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Abstract. Differential operators: the gradient grad and the divergence div are defined and
examined in the bundles of symmetric tensors on a Riemannian manifold. For the second order
operator div grad which appears to be elliptic and a manifold with boundary a system of natural
boundary conditions is constructed and investigated. There are 2**! conditions in the bundle
S* of symmetric tensors of degree k. This is in contrast to the bundle of skew-symmetric forms
where (for analogous differential operators) there are always four such conditions independently
of the degree of forms (i.e. independently of k). All the 28! conditions are investigated in detail.
In particular, it is proved that each of them is self-adjoint and elliptic. Such ellipticity of a given
boundary condition has an essential significance for the existing of a discrete spectrum and an
orthonormal basis in L? consisting of smooth sections that are the eigenvectors of the operator
and satisfy the boundary condition. Some special cases, e.g. k = 1 or the cases that the boundary
is umbilical or totally geodesic, are also discussed.

1. Introduction. For many years symmetric tensors have been intensively studied in
the mathematics and physics literature (cf. e.g. [WP], [Rn], [DS] or [Fx]). Let us men-
tion only so called symmetric Killing tensors or conformal symmetric Killing tensors on
a Riemannian manifold M being the counterparts of Killing and conformal Killing forms
[HMS]. The motivation and importance came from the fact that symmetric Killing ten-
sors define first integrals of the equations of motion, i.e. functions which are constant on
geodesics. Conformal Killing tensors still define first integrals for null geodesics. Special
role is played by symmetric Killing 2-tensors. These tensors arise in connection with spe-
cial topics in differential geometry and analytical mechanics: geodesic equivalence and
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separation of variables. They also play an important role in the theory of correspondent
dynamical systems of Levi-Civita [Bi]. Killing and conformal Killing tensors appear in
several other areas of mathematics, e.g. in connection with geometric inverse problems,
integrable systems and Einstein-Weyl geometry (cf. e.g. [SM], [S]] or [Jk]).

In many cases the considered classes of tensors constitute kernels of some natural dif-
ferential operators. The operators have usually some invariance properties with respect
to the action of Lie groups related to the geometric structure of M. The operators inves-
tigated here are mostly related to the orthogonal group, i.e. to the Riemannian structure.

A special role is played by the first order differential operator d® being the symmetric
part of the Levi-Civita covariant derivative considered on the bundle of symmetric tensors
and, in contrast to the skew-symmetric case, depends on the geometric structure of M.
Its kernel consist of Killing tensors. The trace free part of d° defines in tern the conformal
Killing tensors. By the way it is worth to notice that also in contrast to the well known
exterior derivative d (acting in the bundle of skew-symmetric forms) the two operators:
d® and its trace free part (both acting in the bundle of symmetric forms) are elliptic
in the sense of injectivity of their symbols (cf. Proposition . The shape of operators
formally adjoint to d® both in the bundle of symmetric forms and in the bundle of vector
valued symmetric forms is derived (Theorems and in Section

In Section [f] the operators of gradient grad and divergence div in the bundle of sym-
metric tensors are introduced and investigated in detail. The two operators have nice
algebraic properties. They are differentiations in the algebra of symmetric forms in the
sense of Propositions[d.I|and[4.3] They are formally adjoint each to the other with respect
to global (integral) scalar product (Theorem. Their composition div grad is a second
order elliptic differential operator.

It is interesting that, similarly to the skew-symmetric case, the negative of div grad
differs from the classical Laplace operator A® introduced by Sampson in [Sn] by a zero
order operator (tensor) depending on the curvature, i.e. Weitzenbock type formula holds
also for symmetric tensors (Theorem [5.1)), Section

The main results of the paper are contained in Section [6] where the boundary proper-
ties of the operators are examined. The operator div grad is strongly elliptic, so, it seems
to be interesting to investigate its behavior at the boundary. It is formally selfadjoint since
—div is formally adjoint to grad. As usual in such cases, a crucial role is played by the
shape of the boundary integral determining the obstruction for the full selfadjointness.
The boundary integral is derived explicitly in Theorem The integrand involves there
the gradient operator grad. And grad has its values in the bundle S* ® TM of symmetric
forms with values in the tangent bundle TM. The bundle T'M splits at the boundary
onto its tangent and normal parts (formula (30)). This forces a similar splitting for grad
(formula ) This splitting is a starting point in setting a system of boundary con-
ditions for div grad. In particular, we construct such a system by the method described
by Branson—Pierzchalski in their manuscript in 2004 [BP]. The rule of constructing of
such systems was next repeated—for the Stein-Weiss gradients—in [KP]. Using this rule
we define a system of geometrically natural conditions. There are 2¥*! conditions in the
bundle S* of symmetric tensors of degree k, so quiet a big variety of different conditions,
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especially for higher degrees. Let us notice the contrast to the bundle of skew-symmetric
forms where independently of the degree of forms (i.e. independently of k) there are
always four natural boundary conditions (cf. e.g. |[OP] and [KP]).

All the 2**! conditions are investigated in detail. In particular, it is proved that
each of them is self-adjoint (Proposition and elliptic (Theorem [6.2)). In the proof of
ellipticity at the boundary the method described in [Gy] is used. A so called auziliary
bundle is constructed. Such bundle is constructed there for each boundary condition
separately. Here, our original construction of the auxiliary bundle, enables proving the
ellipticity for the all 21 particular boundary conditions simultaneously. In addition,
elliptic boundary conditions are, in the special case k = 1, presented explicitly in Example
It is also shown that the proof of the theorem simplifies essentially under some
additional assumptions on the geometry of the boundary. The cases of totally umbilical
or totally geodesic boundary are mentioned.

Notice finally that the ellipticity at the boundary—investigated in Section [}—has its
strong consequence contained in Proposition[6.6]and saying that for each of the considered
boundary condition there is a complete in L? system of smooth sections of S* satisfying
that condition. The existence of such a system enables then investigating the boundary
value problems by application of standard methods of harmonic analysis in each particular
case.

2. Symmetric tensors. Let V be a vector space over R, dimV = n.

For k =1,2,... the space of all k-linear mappings

p:Vx...xV =R
—_———
k

is called the space of k-tensors over V' and denoted by T*F. We also accept the convention
T =R.

A k-tensor ¢ is called symmetric if ©(vy(1y,. .-, Vok)) = @(v1,...,vx) for all vectors
v1,...,v € V and any permutation o € Sy of the set {1,...,k}. The space of all
k-symmetric tensors will be denoted by S*. Its elements will be called here shortly
k-forms. We accept the convention S° = R.

The symmetrization is the linear operation Sym : T*% — T** defined by
1
(Symz/))(vl, te ,’Uk) = E Z w(vﬁ(l)a s ava(k))a
where v1,...,v, € V.
It is easy to check that the symmetrization is a projection, i.e. that
Sym? =Sym and ImSym = S*,

so, in particular, Sym is the identity on S*.
Assume that V' is equipped with a scalar product (-,-). The scalar product can be
transmitted to T**—the space of k-tensors by the formula:
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For &,n e T*"
<£777>: Z 56113" elk) (ei17"'7eik)7
’i Zk 1
where eq, ..., e, is an orthonormal basis in V. One can easily check that the definition is

independent of the choice of such basis.
Sk as a subspace of T** inherits the scalar product (-,-) from the ambient space. In
addition, the scalar product (-,-) in S¥ @ V is given by
(p®v, ¥ ®@w) = (p,¥)(v,w),

where .1 € S* v,w e V.
In S¥ and S* ® V there will be considered also another scalar product

(1) =0 (1)

Before giving its alternative description (cf. ) let us define the symmetric product
of symmetric tensors: ® : ¥ x St — Sk k1 e N:
For ¢ € Sk, 1) € S set

((,0 © 1/))(1)1, ey Ve Uk 1y e e - 7Uk+l)
= Z ©(Va(1)s -+ Vo (k)Y (Vo (k1) - - - Vo (oti) )
oesh(k,l)

where v1, ..., 0%, Vkt1,- .., 06+ € V and where sh(k,l) denotes the set of all shuffles of
type (k,1) (cf [Ex]). Recall that a shuffle of type (k,l) is any permutation of the set
{1,...,k+1} which is increasing on each of the two sets {1,...,k} and {k+1,...,k+1}.
In addition, for products that contain vector valued tensors we set:
ForoeSt vV =ypaYecsS oV

pO¥=(p0Y)R®Y,
Ford=¢pXecSaV,peds
PoY=(po0yY)®X.

In particular, if £ = 1 we have for ¢ € S* and ¢ € S*
141

(QD QQP)(UM s 7vl+1) = Z‘P(”j)i/’(vl, s 7@j7 e 7Ul+1)a (2)

j=1
where vy,...,v41 € V.
One can easily check the following facts:

PROPOSITION 2.1. For any ©1,..., ¢k, ¢1,..., 0, € T*!

(P1 @ ... 0|1 © ... O Yy) = perm({p;,1;)), (3)
where

perin a2] Z A1o(1) " " Oko(k)-
oESk
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PROPOSITION 2.2. Let ey,...,e, be a basis of V and e}, ... e’ be the dual basis (it is a
basis in T*"). Then the set of k-tensors

e, ©...0¢e (4)
where iy, ...,i, € {1,...,n} forms a basis of S*. So, dim S* = (n"'llj_l).

The tensors can be alternatively ordered to
MO oe,

where o, ..., a, € NU{0}, a1 + ...+ a, = k. We accept the convention that e;® =1
for a; = 0.

The operation ¢, of substitution of a vector v € V is defined as the mapping ¢, : S¥ —
Sk=1 of the form

(o) (01, ..oy vp—1) = @(v,v1,...,05-1) for k>0,
e =0 for k=0,

where vy, ...,vp_1 €V, ¢ € Sk,

Directly by the definition of substitution and we see that the substitution is
a derivation of the algebra of symmetric tensors in the following sense.

PROPOSITION 2.3. Letv €V, ¢ € S*, ¢ € S'. Then

LU(SDQ’QZJ) :LUQPQ’(/}"'QD@LI/'(/}'
DEFINITION 2.1. For k =1,2,... define the operator a: S* — S*~1 @ V by

W=t p@e (5)
i=1
and, for k£ = 0, by
ap =0, (6)
where ey, ..., e, is an orthonormal basis in V and ¢ € S*.

One can check that the definition of a is independent of the choice of orthonormal
frame.
Define the isomorphism b : V — T*! by

Pw) = vu), vweV. (7)
By and Definition we get directly

THEOREM 2.1. For k = 0,1,... the operator a* : S*¥ @ V. — S*¥*1 adjoint to a with
respect to the scalar product is given by

(Y ov) =0 O,
where ¢ € S*.
One can also easily prove (cf. [Kal) the following
ProrosiTION 2.4. For k=0,1,...
a‘a=kidg .

*

In particular, for k =1,2,... a* is surjective and a is injective.
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Define now two trace operators. First, the trace operator acting on vector forms.
DEFINITION 2.2. The trace operator tr : T** @ V — T**~! is defined by the formula
trlp® X)) =1x¢ for k>0
tr(p®@X)=0 for k= 0.

Next, the trace operator acting on scalar forms. In contrast to the previous one it will
be marked with ~.

DEFINITION 2.3. The trace operator tr : T** — T**=2 is defined by the formula

t~T<P=ZLeiLei<p for k=2,3,... (8)
i=1
tro =0 for k=0,1. (9)
Here eq,..., e, is an orthonormal frame of V.

One can easily see that the right hand side of (8]) is independent of the choice of frame.

We will use the same symbols for the restrictions of operators tr and tr to subspaces
of T** @ V and T**, respectively. In particular, we will use the same symbols for the
restrictions of these operators to the subspaces S¥ ® V and S*, respectively.

3. Symmetric derivatives and their adjoints. All the objects and morphisms are
assumed to be smooth, i.e. of class C°.

In order to deliberate differential operators, vector bundles over a manifold M instead
of a simple vector space will be considered. Since a vector bundle can just be treated as
a vector space parametrized by points of M, some symbols used in the previous section
for vector spaces will be used (from now on) to denote suitable bundles.

Let (M, g) be an oriented Riemannian manifold of dimension n, i.e. an oriented man-
ifold M equipped with a Riemannian metric g. For any p € M,

<" > = gp(" ) Ty xTp, - R
is then a scalar product in T, where T}, = T, M denotes the tangent space to M at p, i.e.
the fiber at p of the tangent bundle T'. Denote by C*°(M) the ring of smooth functions
on M. Let T* = T*M be the cotangent bundle. Denote by T*F = T** )M the bundle
of covariant k-tensors on M and by S* = S¥M its subbundle of k-symmetric tensors
(k-forms). For any bundle E over M denote by C°°(FE) the C>°(M)—module of sections
of F.

Let V : C®°(T) x C=(T) — C*(T) be the Levi-Civita covariant derivative on M
(written as V(X,Y) = VxY). It is—as any covariant derivative—linear (=tensorial)
with respect to the first argument and has a property of differentiation with respect to
the other. Moreover, it is the only one that satisfies the following two conditions:

VxY —VyX =[X,Y] (torsionless),
XY, Y2) =(Vx¥,Y5) +(Y1,VxYs) (compatibility with metric)

for any X, X, X5 and Y, Y1, Y5 from C°°(T), where [X, Y] is the Lie bracket of X and Y
(cf. [GKM]).
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Transmit V in the canonical way to the dual bundle T* (=S') and next—by the
Leibniz rule—to any tensor bundle over M. In particular, to the bundle S*.
The extended connection is denoted by the same symbol V. By the definition,

(Vx@) (X1, Xp) = X(o(X1, .., X)) = > _o(X1,..., VxX;, ..., Xp)
j=1

for ¢ € C>=(S*) and X, X1,..., X € C=(T).
If we use the convention:

(Vo) (X, X3, ..., Xp) = (Vx ) (X1, ..., Xi),
the covariant derivative obtained may be treated as the map:
V:C®(S*) = C=(T* @ S*).
By the above definitions we have:

PROPOSITION 3.1. Let ¢ € C°°(S*) and X1,...,Xp11 € C°(T). Then

k+1
1 N
(SymV(p)(Xl,...7Xk+1) = m E (VXjQD)(Xl,...,Xj7...,Xk+1).
Jj=1

Proof. Just calculations. m
DEFINITION 3.1. The operator d® : C>(S*) — C>°(S**1) given by
d°=(k+1)SymV (10)
is called the symmetric derivative.
By the definition and Proposition we get directly

ProrPoOSITION 3.2.
k+1
d® Lp(Xl,. . .,Xk+1) = Z(VXjQD)(Xl,.. .,Xj,. . .,Xk+1)
j=1

fOT’ Y e C"X’(Sk), Xq,... ,Xk+1 S COO(T)

It appears that the symmetric derivative has a local expression similar to that one
for the exterior derivative acting in skew-symmetric forms. The proof for the latter case
may be found e.g. in [Yu]. An analogous proof (cf. [Kal) leads in our case of symmetric
forms to the following

PROPOSITION 3.3. Let ey,...,e, be a local frame of sections of T and let e}, ..., e} be
the dual frame, then
n
dsgo:Ze;@Vejgo (11)
j=1

for ¢ € C>=(S*).

From the last proposition one can derive in particular that d® is a derivation of the
algebra of the symmetric forms:
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PROPOSITION 3.4. For ¢ € C°°(5%) and v € C>(S") we have
PlpoY) = (") 0P+ (d°y). (12)
Proof. The formula is a consequence of and the fact that V., is a derivation. m

Notice the following fact that can be derived directly from the properties of the
operators ¢ and V.

PROPOSITION 3.5. For X,Y € C>=(T),
txVy = Vyix — vy x-

Extend the symmetric derivative d® (and denote the extension by the same letter) to
the bundle S* ® T as follows:

DEFINITION 3.2. Define the operator d* : C*°(S* @ T) — C>°(S*¥*1 @ T) by
PleeX)=d¢X +90O VX, (13)
for p ® X € C°(S* @ T') where VX is treated as 1-form with values in 7. Locally this

form can be given by VX = Z?:l e;®Ve, X.

Also, in analogy to Proposition [3.3] we get

PROPOSITION 3.6. Let ey, ..., e, be a local frame of sections of T and let e, ..., e be
the dual frame, then, for ® € C*(S* @ T),

o= e oV, (14)
j=1

Let E be any vector bundle over M and (-,-) be a scalar product in E. Define the
global scalar product (-,-) in the space of sections of E by

(.’ ) = /M<.’ > Qur,

where Q,; is the volume form on M defined by the orientation and the metric g.

The global scalar product is then defined only for such pairs of sections that the
integral exists and is finite. This is always a case when, e.g., at least one section is of
compact support.

That way, for the bundle S*, we have two global scalar products, (-, -) and (- | -). They

(cf. (1)) are related by
1

(1) =2 6o (15)
To get an explicit shape of the operator formally adjoint to V with respect to the
global scalar product we will consider for a while the bundle of skew-symmetric
forms on M with the exterior multiplication A and the operator of exterior derivation d.
Recall that the Hodge star operator x in the bundle of skew-symmetric forms is de-
fined by
an*fB =g, B) Qu,

where Qj; is the volume form on M and «, 8 are skew-symmetric k-forms and, finally,
g is the Riemannian scalar product extended to the bundle of skew-symmetric forms by

9(Piy N Api by Ao Ay ) = det(g(wi,, ¥5.) ) 1<r,s<ks
for ;. € C(T*).
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Now we are going to use the simple fact that one-tensors may be treated both as
symmetric and skew-symmetric ones. Other-word, the spaces of symmetric and skew-
symmetric 1-forms coincide. In particular, every contraction of symmetric forms that is
a l-tensor may then also be treated as skew-symmetric 1-form.

Let e1,...,e, be a local orthonormal frame on M. For ¢ € C*(S*) and ¢ €
C>=(T* ® S*) the contraction p_np is the 1-form is defined by

n

p(er) = Z €y e )P(ers iy, €5y ). (16)

i1,enin=1

PROPOSITION 3.7. For p € C*°(S*) and ¢ € C°°(S**1) we have
d(x(p)) = ((V, ¥) + (o, tr Vb)) Qs (17)

Here d denotes the usual exterior derivative in the bundle of skew-symmetric forms.
Proof. Let p € M. Take a local positively oriented orthonormal basis ej,...,e, in a
neighborhood of p such that V.,e; = 0 at p. Take p € C>(S*) and ¢ € C=(T* @ S*)
then x(p_) is a (n—1)-skew-symmetric form and d(x(¢1))) is a n-skew-symmetric form
on M. So we have:

d(*((p—‘w))(ela s en)
= Z (x(pa))(ery ..., ér Ze, o)) (er).

This, by (16| , can be continued with

n n
Zer( Z (eil,...,eik)z/)(er,eil,...,eik)>
r=1 01 yeeyip=1

n

= 3 er(@lense e en))lenens s eq)

Tyl ik =1

n

+ Z Sp(eim‘"7eik)er(w(eraei17-~7€ik))

T,il,...7ik:1

((Ve, ¥) + (@, tr Vb)) Qus(er, - .., en),

atp. m
Integrating over M and applying the Stokes theorem we obtain
THEOREM 3.1. The operator
trV: C®(T* ® S*) — C>°(S*)
is formally adjoint to ¥V : C(S*¥) — CO®(T* @ S*) with respect to the global scalar
product (-,-), i.e., for b € C®(T* @ S*) and ¢ € C>=(S*) we have

(Ve, ) = (¢, — tr V)
if only ¢ or Y is of compact support.
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A similar theorem holds also for vector valued forms:
THEOREM 3.2. The operator
—trV:C®(T* @8 ®@T) = C>®(S* ®T)

is formally adjoint to V : C®(S* @ T) — C>(T* @ S* @ T) with respect to the global
scalar product (-,-), i.e., for p € C®°(T* @ S* @ T) and ¢ € C=(S* @ T') we have

(V. ¥) = (p, — tr Vi)
if only v or Y is of compact support.
Proof. The proof is similar to that of Theorem "

The last theorems may be used in deriving the operator formally adjoint to d°.
Notice first the following

PROPOSITION 3.8. For p € C°(S*) and ¢ € C°°(S**1) we have

(A p,9) = (k+ 1) (e, — tr Vi) (18)
if only v or Y is of compact support.
Proof. By the definition of symmetric derivative and Theorem we get

/ (& g, ) = / ((k+ 1) Sym Vi, ) = (k + 1) / (Sym Vo, )
M M M

=+ 1) [ (Foui) = (h41) [ (oG T0) = (b D~ V).
THEOREM 3.3. With respect to the global scalar product (-|-) the operator
ds* . C(SHH) — 0°°(S%)
formally adjoint to d* : C>°(S*) — C>(S*¥*1) is of the form
d** = —tr Vg (sk+1),
i.e., for ¢ € C°°(S*) and ¢ € C=(S**1), we have
(@ o] ¥) = (] - i VD),
if only @ or 1 is of compact support.
Proof. Multiplying both sides of by ﬁ we get
ﬁ(ds P, 9) = %(% —trvy).
By we get the assertion. m
Similar facts hold also for vector valued forms:
PROPOSITION 3.9. For ® € C*(S*® T) and ¥ € C*°(S*T1 @ T') we have
(@° @, V) = (k+1)(®,— tr V),
if only ® or W is of compact support.
Proof. The proof is similar to that of Proposition [3.8 =
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THEOREM 3.4. With respect to the global scalar product (-|-) the operator
d**  C®(SF @ T) » C=(S* @ T)
formally adjoint to d* : C®(S* @ T) — C=(S**1 @ T) is of the form
d**F = —tr Vg (si+107),
i.e., for ® € C®(S*®@T) and ¥ € C®(S*1 o T),
(d*®|T) = (| — tr V),
if only ® or ¥ is of compact support.
Proof. The proof is similar to that of Theorem m

4. The gradient and the divergence. Two differential operators: the gradient and
the divergence in the bundles of symmetric forms are the subject of this section. They
were introduced and examined in the Ph.D. thesis of the first author [KaJ. The definition
is similar to that for analogous operators in the bundle of skew-symmetric forms given
by H. Rummler [Rr].

DEFINITION 4.1. The gradient is the operator grad : C™(S*) — C°°(S*®T) defined by
grad = ad® —d’a. (19)

The operator grad has many nice properties. Let us mention here only that grad is
a differentiation of the algebra of symmetric forms in the following sense.

PROPOSITION 4.1. For ¢ € C(S*) and v € C>=(S") we have
grad(p © ¢) = gradp © ¢ + ¢ © grad .
Proof. See [Kal. m

Another important property describes a local shape of grad.

PROPOSITION 4.2. Let eq,...,e, be a local orthonormal frame of sections of T, then
locally
gradp =Y "V, p®e;, (20)
i=1

for p € C=(S¥).

Proof. The proof by the use of the shape of grad and next of the local formulas ,
@ and or for a and d®, respectively, can be found in [Ka]. m

Notice, by , that for £ = 0 grad reduces to the usual gradient of functions.
DEFINITION 4.2. The divergence is the operator div : O (S*®T)—C>(S*) defined by
div =trd® —d°tr. (21)

Also the operator of divergence has many nice properties and also in the particular
case k = 0 it reduces to the usual divergence on vector fields. In analogy to Proposition
] one can prove
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PROPOSITION 4.3. Let ¢ € C*®(S*) and ¢ € C°(S'®T). Then
divip ©® ) = p © dive + grad ¢ @ 1.
Proof. See [Kal. m
We will need the following relation between div and V:
PROPOSITION 4.4. For ¢ € C*°(S*) and X € C>®(T) we have
divip ® X) = Vxp + pdivX,

where div X is defined locally in any local orthonormal basis eq,...,e, by divX =
22;1 (€, Ve, X).
Proof. Let ey, ..., e, be a local orthonormal frame on M and let ef, ..., e} be the dual

frame. Then we have locally
divip® X) = (trd® —d° tr) (¢ ® X)
=tr(d°¢ X+ VX)-d°tr(p®@X) =1x(d°¢) + tr(p © VX) —d® 1x o.
By Propositions [3.3] and [2.3] we can continue sequentially with

Lx (Zej © Vejg0> +tr(ga®26j ®Ver) — Ze; O Ve, tx ¢
j=1 j=1 j=1

=Y ix€ OV e+ € Oix Ve, p+ Y iy, x(€;09) =Y €OV ixp

j=1 j=1 Jj=1 J=1

= ZLX e; @Vejcp—ﬁ-ze; Ox Vej@+ZLVCjX(€;) O

Jj=1 Jj=1 Jj=1

n n
TG 0w, xp =) GOV ixp
j=1 j=1

= Z[,X e; @Vejgo—&—Ze; O (tx Ve, + v, xp — Ve, tx ¢) +ZLVCJ_)((€;) O .

j=1 j=1 j=1
By Proposition we can continue with

n

n
D xS OVept) v x()0p

j=1 j=1
=Y XV o+ 9 (€, Ve,X)=Vxp+pdivy. u
j=1 j=1

We will need also the following property of the covariant derivative.
PROPOSITION 4.5. For X,Y € C>=(T)
(VyX)’ = Vy X"
Proof. The proof is a consequence of the fact that Vg = 0 and that b is defined by ¢g. =

Let us close the section with the fact relating the two investigated operators.
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THEOREM 4.1. The differential operators — grad : C®(S*) — C>(S* @ T) and div :
C>=(S*®T) — C>(S*) are formally adjoint (each to the other) with respect to the global
scalar product (-|-).

Proof. Let ¢ ® X € C=(S* ® T) be such that ¢ or X is of compact support. Let grad*
be the operator formally adjoint to grad then, by Theorems [2.1] and 3.4} we have

grad*(p ® X) = (ad® —d*a)" (¢ ® X)
= (@0 —a d ) (@ X) = d* (X 0 ) — a*(— tr V(e ® X)).

Further calculations will be led in a local orthonormal frame ey, ..., e,. So, by Theorem
Theorem and Proposition we can continue with

—frV(X° o) +a*(iaej Vej(@@)X))

=1
:_ZLejVej(Xngp)Jra*(ZLej (Vej<p®X+<p®Ver))
j=1 j=1
:—ZLEJ eJ Xngp +Za* te; Ve, 0 @ X + te; p ® Vo, )
Jj=1 Jj=1
Z te, Ve, X" ©9) =3 te, (X" O Ve, 0)
= j=1
n n
+ZXb®[’eJ V5J<‘0 Z(VEJX) QLEJ'(‘O
j=1 Jj=1
n n
:_Z%veij@gp D VX Ote, o= Y 1, X OV 0
Jj=1 j=1 Jj=1
n n n
b
_ZXbQLej V6j<)0+ZXb®L€j Vejtp-l-Z(Ve]X) @Lej@:
j=1 j=1 j=1

By Proposition [£.5, we can continue with

= e, (Ve, X) @ — ZLQX OVe,o=—¢> te, (Ve,X) ZXJVe]
Jj=1 Jj=1 j=1
:—@Z<6j7vij> Vxp=—pdivX —Vxo.
j=1

Finally, by Proposition [£.4] we get the assertion. m

5. The Laplace operator and the Weitzenb6ck type formula. In analogy to the
case of skew-symmetric tensors a Laplace type operator can be defined in the bundle of
symmetric tensors. Also here it is a linear combination of operators d** d® and d* d®*.
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DEFINITION 5.1. The Laplace operator A% : C°°(S*) — C°°(S*) in the bundle of sym-
metric forms is defined by

Af =d**d* —dsdr. (22)

A*® was introduced first by Sampson in [Snl. It is a second order formally self-adjoint
linear differential operator. It is also, like in the skew-symmetric case, strongly elliptic.
This is a consequence of, e.g., the Weitzenbdck formula and the ellipticity of the operator
div grad. The Weitzenbock formula will be mentioned below and the ellipticity of div grad
will be proved in the next section.

Let us also mention that A® has been investigated in the category of Lie algebroids
in [BaP|. For k£ =1 in [SM] a similar operator: the Yano rough Laplacian were analysed
in a context of its spectral properties. Some elliptic operators in the bundle of symmetric
forms were also investigated in [HMS] in a context of so called conformal Killing tensors.

In our case the Weitzenbock formula will relate two differential operators on symmetric
forms: — div grad and the Laplace operator defined in . The geometric importance of
the formula comes from the fact that the difference between these second order operators
is an operator of order zero (tensor) and that this zero order operator depends essentially
on the curvature of M. A direct proof of our Weitzenbock formula that uses elementary
properties of some special compositions of operators tr, tr, a, d* and d** is given in [Kal.

THEOREM 5.1 (Weitzenbock formula). The following formula holds
Af = —div grad —fR.

where the Ricci type tensor R is locally defined by

K= €] Ote; Ree; (23)

i,j=1

for a local orthonormal frame ey, ... e, of T and its dual frame €3, ..., e} of T*.

Here the curvature operator in is the zero order operator Rx,y defined by

Rxy = Vixy — Viyx,

for any X,Y € C>°(T).

Let us terminate the section with the remark that the operators — divgrad and the
Sampson Laplacian A® are related to the Lichnerowicz Laplacian Ay, defined in [Lnl,
p. 26, and discussed in the case k = 2 also in [Pi]. All the three operators differ (each to

any other) by a zero order terms depending on the curvature. This is a simple consequence
of Theoremand the Weitzenbock type formulas in [Sul, p. 173 and [HMS], Section 6.1.

6. Natural boundary value conditions for div grad operator. Now let M be an ori-
ented compact Riemannian manifold of dimension n with a nonempty smooth boundary
OM . Assume that the orientation of OM is induced by the orientation of M.

First of all, derive an important integral formula relating the gradient and the diver-
gence to an integral over the boundary
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PROPOSITION 6.1. For ¢ € C*°(S*) and ¥ € C*(S* ® TM)

(grad , ¥) = (@, — div¥) — /6M<SD @ v, ) Qanr, (24)
where v is the outer unit vector field normal to the boundary.
Let us prove first the following
LEMMA 6.1. For ¢ € C*®(S*) and ¥ € C>(S* @ TM) we have
d(*((2®)")) = ((grad @, U) + (o, div 1)) Q. (25)

Proof. Without loss of generality we may assume that ¥ = ¢ ® X for some ¢ € C*(S%),
X € O®(TM). Let p € M, then, for any local positively oriented orthonormal frame
€1,...,ey in a neighborhood of p, such that V. ,e; =0 at p, we have

n

d(* (o)) (ex, - en) = > (1) e ((x(pa¥) ) e, .- €y en))

i=1

(D el (-) T ) () = Y eillp® ei, 1))

I

&
Il
_

(Vep@ei+ 9@ Ve,e, U) + Z(so ® e, Ve, (@ X))
=1

K2

I
NANIE

1
=) (Vep®e, W)+ > (@€, Ve, ® X +19 @ Ve, X).
im1 i=1

By Propositions Fi:Zl and [£:4] we can sequentially continue with

(grad ¢, ¥ Jrz 0, Ve, ) (e, X) + Z 0, P)(ei, Ve, X)

=1

= (grad, U) + Y _(p, X'V, 0)) + (p, ¢ div X)

i=1
= (grad ¢, ¥) + (p, Vx¢ + ¢ div X) = ((grad o, ¥) + (i, div ¥)) Qles, ..., en)

at p. m

Proof of Proposition . Integrating over M and applying the Stokes formula we

get . n

Using Proposition [6.1] twice we obtain
THEOREM 6.1. Forn € C®(S*), ¥ € C=(S*)

(div gradn, 9) — (n,div gradd) = / ((n@v,grad ) — (gradn, ¥ @ v)) Qaps.  (26)
oM

Now we are going to introduce the so called half-geodesic coordinate system. Our
definition is similar to the one in [Gy].

Let = (y,r) be alocal coordinate system on M near 9M such that y = (y1,...,Yn—1)
is a local coordinate system on OM and r is the normal distance to the boundary. We
assume OM = {z : r(x) = 0} and that % is the inward unit normal.
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Let e = 8%1’ ey Cp1 = ﬁil, e, = % and ef =dzy, ..., €)_; =dr,_1, €, =dr.
We further normalize the choice of coordinate by requiring the curves z(r) = (yo,r) for
r being small enough are unit speed geodesics for any y, € M. Since M is compact, the
inward geodesic flow identifies a neighborhood of M in M with the collar M x [0, )
for some § > 0. The collaring gives a splitting of TM = TOM @ TR and a dual splitting
T*M = T*OM @ T*R. To reflect this splitting we let for £ € T*M that £ = ({, z) where
¢ €T*OM, z € TR

Now, similarly to [Nu], introduce the notions of symbol and of ellipticity for a differ-
ential operator.

Let E and F be two vector bundles over M and P : C*°(E) — C*(F) be a linear
differential operator of order m.

Let p € M and £ € T;. Let m;, denote the ring of germs of functions vanishing at p.
Let f € m, be a function defining &, i.e. £ = (d f)(p). Let e € E,, where E, is the fiber
of E at p, and ¢ € C*(E) be so that ¢(p) =e.

The symbol of P at p is the map op : B, x T; — F,, defined by

ap(e ) = P(f™¢)(p). (27)
The right hand side of is independent of the choice of f and .
A linear differential operator P is called elliptic at p if the map

E,>erop(e,&) € F,

is injective for every £ € T}, £ # 0.

We say that P is elliptic if it is elliptic at every p.

It is worth to mention here that the ellipticity of P is a not negotiable demand in the
process of investigating of so called elliptic boundary conditions (see )

First we are going to construct and test a system of natural boundary conditions in
the sense of Branson and Pierzchalski for the operator divgrad. The construction was
described in their manuscript [BP] from 2004 and next repeated in the introduction of
the Kozlowski—Pierzchalski paper [KP]. To state the system in our case, split—at the
boundary—the bundle of symmetric k-tensors into summands that are irreducible with
respect to the action of SO(n — 1). We treat here SO(n — 1) as a subgroup of SO(n)
keeping v invariant. The branching rule (cf. [Za]) says that there are k + 1 summands in
the splitting. We will determine them exactly.

Let v* = —dr. Then v = —%. For any ¢ € C°°(S*) we have at the boundary the
following unique decomposition:
p=p0® () +e1O @) T+ o1 0 () o © (V) (28)

where p; € C*(57), j € {0,1,...,k}, do not contain v* in the expansion.
The decomposition defines just the announced splitting of the bundle S* at the
boundary.

By taking ¢; = 22_1”:1 fl,...,ijdxil ©...0dz;; in we get

k n—1
Y= Z Z 74T O Ode; © (v*)k=J, (29)

F=0 d1,.yij=1
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Now we are ready to construct a system of boundary conditions.

First our aim is to construct such boundary conditions that each of them will assure
self-adjointness of div grad in the subspace of forms satisfying the condition, i.e. that the
integral on the right hand side of will vanish. In practice, we will demand more: all
individual terms under this integral must vanish.

Notice that at the boundary the bundle S* ® T'M splits into the direct sum of two
bundles

(S* @ ToM) @ (S* @ (TOM)™). (30)

So, according to this splitting, we have for ¢ € C°°(S*)
grad o = grad o + grad p¥, (31)
where grad o7 and grad ¢ are the tangent and the normal parts of grad ¢, respectively.
Recall that grad ¢ is a symmetric form with values in the tangent bundle. So the splitting
of this tangent bundle at the boundary defines the splitting . Since v is orthogonal
to the boundary it implies that for n € C>(S*), ¥ € C>(S*)
(n®v,gradv) = (n® v, (gradv)™).
Since (grad 9)" defines uniquely a section grad! ¥ of S* over OM such that
(grad ¥) = grad' ¥ @ v, (32)
we have
(n® v, grad9) = (1, grad' ) (33)

on OM.
According to , a symmetric k-form ¢ may be expressed as a sum of (k + 1)
summands:
p=mop+ ...+ TP,
where 7;, j = 0,..., k are projections on sequent, in fact mutually orthogonal subbundles.
More exactly, for ¢ of the form ,
mi(p) =0 © (V)*F .
The scalar product has then the following expression:
(n, grad* 9) = +(mon, mo(grad’ 9)) + (m1n, 71 (grad ¥)) + ... + (men, T (grad' 9)). (34)
The right hand side of can symbolically be written in a matrix form:
oy 7To(glfadl )
mn  mi(grad' )

ey m(grad 0)

Now, let us demand that exactly one of the terms in each row vanishes. Each such
particular demand defines a single natural homogeneous boundary condition. All the
possible demands define altogether 281 different boundary conditions. This is in contrast
to the case of skew-symmetric forms where (for analogous differential operators) there
are always four such conditions independently of the degree k of these forms (cf. [KP]).
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Coming back to our case, let us write the 2¥+! matrices obtained by the described

demands:
0 = 0 =x* * 0
0 =* * 0 * 0
A I DU e (35)
0 =* 0 = x 0

The first matrix defines the homogeneous Dirichlet boundary condition which for
¢ € C°°(S*) reads:

mop =0, me=0, ..., mme=0 ondM

or, equivalently, ¢ = 0 on OM.
The last matrix defines the homogeneous Neumann boundary condition which for

¢ € C>(S*) reads:
mo(grad' @) =0, mi(grad' ) =0, ..., mp(grad')=0 on M

or, equivalently, (grad ¢)™ =0 on M.

These two peripheral conditions together with all other 251 —2 ones form a complete
set of natural homogeneous boundary conditions.

Under each of them the operator divgrad is self-adjoint with respect to the global
scalar product. More exactly:

PROPOSITION 6.2. For n € C°°(S*), ¥ € C>(S¥)
(divgradn,d) = (n, div grad 9) (36)

if only both n and ¥ satisfy one of just defined homogeneous boundary condition i.e., one
of the defined by matrices (35]).

Proof. Tt is just a direct consequence of Theorem [6.1] w

Our nearest aim is to discuss so called ellipticity at the boundary of boundary condi-
tions suitably defined by the matrices (35)). The exact definition will be given soon.

First, let us evaluate the symbols of considered operators. Denote by f : 7% — T the
isomorphism inverse to isomorphism b : T'— T* defined by .

PROPOSITION 6.3. Letp € M, €T, £ #0,v e T, ande € S;f. The symbols of d?,
grad and div at p are given by

oas(e,§) = e, (37)
Ugrad(ea g) =e® fnv (38)
aaivie ® v, &) = (1p€)e, (39)

respectively.

Proof. Let p € M and let f: M — R be a function such that f(p) =0and d f = ¢ at p.
Let ¢ be such a section of S* that ¢(p) = e and X such a vector field that X (p) = v. By
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the definition of symbol and Proposition we have
oas(€,€) = d°(fo)(p) = (&° f © @) + f d° ¢)(p)
= (PO df))p) =0k
Similarly, by Proposition
Ograd(€,€) = grad(f)(p) = (¢ @ (A f)* + f grad o) (p)
=(p@ [@f)F)p) =ex .
Finally, by Proposition [£.4]
adiv(e ® v, &) = (div(fe ® X))(p) = (Vx(fe) + fedivX)(p)
(VxHe+ Vxe)p) = (VxFe)(p)
= (d f)(X)e)(p) = (tx(d f)e)(p) = (tuf)e. m

COROLLARY 6.1. Letp € M, § € Ty, v € T, and § # 0 and e € S]’j. The symbol of
div grad at p is given by

Udivgrad(eag) = ||£||26 (40)
Proof. Since the symbol of a composition of differential operators is the composition of
their symbols (cf. [Nnl), is a consequence of and (39). =

Notice that by and the actions of 04+ and ograq are the symmetric tensor
multiplication by the covector ¢ and the vector &#, respectively, so the both symbols are
injective for £ # 0 and we obtain

PROPOSITION 6.4. d® and grad are elliptic operators of the first order.
Similarly, since by ([40), the symbol o iy grad is positively defined we get
PRroOPOSITION 6.5. divgrad is a strongly elliptic operator of the second order.

Recall the definition of the second fundamental form of OM (cf. [KN]). Notice that v
is a unit vector field on OM (and in fact in a collar of 9M) orthogonal to the boundary.
Let p € OM. The formula

A(X)=-Vxv, XeT,0M

defines an endomorphism of the tangent space 1,0M.
The second fundamental form h of OM at p is a bilinear form dual to A, i.e. the form h
defined by
hMX,Y)=(A(X),Y), X,Y eT,0M. (41)

In a consequence h is a symmetric bilinear form represented in our half-geodesic
system by

ha,5:<—V3/3%1/,aiB>, a,B=1,...,n—1. (42)

The boundary dM is said to be totally geodesic if the second fundamental form h of
OM is identically equal to zero, and totally umbilical if h is proportional to g.
Evaluate the gradient in a local coordinate system near the boundary.
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LEMMA 6.2. Let (cf. . ) in our half-geodesic system

o= Z Z ..... Ldai, © .0 drg; © (V)P

7=0 d1,...,5;=1

Then, at OM,

—grad! ¢ = Z Z ( ffh Liy)dTi, © .. Odry; © (v*)k=i

7=0 i1,...,i;=1 (43)

Jj n—1

N hiedr, O 0 die © ... © dz;, © (u*)’“j>.

=1 a=1

Proof. According to Proposition and (31) we have
0
(grad )™ = Vo 0,0 ® I

k n—1 ) 9
:Z Z 0/67 .,ijdxil ®®d$z7 @(V*)kij) ®§
7j=01¢

So, by and % = -,

k
—grad' ¢ = Z Z Vasor( Zjl 5,4z, © ... ©dr; © (v*)F9).

3=0 21,...,i;=1

By the definition of half—geodesic system we have Vj /QT% =0, so

—grad'p = Z Z (Va/ar iy AT © L O dy; © (v*)Fd

+ Z ijl,...,ijd'rll Vg)/ar(d$“) - dl‘ij ® (V*)kij).
According to we get

—grad' ¢ = Z Z ( ffh Liy)dTi, © . Odr; © (v*)k—i

J=0141,...,1;=1
j n—1

S dn, © s hiadia © - diy, © (mka'). .

=1 a=1
Let us come back to discussion of the ellipticity of our boundary conditions. We will
follow the method described in Section 1.9 of [Gy].
Let W = Wy @ W, be the bundle of Cauchy data, i.e. each W,, a = 0,1, is just S*
restricted to M. Define the operator
v:C®(S*) = C(W)
by
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where, for a = 0,1,

_ 9%
- orala
is defined by

a

Here, for cp of the form {.D e

o0® SOJ * — 1]17 ’ZJ) ok
87‘“ « Ore (v Z Z —F e dr, O, Odz; © (¥)".

Let

W =WigoW|®...e W,
be an auxiliary graded vector bundle over M. So W' is the bundle S* @ S* restricted
to OM and its splitting (gradation) is the orthogonal sum of sub-bundles defined by the
splitting (28]).
Define the tangential differential operator B : C°°(W) — C°°(W') over M. Accord-

ing to the above splittings of W and W', B decomposes into

B (C®(W,) = C®(W)) a=0,1, j=0,1,...,k.
Here

~0 - ~ * —1q

Bj(p) = ¢?® ()" and Bj(p) =@} o (V A
and for ¢ € C*°(S*) the forms <pj are defined by the splitting (28]) and the forms cp] are

defined as follows. Since, near M, — grad® ¢ is a section of Sk we have
—grad =G0 (V) + 10 () T+ g o () (45)
and the forms ¢} are uniquely defined by the splitting.

By Lemma and (44)), B can be represented by a matrix of block form

{ . ﬂ , (46)

where the terms of H depend on the coefficients of the second fundamental form h =
(ha,8)a,8=1,....n—1 of OM. Since B is a linear operator o(B) = B, so, the equation
0 0
5y [P 2
U(B)[ }: H (47)
o I
expresses symbolically the action of ¢ (B).

Let us come back to the boundary conditions defined by matrices . To each such
matrix we can associate a boundary condition (not necessarily homogeneous this time).
To this aim notice that a choice of the matrix is equivalent to the choice of a pair
(JO, J1) of increasing subsequences of (0,1,...,k), JO = (59,79,...,7% 1), and J! =
(&, 71+ -+ Ji_s), for some s € {0,...,k + 1}, satisfying

{50,315 35—} 0 dos gt vk} =0
{30:935- 231y Udo, gt dkest = {0, k).
We accept also the situation when one of the sequences J°, J! is empty (this holds for
s=0or s =k + 1, respectively). Then the other sequence is (0, ..., k). The terms of J°

point out the places of zeros in the first column of matrices and the terms of J!
point out the places of zeros in the second column. In fact, the sequence J' is uniquely
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determined by the choice of JY. One can easily see that there are 2¥*! such pairs. Any
pair (J°, J') defines the projection

. / /
T(Jo, g1y : W' — WB(Jole)

of the form

_ -0
7 a’
ad 38
0
0 alo
Q. W('&,;) 39 4
a} al
0 5
1 1
a
k Q.1
L L,

Notice that W]'3(JO = m(go,y1)(W’) can be treated as a subspace of W' and that

)

1 1
dim Wé(‘]o =3 dim W' = 3 dim W.

1)
Let
B(Jo“]l) = T(Jjo,j1) © B
For a given pair (J°, J') define the boundary condition B(jo j1) by

o © (v

0 s\ k—79
B " NO) (I/ ) Js—1
(gD | e c W/ (48)

C>(S*) 3 , .
( ) ¥ ijlé o (V*)k‘—]é B0, 1)

gl © ()i

L" Tk—s J
Notice that the vector on the right hand side of (48)), though defined in a given half-
geodesic system, is—in fact—independent of a choice of the system. Notice also that

Bjo,j1y = B(jo, 1y 0y.
Fix (J°, J'). We will write B instead of B(jo_j1y.
To define the notion of ellipticity of a boundary condition for a linear differential
operator of second order P : C*(E) — C*(FE), we consider the ordinary differential
equation (cf. [Gy]):

op(C. D) f(r) = ~Af(r) with lim f(r) =0 (49)
where

(0,0) # (¢,\) e T*OM x C\{Ry UR_}
and where D, is the derivation in the r direction.

DEFINITION 6.1. A boundary condition B is said to be elliptic with respect to
C\{RL UR_}if
det(op(z,&) — AI) £0 (50)
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in the interior of M for all (£, A) # (0,0) € T*M x C\ {Ry UR_} and if on the boundary
there always exists a unique solution to ordinary differential equation such that

a(BY(f) = I’
for any prescribed f' € Wj.

Now we are ready to investigate the problem of ellipticity of our boundary conditions.

Notice first that for our P = div grad the condition is satisfied automatically by
the ellipticity in the interior, i.e. by (40).

Consider equation where op = 0divgrad is the symbol of divgrad and A € C\
{Ry UR_}. We have

2 2 2 2
Tdivgrad(§,€) = [I€]7e and [€[]° = [l€7]" + (€N ])

so our equation is of the form

0 f

oz —pf, (51)
where p = X + [|€7))°.

Equation is a homogeneous linear second order differential equation with constant

complex coefficients. Let zg = a ++/—1b, b > 0, be one of the square roots of u. Taking
into account the expected behavior when r tends to oo we see that

fe(lr) = CerorV-1

are the searched solutions.

For the ellipticity at the boundary of any particular boundary condition B, notice
that the equation written in coordinates means in practice that the system of lin-
ear equations of the form will be satisfied: each equation for each coefficient of .
A given boundary condition means that the suitable coordinates of the vector on the
right hand side of will be prescribed. Since the matrix o(B) is invertible we can
uniquely solve the equation. Since U(B) is an isomorphism, the dimension of the inverse
image of the subspace generated by the prescribed coordinates will be exactly the same
as that of generated by these coordinates. And this implies the uniqueness of solutions
to the considered system at this boundary condition and—in a consequence—to (49)).

That way we have proved the main theorem of the paper:

THEOREM 6.2. Each of the 2511 boundary conditions B defined by is elliptic for the
elliptic operator div grad.

EXAMPLE 6.1. If k = 1 then any form ¢ € C*°(S!) can be written as
n—1
o =10+ (30 fhdwa) ),
a=1
so over the boundary ¢ is represented by the column vector

fO
f

1
n—1
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Similarly, by Lemma —grad® ¢ can be represented by the column vector

Lfo

T‘

P
fl +Zﬁ 1f5hﬁl

8fn
T f

So o(B) gives a one to one correspondence between the following column vectors:

[0 ' f° '
{ f
faoa 1
af° and 8f°
o o1}
or or +Zﬁ 1fﬂh51
afL_ 8fn
L arl_ : +Zﬂ 1f5hﬁn 1]

First of all, we can easily see that the matrix representing U(B) = B is indeed an invertible
matrix of the form . Next we see that each of the four boundary conditions is an
elliptic boundary condition:

e the first (Dirichlet)

fO
1
1
Bono =1 . |> (52)
;
n—1
e the second
fO
ofy
f +Z@ 1fﬁhﬂ1
Bo).1)) = ; (53)

afn 1
L +Z75L 1fﬁh5n 1

e the third

B.op=1," |- (54)
n—1
af°
or
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e the fourth (Neumann)
af°

or
aft n—1 g1
L+ 51 fahs
or ,371 B
B, = : (55)

s g
The situation simplifies essentially when OM is totally umbilical, i.e. when h = cg for
some ¢ € C*°(OM). The conditions and determine the solution to uniquely
what is obvious while and reduce to

0
fO 8}"‘
Boved | Fent
an ,
o
f” L+ f% 1 af" : +Cfé 1

respectively, and again one can easily see that both the conditions imply uniqueness.

In the case if M is totally geodesic the situation is even more simple, since the matrix
representing o(B) is just the identity matrix.

Let us come back to the general case. A consequence of the ellipticity of boundary
conditions is the following important fact:

PROPOSITION 6.6. For each of all considered 2"t boundary conditions there exists a
sequence (9,), n =1,..., of smooth sections of the bundle of symmetric k-tensors on M
such that:

a) (9,) is a complete orthonormal system in L? of eigenvectors: div grad d,, = A\, ¥,
b) the forms 9, satisfy the boundary condition,
¢) the eigenvalues N\, are real and lim, o A\, = —00.

Proof. The properties a) and b) are a direct consequence of Lemma 1.9.1 in [Gy].
The property c) is additionally a consequence of the fact that divgrad is negatively
defined in the sense that
(divgrad 9,9) <0 (56)

for any ¥ € C>°(S*) satisfying one of the considered boundary conditions, which implies
that the eigenvalues A, are all nonpositive. Inequality is a consequence of Proposition
where ¢ should be replaced by ¥ and ¥ by grad ¥ and where the integral on the right
hand side of vanishes by the boundary condition. m
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