, is a
resonance point corresponding to Z. Hence, the set of resonance points corresponding to
a real value of X\ is symmetric with respect to the real axis. We still need to show that
if a resonance point rl(,j)(z) belongs to a cycle v, then its conjugate also belongs to the
same cycle, but this readily follows from the Schwarz reflection principle.

(e) By (d), for real z € I the set of resonance points in a cycle is symmetric with
respect to the real axis. Combining this with the fact that for non-real z there can be no

real resonance points, one can infer the claim. =

The following figure demonstrates this theorem by showing one of the possible sce-
narios of behaviour of resonance points of the group of r), when X is perturbed slightly
first along the real axis and then off the real axis. In this figure there are two cycles: of
length dy = 5 (black dots) and dy = 4 (white dots).

z=A z=A+¢
o e
[ J
@ > —oo—}—eo—
T ° TXx
C e

z=A+e+1iy, O<yxl1

o®
e | [ Xe) o
o
T
° A
oce

ProprosSITION 5.2.2. The number of cycles of the permutation of the N resonance
points ng) is equal to the geometric multiplicity m of the resonance point ry. More pre-
cisely, there is a natural one-to-one correspondence between cycles of resonance points
rl(,j)(z) and the eigenvalue functions A, (s) of the operator Hg, given by the following
diagram:

0u(s) & M(s) & r0(2). (5.2.1)

That is, with an eigenpath ¢, (s) we associate an eigenvalue function )\V(S;, and the
inverse of this eigenvalue function is the multivalued holomorphic function r,(j (2).

Proof. This immediately follows from Theorem a)—(c). m

Now we shall prove that the order d,, of the eigenpath ¢, (s) is equal to the size d,, of
a cycle corresponding to ¢, (s).

By Theorem i)7 (iii), the order d,, of ¢, (s) is determined by . Hence, the
inverse of the function A,(s) in a neighbourhood of s = ry is a multivalued function
r(')(z) with d, branches in a neighbourhood of z = ), and these branches form a single
cycle. This gives

d, =d,.
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Since the sum of the cycle sizes d, of resonance points is N, so is the sum of the orders
d,, of the eigenpaths ¢,(s), and therefore, by Theorem v), the m sets of vectors

1 -
ﬁ(p(uj)(r)\)v V:17"'7majzoala-“adufla

form a Jordan basis for the nilpotent operator A ().
We collect these assertions in the following theorem.

THEOREM 5.2.3. For each v =1,...,m, the following numbers are equal (assuming that
they are arranged in decreasing order):

(1) the order d, of the eigenpath @, (s),
(2) the size d,, of the cycle v of resonance points of the group of ry,
(3) the size d,, of the vth Jordan block of the nilpotent operator Ax(ry).

Moreover, the vectors

1 .
Fogﬂ(m), v=1,....m, j=0,1,...,d, — 1,

form a Jordan basis of the nilpotent operator A(ry).

5.3. Decomposition of Py(ry). Let

r0(z),...,rd=D(z)

v

be a cycle v of resonance points. Since when z makes one round around A, the elements
of the cycle simply undergo a permutation, the function
d,—1

P = Y P (2)
§=0

is single-valued in a neighbourhood of A. Since Pz(r,(,j )(z))PZ(T,(,k)(z)) = 0 for different
resonance points rl(,j ) and rik), the operator P;”' is an idempotent. In this subsection we
shall prove some properties of this idempotent.

Let ¢ be a holomorphic function of one complex variable s with values in a Banach
space (this is what we need). We recall that the divided difference pl! of order j = 1,2, ...
of ¢ is a function of j 4 1 variables defined recursively by

e(s1) — ¢(s0)

(1] S et VAN 6 el 4
¢ (s0,51) 51 —sg

. Wsr . s:in)— ol .
Ot (s, 51,...,8541) = % (o0, 81) =97 (S0, 8,2 85)
841 — S0

The scalar version of the formula

lim (s, 51,...,55) = Fgo(])(s) (5.3.1)

80543858
is well-known and can be found in any textbook on numerical analysis; the vector version
easily follows from the scalar version.

THEOREM 5.3.1. For each v =1,...,m, the following assertions hold:

(1) The function PZ[V] of z is holomorphic in a neighbourhood of .
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(2) The range
Y= im P

of the idempotent P (whzch exists by (|1 ) has dimension d,, and basis
Pu(ra), @, (ra), -, ol 1 (). (5.3.2)

(3) The operators P)[\V] (ra) and Ax(ry) commute, and thus the vector space T[)\V] is in-
variant with respect to Ax(ry).

(4) The dimension of T[;] NV, is equal to 1.

(5) The Jordan cell decomposition of the restriction of AE\V] to T[)\V] consists of only one
Jordan cell.

Proof. We split the proof into several parts.
(A) The range of PZ[V] converges as z — A to the linear span of the vectors

ou(ra), SDL(TA) ST ().
By 1) the divided differences cp ! for j=1,...,d, — 1, evaluated at the points
i (2), ... 77"(”(2')
of the vth cycle, converge to ,gp,(,])( A) as z — A, since all riF )( ) converge to ry. On the
other hand, by
Pz[y] (2% (rz(zk)(z)) = Pv (Tl(/k)(z))
we have
PRI (2), ..o (2)) = 0P (r() (2), .. rP(2)).

Since, by Theorem the vectors gp(uo)(m), RN gol(,d”fl)(r)\) are linearly independent
and the range of PZ[V has dimension d,,, the proof of part (A) is complete.

(B) For each v =1,...,m, the function pY of z is holomorphic in a neighbourhood

of A. By [Kal, Theorem H.1.8}7 applied to the function z — A,(r)) in a neighbourhood

of z = A, the Laurent expansion of PZM can only have finitely many terms with negative

powers of z — A. The sum Y ", P converges to Py(ry) as = — A, and therefore is
bounded in a neighbourhood of A. Since PP = 5WPZ[V], combining this with part
(A) one infers that each P is also bounded in a neighbourhood of A.

(C) By (B), the operator P! has a limit as z — A, which we denote by

PY(ry) == lim P (5.3.3)
Z—A
We have
pMpi —s,, PV (5.3.4)
A AT VRSN L.
and
ZP/{V 7’)\
v=1

(D) The operators P[ ](r,\) and Ax(ry\) commute. Since the limits of P and A, (s) as
z — X exist, it is enough to take limits of both sides of the equality P.” ]Az( )=A, (s)PZM7
and then use Laurent expansion of Aj(s).



Spectral flow and resonance index 57

(E) The dimension of T Y Vyis equal to 1. By (3), the dimension of T 'y, is at
least 1. Hence, it is 1, since otherw1se we get a contradlctlon with Proposmon

(F) The Jordan cell decomposition of the restriction of A[AV] to T[AV] consists of only
one Jordan cell. This follows immediately from and . m

We denote by A[)\V} (r») the restriction of Ay(ry) to 'I'[AV].
In a similar way, we introduce operators Q%) by
d,—1

h= 3 Q.(rP(2))
j=0

Many properties of Q are analogous to those of PZM.

It follows from 1] that VP Q[V]V. Letting z — A in this equality, we obtain

veM =Vl (5.3.5)
Now, using results of this subsection, we give a second proof of Theorem [3.1.12

COROLLARY 5.3.2. Let ¢,(s) and ¢,(s) be different eigenpaths of Hs, s € R. For all
j=0,1,...,d, —1and all k=0,1,...,d, — 1,

(@9 (rx), Vi) (ry)) = 0.

Proof. By Theorem 5.3.1(15[), the vectors ga,,(m),goﬁ,(r)\),...,go,(,” )( A) span T[A”] =
im Piy]. Hence, using (5.3.5)) and (5.3.4)), we have

(D (), Vol (r2)) = (P (1), VPH 0B (r0)) = (PY 0D (1), VipP (1)) = 0. m

Actually, this corollary is stronger than Theorem [3.1.12] since the latter does not
assert that the sum of d, is IV.

5.4. Two lemmas. Since by Theorem the functions 7’(])( ) have order 1, the
operator-valued function A, (s) near the (real) point 7 has the Laurent expansion

=% “( )
A.(s) = +ZZ : (5.4.1)

v=1 j=0 §— TV (Z)

where A, (s) is a meromorphic function which has no poles in a neighbourhood of 7
which includes all 7“(])( ). The functions Pz(rl(,j)(z))/(s - rl(,j)(z)) of z (with s fixed),
taken individually, are not single-valued in a neighbourhood of A, unless d,, = 1, but each
of the m sums
dy—1 (7)
P, (ry
3 Perv”(2)) (j)(z)) (5.4.2)
j=0 S —Tv (2)
is a single-valued function of z in a neighbourhood of A\. We also have
dy—1

PMA(s) =) Pr17(:) (5.4.3)

j=0 S~ rl(,])(z)
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LEMMA 5.4.1. As z — A, the fractional part
P.(ry)Ax(s) = Z
v=1 5=0 s T’/ Z
of the Laurent expansion (5.4.1) of the meromorphic function A.(s) at the N poles
rO(z), v=1,...,m,j=0,....d, —1,

dy,—
Pz

of the group of T converges in the norm topology to the fractional part of the Laurent
expansion of Ax(s) at the pole ry, which is
Pa(ra) | Aa(ra) A ()

P P AN FErN T

Pr(rx)Ax(s) = (5.4.4)

The convergence is uniform with respect to s on compact subsets of a deleted neighbour-
hood of .

Proof. The meromorphic function A,(s) converges in norm to Ax(s) as z — A uni-
formly on compact subsets of a deleted neighbourhood of the pole r) in C. Furthermore,
P,(ry) converges to Py(ry) in norm as z — A (in fact, even in trace class norm; see
[Az6, Lemma 5.2.2]). The claim follows. m

LEMMA 5.4.2. For each v =1,...,m,
dy—1 (4) (V] (V] (V] dy—1
P.(ry P A A v
D D A I AV B 2 BV . Wl oY) O
X s (2) s—ry  (s—ry) (s —ry)d

where d,, s the size of the cycle v.

Proof. By Theorem [5.3.1{(1]),
lim PMA,(s) = P Ay (s),

Z—A
where the convergence is in norm and is uniform on compact subsets of a deleted neigh-
bourhood of 7. This equality is exactly (5.4.5). m

5.5. Puiseux series for T(J)( ). For a positive integer d let
£q= eQTri/d.
For an integer k and a positive integer d let
0 if d does not divide k,
[d|k] = U
1 if d divides k.

For any integer k£ we have

ZE [d|k] - (5.5.1)

For each v =1,...,m, the functions r(o)( )y ,r&d”fl)(z) are different branches of a
multivalued holomorphlc function with Puiseux series

(2 Zrk/d ez =N j=0,...,d, 1. (5.5.2)
k=0
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The Puiseux series for 7‘(3 )( ) does not have the part with negative powers of z — A, since
this function is continuous at z = .

PROPOSITION 5.5.1. The coefficients 1,4, of the Puiseur series (5.5.2) are real.

Proof. More precisely, these numbers can be chosen to be real. For j = 0 we have

= Zrk/du(z — )\)k/du.
k=0

Recall that A is an isolated eigenvalue of the self-adjoint operator H,,. Due to stability
of isolated eigenvalues, one of the functions rd )( ) must take real values for real values
of z close to A on the left or on the right. From this, one can infer that the numbers 7 /4,
need to be real. m

PROPOSITION 5.5.2. The first coefficient 11,4, of the Puiseux series - for r(j)( ) is
non-zero.

Proof. Let 1y, ,q, be the first non-zero coefficient of lj Since rl(,')(z) is the inverse
of A\, (s) (see diagram ([5.2.1))), it follows from Theorem iii) and (5.5.2)) that

Ao(8) = A +e,(s — )™/ T 4 O((s — ry )W/ I
with non-zero €,. Since \,(s) is analytic at s = ry, f, divides d,. If f, > 1, then this

would imply that the set of d,, numbers {rl(,J) (2): 5=0,...,d, — 1} is not a cycle. Hence,
the only possibility is f, = 1. =

5.6. Puiseux series for P, (r£j) (2)). In this subsection we shall study the Puiseux series
of PZ(T,(/J)(Z)) at z = A
For each v = 1,...,m, the operator-valued functions

Po(ri(2)), o, Pori(2))

are different branches of a multivalued holomorphic function with Puiseux series
P.(rP(z)) = +Z€ “Up g, §=0,.,d, 1 (5.6.1)

where 153 (z) is the part with positive powers of z — \. Since by the definition the
operator P, (r,(jj )(2)) is an eigenprojection of the compact operator A.(s) corresponding
to a non-zero eigenvalue
(s =P )7

by [Kal Theorem II.1.8], the part of the Puiseux expansion with negative powers
is finite.

Our first aim is to prove that the upper limit p in is equal to d,, — 1. For this
we need two auxiliary lemmas.

LEMMA 5.6.1. For each cycle of resonance points S )( ),

ERPE) K A5 (2)
g s—rPz) S (s—rVR) .. (s -1 (2)

(5.6.2)
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where for j =0,1,...,d, — 1,

d,—1
A(z) = (P (2) = rD(2) . (PP (2) = 1T (2) Po(r P (2)). (5.6.3)
b=j

Proof. This lemma has general character as it holds for any set of numbers r(j )( ) and any
bounded operators P, (7’1(, )( )). For this reason we write r; for r$ ( ), P; for P.(r ,(,j)(z)),
d for d,,, and A; for AY(z).

We prove by induction on d. For d = 1 the assertion is trivial. Assume that
the assertion holds for smaller values of d. Since the operators A; depend on d, we will
write Ag-d).

By the induction assumption

d— d—2 A(d 1)

Py
Z + .
s—rj = (s=rg)...(s—71;)  s—rs

1
=0

We need to find operators A(»d) such that

jzo(s—ro) (s—rj) = (s—m0)...(s=1;) s—1q1

Multiplying both sides by Hi;é(s — 1K) gives

d—1 d—1 d—2
ZAgd) H (s —1k) ZAdl) H (s —1k) +Hs—rde 1-
J=0  k=j+1 i=0 k=j+1
Replacing s by r4_1 gives
d—2
A¢(1d—)1 =0+ H(Td_l — rk)Pd—l-
k=0

Replacing s by rq4—o gives

A,(id_)l + A,(id)g(m 2 —Td—1) = A&d 21)(7}172 —rq-1) +0.

Therefore,
A(d) d—3 d—2
d _ _
A§32:#+Aﬁf_;):]—[(m 1— k) Pa1 + Z o —10) ... (ry —Ta—3)Fp

Td-1="Td-2 k=0 b=d—2
d—3

= [[(ra-1 = ri)Pas + (ra—a — 7o) ... (ra—2 — ra—3) Pa—2
k=0
a1

= (ro —ro) ... (10 — Ta—3) P, (5.6.4)
b=d—2

where the second equality follows from the previous one and the induction assumption.
Continuing this way, we complete the proof. m
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LEMMA 5.6.2. Let r* € C and let r§,...,7_1, n=1,2,..., be d sequences of complex
numbers such that for all j =0,1,...,d—1,

lim 7% =r*.

n—oo
Assume that By,...,Bq_1 are bounded operators and Ay,..., Al _;, n=1,2,..., ared
sequences of bounded operators such that for all s € C\ {r*},
Al AP A%
lim 0 _ 1 R d—1
oo\ s—rg T (s —rp)(s—rp) G —10). (=)
By By Bg1
_577’*—’—(577’*)2—’— +(577’*)d’
where the limit is in norm and is uniform on compact subsets of C\ {r*}. Then for all
J=0,1,...,d—1 the sequence A} converges in norm to B; as n — oo.

Proof. Multiplying the equality in the lemma by
lim (s —78)...(s =7 ) = (s —r*)?
n—oo

gives for all s # r* the equality

nILH;O(Ag(S =) (8=rgg) o+ AG o(s —rg_y) + Ag_q)

= Bo(S — ’I“*)d_l + -4+ Bg_1.

Since the convergence is uniform, we can differentiate the left hand side under the limit
d
sign (see e.g. [Di, §IX.12]). Hence, applying the operator ji—d to both sides of the last

equality, we infer that Aj — By. Applying %, we infer that A7 — B, and so on. =
LEMMA 5.6.3. For each cycle v and each k=0,1,...,d, — 1,

lim AY%(z) = Ak (r\) P (ry),

Z—A
where the convergence is in norm.

Proof. Combining Lemmas and [5.6.1] we get

d,—1 v [V] [l/] [l/] a1
lim > © i) G = (ra) | A B )™
AT (s (2) . (s =1 (2)) s—rx (s—m) (s — 7y

where the convergence is in norm and is uniform in s on compact subsets of a deleted
neighbourhood of 7. Hence, Lemma [5.6.2] completes the proof. m

PROPOSITION 5.6.4. The integer p from the Puiseux series for P, (rl(,j) (2)) satisfies
p=d, —1. (5.6.5)

Proof. By Lemma we have
lim 47, _1(2) = AL () By (r) #0. (5.6.6)

Here the last inequality (# 0) follows from the fact that the operator Ag\i"_l (rx) is reduced
by the image of the idempotent P/{"] (r») and that the reduction has only one Jordan cell
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(see Theorem [5.3.1)(5))). By (5.6.3]), we have
Ay 1 (2) = (7 (2) = rD(2) L (D (2) = iR (2)) P(rf T (2),

v

Since by Proposition the first Puiseux series coefficient ry 4, for ri (z) is non-zero,
the first non-zero fractional term of the Laurent expansion of the product

(riD(z) =D (2) . (7 (2) = i TP (2))
is
(z — \)d=D/dv,
The term with the smallest power in the Laurent expansion || of Pz(r,(,d“_l)(z)) is
(z —\)7P/dv,

Hence, if p < d,, — 1, the limit in (5.6.6) would be zero, and if p > d,, — 1, the limit would
diverge, and sop=d, — 1. m

PROPOSITION 5.6.5. Let v =1,...,m. For any k > 0 the function
dy,—1
> (9 (2) = )P (2)
j=0

is analytic at z = \. Moreover, the limit of this sum as z — X\ is equal to P;V]A’;(m).

Proof. The function is symmetric with respect to r,(,j) (2),7=0,1,...,d,—1, and therefore
it is single-valued in a neighbourhood of A. By Proposition this function also cannot
have whole negative powers of z— X in its power series expansion at A. Hence, it is analytic
at A. In particular, if £ = 0, then its limit as z — X is equal to PA[V] (ra).

Further, we have

dy,—1
> D) = )PP (2)
3=0 dy-1 ' d,—1 '
=D P = rPE)P.0P () + Y (0 (z) =) P(r(2)).
j=0 =0

The first summand converges to P)[\”]A)\(m) by Lemma and (5.6.3) (taken with
j =1). The second summand converges to zero, since by Theorem [5.3.1{{1]),
d,—1

S Pr(2))
j=0

is analytic and r,(,o) is continuous at z = A. Thus, the claim holds for k£ = 1. Using this,
for any k£ > 1 we have

d,—1 d,—1 k
: (o _ Nk (j 1 @ _ (7 _ plIAk
;gQWw7wmww—ggyﬂammwwo—amw,
J= J=

where the first equality follows from (1.3.9). =
Since p = d, — 1, we have

lim (z — A\ P.(r)(2)) = 0.

Z—A
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PROPOSITION 5.6.6. Forallv=1,.... mandall k=1,...,d, — 1,
d,—1
P)[\V] (T,\)Ai(’l‘)\) = du . Z ( Z Tmy/d, - - - ka/d,,>Pfl/dV7 (567)

where in the sum mq,...,mg > 1.

Proof. We prove this only for £ = 2. The general case follows by the same calculation.
By Proposition [5.6.5f we have

dy—1
P (r) A3 (r) = lim D () = )PP ()
=
d,—1 oo
k/d,
= lim Z (Zrk/d eql (2= N )
j=0 k=1
d—1
(Z rua, 24 (2= ) (30 0 (2= N Py, )
=1
oo oo dy—1d,—1
. k4+m—1 m—
_ h_%\ Z Z 6( +m— )J )\)(kJr l)/d”Tk/dUTm/dVP—l/d,,-
P =1 m=1 1=1 j=0

In this sum, there are finitely many terms with negative powers of z — A and the sum of
positive powers of z — A converges absolutely in some neighbourhood of A. Hence, all the
interchanges of summations, which have been performed so far and which are about to
follow, are justified.
Let z = k + m. Then
z—1d,

P ](T)\)A)\ (ra) = hm i Z

—1d,—1

:L’ 2m=1 [=1 3=0
1 —1

1

e (e = N s 1, T, Paga,

oo xz—1d,

dy-lim ) >

rz=2m=1 |=

d |J}—l (3? 0)/dy T(o— m)/d,,rm/dpP*l/du’
where in the last equality we have used (5.5.1)). The terms with x > [ disappear after
taking the limit z — A. Since x > 2 and 1 <[ < d, — 1, there are no non-zero terms
with < [ and d,, |  — l. Hence, the factor [d,|r — ] can be replaced by Kronecker’s
symbol §,;. This gives

oo d,—1
PM (ra)A3(ry) = hm Z Z 0z (2 — (T D/dy (Z T(z—m)/d, rm/d,,>Pfl/d,,
:L’ 2 =1 m=1
dy—1 1-1
=d, - Z (Z r(l—m)/dyrm/dy>P—l/d,,~ =
=2 m=1
Two special cases of (5.6.7)) are the formulas

d,—1

P>[\U] (T,\)AA(T’A) = dl, Z rl/dyp—l/du and P)[\y] (T)\)Ai"_l(r)\) = du 'Tf7d_ylp(1_du)/d1/'
=1
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COROLLARY 5.6.7. Forany j=1,...,d,—1 the operator P;\V] (r,\)Ag\(r,\) is a linear com-
bination of the operators

P_jra,,-- s P_a,-1)/d,
from the Puiseuz expansion of Pz(r,(,j)(z)) at z =\
We summarise the results of this section in the following theorem.

THEOREM 5.6.8. Let 7y be a real resonance point of the line Hy, +(s—ry)V, corresponding
to a point A outside essential spectrum. Let N and m be respectively the algebraic and
geometric multiplicities of . Let dy,...,d,, be the sizes of Jordan cells of the compact
operator Ax(s) corresponding to the eigenvalue (s —ry)~t. Let rL,....rY be resonance
points of the group of ry corresponding to z =~ A € C. Then:

(1) Asz makes one round about \, the set of N resonance points undergoes a permutation
which is the product of m disjoint cyclic permutations of the resonance points

7’1(10)(2),...,rl(/clu—l)(z)7 v=1,....m,

and, as the notation indicates, the sizes of these cyclic permutations are the same as
the sizes dy,...,dy,, of the Jordan cells.

(2) For real z close to A, there are either one or two real resonance points in each of
these m cycles of resonance points. In case there are two real resonance points in a
cycle, one of them is greater than ry and the other is smaller than ry; further, as z
1s shifted off the real axis, these two points shift off to different complex half-planes.

(3) The Puiseuz series of rl(,j)(z) has the form

oo
rO(2) = rija, €I (2 = N)F
k=0
with r1,q, # 0 (where ro = 7)) and all coefficients 1,4, are Teal.
(4) The Puiseuz series of the idempotent Pz(rl(,j)(z)) has the form
d,—1
PO () = PO() + 3 em2mililde (o ) Udep

v v
=0

where Pﬁj)(z) is continuous at z = A.
(5) For each v=1,...,m and for all k >0,

d,—1
iy 3 () — ) R (e) = B (ra) AS (),
=

where P)[\V] (ra) s an idempotent of rank d, which commutes with Ax(ry) and which

s given by iy

P (ra) = lim 3~ P.(r(2)).
j=0

In the rest of this subsection we give another proof of the equality

AP (r3) = jed D (ry).
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We denote by My the function

(Mtp)(S) = (s =7ma)e(s).
On the one hand, using Proposition bl (with & = 1) and -, we have
dy—1
(B) = lim Y~ (i) (2) = ) P (rP () (D (2), ..., rP(2) = fA["] (ra )l (ra)-
z—

k=0
On the other hand, since

PZ(TI(/k) (Z))‘pu(rz(/l)(z)) = 5kl90u(7"z(/l) (Z))’

one can infer that
dy,—1
3 (P (2) = ) P (r P ()P (1O (2), ... 1D (2) = (M) (0 (2), ..., 7P (2)),
k=0

so that

1 &

(B) = lim (M) I (r{ (2),...r{)(2) = = ——=(Mep,)(s)

1
= N © ol
z— A ]' dsJ : '<pu (T)\)7

EETON (] - 1)

where the second equality follows from 1D Hence, A[;] (m)go,(,j)(r)\) = j<pl(,j_1)(r)\).

5.7. Sign of a cycle. Previous results show that the decomposition
di+ - +dpy

of the algebraic multiplicity NV of a real resonance point 7, admits three interpretations:
d, is the length of the vth cycle, the size of the vth Jordan cell, and the smallest positive
integer such that /\S,d”)(m) # 0. In this subsection we show that with each of the cycles
v =1,...,m one can associate a sign +1. This can be done in several equivalent ways.

THEOREM 5.7.1. For each v = 1,...,m and for all small enough € > 0 and y > 0, the
signs of the following real numbers coincide:

(1) A(ra+e) — Au(ra),
(2) (pu(ra), Vir™ ™V (r2),
(3) Imr,(jo)(z + dy) for all z € I, where for some § > 0, I is one of the two intervals
(MA490) or (A —0,\) on which the branch r,(,o)(z) takes real values larger than r)
(such an interval and such a branch exist and are unique).

Proof. That the signs of the first and second numbers coincide follows from . Equal-
ity of the signs of the first and third numbers can be inferred by considering the four
cases: (%) (ry) > 0 and M%) (ry) < 0 for even and odd d,,. This comparison is straight-
forward, and therefore the details are omitted. (Roughly speaking, since the derivative
of, say, an increasing real-analytic function I — R is positive, and since the derivative of
the analytic extension of this function into the complex plane preserves the orientation
of rotation of tangent vectors, if dz rotates into the upper half-plane (that is, if y = Im 2
becomes positive), then so does dr,(z).) m
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This sign will be called the sign of a cycle v.

If an eigenvalue A, (s) crosses the threshold value A from one side to the other, as s
crosses 1y in the positive direction, then the sign of the corresponding cycle v is the
contribution of the eigenvalue A, (s) to the spectral flow through A. There is a dichotomy
in the way of assigning a sign to a cycle v which corresponds to an eigenvalue A, (s)
making a U-turn at the threshold value A. Theorem [5.7.1] provides one way of assigning
the sign to such an eigenvalue, but since this sign does not contribute to the spectral
flow, it is not essential which way to choose.

The following figure demonstrates the correspondence between the three different
interpretations of the sign of a vth cycle in the case of m = 4, where the signs of the first,
third, and fourth cycles are +1 and the sign of the second cycle is —1.

g
=
f
A
/0 o °
T

In the third interpretation the small bold interval is the interval I from Theorem 3).
If the contribution of a cycle to the resonance index is +1 (respectively, —1), then I is a
right interval (respectively, a left interval), but if the contribution is zero, it can be any.

5.8. Resonance index and intersection number. Let sign(v) be the sign of a cycle v,
and let

)0 ifd, is even,
|1 ifdy is odd.

The intersection number through a resonance point 7y is equal to
m
Zb" sign(v). (5.8.1)
v=1

Indeed, the value of b, determines whether or not the corresponding eigenvalue function
Av(s) makes a U-turn at s = ry, and if it does not, the value of sign(v) shows whether the
eigenvalue M\, (s) crosses the threshold value A in the positive or the negative direction.
Whatever the sign of v is, it does not contribute to the intersection number if b, = 0.
Further, Theorems[5.2.1] [5.2.9] and [5.7.1] imply that cycles with even d,, do not contribute
to the resonance index, while cycles with odd d,, contribute sign(v). Hence, we have proved
the following

THEOREM 5.8.1. The sum of the intersection numbers (5.8.1)) of the eigenvalues of a
path H,., r € [0, 1], through X is equal to the total resonance indez.

Since each cycle v contributes one of the three numbers +1 or 0 to the TRI, it follows

that
lindyes(A; Hry , V)| < (5.8.2)
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This is the U-turn inequality which holds for a.e. A inside essential spectrum too
[Az06, Theorem 10.1.6].

5.9. A representation of P,(ry). A matrix A = (a;;) is said to be a Hankel matriz if
its entries a;; depend only on i + j, that is, if all skew-diagonals of A are constant. The
theory of Hankel matrices is extremely rich and beautiful, but we shall use the words
“Hankel matrix” in this subsection only as a terminology.

Let T be an operator of rank N < oo. If by,...,by is a basis of im(7T') and if « is an
invertible N x N matrix, then there exists a unique basis aq, ..., ay of im(7T*) such that
N N
T= ZZaij<ai,~>bj. (591)
i=1 j=1

Also, if (a;) and (b;) are bases of im(T™*) and im(7') respectively, then there exists a unique
invertible matrix « such that ((5.9.1)) holds. In the case of a finite-rank operator Py(r)),
there exists one natural Jordan basis

|§0(V])( ) V:L"';majzoal""’dV_l’
J!

of the vector space im(Py(ry)) = Y\ (ra), provided by Theorems and [5.3.][2)). Since
by (L.3.11)) and (T.3.10)(2), im(P5(rr)) = Vim(Px(ry)), we also have a natural basis

Vw)( x), v=1,....,m, j=0,1,...,d, —1,

of im(P5(ry)) = ¥y (r)\). Hence, there exists a unique invertible N x N matrix « such
that

P =220 2 2 etV () el (). (59.2)
Since Py(ry) is an idempotent, we have PA(r)\)@,(jj)(r)\) = go,(,j)(m), that is,

S0 =330 S et (Ve syl ) el ()
Introducing a matrix

b= 041) = (7 Vel (). P () (5.9

we can rewrite the last equality as

e ) Z(Z oL ) 5o 0.
v,j

This implies
Z kj 1 ki
O‘u{/bujy/ = 5m/’5jj’-

Therefore, the matrix « is the inverse of the transpose of b (but as we shall soon see, b is
symmetric, so in fact o = b71).
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By Corollary [5.3.2] the matrix (5.9.3) has the following property:
kj kj
byl = by, (5.9.4)

Hence, b is a direct sum of m matrices b%J of size d,, x d,,.

Further, by Theorems v) and [5.2.3] while for u # v the numbers (5.9.3)) are zero,

for 4 = v they depend only on k + j:

byl = b, I (5.9.5)
and if &+ j < d, — 2, then they are zero. Indeed, from Theorem m 3.1.7(v) and ( -7
. 1
byy = 5 ,<V% (r2), P (1)) = WW%)( 2)s Ax(ra) @t (r2))
1 . 1 .
= m(BA(U)V%(, J(r2), 7D (ry)) = W<VA>\(TA) e (ra), eI (1))
1 . .
_ V (k— 1) (7+1) _ bk—l,]+1
andif k+j+1< d,, — 1, then by the same argument
. . 1 .
byp, = bt = m(wp(o)( ) eI ()
1

= G VA O (), 9D (r0)) = 0,

since AA(T,\)QD,(,O)(TA) = 0. Hence, the matrix (b}7) is a direct sum of m Hankel matrices
with zeros above the main skew-diagonal. It follows that the inverse o of the matrix (b,
is a direct sum of Hankel matrices with zeros below the skew-diagonal.

Further, combining the definition of b with the Hankel property implies
that the numbers bﬁ{/ are real. Hence, the matrix « is also real.

Thus, we have proved the following theorem.

THEOREM 5.9.1. The idempotent operator P\(ry) can be written in the form (5.9.2)),
where the N X N matriz « is a direct sum of m real symmetric skew-upper-triangular
Hankel matrices of sizes dy, ..., dp,.

5.10. Signature of the resonance matrix V Py(r)). For a finite-rank self-adjoint
operator A we denote by sign(A) the signature N — N_ of A, where Ny and N_
are, respectively, the number of positive and negative eigenvalues of A counted with
multiplicities.

In this subsection we prove the equality

indyes(A; Hry , V) = sign(V Py (ry)). (5.10.1)

This equality was proved in [Az6] in a more general setting of A from the essential
spectrum. Here we give a new proof, which easily follows from previous results. The
proof is based on the following two well-known lemmas.

LEMMA 5.10.1. The signature of a self-adjoint skew-upper-triangular d x d Hankel matriz
is zero if d is even, and is equal to the sign of the skew-diagonal entry if d is odd.
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Proof. Let T be a self-adjoint skew-upper-triangular d x d Hankel matrix with entry « on
the main skew-diagonal. If « is zero, then the assertion is obvious, so we assume a # 0.

If all entries of T' above the main skew-diagonal are zero, then T has eigenvalues «
and —a of multiplicities [(d + 1)/2] and [d/2] respectively, where [z] is the integer part
of a real number z. This implies that in this case sign(T) is equal to the sign of « if d is
odd, and sign(7T") = 0 if d is even.

In general, we continuously deform the matrix T to a skew-diagonal Hankel matrix
with skew-diagonal entry a along the straight line. These matrices have constant non-
zero determinant, and so are invertible. Hence, the signatures of all matrices along the
deformation are constant, since eigenvalues do not cross zero. m

LEMMA 5.10.2. If by,...,bq are linearly independent vectors in a Hilbert space and « is
a d x d self-adjoint matriz, then the signature of the self-adjoint operator

d d
T = Z Zaij <bi, >b]

i=1 j=1
s equal to the signature of «.
Proof. If by,...,bs is an orthonormal system of vectors, then the matrix of 7" in an
orthonormal basis which extends bq,...,bs is a block matrix of the form ( o 8), and
therefore sign(7T") = sign(«).
In general let eq,...,eq be an orthonormal system of vectors such that
span(ey,...,eq) = span(by,...,bq).
Let C = (c;;) be a d x d invertible matrix such that b; = 27:1 cjer. Then
d d d d
T= Z Z Qg <bz, >bJ = Z Z /Bkl<ek7 '>ela
i=1 j=1 k=1 I=1
where
d d
B =YY cricvijauy,
i=1 j=1
so that (8k;) = 8 = CaC*. Since the system ey, . .., eq is orthonormal, we have sign(T") =
sign(B). Since also sign(CaC*) = sign(«), this gives sign(7') = sign(a). m
THEOREM 5.10.3. The equality ((5.10.1f) holds.
Proof. For each v =1,...,m, the bigns of the main skew-diagonal entries of the d, x d

Hankel matrices ([5.9.4) and of (afd) from are equal. Hence by Lemma

and Theorem fhe resonance index on the left hand side of ([5.10.1) is equal to the
signature of the matrix (af).

From (5.9.2) we have
VPA(r) =D o kl T Vol (ra), )Vl ().

ik v,g
By Lemma [5.10.2] the signature of this operator equals the signature of the matrix c. m
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6. On stability of resonance index

In this section we study the behaviour of the resonance index ind,es(A; Hy,,V) as a
function of the perturbation V.

6.1. Topology of the vector space of directions. In previous sections we worked
with a fixed direction V, and for this reason there was no need in having a topology in
the real vector space Aq of directions. Now we are going to consider stability of resonance
index indyes(A; He,, V') with respect to small perturbations of V', and therefore we need
to discuss the topology of Ajg.

The approach taken is to impose conditions on the topology of the affine space A
which allow us to prove stability results. These conditions hold trivially if Ay consists
of bounded self-adjoint operators and if the topology of Ag is the norm topology or
stronger.

ASSUMPTION 6.1.1. The real vector space Ao is endowed with a norm ||| o, such that
for some non-real z and for some Hy € A the following three conditions hold:

(VR)  the function Ag 5V — VR, (Hy) € B(H) is continuous,
(VRV1) the product ViR,(Hy)Va2 is compact,
(VRV2) the product Vi R.(Hp)Va is a continuous function of Vi and Va.
Since Assumption 2) implies compactness of V; Im R, (Hy) Va2, condition (VRV1)
is equivalent to compactness of V3 Re R, (Hy)Va.

The topology in Ay induces a topology in the affine space A. We assume that A is
endowed with this topology.

LEMMA 6.1.2.
(i) For anyV € Ay and any H € A,
Tim [V By ()| = 0.

Further, if Ao is endowed with a norm which satisfies property (VR) then:

(ii) The operator VR,(H) jointly continuously depends on z € C\ R, V € Ay and
HeA

(i) The operator R,(H) jointly continuously depends on z € C\R and H € A.

Proof. (i) We have

H—-X—i

H-X\—iy

H-\—i

H—A—iy

topology as y — oo, [Yal Lemma 6.1.3] completes the proof.

(ii) The first resolvent identity combined with (VR) implies that VR,(Hy) depends
jointly continuously on z and V. Further, by the second resolvent identity we have
VR.(H) = VR.(Ho)(1 + (H — Ho)R.(Hy)) . (6.1.1)

For non-real z the operator 1 + (H — Hg)R,(H,) is invertible. Hence, (6.1.1]) shows that
VR, (H) depends continuously on z, V and H. Item (iii) is proved by the same argument. m

VRx+iy(H) = VRyyi(H)

Since the operator VR1,;(H) is compact and converges to zero in the *-strong
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Since (s —7,)~! is an eigenvalue of VR, (Hj), by Lemma ii), a resonance point
r, = r.(Ho, V) depends continuously on the pair (Hy, V).

LEMMA 6.1.3. If Ap is endowed with a norm which satisfies Assumption then
the operator ViR, (H)Va is compact for any non-real z and any H € A, and it jointly
continuously depends on z € C\R, V1,V5 € Ay and H € A.

Proof. By the first resolvent identity we have
VlRZ(HO)‘/Q - VlRw(Ho)‘/Q = (Z — 'w)VlRZ(Ho) Rw(HO)‘/Q (612)

Since by Assumption the right hand side is compact, the operator Vi1 R, (H)V; is
compact for any non-real value of z, provided it is compact for some value of z.
For H = Hy + V3 we have

ViR.(H)Va = ViR.(Ho)(1+ V3R.(Ho))~'Va = ViR.(Ho) ) (—1)* (VaR.(H))" V2
k>0
=ViR.(Ho)Va+ Y _(=1)*(VaR.(Ho))*"" - [VaR.(Ho)Va). (6.1.3)
E>1
For large y = Im z, convergence of the series and compactness of this operator follow
from Lemma [6.1.2)i) and (VRV1). The first summand and the product in the pair of
square brackets are continuous by assumption (VRV2). Since for large enough y the

geometric series converges uniformly, for such y the last series depends continuously on V3
by assumption (VR). For other values of y the claim can now be inferred from (6.1.2)). m

Usually we denote a resonance point of a triple (\; Hyp, V'), where Hy is a A-regular
operator, by ry. But in this section for convenience we assume that ry = 0, so that the
operator Hy itself is A-resonant.

LEMMA 6.1.4. If Ay is endowed with a norm which satisfies Assumption[6.1.1], then the
sets of all (a) regular and (b) simple directions at a resonance point Hy are open in the
norm of Ag.

Proof. (a) Let V be a regular direction. By continuity of the mapping V — R.(H)V
(Lemma [6.1.2((ii)), there exists a neighbourhood Oy of V' in A such that for all W € Oy,

|Rx(Ho + V)(V — W) < 1. (6.1.4)
Hence, by the second resolvent identity, for all W € Oy,
Ra(Ho + W) = (14 Ra(Ho + V)(V = W)) "' Ry(Ho + V),

where the inverse exists due to (6.1.4)). It follows that all directions from Oy are regular.

(b) Here we use this characterisation of simple directions: a regular direction V' at a

resonance point Hy is simple if and only if the algebraic multiplicity IV of the eigenvalue
! of the compact operator Ry(Hy + sV)V is equal to the geometric multiplicity m of
that eigenvalue.

Since a simple direction is regular, by part (a) there exists a neighbourhood Oy of a
simple direction V' such that all directions W from Oy are regular. By Lemma [6.1.2{ii),
the operator Rx(Hy + W)W depends continuously on W € Ay in some neighbourhood
of V. Further, since V is simple, Ry(Hg+ sV )V has s~! as an eigenvalue of algebraic and
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geometric multiplicity m. Perturbation of V' may not change the geometric multiplicity
of the eigenvalue s~ !, since this number is the dimension of the eigenspace Vy of Hy and
thus it depends only on Hy. Hence, a perturbation of V' may not decrease the algebraic
multiplicity of s~!, but it may increase it.

The operator Ry(Hg + sW)W also has s~! as an eigenvalue of geometric multiplic-
ity m. Since Rx(Ho + sW)W is close to Ry(Hp + sV)V in the operator norm for all W
close enough to V in the norm of Ay, it follows that there exists a neighbourhood Oy
of V such that for all W from Oy the algebraic multiplicity m of s=! does not increase
for Ry(Ho + sW)W. Thus, all directions from Oy are simple. m

6.2. Continuous dependence of P, and V P, on simple directions

LEMMA 6.2.1. Let Hy be a resonance point and let V' be a regqular direction of order 1.
Then the idempotent Py(Hp, V') depends on V' continuously, that is, for any € > 0 there
exists 6 > 0 such that if W is a regular direction with ||V —W|| 4 < then

| Px(Ho, V) — Px(Ho, W)|| < e. (6.2.1)

Proof. Let m be the geometric multiplicity of the resonance point Hy. By definition of Py,

we have 1
Pu(Ho, V) = 7,?{ Ra(Ho + sV)V ds,
27TZ C

where the contour C' encloses only the resonance point s = 0 of the path Hy + sV,
and this resonance point has both geometric and algebraic multiplicity m, since V is a
simple direction. By upper semicontinuity of the spectrum we can choose § > 0 small
enough so that, for all W with ||V — W] 4 < ¢, inside the contour C' there will only be
one resonance point s = 0 of the path Hy + sW, and it will have both geometric and
algebraic multiplicity equal to m (indeed, the total algebraic multiplicity of all resonance
points inside C' is at least m, since Hy has geometric multiplicity m and the total algebraic
multiplicity is at most m due to upper semicontinuity of the spectrum). Now, compactness
of the contour C' and joint continuity of Ry(Ho + sV )W (Lemma [6.1.2(ii)) imply that
there exists a possibly smaller § > 0, if necessary, such that (6.2.1) holds as long as
[V =Wy <0 =

For directions of order greater than 1 this proof does not work, since in this case the
algebraic multiplicity of the resonance point s = 0 is greater than m, and consequently,
while for the perturbed path Hy + sW the point s = 0 will still have geometric multi-
plicity m, other resonance points can appear inside the contour C' which could have split
from the resonance point s = 0.

THEOREM 6.2.2. Let Hy be a resonance point and let V' be a reqular direction of order 1.
Then the resonance matriz V Py(Hy, V') depends on V' continuously, that is, for any € > 0
there exists § > 0 such that if W is a regular direction with ||V — W| 4 <&, then

|V P\(Ho, V) — WP\(Ho, W)|| <.

Proof. The mapping V' — VRy\(Hp + sV)V is continuous by Lemma Since V
is simple, it has a neighbourhood consisting of simple directions. Hence, inside a small
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enough contour C enclosing the resonance point s = 0, for all W from the neighbourhood
there will be no other resonance points of the triple (A; Hyg, W). Hence, the formula

1
VP\(H, V) = — 74 V Ry (Ho + sV)V ds
21t Jo
completes the proof. m

6.3. Homotopy stability of total resonance index. We recall some definitions from
previous sections. A point (that is, a self-adjoint operator) Hy of the affine space A is
resonant if a fixed real number A which does not belong to the common essential spectrum
Oess Of operators from A is an eigenvalue of Hy. A resonance point Hy is simple if the
eigenvalue A has multiplicity 1.

A regular direction V is simple at a resonance point Hy if V' is not tangent to R(\)
at Hop; by this we mean that V is not the tangent vector of any differentiable path in R(\)
which passes through Hy.

THEOREM 6.3.1. Let Hy be a resonance point and let V be a simple direction. The
resonance index indyes(A; Ho, V) is stable under small perturbations of V within any
finite-dimensional subspace of Apy.

Proof. Since the order of V' is equal to 1, the rank N of the resonance matrix V Py (Hp, V')
is equal to m, and, by Theorem [£:3:3] the direction V is transversal. Hence, there exists a
small enough convex neighbourhood of V' in the finite-dimensional subspace such that all
directions from that neighbourhood are also transversal, and therefore, by Theorem [£:3:3]
have order 1. Hence, the ranks of the resonance matrices W Py (Hg, W) for all directions W
from the neighbourhood are equal to m. Since by Theorem [6.2.2] the resonance matrix
depends continuously on V for simple directions V, it follows that the signature of the
resonance matrix V Py (Hp, V) is stable under small perturbations of V. m

While the resonance index of a direction is stable if the direction is simple, in general
this is not true. Geometrically, the reason is that a tangent direction may cross the
resonance set however small a perturbation of that direction is. This leads to a sudden
change of the intersection number of that direction. This connection of resonance index
with intersection number of eigenvalues was discussed earlier. Analytically, the reason
for the instability of the resonance index is that the resonance point may split into two
or more resonance points as a non-simple direction V is perturbed. In other words, as a
non-simple direction V is perturbed to a close direction W, near a resonance point s = 7
there may appear other resonance points, which may “take away” part of the resonance
index. Thus, while the resonance index is not stable, the total resonance index is. In this
subsection we prove the relevant theorems.

LEMMA 6.3.2 ([Az6, Corollary 3.1.5]). If a non-real complex number ri s a resonance
point of the triple (X\; Ho, V'), then so is the conjugate of 13, and moreover it has the
same algebraic multiplicity.

Let Hy be a resonance point and let V be a regular direction. With every pair (Hyp, V')
we can associate the set of resonance points of the pair. If the direction V is slightly
perturbed and if a resonance point is degenerate, then it can split. The resonance point
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s = 0 itself will not move when V is changed, since H( is resonant, but some other
resonance points may break away from s = 0 if V' is not simple. The following figure
shows one of the possible scenarios.

Resonance points of (Ho, V): .

Resonance points of (Ho, W)
where W = V:

THEOREM 6.3.3. Let V be a regular direction at a resonance point Hy. Let W be a small
perturbation of V', and let v} (Ho, W),r3(Ho, W), ... be resonance points of the triple
(X\; Ho, W) which belong to the group of the resonance point s = 0 of the triple (\; Ho, V'),
where H,. = Hy +rV. Then

indres(A; Ho, V) = ) indres(\; H, 1, W),
J
where the sum is taken over real resonance points of the group of s =0.

Proof. The resonance index ind,es(A\; Ho, V') is equal to the difference Ny — N_, where
N is the number of resonance points of the triple (A + iy; Hy, V) for small enough y
which belong to the group of s = 0 and lie in Cy. If V is deformed to W, then the
resonance point s = 0 of (Hg, V') will in general split to some number of resonance points
including the original resonance point s = 0; the algebraic multiplicity of this resonance
point may decrease, but the geometric multiplicity will stay the same. We shall also refer
to these resonance points of (Hy, W) as resonance points of the group of s = 0. Some of
these resonance points can be real and some can be non-real.

If A is perturbed slightly to A + iy with small positive y, then the non-real resonance
points of (Hy, W) which belong to the group of s = 0 will stay in the same half-plane,
and the real resonance points of the group of s =0,

3 (Ho, W), r3(Ho, W), ..,

will shift from the real axis, thus giving a sum of resonance indices for (Hy, W). We have
to show that this sum is equal to Ny — N_.

Let M (respectively, M_) be the number of resonance points of (Hp, W) which belong
to the group of s = 0 and which appear in the upper (respectively, lower) half-plane as A
is shifted to A 4 iy, with small y > 0. The difference M — M_ is equal to the resonance
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index of the triple (\; Hy, V), since we can deform V to W with y > 0 fixed, and as we do
S0, resonance points of V' will get deformed to resonance points of W without crossing R.
Hence, equality of the total resonance index of (Hp, W) to the resonance index of (Hy, V')
follows from Lemma [6.3.2] according to which the numbers of non-real resonance points
of the group of s = 0 in both half-planes are the same. m

THEOREM 6.3.4. Let V be a regular direction at a resonance point Hy. Let H|y be a small
perturbation of Hy, and let r}(H,, V), r3(H),V),... be resonance points of (X\; H}, V)
which belong to the group of the resonance point s =0 of (A\; Hy, V), where H,. = H)+7rV.
Then

: . _ . LTy

ind,es(X; Ho, V) = Z indyes (A H),, V),

J
where the sum is over real resonance points of the group of s = 0.
The proof of this theorem follows almost verbatim the argument used for Theo-

rem [6.3.3] and is therefore omitted. The only difference is that the resonance point s = 0
itself may not only split but also shift.

Resonance points of (Hp,V): .

Resonance points of (H}, V),
where Hj) ~ Hy:

THEOREM 6.3.5. Let Hy and H; be operators from A which are not resonant at A & Cegs.
Then there exist neighbourhoods Uy and Uy of Hy and Hy respectively such that for all
Hj € Uy and all Hy € Uy,

Y indies(NHp, V)= ) indres(A H, V),
r€(0,1] r€l0,1]

where V' = H{ — H) and H] = Hy+rV".
Proof. This follows immediately from Theorems [6.3.3] and [6.3.4] =
6.4. Robbin—Salamon axioms for spectral flow and resonance index. In [RoSa]

it was shown that for self-adjoint operators with compact resolvent the spectral flow of
a continuous path of such operators can be uniquely characterised as a mapping which
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satisfies five axioms: Homotopy, Constancy, Concatenation, Direct Sum, and Normalisa-
tion. In this subsection we show that the total resonance index satisfies these axioms,
following closely |[RoSal.

Assume that Assumptions and hold.

For any real numbers a and b, a < b, and any two operators H, and H;, from the
affine space A let PC*([a,b], H,, Hy) be the set of all continuous piecewise C! paths
{Hs: s € [a,b]} of operators from A such that (1) A does not belong to the spectrum of
H, and Hy, (2) X does not belong to the spectrum of the vertex points of the C'! subpaths
of Hg, and (3) all operators Hy, s € [a,b], belong to a finite-dimensional subspace of A.
The conditions (2) and (3) are not necessary, but they will allow us to avoid unnecessary
technical complications.

By definition, the total resonance index of a path {H;: s € [a,b]} from PCl[a,b] is
the total resonance index of a continuous piecewise linear path K, from PC'[a,b] which
has the same end-points H, and Hp, and has sup,¢, 4 [|Hs — K| 5, small enough. Using
a standard compactness argument and the homotopy invariance of the total resonance
index, one can show that this definition is correct.

Let u be a mapping PC*([a,b], H,, Hy) — 7 which satisfies the following Robbin—
Salamon axioms for spectral flow:

(i) (Homotopy) If paths f and g from PC'([a,b], H,, H) are homotopic, then u(f)
= u(9)-

(ii) (Constancy) If a path f from PC'([a,b], H,, Hp) is constant, then u(f) = 0.

(iii) (Concatenation) If f € PC([a,b], Hy, Hy) and g € PC*([b,c|, Hp, H.) and f(b)
= g(b), then u(f % g) = p(f) + 1(g), where % denotes concatenation of paths.

(iv) (Direct Sum) If f € PCY([a,b], H,, Hy) and g € PC([a,b], H,, Hy), where H,, H,
are operators from another affine space A satisfying the above conditions, then
u(f & g) = p(f) +ulg).

(v) (Normalisation) Let H = C be a one-dimensional Hilbert space, a < A < b and
f(t)=t, f € PC'([a,b],a,b). Then u(f)=1.

THEOREM 6.4.1. That total resonance index satisfies all five Robbin—Salamon azioms.

Proof. All axioms except the Homotopy Axiom are trivially satisfied. The Homotopy
Axiom is satisfied by Theorem [6.3.5)

Although the Normalisation Axiom is trivially satisfied, we shall check it explicitly.
So,let H=C,a< A<b, Hi=s. Then V =1 and

Axtiy(8) = Rayiy(H)V = (s — X —iy)~ L

For y > 0 the only pole s = A 4 ¢y of this meromorphic function which belongs to
the group of the pole s = X of Ay(s) is situated in the upper half-plane, and therefore
indyes(A; Hy, V) =1. nm

THEOREM 6.4.2. A mapping p which satisfies the Robbin—Salamon axioms exists and is
unique.

Proof. The original proof of this theorem from [RoSa] was given for operators with com-
pact resolvent, but an inspection shows that with obvious minor changes it applies ver-
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batim for the present case too. Nevertheless, for the readers’ convenience here we outline
this proof.

In [RoSa] the proof of the existence part is based on checking that the intersection
number satisfies the Robbin—Salamon axioms. Here for the existence part we can also
refer to Theorem [6.4.11

For the uniqueness, in |[RoSa] it is shown that any putative spectral flow mapping
coincides with the intersection number. Again, here we show that any putative spectral
flow mapping coincides with total resonance index.

(A) For every path H(s) from PC*([a,b], H,, Hp) there exist an integer n and a path
B(s) of self-adjoint n x n matrices such that H @ B is homotopic to a constant path.
Indeed, firstly, the Homotopy Axiom allows us to replace H(s) by a path with only
simple crossings (that is, resonance points with algebraic multiplicity N = 1). Further,
the Concatenation Axiom allows us to reduce the problem to the case where H(s) has
only one simple crossing.

Without loss of generality we assume that a = —1, b = 1, A = 0, and the crossing
point is s = 0. Let x be the eigenvector of Hy, that is, Hpx = 0. Let B(s) = —s,
B € PCY(|-1,1],C), and let ¢(s), s € [—1, 1], be an eigenpath of Hy, that is, Hsp(s) = 0.

Let
Het = <t<pl*{58) t(i(j))'

Then E[s,o = H,; @ B(s) and for ¢t > 0 the operator INJs’t is invertible for all s € [—1,1].
Indeed, assume the contrary. Then, since A = 0 does not belong to the essential spectrum,
there exists a non-zero vector f = f @ x € H & C such that ﬁs,tf = 0. It follows that
t{p(s), f) = sz and Hsf = —txp(s). The latter equality implies that

—ta(p(s), p(s)) = (Hsp(s), f) =0,
and hence, = 0. Combining this with the former equality gives ¢(s) L f. Also, Hsf = 0,
and therefore, since A is a simple eigenvalue, f is co-linear to ¢(s). Hence, f = 0.

So, the path Hy @ B(s) is homotopic to a path K, without resonance points. Such a
path can be continuously deformed to a constant path.

(B) Let fi be a putative spectral flow mapping. A piecewise linear path of self-adjoint
matrices B(s), s € [a,b], is homotopic to a path of diagonal matrices. Hence, by the
Homotopy, Direct Sum and Normalisation Axioms both fi and the total resonance index
of the path B(s) are equal to

3 sign B(b) —  sign B(a).

Now let H(s) be any curve from PC*([a,b], H,, H,) and choose B(s) as in part (A). Then
it follows from the Homotopy and Constancy Axioms that i(H @ B) = 0. Hence, by the
Direct Sum Axiom,

A(H) = —fi(B) = —TRI(B) = TRI(H). =
The proof in [RoSa] does not use the Concatenation Axiom, which therefore follows

from the other four axioms. In the proof above we used the Concatenation Axiom for
simplicity, though it is not necessary.
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Since spectral flow is deemed to be characterised by the Robbin—Salamon axioms,
Theorem shows that total resonance index and spectral flow are identical notions.
Nevertheless, in Subsection we give a direct proof of the equality

total resonance index = total Fredholm index.

6.5. Geometric properties of the resonance set. In this subsection we give proofs
of some well-known geometric properties of the resonance set, with the aim to provide
an intuitive interpretation of the spectral flow in terms of the resonance set.

THEOREM 6.5.1. Under Assumption the resonance set R(\) has co-dimension 1.

Proof. If the co-dimension of R(A) is > 2, then there exists a two-dimensional affine
plane in A which intersects the resonance set transversally at a A-resonant point Hy.
A point Hy + V on a small circle neighbourhood of Hy in this plane can be deformed to
H,—V along the circle. By Theorem|[6.3.1] all deformations are simple and have constant
resonance index. This contradicts the equality ind,es(A; Ho, —V) = — indyes(A; Ho, V). =

At the same time, for A inside the essential spectrum the spectral flow is not path-
independent (see [Az4l §8.3]). This indicates that the resonance set may have co-dimen-
sion greater than 1 for A inside the essential spectrum.

Theorem implies that the intersection of the resonance set R(\) with any
k-dimensional affine space which passes through a resonance point Hy and which is par-
allel to a simple direction V' has dimension k — 1.

According to Theorem|[6.5.1] the resonance set R()) divides a small enough neighbour-
hood of any simple resonance point Hy into two parts. The operators in one of those parts
have an eigenvalue slightly larger than A, the operators in the other part have an eigen-
value slightly smaller than A\. We shall call these parts positive and negative. Resonance
hyper-surfaces divide a small enough neighbourhood of a resonance operator Hy into sev-
eral parts, which will be called cells. If V' is a regular direction at a resonance point Hy,
then it belongs to one and only one of those cells, by which we mean 3¢ > 0 Vs € (0,¢)
the operator Hy + sV belongs to the cell.

THEOREM 6.5.2. If a plane section of the resonance set consists of only simple curves,
then the number of curves in a neighbourhood of Hy is not greater than the geometric
multiplicity m.

Proof. Each curve divides the plane into two parts: positive and negative. If there are
M > m curves, then some points of the plane section will be positive for all M curves and
negative for none, and some points will be negative for all M curves and positive for none.
The total resonance index of a continuous piecewise linear path from one of the latter
points to one of the former points will be greater than m. Those two points can also be con-
nected by a continuous piecewise linear path which has only one resonance point Hy. By
the homotopy stability of the total resonance index (Theorem , this path will have
total resonance index greater than m too. This contradicts the U-turn inequality . L]

We say that a plane section of the resonance set is simple if the section does not have
non-simple resonance curves.
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COROLLARY 6.5.3. In any simple plane section of the resonance set there are mo more
than 2m resonance cells in a neighbourhood of a resonance point Hy, where m is the
geometric multiplicity of Hy.

THEOREM 6.5.4. The resonance set does not have cusps.

Proof. If a cusp exists, then at its vertex there exists a simple direction V' which can be
continuously deformed to the direction —V in the set of simple directions. This implies
that the resonance indices of V' and —V are equal, which is false. m

7. Resonance index and Fredholm index

In this section we consider the relationship of the total resonance index with a traditional
definition of spectral flow, the total Fredholm index.

7.1. Resonance matrix as direction reduction. In this subsection for convenience
we denote a resonance point by Hy, instead of the usual H,,.

Given a A-resonant operator Hy and a regular direction V, to a triple (A; Ho, V') we
can assign a finite-rank self-adjoint operator V Py (see (1.3.13])). Results of this subsection
demonstrate that it is the operator V Py which is responsible for spectral flow generated

by the direction V.

THEOREM 7.1.1. If V is a regular direction at a resonance point Hy, then the direc-
tion V Py is also regular.

Proof. Assume the contrary. Then for any s € R there exists a non-zero vector f(s) such
that

(Ho 4+ sVPy)f(s) = Af(s). (7.1.1)
This equality can be rewritten as (Ho—\) f(s) = —sV Py f(s), which implies that V Py f(s)
is orthogonal to the eigenspace V. It also implies that

f(s) = —=sS\Prf(s) + order 1 vector.

Since V'Py f(s) L Vx and since Py f(s) is a resonance vector, it follows from Theorem [2.3.1]
and a remark after Corollary that Sy\Pyf(s) is a resonance vector. Hence, by the
last equality, so is f(s). That is, Py f(s) = f(s). Combined with , this gives (Hp +
sV)f(s) = Af(s), contradicting the regularity of V. m

THEOREM 7.1.2. For any regqular direction V' at a resonance point Hy and for any non-
resonance s € C,
R\(Hg + sVP\)VP\ = R\(Hy + sV)V P, (7.1.2)

where Py = Px\(Hy, V).

Proof. Applying the second resolvent identity (1.3.2) to the pair of self-adjoint operators
Hy+ sV and Hy + sV Py = Hy+ sV — sV (1 — Py) gives

(E) := Rx(Hy + sVP\)VPy =[1 — sRx(Hy + sV)V(1 — P\)] 'Ry (Ho + sV)V Py.
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Using the notation Ay(s) = Rx(H;)V, we can rewrite this equality as
(E) = [1 - SA)\(S)(]. - P)\)]_IA)\(S)P)\.

It follows from (1.3.8)) that Ay(s)(1 — Py) = Ax(s), where Ay(s) is the holomorphic (at
s = 0) part of the meromorphic function Ay (s). Hence, for all small enough s,

(E) = [1— sAx(s)] " Ax(s) Py = [1 4 sAx(s) + s A3(s) + - ]Ax(s) Pr.

Since Ax(s) and Py commute and Ay(s)Py = 0, it follows that (F) = Aj(s)Py. Since
both sides of this equality are holomorphic, it holds for all, not necessarily small, s, as
required. m

THEOREM 7.1.3. For any reqular direction V at a resonance point Hy,
P)\(Ho, VP)\(H(), V)) = P)\(Ho, V) and A)\(Ho, VP)\(H(), V)) = A)\(Ho, V)
Proof. Using the definition (1.3.5)) of the idempotent Py and Theorem we have

1
P)\(HmVP)\(Ho,V)) = %f R)\(Ho + SVP)\)VP)\ ds
C

1
7% R)\(HO +SV)VP)\ ds = P)? = Py,
21t Jo

where C' is a contour enclosing the resonance point s = 0. The proof of the second equality

is the same, but uses (1.3.6) instead of (1.3.5)). m

THEOREM 7.1.4. Let V be a regular direction at a resonance point Hy. The resonance
matrices of the directions V. and V Py are equal.

Proof. The resonance matrix of V is V Py and the resonance matrix of VP, is V Py
- P\(Hp, V Py). By Theorem these matrices are equal. m

Since the resonance index of a direction is equal to the signature of its resonance
matrix (Theorem [5.10.3)), we have the following corollary of Theorem

THEOREM 7.1.5. Let V be a reqular direction. The resonance indices of the directions V'
and V Py are equal.

This theorem is important in that it often allows one to replace a direction V by a
finite-rank direction V Pjy.

DEFINITION 7.1.6. We say that two directions V7 and V5 at a resonance point Hy are
plane homotopic if there exists € > 0 such that for all (si,s2) € [0,¢]? \ {(0,0)} the
operators Hy + s1V1 + soVa and Hy — s1V7 — saVa are regular at A.

Geometrically, two directions V7 and V5 are plane homotopic if one of them can be
deformed to the other within the affine plane they generate so that the half-interval being
deformed stays outside the resonance set.

THEOREM 7.1.7. If V is a regular direction at a resonance point Hy, then the direc-
tions V and V Py are plane homotopic.
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Proof. Firstly, by Theorem the direction V Py is regular. Let
Hyy = Hop+ sV +tVPy.

Since V is regular, for all small enough s the operator Hy + sV — A is invertible. We
need to show that for all small enough s and ¢ the operator Hy 4+ sV 4+ tV Py — A is also
invertible. By the second resolvent identity, we have

Ry(Hgy) = (1 +tR\(Hs)VPy) ' Ra(Hs) = (1 +tAx(s)Py) "' Ry(H,), (7.1.3)

whenever the right hand side makes sense. Hence to prove the claim it is enough to prove
that if 14+¢A,(s) is invertible (which is equivalent to the existence of Ry(Hp+ (s+¢)V)),
then so is 1 + tAx(s)Px. Assume the contrary. Then, since Ay(s)Py is compact, there
exists a non-zero vector y such that

(1 + tA)\(S)P)\)X =0.

Since Ax(s) and Py commute, this implies x = —tPyAx(s)x. It follows that P\x = ¥,
and therefore (1 4+ tAx(s))x = 0. Hence, 1 + tA,(s) is not invertible. =

Theorem [7.1.7] provides another proof of the equality of the resonance index and of
the signature of the resonance matrix for the case where A does not belong to the essential
spectrum.

PROPOSITION 7.1.8. Any two regular non-negative (or non-positive) directions are plane
homotopic.

Proof. Let V7 and V5 be two regular and non-negative directions at a resonance point Hy.
Since V; is regular, for all small enough s > 0 the operator Hy + sV} is non-resonance,
and near A there are only eigenvalues of Hy + sV; which are larger than A. Adding tV5
can only increase these eigenvalues. Choosing s and ¢ small enough we can also ensure
that there are no other eigenvalues Hy 4 sV; + tVo near \. m

THEOREM 7.1.9. Plane homotopic directions have equal resonance indices.

This is a special case of homotopy stability of resonance index, Theorem [6.3.5

7.2. Resonance index and Fredholm index. In this section we consider the relation-
ship between the resonance index and the Fredholm index. For the reader’s convenience
we recall here some well-known definitions and theorems.

A bounded operator T" acting from a Hilbert space H to a Hilbert space K is Fredholm
if T has closed range and if the kernels of both T" and 7™ are finite-dimensional. In this
case the index of T is the integer

ind(T") = dimker(T") — dim ker(7™).

“Bounded” in the definition of a Fredholm operator can be replaced by “closed”, and
“Hilbert” by “Banach”, but we do not need this. Since the index is sensitive to the choice
of domain and range, one may also write indy x (7).

We denote by F(H, K) the set of all (bounded) Fredholm operators from H to K. If
H = K, then one writes F(H) for F(H,H). The set F(H, K) has the following properties,
proofs of which can be found in e.g. [Hor3, Chapter XIX].
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(1) For any compact operator K on a Hilbert space H the operator 1 + K is Fredholm
and ind(14+ K) =0.

(2) The set of Fredholm operators is open in the norm topology. The index ind(T) is
stable in the norm topology, that is, ind is a locally constant function on F(H, K).

(3) T e F(H,K) and K: H — K is compact, then T + K € F(H,K) and ind(T) =
ind(T + K). Ttem (1) is a special case of this property.

(4) T € F(Hi,Hs) and S € F(Hz,H3), then ST € F(H1,Hs) and ind(ST) = ind(S)
+ ind(T).

(5) T € F(H,K) if and only if there exists a bounded operator S: K — H such that
ST — 13y and T'S — 1 are compact. Such an operator S is called a parametriz of T'
and it is also Fredholm. Moreover, ind(S) = — ind(7T).

A pair of orthogonal projections (P,Q) is called a Fredholm pair if the operator
PQ: QH — PH is Fredholm. The essential co-dimension of (P,Q) is the index of PQ);
it is denoted by ec(P, Q).

A pair (P, Q) is Fredholm iff | 7(P — Q)|| < 1, where m: B(H) — Q(H) is the canonical
epimorphism of the C*-algebra of bounded operators B(H) onto the Calkin C*-algebra
Q(H) = B(H)/K(H), where K(H) is the norm-closed ideal of compact operators; for a
proof see e.g. [BCPRSW| Lemma 4.1]. If (P, P;) and (P», P;) are Fredholm pairs, then
so are the pairs (Py, P3) and (P, P1) and

ec(Pth) :eC(Pl,P2)+6C(P2,P3), EC(PQ,Pl) :—GC(Pl,PQ). (721)

Now we proceed to a discussion of J. Phillips’ definition [Phl [Ph2] of spectral flow as
total Fredholm index. The theory of spectral flow was developed for self-adjoint operators
Hy with compact resolvent and with some summability condition such as p-summability
and f-summability (though p-summability implies #-summability which in its turn implies
compactness of resolvent, we choose to mention both). This assumes that the spectrum of
Hy is discrete, and so Hy has no essential spectrum. The spectral flow theory originates
in the analysis of elliptic differential operators D acting on sections of vector bundles
over compact manifolds, such as Dirac operators on spin manifolds, and these operators
have compact resolvent and satisfy some summability assumptions. Our aim here is to
demonstrate directly that the spectral flow as total Fredholm index and the total res-
onance index are identical notions. But since the theory of the former was developed
for operators with compact resolvent, we assume here this condition. An inspection of
proofs of basic theorems of spectral flow theory shows that the summability conditions
are used essentially. It is quite possible that double operator integral techniques may
allow one to adjust the theory so that it becomes applicable to operators with essential
spectrum as long as zero (or more generally a point A) does not belong to it, but carry-
ing out this plan may or may not be straightforward. In any case, as was demonstrated
in [ACS], it is sufficient to assume only compactness of resolvent without summability
conditions.

For the rest of this subsection, we assume that Hy has compact resolvent and that Ag
is a subspace of the algebra of bounded operators with the operator norm. If Hy is a
continuous path in A such that Hy and H; are not A-resonant, then the spectral flow of
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{Hs}sep0,1) through X, by the definition of J. Phillips, is the number
{H} Zec Sj—19 SJ)

where P; is the spectral projection E[ o)’ and {s]}J o is a partition of the inter-
val [0,1]. The spectral flow is well- defined for all partitions with small enough diameter
max; |s; — s;—1|, and it does not depend on the choice of such a partition, which easily
follows from the additivity property of the essential co-dimension. Moreover, spec-
tral flow is homotopy invariant. Since this is one of several definitions of spectral flow,
we shall call it here total Fredholm index.

This preliminary material can be found in e.g. [Phl Ph2l BCPRSWI, [AZ, §§1.5, 1.6]
and [Hor3l Chapter XIX].

We give a direct proof of the equality of the total resonance index and total Fredholm
index, which does not allude to the Robbin-Salamon uniqueness Theorem

By the Fredholm index of a reqular direction V at Hy we mean the number

(B BV

where € > 0 is a small enough number. General theory [Phl [Ph2] shows that this essential
co-dimension is independent of the choice of sufficiently small ¢ > 0.

THEOREM 7.2.1. Total resonance index coincides with total Fredholm index.

Proof. Let H, be a continuous piecewise linear path which connects two A-regular op-
erators Hy and H;. Since both the total resonance index (Theorem and the total
Fredholm index are homotopy stable, using a small perturbation of this path, we can
modify it in such a way that all crossings of this path with the resonance set will occur at
simple points and at simple directions. The Concatenation Axiom (which trivially holds
for both the total resonance index and the total Fredholm index) reduces the matter to
the case of a path H,. which intersects the resonance set only once at a simple point and
at a simple direction. Let V' be the direction. By Theorem V' is plane homotopic
to V Py. By the Homotopy Axiom (or by Theorem , the directions V' and V Py have
the same resonance index and Fredholm index. Since V is a simple direction at a simple
point, the resonance matrix V Py is a rank 1 self-adjoint operator. Depending on whether
the resonance index of V' is +1 or —1, the operator V Py is plane deformable to (x,-)x
or —(x,)x, where x is an eigenvector of the simple point where H, crosses the resonance
set. Finally, it remains to note that the Fredholm index of the regular direction (x,-)x
(respectively, —(x, )x) is obviously 1 (respectively, —1). m

8. Resonance index and spectral shift function

The aim of this section is to demonstrate the equality
spectral shift function = total resonance index

outside the essential spectrum. Since this is a special case of an essentially stronger result
which asserts that the total resonance index is equal to the singular spectral shift function
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for a.e. A [Az6l §6], [Az5], we do not formulate any theorems here. It is also well known that
the spectral shift function (SSF) outside essential spectrum satisfies the Robbin—Salamon
axioms, and therefore the total resonance index and spectral shift function coincide by
the uniqueness Theorem Nevertheless, here we demonstrate the argument of the
proof of the above-mentioned more general result in this special case, where it simplifies
quite significantly while retaining one of the key points of the proof.

Given two self-adjoint operators Hy and H; with trace class difference V' = H; — Hy,
the spectral shift function of the pair (Hy, H1) is the unique real-valued integrable function
¢ € Ly (R) such that for all compactly supported functions ¢ of class C? the Lifshitz—Krein
trace formula [Krl [L] holds:

oo

Tr(SD(Hl)_%O(HO)):/ ©' (N)EN) d.

—0o0
The Birman—Solomyak formula [BS] gives another remarkable representation for the spec-
tral shift function, but this formula treats SSF as a distribution:

£p) = / T (Vip(H,)) dr. (3.0.1)

where H, = Hy + rV. This formula indicates that SSF is an integral of a one-form
V +— Tr(Vo(H)) on the affine space of trace class perturbations of Hy. This form is ezact,
so that the straight line Hy + rV connecting the operators Hy and H; can be replaced
by a piecewise smooth path [AzS]. In spectral flow theory there exist analytic integral
formulas for spectral flow (due to Getzler [Ge] and Carey—Phillips [CPl [CP2]) which
can be considered as analogues of the Birman—Solomyak formula with specifically chosen
distribution ¢, though the settings of the operator-theoretic spectral shift function and
the differential geometric spectral flow were different (the former with relative trace class
conditions imposed on the perturbation V' with more or less arbitrary self-adjoint Hy,
while in the latter the perturbation V is an arbitrary bounded self-adjoint operator with
summability conditions imposed on Hyp). Alan Carey indicated many times that the idea
of expressing the spectral flow as an integral of a one-form belongs to I. M. Singer (1974).

Starting with the Birman—Solomyak formula as the definition of SSF, one can show

that it satisfies Krein’s trace formula in the form
oo

Te((Hy) — p(Ho)) = / /() dme (M),

— 00
where mg is the spectral shift measure. Though the proof of the Birman—Solomyak for-
mula is somewhat simpler than that of the Lifshitz—Krein formula, it does not allow one
to prove that SSF is absolutely continuous, so the original proof of the Lifshitz—Krein
formula is indispensable. Nevertheless, there are sufficient indications, some of which were
mentioned above, that the Birman—Solomyak formula is more fundamental.

Outside the essential spectrum the spectral shift function coincides with the spectral
flow. This connection was demonstrated in [ACS], though it seems unlikely not to have
been known in some form before. Since the spectral flow is an inherently integer-valued
function, SSF is also integer-valued outside the essential spectrum, but inside the essential
spectrum this is not the case. The celebrated Birman—Krein formula, which connects SSF
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and the scattering matrix:
det S(\; Hy, Hy) = e 2m€0),

indicates that the reason for non-integrality of SSF' is the existence of a non-trivial scat-
tering matrix. It turns out however [Az2l [Az4] that SSF admits a natural decomposition
as a sum of two components, the absolutely continuous &® and singular £®), spectral
shift functions, such that the second component ¢(*) is integer-valued almost everywhere
inside the essential spectrum too. The definitions of £(®) and £(*) are obtained by modified
Birman—Solomyak formulas:

£@(p) = / Te(V(H®))dr and €0 (p) = / Te(V(HE)) dr,

where H(® and H® stand for the absolutely continuous and singular parts of a self-
adjoint operator H respectively. It is shown in [Az4] that for trace class perturbations
the measure £(®) is absolutely continuous and its density &(®) (M) satisfies a modified
Birman—Krein formula

det S(\; Hy, Hy) = e~ 276 ),

This formula combined with the original Birman—Krein formula implies the integrality
of €69,

The definitions of £(®) and £(*) indicate that the generalised spectral flow one-form
Tr(VS§(H)) naturally splits into two components: absolutely continuous Tr(V§(H(®)))
and singular Tr(V6(H(®))). But unlike the spectral flow one-form, these two components
are not exact: see a counter-example in [Az4l §8.3]. Outside the essential spectrum the
absolutely continuous spectral flow one-form drops out, and thus in this case the remain-
ing singular part becomes exact. In terms of the resonance set R(X) the exactness of the
singular spectral flow one-form is equivalent to the equality codim R(A\) = 1, and while
outside the essential spectrum the resonance set R(\) always has co-dimension one, inside
the essential spectrum this is not the case.

The definition of £(*) is hardly suitable for calculation of this function. In [Az5] (see
also [Az6l Section 6]) it was shown that the singular spectral shift function is equal to
the total resonance index, which is something far easier to work with. The proof of this
equality for values of A\ inside the essential spectrum cannot be explained in a short
space, but if X is outside the essential spectrum then the proof simplifies sufficiently to
be presented here.

It is probably worth stressing that the notion of resonance index was discovered in
the course of work on the singular spectral shift function and scattering theory. Since
the singular spectral shift function coincides with the spectral shift function outside the
essential spectrum, it was immediately clear that the total resonance index coincides with
the spectral flow, and this is how this paper originated.

We assume that a self-adjoint perturbation V of a self-adjoint operator Hy is trace
class. This assumption is not necessary for the equality in question:

if A ¢ Oess then 5()\) = Z indrcs()‘;HTa V)a
rel0,1]
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but it will simplify the proof. For relatively trace class perturbations the proof, which
includes the main essential spectrum case too, will appear in [AzD].

The Birman—Solomyak formula (8.0.1)) implies the equality

1
l/ImI%\Jri?;,(m)f(:zz) dx = l/ Tr(V Im Ry iy (Hy)) dr.
R 0

m s

The left hand side is the Poisson integral of the function £. Hence, a well-known property
of the Poisson integral implies that as y — 07, the left hand side converges to &(\) for
a.e. A\. Hence, we will be done if we show that the right hand side converges to the total
resonance index. Since A lies outside the common essential spectrum of the operators H,.,
the operator Im Ry, (H,) has zero limit for all values of r from the interval [0,1],
except some special values of r for which the resolvent Ry1;0(H,) = Rx(H,) does not
exist. Since A is outside the essential spectrum, these values of r are those for which A is
an eigenvalue of H,, that is, they are resonance points. In other words, a hindrance for
taking the limit y — 07 on the right hand side is the presence of resonance points. If there
were no resonance points, the limit of the right hand side would be zero, which agrees
with the fact that no eigenvalue of H,. reached the point A and therefore the spectral flow
through A is zero.

So, the presence of resonance points in the domain [0, 1] of integration is a hindrance,
but it makes the RHS non-zero and interesting. To overcome this hindrance we note that
the integrand of the RHS,

Tr(VIm Ryyiy(Hy)),

is a meromorphic function of r. A small neighbourhood of the interval [0, 1] in the coupling
constant complex plane for sufficiently small y > 0 contains poles of V Rx,4y(Hs) and
VRy_iy(Hs), and these poles converge to the poles ri of VRy(H;) from [0,1] as y — 0.
We represent the path of integration [0, 1] as the sum of a path L;, shown below, which
circumvents the poles from above, and closed contours Ci encircling the poles of the
group of ri lying in C,. Clearly, as y — 0% the integral over L; vanishes: there are no
obstructions in the form of poles on L; in the limit and the integrand is zero when y = 0.
(The following figures are taken from [Az7].)

A contour L1
. s-plane for y < 1
L] L] | _
o o° ° ®

© 1

Y
Y
Y

[e]

02
A ol + C'fr
+ . s-plane for y < 1
R o - ! .
° o o° ° ® 1
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We show that

1

ff CTr(VIm Ryi4y(Hs))ds = indres(/\;Hri, V),
o

T
and this will complete the proof. It is enough to do this for one contour, so we omit the
superscript index. We have

1
LHS = }{ Te(V Ry (Ha) — VRa—iy(Ha)) ds
C+

™

1 1
= Tr( RAHy(HS)Vds) — Tr(Q.]{ RAiy(HS)VdS).
Ct

21t Jo, e
- * +
We note that by 1) these two integrals are equal to P>\+iy (rx) and P/\_iy
Pl +4y(r2) is the sum of the idempotents P,\ﬂy(rf\liiy) corresponding to the resonance

points rgfiw of the group of r) taken from C,, which is indicated by the arrow 1 .

It remains to note that the ranks, and therefore the traces, of the idempotents

PIHy(m) and PI_iy(m) are N, and N_ respectively.

(ry), where
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Index

a, restriction of V' to the eigenspace Vi, p.

A, real affine space of self-adjoint operators H, p.[d]
Ao, real vector space of self-adjoint operators V, p.|§|
A (s), the operator R.(H)V p.[10]
A (r2), nilpotent operator, p.[11]

A (ry), nilpotent operator, p.[18

A/\"], restriction of Ax(rx) to the vector space T)[\ ! pplt l .
B

d

(), the operator VR, (H)
, order of a resonance point
dy,, size of a vth Jordan cell
cfl,, length of a vth resonance cycle
czl,, order of eigenpath ¢, (s)
D (s), the (2,2)-entry of resolvent (Hs — A)~*, (2.1.10)), p.
Dj, Laurent coefficients of Dy (s), (2.4.1)), p.
F.(s), invertible operator .
‘H, Hilbert space
7, Hilbert space, orthogonal complement of eigenspace Vi, p.
H, self-adjoint operator_ from an affine space A, p.[]
H, restriction of H to H, p-2
Hs, path of operators Hop + sV
H(s), path of operators for which A is an eigenvalue, pp.
indres(A; Hry , V'), resonance index, , pp.
m, geometric multiplicity of eigenvalue A
N, algebraic multiplicity of elgenvalue A
P orthogonal projection onto H p
P,(r.), idempotent operator, p.|1]]
P[ ! idempotent operator, 1} p-
P (rx), idempotent operator, p.[1§]
R(N), the resonance set, the set of operators H from A for which X is an eigenvalue
r, coupling constant, usually a real number
T, resonance point, p.[IJ]
r,, resonance point, p.[T]]
r$(2), resonance point from vth cycle, p.
l(,>( ), cycle of resonance points, p.
s, coupling constant, complex number
S, the operator R)\(IQITA)V , P2
V self-adjoint operator_ from the real vector space Ao, a regular direction, p.[d]
V, restriction of V to ’;’-{.7 p-2
Vs, the elgenspace of a resonant operator, p. @
v, the operator PV P*, the (1,2) matrix element of V, p.
y, the imaginary part of spectral parameter z
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Y;, shorthand for Ry (H,, )vD;v*, p.[31]

z, spectral parameter, a complex number outside the common essential spectrum oess
7y, curve of resonant operators, p.@

A, eigenvalue, a real number outside the common essential spectrum oess
v (s), path of eigenvalues of Hy + sV

v, eigenvalue function index, resonance cycle index, Jordan cell index
a(s), equal to (s —ry)~", eigenvalue of Ax(s)

7.(r-), the range of P.(r.), p.

T)[\"], the range of PA[”], P

v (s), path of eigenvectors of Hs = Ho + sV

x(s), path of operators for which A is an eigenvalue

Curve, Point,
— regular, p. — of geometric multiplicity m, p.
— resonant, p.[I0] — resonance, p.[d]
— simple, p.
Direction,
— of order d, p.[12]
— regular, p.[I0]
— simple, p.
— tangent, pp.[I6][45]

— tangent to order k, p.

— transversal, pp.[T6][45]

Order of eigenpath p.[37]
— strict, p.[37]

Resonance index, p.[I3]
— total, p,m

Path, Resonance vector, p.[I2]
— regular, p.[I0] — of depth k, pp.[[2}[2§]

— resonant, p.[I0]

— standard, pp.[I7][47]

— of order k, p.[[9
TRI, total resonance index, p.
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