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Abstract. After a quick presentation of the theory of Lie systems from a geometric perspec-
tive, recent progresses on their applications when compatible geometric structures exist will be
described with a special emphasis in the particular case of admissible Kéahler structures, and
therefore with applications in Quantum Mechanics.

1. Introduction: Lie systems of differential equations. Solution of systems of dif-
ferential equations appearing in many physical problems is not an easy task. In geometric
terms they are represented by vector fields and their solutions are given by the flow of
the associated vector fields. Symmetry and reduction techniques are generally used and
many times a previous knowledge of particular solutions may be useful. The best situa-
tion is that of the so called Lie (or Lie-Scheffers) systems, for which there is a nonlinear
superposition rule allowing us to write the general solution in terms of a generic finite
family of particular solutions.

These systems appear very often in many problems in science and engineering. After
a quick review of their properties we will fix our attention on the particular case of quan-
tum mechanics, where they are useful in studying the time evolution of a quantum system
and also in the solution of particular cases of time-independent Schrédinger equations.

Lie—Scheffers systems [32] are non-autonomous systems of first-order differential equa-

tions admitting a function ® : R™"+t) & R 1 = D(up, ..oy Umi ki, -y kn), ug € R,
called superposition rule, such that the general solution is

x(t) :‘I)(x(l)(t),...,.’L‘(m)(t);k‘l,...,kn) , (1)
with {z(q)(t)|a =1,...,m} being a generic set of particular solutions of the system and
where kq,...,k,, are real numbers.
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They are a generalisation of linear superposition rules for homogeneous linear systems
for which m = n and x = (I)(Z‘(l), e T(n)s ki, kn) = klx(l) + ...+ kjnl‘(n), but the
number m may be different from the dimension n, and the function ® is nonlinear in
this more general case. For instance for inhomogeneous linear systems m = n + 1 and
Tr = @(x(l), co Tlnt1)s ki, ., kn) = T(n+1) + k1 (.13(1) — x(n+1)) +...+ k;n(a:(n) — x(nJrl)).

These systems appear quite often in many different branches of science ranging from
pure mathematics to classical and quantum physics, control theory, economy, etc., and are
related with equations in Lie groups and in general connections in fibre bundles. Forgotten
for a long time, they had a revival due to the work by Winternitz and coworkers (see
e.g. [8, [12] [I5], B8]). One particular example is Riccati equation [20], of a fundamental
importance not only in physics (for instance factorisation of second order differential
operators and shape invariance [23] 31], Darboux transformations [0, [26] and in general
supersymmetry in quantum mechanics [27]), but also in mathematics (reduction of second
order linear differential equations to first order ones [20], second variation methods in
calculus of variations, Riccati hierarchy [29], etc.).

In the solution of such non-autonomous systems of first-order differential equations we
can use techniques imported from group theory, for instance Wei-Norman method [20],
and reduction techniques [9, [I1] coming from the theory of connections. Recently pro-
posed generalisations have also been shown to be useful for dealing with other systems
of differential equations, as for instance Emden—Fowler [I3] and Abel equations [16].

The geometric concept of superposition rule is the following: a superposition rule for
a t-dependent vector field X in an n-dimensional manifold M isamap ® : M™ x M — M
such that if {z(1)(t),...,2m)(t)} is a generic set of integral curves of X, then z(t) =
D(xy(t), ..., 2mm(t), k), with k € M, is an integral curve of X, and each integral curve is
obtained in this way (see also [I0] for a more geometric definition in terms of connections).

The result of Lie Theorem in modern terms is that a t-dependent vector field X admits
a superposition rule if there exist r fields X1, ..., X, in M and functions by (t),...,b.(t)
such that X (x,t) be a linear combination

X(z,t) =Y bal(t) Xa(2). (2)

The t-dependent vector field can be seen as a family of vector fields {X; |t € R}. Then
a system X admits a superposition rule if and only if the minimal Lie algebra VX con-
taining the vector fields {X;};cr, namely VX = Lie({X; |t € R}), is finite-dimensional.

The paradigmatic example is that of Lie-Scheffers systems on Lie groups [10, 111 [12]
24]: M is a Lie group G. Consider a basis of right-invariant vector fields X, in G as
corresponding to the opposite Lie algebra of g. If {a1,...,a,} is a basis for the tangent
space T.G and X' a = 1,...,7, denotes the right-invariant vector field in G such that
XE(e) = aq, a Lie-Scheffers system is

g(t) ==Y ba(t)XF(g(1) - (3)
a=1
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When applying (Ry(t)-1)+g(+) to both sides we obtain the equation on 7T.G

(Rg(t) 1>*q t) Z ba( (4)

The motivation for the choice of the minus sign on the right hand side will be clear
shortly. This equation is usually written with a slight abuse of notation as follows:

G970 = =3 ba(t)aa - (5)

Such an equation is right-invariant. Then, if g(¢) is a solution of with initial
condition g(0) = e, the solution ¢(t) with initial conditions g(0) = go is given by g(t)go
This shows that there is a superposition rule ® : G x G — G involving only one solution

®(g,90) = 990

This example is very useful because there are many other related examples. For in-
stance, Lie—Scheffers systems on homogeneous spaces for G [11], [24]. Let H be a closed
subgroup of G and consider the homogeneous space M = G/H. Then 7 : G — G/H
is a principal bundle. The right-invariant vector fields X® are 7-projectable and the
T-related vector fields in M are the fundamental vector fields — X, = —X,_ correspond-
ing to the natural left action of G on M, i.e. 7., X2(g9) = —X4(gH), and we will have
a Lie—Scheffers system on M associated to given by . This is the reason for mi-
nus sign in . Then, as the vector field in G defined by the right-hand side of is
T-projectable on the t-dependent vector field , a solution of this last system starting
from z¢ = [eH] will be of the form z(t) = ®(g(t), x0), with g(¢) being the solution of
such that g(0) = e. The converse property is true: given a Lie-Scheffers system defined
by complete vector fields X, on a homogeneous space M, with associated Lie algebra g,
we can see these X, as fundamental vector fields relative to an action to be found by
integrating the vector fields. Recall that if ¥ : G x M — M is a transitive action of the
Lie group G on a manifold M, called a homogeneous space, then by choosing a fixed point
xo € M, M can be identified with the set G/G,, of left-cosets, with respect to the isotopy
group Gy, = {9 € G|¥(g,29) = zo}. The map F' : G — M given by F(g) = ¥(g,x0) is
epijective and such that the equivalence relation associated to F' coincides with the equiv-
alence relation defined by the subgroup Gy,, and the induced bijection F:G/ Gy & M
gives the mentioned identification.

1.1. Wei—Norman method. There is a method to solve directly equation that is
a generalisation of the one proposed by Wei and Norman [36], 37] for finding the time
evolution operator for a linear systems of type
dU (t)
Cdt
PROPOSITION 1.1. If g(t), g1(t) and g=(t) are differentiable curves in G such that g(t) =
g1(t)g2(t) for every t € R, then

Ry(t)=1 4g(6)(9(1)) = Ry, (1)1 29, (1) (91 (1)) + Ad(91(t)){ Ry (6)-1 oty (92(1)) }. (6)

= Ht)U(t) with U(0) =
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lThe generalisation to several factors is as follows: if g(t) = g1(t)ga(t) - qi(t) =
[T;—; 9i(t), then

Ry()=1 59 (9 Z(HAd 9;(t ){R% (01 #an) (G (D)

=1 j<i
where go(t) = e for all .

The generalised Wei-Norman method consists on writing g(¢) in terms of its second
kind canonical coordinates,

(t) = H exp(—vq(t)ay) = exp(—vi(t)ay) - - - exp(—v,(t)a,),
a=1

and transforming the equation into a system of differential equations for the functions
Vo (t), with initial conditions v, (0) =0 foralla=1,...,r

Then, using the expression of the above property, with [ = r = dim G and g, (t) =
exp(—vq(t)aq) for all a, we see that [IT], 24]

Ryt g (@(8)) = = 3 0 ( [T Ad(exp(-vs(t)ag)) ) aa

a=1 B<a

=3 (T (s Oad(as) e

a=1 B<a

Then the fundamental expression of the Wei-Norman method is

T

ZUQ<H exp(—vg(t)ad (ag) )a(,be )ao, (7)
a=1 B<a
with v,,(0) =0, a=1,...,r
This system of differential equations for the functions v, (t) is integrable by quadra-
tures if the Lie algebra is solvable, and in particular, for nilpotent Lie algebras.

1.2. The reduction method. Sometimes it may happen that the only nonvanishing
coefficients in are those corresponding to a subalgebra b of g. Then the equation
reduces to a simpler equation on a subgroup, involving less coordinates. The fundamental
result is that if we know a particular solution of the problem associated in a homogeneous
space, the original equation reduces to one on the isotopy subgroup.

The method is based on the following property: if ¢/(¢) is a curve in the group G, and
the curve g(t) is defined by g(t) = ¢'(t)g(t), where g(t) is a solution of (3)), then the new
curve in G, g(t), is a solution of a new Lie system in G. Indeed, [24]

Rgt)~14g()(G(1)) = Rgr —1(1)egr (1) (9 Z bal( (t))aa,

which is an equation similar to the original one but vv1th a different right hand side. This
defines an action of the group of curves in the Lie group G on the set of Lie systems on
the group that can be used to reduce a given Lie system to a simpler one. Of course, if
g(0) = ¢’(0) = e, then also g(0) = e.
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The aim is to choose the curve ¢’(¢) in such a way that the new equation be simpler.
For instance, we can choose a subgroup H and look for a choice of ¢’(t) such that the
right hand side lies in T, H, and hence g(t) € H for all ¢.

IfU:Gx M — M is a transitive action of G on a homogeneous space M, the integral
curves starting from the point p € M associated to both Lie systems are related by

T(t) = ¥(g(t),p) = (g (t)g(t),p) = V(g (t), (1)),
because U (g(t),p) = z(t).
Therefore, this gives an action of the group of curves in GG on the set of associated Lie
systems in homogeneous spaces. More explicitly, a curve ¢’(¢) in the group, transforms
the Lie system in a homogeneous space M into a new one

where (see e.g. [24]) )
b= Ad(g'()b(t) +4"g'"". (8)

The important result is that the knowledge of a particular solution z1(t) of the asso-
ciated Lie system in G/H allows us to reduce the problem to one in the subgroup H.

THEOREM 1.2. FEach solution of on the group G can be written in the form g(t) =
go(t)h(t), where go(t) is a curve on G projecting onto the given solution xz,(t) for the
left action X\ on the homogeneous space G/H, i.e. x,(t) = U(go(t),zp(0)), and h(t) is a
solution of an equation like (b)) but for the subgroup H, given explicitly by

(hh™")(1) = —Ad(gy (2} o+ (3095")(1) € TH. (9)

In fact, if a particular solution x,(t) of the corresponding problem in a homogeneous
space is known, there will be a curve go(t) in G starting from e € G such that z,(t) =
U (go(t), z,(0)), and any other such curve will be of the form go(¢)h(t) where h(t) € G, (o),
which shows that if we take as ¢’(t) in the factorization of g(t) the curve g; *(t), the curve
g(t) is but h(t) € G, (o) = H, which will be simpler to determine. Moreover, if z(t) is a
solution of (2) and we define y = W(gy ' (t), z(t)), then

W (Wl (0, 2(0))) = 5 (Wl (1) 9(0),2(0))) = (WA (1), 2(0),
and therefore y(t) = W(gy ' (), #(t)) is a solution of a Lie system with associated Lie group
H = Gy, (0)- Superposition rules are a consequence of iterated reductions when a sufficient
number of solutions is known. Mixed superposition rules have also been introduced [I7}, 28]
using particular solutions in different homogeneous spaces for the same group.

The theory can be extended to deal with second order differential equations of Lie
type and interesting results have been found. For instance, 1-dim and 2-dim harmonic
oscillator with time-dependent frequency [I8], Pinney equation [14}, B5], Ermakov system
and its generalisations [I7].

The existence of additional compatible geometric structures, like symplectic or Poisson
structures [T, 2, [19] [25], or the more general case of Jacobi [30] and Dirac structures [7],
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and k-symplectic structures [33] [34], may be useful in the search for solutions. We restrict
our exposition to the symplectic case, and we do not present here explicit results for
more general cases, but we refer to the original papers because we are now interested
in applications of Lie systems in quantum mechanics. Take now a symplectic manifold
(M, Q) and suppose that the vector fields arising in the expression of the t-dependent
vector field describing a Lie system are Hamiltonian vector fields closing on a real finite-
dimensional Lie algebra. When these vector fields are complete, they correspond to a
symplectic action of the Lie group G on (M, Q). The Hamiltonian functions h,,, defined
by i(X4)Q = —dhg, do not close on the same Lie algebra when the Poisson bracket is
considered, but we can only say that d({ha,hg} — h[Xa7XB]) = 0, and then, when M
is connected they span a Lie algebra extension of the original one. The important fact
is that we can define a t-dependent Hamiltonian hy = ) bo(t)ha, in such a way that
(X)) = —dhy.
As an example we can consider the system of differential equations of an n-dimensional
Winternitz—Smorodinsky oscillator of the form
&; = pi, _
Pi:—w2(t)$z‘+£3, i=1,....n, z; 0,
€Ty
which describes the integral curves of the t-dependent vector field on T*R"™
- 0 k\ 0
Xt = ; |:pi e + (_Wz(t)xi + :cf’) 3}%}7

which can be written as X; = Xy + w?(t)X; with X1, X5 and X3 = —[X;, X5] being

9 (9 ko ~(, 0 4
i=1 o Z l

i=1 i=1

Note that X is a Lie system, because X7, X5 and X3 close on a sl(2,R) Lie algebra:
(X1, Xo] = =X3,  [X1, Xs]=X1,  [X2, Xs] = —Xa.

Moreover, the preceding vector fields are Hamiltonian vector fields with respect to the
usual symplectic form wo =Y, dx’ A dp; with Hamiltonian functions

I o I/, k "
which obey the commutation relations
{h1,ha} = hs, {h1,hs} = —ha, {h2, h3} = ho.

Consequently, every curve h; that takes values in the real Lie algebra (W, {-,-}) spanned
by h1, he and hg gives rise to a Lie system which is Hamiltonian in T*R™ with respect to
the symplectic structure wg in such a way that the t-dependent vector field is given by

Xt = X2 + wz(t)Xl = (.Auo_l(dh2 + w2(t)dh1),

i.e. the Hamiltonian is h; = ho + w?(¢)h;.
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2. Geometric approach to quantum mechanics. The Schrodinger picture of pure
states in quantum mechanics admits a geometric interpretation similar to that of classical
mechanics [3, [, [5, 12]. A separable complex Hilbert space (H, (-,-)) can be considered
as a real linear space, to be then denoted by Hgr. The norm in H defines a norm in Hg,
where ||¢||r = ||?||c. Moreover, the linear space Hg is endowed with a natural symplectic
structure as follows:

w(¥1, ¥a) = 21m(hy, o), (10)

and then Hp is a real manifold modelled with a Banach space admitting a global chart.
The tangent space TyHr at any point ¢ € Hg can be identified with Hg itself: the
isomorphism associates 1) € Hr with the vector ¢ € Ty Hgr given by

00 = (100 +10))

;. VfeC®(Hr). (11)

t=0
The real manifold can be endowed with a symplectic 2-form w:

w (v, 9) = 2Im(y, ¢). (12)

One can see that the constant symplectic structure w in Hg, considered as a Banach

manifold, is exact, i.e., there exists a 1-form 6 € A'(Hg) such that w = —df. Such
a 1-form 0 € \'(H) is, for instance, the one defined by

0(41)[4h] = — Im (1, o). (13)

This shows that the geometric framework for the usual Schrédinger picture of pure states
is that of symplectic mechanics, as in the classical case. In order to avoid some topological
technicalities relative to domain and composition of non-bounded operators, we restrict
ourselves to the case of finite-dimensional Hilbert spaces.

A continuous vector field in Hg is a continuous map X : Hr — Hg. For instance for
each ¢ € H, the constant vector field X, defined by X,(¢) = é is the generator of the
one-parameter subgroup of transformations of Hg given by ®(¢,%) = ¢ + t¢.

As another particular example of vector field consider the vector field X4 defined by
the C-linear map A : H — H, and in particular when A is skew-selfadjoint.

With the natural identification natural of THgr ~ Hgr X Hg, the vector field X 4 is
given by

Xa:d— (¢,A0) € Hr X Hrg. (14)

When A = I, X is the Liouville vector field generator of dilations along the fibres,
A = Xy, given by A(¢) = (¢, 8).
Given a selfadjoint operator A in H, we can define a real function a (also denoted
by fa) in Hr by
a(¢) = fa(¢) = (¢, Ad). (15)
Then
; d d
dag() = —a@+ )|, = Z[(6+ 1, Ale+t))]|,_,
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If we recall that the Hamiltonian vector field defined by the function a is such that for
each v € TyH =H,

dag(¥) = w(Xa(0),9),
we see that
Xao(¢) = -1 A9. (16)

Therefore if A is the Hamiltonian H of a quantum system, the Schrodinger equation
describing time-evolution plays the role of ‘Hamilton equations’ for the Hamiltonian dy-
namical system (H,w, h), where h(¢) = (¢, Hp): the integral curves of X}, satisfy

¢ = Xp(¢) = —iHo. (17)
The real functions a(¢) = (¢, Ap) and b(¢) = (¢, Be) corresponding to two selfadjoint
operators A and B satisfy
ie. {fa,fB} = f-i|a,B), because

{a,0}(¢) = [w(Xa, X3)|(9) = wo(Xa(9), Xb(¢)) = 2Im(Ag, B),

and taking into account that

we find the above result.
In particular, on integral curves of the vector field X} defined by a Hamiltonian H,

a(¢) = {a,h}(¢) = —1 (¢, [A, H]|9),

which is usually known as Ehrenfest theorem:

56,40) = ~1(6,4, 7). (19)

There is another relevant symmetric (0, 2) tensor field which is given by the real part
of the inner product. It endows Hg with a Riemann structure by

g(u,v) = 2Re(u,v), wu,v € Hg. (20)
in such a way that the Hermitean structure defining the Hilbert space structure can be
recovered as

(1,0) = 3 [glw,0) +iw(u0)],  wv € Ha.

We also have a complex structure J, corresponding to multiplication by i seen as a real
linear map, such that

g(v1,v2) = —w(Jv1,v2), w(v1,v2) = g(Juv1,v2), (21)

together with
g(Juy, Jug) = g(v1,v2), w(Jv1, Jug) = w(vy,v9). (22)
The triplet (g, J,w) defines a Kéhler structure on Hg and the symmetry group of the
theory must be the unitary group U(H) whose elements preserve the inner product, or

in an alternative but equivalent way (in the finite-dimensional case), by the intersection
of the orthogonal group O(2n,R) and the symplectic group Sp(2n,R).
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The non-degeneracy of w and g allows us to associate the corresponding contravariant
tensor fields A and G, respectively. It is well-known that the first one defines a Poisson
structure. The second one gives rise to a commutative composition law in the space of
functions as

(f1, f2) = G(df1,df2). (23)

In particular, if A and B are self-adjoint operators,

(a,0)(¢) = Gy(dfa(9), df B(¢)) = 9o (Xa(0), Xb(9))
= 2Re(Ad, Bo) = (A9, B) + (Bo, Ad),
(a,0)(¢) = (¢, (AB + BA)¢) <= (fa, [B)(¢) = (&, [A, Bl1.9).

Important particular cases are:

(fa, fa) = G(dfa,dfa) = 2faz,  (fa, f1) = G(dfa,dfr) = 2fa, (24)

where I is the identity.
On the other hand, the fundamental concept for measurements is the expectation
value of observables,

_ (), Ay)
ea() = T

and note that two vectors 11,12 such that e (1) = ea(1)2) for each observable A, i.e.

(2, Apg) (b1, A¢n)
(2, 92) (b1,2b1)
should be considered as indistinguishable. This is only possible when 5 is proportional
to ¥1, and therefore the elements describing the quantum states must be rays rather than
vectors, i.e. the space of states is not C" but the projective space CP" .
It is possible to define a Kihler structure on CP" ™! and then to study Lie-K&hler
systems leading to superposition rules for time evolution in this projective space.

(25)

VA € Her(H)

On the other side, we can compute (e4,e4) for the expectation value function ey of
a self-adjoint operator A in a pure state v, and we see that, as eq = fa/fr1,

¥, A% Y, Ay 2
Jot?eaenw) = L - (B} o (enen) = Fens - ),
where I is the identity in H, because
fa 1 fa

eA = T = dea =7 de 2 dfr, (26)

and then, from
G(dea,des) = G(l dfa — fa dfr, —dfa — fa de)
’ fr 70 f 13

we see that

Cdfa,dfa) + 22 G, dfy) 2 f;“
I

G(deA,deA) f
I

f1 G(dfa, df1),
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and using relations we obtain

2
(6,4,6,4) = G(deA,deA) = E (eAz - 6124)

This shows the physical meaning of the commutative product as providing the dis-
persion of measurement results of an observable.

3. Lie systems and time evolution in quantum mechanics. Once the fundamental
axioms of quantum mechanics in a fixed time have been translated to geometric terms
we should analyse time evolution. The only assumption in this new framework is that it
must be a symmetry. Then time evolution from time ¢y to time ¢ is described in terms of
the evolution operator U (t, tg):

Y(t) = U(t, to)(to), (27)
which must be a symmetry of the theory, i.e. linearity, symplectic and Riemannian struc-
ture must be preserved, and then for each fixed to, U(t, o) is a curve in the unitary group
U(H).

If we assume by simplicity that H is finite-dimensional, then as

% € Tu(t,1,)U(H) = %(U(t,to))_1 € TU(H) =~ u(H),

and therefore, there exists a curve H(t) in Herm(n, C) such that

dU(t,ty) .
TO = —iH()U(t, tg). (28)

In this equation H(t) does not depend on ¢y because of the relation
U(t,to) =U(t, t1)U(t1,to),

which implies
dU (t,to) -
— Utt)” = ——

The evolution equation shows that the evolution operator for a time-dependent
Schrodinger equation is a Lie system in the unitary group U(H) with associated Lie
algebra u(H) in the most general case. Sometimes however we can deal with some of its
subalgebras.

Every curve H(t) in u(H) can be written as a linear combination of at most n?
elements, those of a basis of u(#), and therefore these (finite-dimensional) quantum
systems are Lie systems.

As the elements of the Vessiot—Guldberg Lie algebra are skew-Hermitians, all of them
define simultaneously Hamiltonian vector fields and Killing vector fields, and the system
is a Lie-Kahler system.

As an example consider a Hamiltonian operator H(t) that can be written as a linear
combination, with some t-dependent real coefficients by (t),...,b.(t), of some Hermitian
operators,

H(t) = S bl Hy, (29)
k=1
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where the Hy’s form a basis of a real finite-dimensional Lie algebra V relative to the Lie
bracket of observables, i.e. [H;, Hy] = >,_;icjm Hi, with ¢jp € R and j, k.0l =1,...,r.
Using and we see that H(t) determines a ¢-dependent Schrédinger equation

dp o
= —iH()Y = i ;bk(t)Hw.

The vector fields X}, such that Xy (¢) = —i Hy v are such that the ¢-dependent vector
field X corresponding to the equation is X =", _, by (¢) X}, and

[Xj,Xk]:—ZCjlel, j,kZL...,T.
=1

As an instance, if H = C?, the time evolution is described by a curve —i H (t) := U, U; !
in the Lie algebra u(2) of U(2). By using the basis

Io<1 0>7 01<O 1), 02((.) _i>, 03<1 O>v
0 1 1 0 i 0 0 -1
and defining S := (01, 02, 03)/2 and B := (By, Ba, Bs), the Hamiltonian can be written as
H(t) := Bo(t)Ip + B(¢) - S.
By using the identification of C? with R, the Schrédinger equation is

ql 0 QB() (t) + B3 (t) —B2 (t) Bl (t) a1
151 - 1 —2Bo(t) - Bg(t) 0 —Bl (t) _B2 (t) P1
QQ - 2 BQ (t) Bl (t) 0 2BO (t) - B3 (t) q2 ’
pg —Bl (t) B2 (t) 33 (t) — 2B0 (t) 0 D2

while the vector fields are now

2 I Op1 g2 dp2
X_l( o 0 0 6)
3 9 b1 a1 q1 . D2 P q28p2 ,

satisfying
[Xo, -]=0, [X1,Xo]=~-X3, [Xo,X3]=-X1, [X3Xi]=-Xo.
The vector fields Xg, X1, X2, X3 are Hamiltonian with Hamiltonian functions

ho() = 5(0.0) = 5(@ + 73 + B+ 88), M) = 306, 519) = (a2 + piva),

1 1 1 1
ha(¥) = 5(% Sot)) = 5((11]92 — D1G2), h3(v) = §<¢,53¢> = E(Qf +p: — ¢ —13),

which are not functionally independent, but h2 = 4(h? + h3 + h2). Another example can
be found in [25].
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When H is not finite-dimensional, Lie system theory also applies if the t-dependent
Hamiltonian can be written as a linear combination with ¢-dependent coefficients of
Hamiltonians H; closing, under the commutator bracket, on a real finite-dimensional
Lie algebra.

Note however that this Lie algebra does not necessarily coincide with the correspond-
ing classical one, but it is, in general, a Lie algebra extension.

4. Lie systems and time-independent Schrédinger equation. A linear SODE in
normal form ¢ = by (z)¢p+be(z)¢’ can be written in the form of a system of two first-order
differential equations in the variables (vy, ¢):

{v; = by(z)vg + by (2)¢
(]5/ = U¢.

By identifying R? with TR, (vs,¢) are bundle coordinates, the preceding system deter-
mines the integral curves of the z-dependent vector field

(30)

O 4 (by(@)6 + ba(w)vy)

X:U¢%

which is said to be a SODE vector field because of the coefficient of 9/0¢.

The linear system determining its integral curves is

()= (4 ") (2)

The projection onto R of such curves are solutions of the equation ¢” = ba(x)¢’ + b1 () 0.

We are mainly interested in equations of Schrodinger type, those with by (z) = 0. The
corresponding vector field is then a linear combination X = by(x)X; — X3 where

0 0
X1 =¢p— X3 = —vy — 33
1=¢ Dy 3 Y 5 (33)
which together with
1 0 0
Xo= - vy — ¢ 4
2= 5 (g0~ 935 ) (3
close on a Lie algebra isomorphic to s[(2,R):
(X1, X3] =2Xs,  [X1,Xo] =X, [X3Xo]=—-X5. (35)

Therefore Schrodinger type equations and the corresponding linear systems are Lie
systems with Vessiot—Lie algebra sl(2,R). Vector fields X7, X and X3 are fundamental
vector fields corresponding to the linear action of SL(2,R) on R2.

If R? = R? — {(0,0)}, the map F : R? — R defined by F(z,y) = z/y, if y # 0,
and F(z,0) = oo, is equivariant with respect to the restriction of the linear action ® of
SL(2,R) on R? and the action ¥ of SL(2,R) on R, or even better on the real projective line
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RP! = R = RU{o0o}, by linear fractional transformations, i.e. ¥ : SL(2,R)xRP! — RP!,
is defined by

au+ 8 . 1)
W(A,u) = fust -2
(4,u) yu+ 9 ifu 7 v’

(0%

PU(A,00) = —, ‘IJ<A,—5) = 00,
Y Y

A= (‘;‘ ?) € SL(2,R).

Equivariance means that FFo®4 = U 4 o F. The corresponding fundamental vector fields
of the action ¥ are now

Yl:%’ YQZU%, Y;;:Uz%,
and as F' is equivariant, the fundamental vector fields associated to ® and ¥ are F-related
[T, 12], i.e. X; = F.(X;), i = 1,2,3, and then a system defined by the vector fields X
is a Lie system corresponding to a Riccati equation.

The image under F of an integral curve of the z-dependent vector field X = by (z) X7+
bo(2) X2 + bz(2) X3, which is a linear system, is an integral curve of X = by(2)X; +
bo(7)Xo + bz(z) X3, i.e. a solution of the corresponding Riccati equation.

We can also introduce a new vector field

Xi= (0o g+ 55 ). (36)
which commutes with X7, X5 and X3 and together with them generate the Lie algebra
gl(2,R), which corresponds to the Lie group GL(2,R). Any Lie system with such a group
is X = by (2) X1+ ba(x) X2 + b3(x) X3 + bg(x) X4, whose integral curves are determined by

the system
(7‘};) - <2(62(f’))3?£4(x)) é(bz<$(f)b4<x>)> (Zf) | 37

Note also that X4 = F,(X,) = 0. The vector field can be considered as a particular
case of corresponding to the choice b3 = —1 and by = by.

Recall also that the group of curves in a Lie group G acts on the set of Lie systems
with associated Vessiot—Lie algebra g, and this property can be used to reduce a given
Lie system to another one of the same type or, in our case, to relate Schrodinger type
equations with different potentials by means of curves in GL(2,R). This is the essence
of Darboux transformation method as shown in [26]. The advantage to see Schrodinger
equations as Lie systems with Vessiot-Lie algebra gl(2,R) instead of sI(2,R) is that we
can transform by curves which are in GL(2,R) but not in SL(2,R) (see [0]).

Coming back to the mentioned action of the group of curves in GL(2,R), we see that
if we are interested in taking into account the tangent bundle character of TR, we should
consider transformations induced from those of the base manifold. So, given a strictly
positive function ¢y we can consider the invertible map associating the function ¢ with
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the new function ¢ by means of ¢ = ¢y ¢. This induces a transformation

vy _ (wo(z) wo(z) (vg
(5)= (7 26 (%) (38)
If ¢ is a solution of ¢" = by (x)d + ba(x)¢’, then ¢ satisfies
o()¢" + (205 () — ba(2)po ()¢ + (95 — b1 (x)po — ba()pp)d = 0,

and then if for instance @g(z) is a particular solution of the given equation, we deduce
that the given equation reduces to ¢o(x) @” + (204 (x) — bapo(z))¢’ = 0, in which the
dependent variable ¢ is absent, which is quickly integrated by order reduction. This is
an explicit example of reduction procedure for Lie system when a particular solution is
known.

The usefulness of the transformation ¢ = g ¢ in factorisation problems has recently
been proved in 211 22], the differential operator 9/0x becoming a ladder-like operator
0/0x — ¢/ o. This allows us to introduce factorisable Hamiltonians, their partners lead-
ing to supersymmetric quantum mechanics and interesting relations among their spectra,
in particular special methods for introducing or removing eigenvalues and eigenstates.

Acknowledgments. Financial support of research projects DGA-E24/1 (DGA, Zara-
goza) and MTM2015-64166-C2-1 (MINECO, Madrid) is acknowledged.

References

[1] A. Ballesteros, A. Blasco, F. J. Herranz, J. de Lucas, C. Sardén, Lie—Hamilton systems on
the plane: properties, classification and applications, J. Differential Equations 258 (2015),
2873-2907.

[2] A. Blasco, F. J. Herranz, J. de Lucas, C. Sardén, Lie-Hamilton systems on the plane:
applications and superposition rules, J. Phys. A 48 (2015), 345202.

[3] L. J. Boya, J. F. Carifiena, J. M. Gracia-Bondia, Symplectic structure of the Aharonov—-
Anandan geometric phase, Phys. Lett. A 161 (1991), 30-34.

[4] J. F. Carifiena, J. Clemente-Gallardo, G. Marmo, Geometrization of quantum mechanics,
Teoret. Mat. Fiz. 152 (2007), no. 1, 20-31; English: Theoret. and Math. Phys. 152 (2007),
894-903.

[5] J. F. Carifiena, F. Falceto, M. F. Ranada, A geometric approach to a generalized Virial
theorem, J. Phys. A 45 (2012), 395210.

[6] J.F. Carifiena, D. J. Ferndndez, A. Ramos, Group theoretical approach to the intertwined
Hamiltonians, Ann. Physics 292 (2001), 42-66.

[7] J.F. Carifiena, J. Grabowski, J. de Lucas, C. Sardén, Dirac—Lie systems and Schwarzian
equations, J. Differential Equations 257 (2014), 2303—-2340.

[8] J.F. Carifiena, J. Grabowski, G. Marmo, Lie-Scheffers Systems: A Geometric Approach,
Napoli Ser. Phys. Astrophys., Bibliopolis, Napoli, 2000.

[9] J.F. Carifiena, J. Grabowski, G. Marmo, Some physical applications of systems of differ-
ential equations admitting a superposition rule, Rep. Math. Phys. 48 (2001), 47-58.

[10]] J. F. Carifiena, J. Grabowski, G. Marmo, Superposition rules, Lie theorem and partial
differential equations, Rep. Math. Phys. 60 (2007), 237-258.


http://dx.doi.org/10.1016/j.jde.2014.12.031
http://dx.doi.org/10.1088/1751-8113/48/34/345202
http://dx.doi.org/10.1016/0375-9601(91)90539-K
http://dx.doi.org/10.1007/s11232-007-0075-3
http://dx.doi.org/10.1088/1751-8113/45/39/395210
http://dx.doi.org/10.1006/aphy.2001.6179
http://dx.doi.org/10.1016/j.jde.2014.05.040
http://dx.doi.org/10.1016/S0034-4877(01)80063-X
http://dx.doi.org/10.1016/S0034-4877(07)80137-6

[11]
[12]
[13]
[14]
[15]
[16]
[17]

(18]

[19]
[20]
21]
[22]
23]
24]

[25]

(26]
27]
28]
29]
30]

[31]
132

LIE SYSTEMS AND THEIR APPLICATIONS 109

J. F. Carinena, J. Grabowski, A. Ramos, Reduction of time-dependent systems admitting
a superposition principle, Acta Appl. Math. 66 (2001), 67-87.

J. F. Carifiena, A. Ibort, G. Marmo, G. Morandi, Geometry from Dynamics, Classical and
Quantum, Springer, Dordrecht, 2015.

J. F. Carifiena, P. G. L. Leach, J. de Lucas, Quasi-Lie schemes and Emden—Fowler equa-
tions, J. Math. Phys. 50 (2009), 103515.

J. F. Carifiena, J. de Lucas, A nonlinear superposition rule for solutions of the Milne—
Pinney equation, Phys. Lett. A 372 (2008), 5385-5389.

J. F. Carifiena, J. de Lucas, Lie systems: theory, generalisations, and applications, Dis-
sertationes Math. (Rozprawy Mat.) 479 (2011).

J. F. Carifiena, J. de Lucas, Quasi-Lie families, schemes, invariants and their applications
to Abel equations, J. Math. Anal. Appl. 430 (2015), 648-671.

J. F. Carinena, J. de Lucas, M. F. Rafiada, Recent applications of the theory of Lie systems
in Ermakov systems, SIGMA Symmetry Integrability Geom. Methods Appl. 4 (2008), 031.
J. F. Carifiena, J. de Lucas, M. F. Rafiada, Lie systems and integrability conditions for
t-dependent frequency harmonic oscillators, Int. J. Geom. Methods Mod. Phys. 7 (2010),
289-310.

J. F. Carinena, J. de Lucas, C. Sardén, Lie-Hamilton systems: theory and applications,
Int. J. Geom. Methods Mod. Phys. 10 (2013), 1350047.

J. F. Carifiena, G. Marmo, J. Nasarre, The non-linear superposition principle and the
Wei-Norman method, Int. J. Mod. Phys. A 13 (1998), 3601-3627.

J. F. Carifiena, M. S. Plyushchay, Ground-state isolation and discrete flows in a rationally
extended quantum harmonic oscillator, Phys. Rev. D 94 (2016), 105022.

J. F. Carinena, M. S. Plyushchay, ABC of ladder operators for rationally extended quantum
harmonic oscillator systems, J. Phys. A 50 (2017), 275202.

J. F. Carinena, A. Ramos, Riccati equation, factorization method and shape invariance,
Rev. Math. Phys. 12 (2000), 1279-1304.

J. F. Carifiena, A. Ramos, A new geometric approach to Lie systems and physical appli-
cations, Acta Appl. Math. 70 (2002), 43-69.

J. F. Carifiena, A. Ramos, Applications of Lie systems in quantum mechanics and control
theory, in: Classical and Quantum Integrability, Banach Center Publ. 59, Polish Acad.
Sci. Inst. Math., Warsaw, 2003, 143-162.

J. F. Carifiena, A. Ramos, Generalized Backlund—Darboux transformations in one-dimen-
sional quantum mechanics, Int. J. Geom. Methods Mod. Phys. 5 (2008), 605-640.

F. Cooper, A. Khare, U. Sukhatme, Supersymmetry and quantum mechanics, Phys. Rep.
251 (1995), 267-385.

J. Grabowski, J. de Lucas, Mized superposition rules and the Riccati hierarchy, J. Differ-
ential Equations 254 (2013), 179-198.

A. M. Grundland, J. de Lucas, A Lie systems approach to the Riccati hierarchy and partial
differential equations, J. Differential Equations 263 (2017), 299-337.

F. J. Herranz, J. de Lucas, C. Sardon, Jacobi—Lie systems: fundamentals and low-dimen-
stonal classification, in: Dynamical Systems, Differential Equations and Applications, 10th
AIMS Conference, Suppl., Amer. Inst. Math. Sci., 2015, 605-614.

L. Infeld, T. E. Hull, The Factorization Method, Rev. Mod. Physics 23 (1951), 21-68.

S. Lie, G. Scheffers, Vorlesungen tber continuierliche Gruppen mit geometrischen und
anderen Anwendungen, Edited and revised by G. Scheffers, Teubner, Leipzig, 1893.


http://dx.doi.org/10.1023/A:1010743114995
http://dx.doi.org/10.1007/978-94-017-9220-2
http://dx.doi.org/10.1063/1.3230494
http://dx.doi.org/10.1016/j.physleta.2008.06.053
http://dx.doi.org/10.4064/dm479-0-1
http://dx.doi.org/10.1016/j.jmaa.2015.04.080
http://dx.doi.org/10.3842/SIGMA.2008.031
http://dx.doi.org/10.1142/S0219887810004014
http://dx.doi.org/10.1142/S0219887813500473
http://dx.doi.org/10.1142/S0217751X98001694
http://dx.doi.org/10.1103/PhysRevD.94.105022
http://dx.doi.org/10.1088/1751-8121/aa739b
http://dx.doi.org/10.1142/S0129055X00000502
http://dx.doi.org/10.1023/A:1013913930134
http://dx.doi.org/10.4064/bc59-0-7
http://dx.doi.org/10.1142/S0219887808002989
http://dx.doi.org/10.1016/0370-1573(94)00080-M
http://dx.doi.org/10.1016/j.jde.2012.08.020
http://dx.doi.org/10.1016/j.jde.2017.02.038
http://dx.doi.org/10.3934/proc.2015.0605
http://dx.doi.org/10.1103/RevModPhys.23.21

110
33]
34]
39]
(36]
37]

(38]

J. F. CARINENA

J. de Lucas, M. Tobolski, S. Vilarifio, A new application of k-symplectic Lie systems, Int.
J. Geom. Methods Mod. Phys. 12 (2015), 1550071.

J. de Lucas, S. Vilarifio, k-symplectic Lie systems: theory and applications, J. Differential
Equations 258 (2015), 2221-2255.

E. Pinney, The nonlinear differential equation y” +p(x)y +cy™> = 0, Proc. Amer. Math.
Soc. 1 (1950), 681.

J. Wei, E. Norman, Lie algebraic solution of linear differential equations, J. Mathematical
Phys. 4 (1963), 575-581.

J. Wei, E. Norman, On global representations of the solutions of linear differential equa-
tions as a product of exponentials, Proc. Amer. Math. Soc. 15 (1964), 327-334.

P. Winternitz, Lie groups and solutions of nonlinear differential equations, in: Nonlinear
Phenomena (Oaxtepec, 1982), Lecture Notes in Phys. 189, Springer, Berlin, 1983, 263-331.


http://dx.doi.org/10.1142/S0219887815500711
http://dx.doi.org/10.1016/j.jde.2014.12.005
http://dx.doi.org/10.2307/2032300
http://dx.doi.org/10.1063/1.1703993
http://dx.doi.org/10.1090/S0002-9939-1964-0160009-0
http://dx.doi.org/10.1007/3-540-12730-5_12

	Introduction: Lie systems of differential equations
	Wei–Norman method
	The reduction method

	Geometric approach to quantum mechanics
	Lie systems and time evolution in quantum mechanics
	Lie systems and time-independent Schrödinger equation

