50th SEMINAR “SOPHUS LIE”
BANACH CENTER PUBLICATIONS, VOLUME 113
INSTITUTE OF MATHEMATICS
POLISH ACADEMY OF SCIENCES
WARSZAWA 2017

GEOMETRIC FEATURES
OF VESSIOT-GULDBERG LIE ALGEBRAS
OF CONFORMAL AND KILLING VECTOR FIELDS ON R?

M. M. LEWANDOWSKI and J. de LUCAS
Department of Mathematical Methods in Physics, University of Warsaw
ul. Pasteura 5, 02-093 Warszawa, Poland
E-mail: ml339326 Qokwf.fuw.edu.pl; javier.de.lucas@fuw.edu.pl

Abstract. This paper locally classifies finite-dimensional Lie algebras of conformal and Killing
vector fields on R? relative to an arbitrary pseudo-Riemannian metric. Several results about
their geometric properties are detailed, e.g. their invariant distributions and induced symplectic
structures. Findings are illustrated with two examples of physical nature: the Milne-Pinney
equation and the projective Schrodinger equation on the Riemann sphere.

1. Introduction. The so-called infinitesimal groups of transformations were introduced
by Sophus Lie towards the end of the XIX century so as to study differential equations [I3].
Nowadays such structures are referred to as Lie algebras of vector fields, and they play
a key role in the research on differential equations [19].

The local classification of the finite-dimensional real Lie algebras of vector fields on
the plane was accomplished by Lie [I3} [I8]. Gonzalez-Lépez, Kamran, and Olver retrieved
his classification via modern differential geometric techniques while solving unclear points
in Lie’s work that had been misunderstood in the previous literature [10]. We hereupon
call their classification the GKO classification.

Our article focuses upon finite-dimensional Lie algebras of conformal and Killing
vector fields on R? relative to a pseudo-Riemannian metric. A conformal vector field
relative to a pseudo-Riemannian metric g on a manifold M is a vector field X satisfying
Lxg = fg for a function f on M. If f = 0, then X is called a Killing vector field
relative to g. Lie algebras of conformal and Killing vector fields are relevant due to their
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applications to Einstein equations [24], covariant quantizations [9] [I7], and differential
equations [5, [6], 14, [16].

The problem of classifying Lie algebras of conformal and/or Killing vector fields on
types of manifolds has drawn certain attention [15]. For instance, the local form of Lie
algebras of conformal vector fields relative to flat pseudo-Riemannian metrics on a man-
ifold M is known. The case dim M = 2 is the most puzzling one, as it leads to an
infinite-dimensional Lie algebra of conformal vector fields [3] [21]. To this respect, Boniver
and Lecomte proved that the Lie algebras of conformal polynomial vector fields on R?
relative to niy := dx ® dr + dy ® dy are maximal in the Lie algebra of polynomial vector
fields in the variables x,y [3]. It is also interesting to study which finite-dimensional Lie
algebras of conformal or Killing vector fields determine second-order ordinary differential
equations [5 [6].

The local structure of finite-dimensional Lie algebras of conformal vector fields rel-
ative to a flat pseudo-Riemannian metric on R? was studied in [LT]. This result is here
extended to finite-dimensional Lie algebras of conformal vector fields relative to any
pseudo-Riemannian metric on R? by using their conformal flatness [IT], 21]. Our work
also performs a local classification of Lie algebras of Killing vector fields on the plane
relative to an arbitrary pseudo-Riemannian metric. Simple arguments are given so as
to classify the so-called invariant distributions of finite-dimensional Lie algebras of vec-
tor fields on R?, which much simplifies the straightforward but long approach proposed
n [II]. This result is interesting as it appears in the analysis of finite-dimensional Lie
algebras of conformal vector fields on the plane [10] [11].

More specifically, we here prove that all conformal Lie algebras of vector fields relative
to an arbitrary pseudo-Riemannian metric on R? are, up to a local diffeomorphism, the Lie
subalgebras of the Lie algebras I7 and 117 of the GKO classification. Meanwhile, the Lie al-
gebras of Killing vector fields on R? are locally diffeomorphic to the Lie subalgebras of the
Lie algebras Iy, P{=C, Py, and P3 of the GKO classification. The pseudo-Riemannian met-
rics associated with these Lie algebras are constructed via a certain type of tensor fields,
the so-called Casimir tensor fields [2], derived by means of quadratic Casimir elements
of the above-mentioned Lie algebras [20]. This result represents a new application of the
theory of Casimir tensor fields initiated in [2]. Our classifications are detailed in Table

Finally, our findings are applied to Milne-Pinney equations and projective t-dependent
Schrédinger equations, which are relevant differential equations frequently occurring in
physics. These are types of Lie-Hamilton systems [§], namely they are differential equa-
tions describing the integral curves of a t-dependent vector field taking values in a finite-
dimensional Lie algebra of Hamiltonian vector fields relative to a Poisson bivector. The
Poisson bivectors associated with above-mentioned differential equations were obtained
in previous works [I} 2] by means of tedious calculations or ad hoc considerations. In this
work, it is shown that they can be derived geometrically in an easy manner by our here
developed application of Casimir tensor fields.

The structure of the paper goes as follows. Section [2] addresses an introduction to
finite-dimensional Lie algebras of vector fields. Section 3] surveys the theory of conformal
and Killing Lie algebras of vector fields on R2. Section 4] is devoted to the classification
of finite-dimensional Lie algebras of conformal and Killing vector fields on the plane,
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respectively. Section [5| addresses the calculation of invariant distributions for finite-
dimensional Lie algebras of vector fields. Finally, Section [f]illustrates several applications
of our results to Milne-Pinney and projective Schrédinger equations on CP?.

2. Vessiot—Guldberg Lie algebras. This section surveys known results on the theory
of Lie algebras of vector fields on the plane. Special attention is paid to finite-dimensional
Lie algebras of vector fields, the so-called Vessiot—Guldberg Lie algebras [7]. To simplify
our presentation, manifolds are hereafter assumed to be connected.

Let V be a Lie algebra with a Lie bracket [-,-] : V x V — V. If A and B are subsets
of V, then [A, B] is defined to be the linear subspace of V' generated by the Lie brackets
between elements of A and B.

A Stefan—Sussmann distribution on M is a subset D C T'M such that D¢ :=T:M ND
is not empty for every £ € M. To simplify our terminology, we will refer to Stefan—
Sussmann distributions as distributions. The dimension of D¢ is called the rank of D
at £. The distribution D is regular at & € M if the rank of D is constant at points of an
open U C M containing £. The domain of D is the set Dom(D) of its regular points. If
Dom(D) = M, then D is called regular. If a vector field X takes values in D, it is written
X € D. We write X(M) for the space of vector fields on M.

DEFINITION 2.1. Let V be a Vessiot—Guldberg Lie algebra on M. The so-called distri-
bution DV associated with V takes the form

Df :={X¢: X eV}CTM, VéeM.
A generic point for V is a regular point of DV. The domain of V is the set Dom V of
generic points of V.
ExAMPLE 2.2. Consider the Lie algebra of vector fields on R? given by

Iy := (0, + Oy, 20, + YOy, 220, + y28y>. (1)
The rank of the distribution D associated with 14 at (z,y) € R? is given by the rank of

1 x 2?
M = .

The rank of M (z,y) is two if and only if z # y. Hence, Dom(V) = {(x,y) € R? : z # y}.
DEFINITION 2.3. An invariant distribution of a Lie algebra V of vector fields on M is a

distribution D on M different from M x {0} and T'M, such that for every vector field
Y € D and X € V, the vector field [Y, X] takes values in D.

It is straightforward to see that a distribution D is invariant relative to V' if and only
if the Lie bracket of any element from a fixed basis of V' and any vector field of a fixed
family of vector fields spanning D takes values in D.

EXAMPLE 2.4. The Lie algebra I, on R? admits two-invariant distributions D* and DY
generated by d, or d,, correspondingly. Indeed, D¥ is invariant relative to I, because the
Lie bracket of a generating element of D?, e.g. 0., and any element of the basis (1)) of I4
belongs to D*:

0,0, +0y] =0, [0, 20, + y0y] = 0y, [aw,ﬁax + yzﬁy] = 220,.

Similarly, it can be proved that DY is an invariant distribution relative to I,.
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DEFINITION 2.5. A finite-dimensional Lie algebra of vector fields V on R? is imprimitive,
if it admits an invariant distribution. A Lie algebra V' is one-imprimitive if it has only
one invariant distribution, and it is multiply imprimitive if it admits more than one. If V'
has not invariant distributions, then V is called primitive.

Lie proved [10, T3] that every Vessiot—Guldberg Lie algebra on R? is locally diffeo-
morphic around a generic point to one of the Lie algebras described in Table [I]

3. Conformal geometry and Lie algebras of vector fields on the plane. This
section surveys the fundamentals on conformal geometry and related Vessiot—Guldberg
Lie algebras of conformal and Killing vector fields to be employed hereupon.

DEFINITION 3.1. A pseudo-Riemannian manifold is a pair (M, g), where g is a symmetric
non-degenerate two-covariant tensor field on M: the pseudo-Riemannian metric of (M, g).

To simplify the notation, g will be called a metric and Einstein summation convention
will be assumed henceforth. In coordinates {x'} a metric g is written as g = gijdxi @dat.

EXAMPLE 3.2. A relevant role is played subsequently by the metrics gg := de®@dz+dy®
dy and gy := dz ® dy + dy ® dz respectively. Every flat metric on R? can be mapped into
one of them, up to a non-zero multiplicative constant, by an appropriate diffeomorphism.

DEFINITION 3.3. A vector field X on M is conformalrelative to the metric g if Lxg = fxg
for a certain function fx € C*°(M). The function fx is called the potential of X. A Killing
vector field is a conformal vector field with fx = 0.

EXAMPLE 3.4. The Schwarzschild metric [23] is a metric given by

2M oM\ !
gs = (1—T>dt®dt— (1—r) dr ® dr — r*(df ® d + sin® 0dp ® dp), M > 0.

This metric appears in the description of black holes [23, 24]. The vector fields 9;, 0, are
Killing vector fields relative to the Schwarzschild metric, namely Lg,gs = Lg,9s = 0.

DEFINITION 3.5. Two metrics g1 and go on M are conformally equivalent if
30 >0 QECOO(M), 9129292.

DEFINITION 3.6. A pseudo-Riemannian manifold (M, g) is conformally flat if g is locally
conformally equivalent to a flat metric, i.e. there exists for each x € M an open U® > x
and a function f € C*°(U?) such that g = legf on U? for a flat metric gy on U”.

The following well-known result will be of key importance in this work (see [12]).
THEOREM 3.7. Ewvery metric on the plane is conformally flat.

Let us now discuss the Lie algebras of conformal and Killing vector fields relative to
a flat metric on R2. It follows from the definition of conformal and Killing vector fields
that conformal vector fields relative to a metric g on M generate a Lie algebra containing,
as a Lie subalgebra, the Killing vector fields relative to g.

We now prove the following result, which ensures that the classification of Lie algebras
of conformal vector fields on R? relative to metrics can be reduced to the classification
of Lie algebras of conformal vector fields relative to g and gg.
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PROPOSITION 3.8. All Lie algebras of conformal vector fields on R? relative to definite
(resp. indefinite) metrics are diffeomorphic.

Proof. We want to prove first that if V' is a Lie algebra of conformal vector fields rel-
ative to g, then V is also a Lie algebra of conformal vector fields relative to any other
conformally equivalent metric. This amounts to the fact that every conformal vector field
relative to a metric is a conformal vector field relative to any conformally equivalent met-
ric. Let us prove this. Let X be a conformal vector field relative to a metric g; on R? and
let g2 be a metric conformally equivalent to g;. Hence, locally around each point of R?,
it is possible to write g; = e/ g, for a certain function f € C°°(R?). Thus,

fxg1=Lxg = Lxel g = (XeM)ga + e’ Lxgo = Lxgo = (fx — X f)go,

and X is a conformal vector field relative to gs.

Since all metrics on the plane are conformally flat, the Lie algebra of conformal vector
fields of a general metric on R? is the Lie algebra of conformal vector fields of a flat metric.
Moreover, flat metrics can be mapped into gg and gy through a local diffeomorphism.
Therefore, the Lie algebra of conformal vector fields relative to a flat metric is, up to
a diffeomorphism, the Lie algebra of conformal vector fields with respect to gg or gy
depending on whether the initial metric was definite or indefinite, respectively.

In consequence, the Lie algebra of conformal vector fields relative to a metric on R?
is diffeomorphic to the Lie algebra of conformal vector fields relative to gg, if the metric
is definite, and to gy, if the metric is indefinite. m

The above proposition allows us to slightly generalize the typical definition of confor-
mal Lie algebras on R? in terms of flat metrics as follows.

DEFINITION 3.9. We call conf(p, ¢) the abstract Lie algebra isomorphic to the Lie algebra
of conformal vector fields relative to a metric on R? with signature (p, q).

Let us now analyse the Lie algebras of conformal vector fields relative to a definite
and indefinite metric on R?, which amounts to studying the Lie algebras of conformal
vector fields relative to gg or gg, respectively.

Consider the flat metric gg on R? and let X = X*9, + X¥9,. If X is a conformal
vector field relative to gg on R?, then Lxgr = fxgg for a certain fx € C*°(R?). Hence

Lxgp =20, X"dz ®dz+20,XYdy @ dy + (9,X" 4+ 0,XY)(dz ® dy + dy ® dz) = fx g,

which amounts to 9, XY+ 0, X" = 0,0, X" = 0, XY = fx /2. Therefore, X is a conformal
vector field relative to gp if and only if the complex function f : C 3 z := x + iy —
X*(z,y)+iX¥(x,y) € C, where z,y € R, satisfies the Cauchy—Riemann conditions. This
implies that

conf(2,0) = conf(0,2) ~ {f8.| f : C — C is holomorphic},
and the Lie algebra conf(2,0), which is a realification of the referred to as Witt algebra,
is infinite-dimensional.

Let us now consider the Lie algebra of conformal vector fields of the hyperbolic met-
ric gg. If X is a conformal vector field relative to gg, then

Lxgn = (0, X" +0,XY) gy + 20,X"dy ® dy + 20, XYdz ® dz = fxgu,
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which occurs if and only if 9, X% = 0, XY =0, 0, X" + 0,XY = fx. This implies that
every conformal vector field relative to gy takes the form

X = X%(2)0, + XY(y)0, = conf(1,1) ~ X(R) & X(R).

The study of previous results and its posterior use in this work demand the analysis

of the pseudo-orthogonal Lie algebras. These are the matrix Lie algebras of the form
o . AT — — i
so(p,q):={Acgllp+q): ATn+nA=0, n:=diag(+...+—...-)},
P q

where gl(p + ¢) is the space of (p 4+ q) X (p + ¢) matrices with real entries. Then, it is
simple to see that P7 ~ s0(3, 1), where Py is given in Table[l] is a Lie algebra of conformal
vector fields relative to gg. Moreover, 111 ~ s0(2,2) is a Lie algebra of conformal vector
fields with respect to gg. The Lie algebras P; and I;; are some of the most relevant Lie
algebras treated in this work.

On the other hand, two conformally equivalent metrics may admit different Lie al-
gebras of Killing vector fields. This will be illustrated by the following proposition and
our forthcoming classification of Lie algebras of Killing vector fields on R2.

ProprosITION 3.10. If V is a Lie algebra of Killing vector fields relative to a metric g
on M and DV = TM, then the scalar curvature R of g is constant.

Proof. The Killing vector fields of g are symmetries of the scalar curvature R thereof.
Since the vector fields in V span the whole distribution 7'M and R is a function, it follows
that R must be a first integral of every vector field on M and consequently R must be
a constant. m

4. Vessiot—Guldberg Lie algebras of conformal and Killing vector fields on R?.
The work [II] accomplished a classification of Vessiot—Guldberg Lie algebras of vector
fields relative to two types of flat metrics on the plane: the Euclidean (definite) and
hyperbolic (indefinite) ones. That work did not highlight that all metrics on R? are
conformally flat and, as noted in previous sections, that being a Lie algebra of conformal
vector fields relative to a metric g amounts to being a Lie algebra of conformal vector
fields of a Euclidean or hyperbolic metric. Hence, it is obvious that Lemmas 7.1 and 7.2
as well as Propositions 7.4 and 7.5 in [I1], which only apply to Euclidean and hyperbolic
metrics, can be generalized as follows.

LEMMA 4.1. There exist no conformal vector fields X1, Xo relative to a conformally flat
Riemannian metric on R™ such that n > 1 and X1 A X5 = 0.

Lemma cannot be extended to R: the vector fields X; := 9, and X5 := ud, are
linearly independent and conformal relative to du ® du on R whereas X; A X5 = 0.

LEMMA 4.2. Let V be a Lie algebra of conformal vector fields relative to a metric g on R?
and let D be an invariant distribution relative to V. Therefore:

1) the distribution D+ perpendicular to D, i.e.
D = {X¢ € TeM : ge(Xe, X¢) =0, VX¢ € D}, VE€ M,

s invariant relative to V.
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2) The Lie algebra of conformal vector fields relative to an indefinite metric on R? has,
at least, two invariant distributions generated by commuting vector fields Y1,Yo.

3) A conformal vector field relative to an indefinite metric on R? can be brought into the
form Z = fLY1 + f2Ya, where Y12 = Yaf) =0 for some f, f2 € C*(R?).

As a consequence of the above lemma, if V' is an imprimitive Lie algebra of confor-
mal vector fields relative to a definite metric, then it also leaves invariant an additional
distribution. Hence, V' is primitive or multiply imprimitive.

PROPOSITION 4.3. The Lie algebras 11, Py, Pa, P3, Py, Py, I$71, I'T! are the Vessiot—
Guldberg Lie algebras of conformal vector fields relative to a definite metric on R?. They
constitute, up to a diffeomorphism, the Lie subalgebras of Pr.

ProrosSITION 4.4. The Lie algebras 1114, Ig, Igzl, Io1411, Thap, Lisp are the Vessiot—
Guldberg Lie algebras of conformal vector fields relative to an indefinite metric on R2.
They are, up to a diffeomorphism, the Lie subalgebras of 11;.

Let us now classify Lie algebras of Killing vector fields on R? relative to a metric. Our
findings are summarised in Table [I]

THEOREM 4.5. Let X1, X5,Y be Killing vector fields relative to a metric g on R? such
that X1 A X5 # 0 and [ X1, X2] = 0. Then:
1) The functions g(Xi,X;), 1,5 = 1,2, are constant,
2) If Y AX,; =0 for a fired i € {1,2}, then Y and the X; are orthogonal or commute.
Proof. Let us prove 1). Since X is a Killing vector field for g and [X;,X3] = 0 by
assumption, it follows that

Lx,9(X;, Xi) = (Lx,9) (X5, Xi) + 9(Lx, X5, Xi) + 9(X;, Lx, Xi) =0, 0,5,k =1,2.
As X1A X2 # 0and X1, X5 € X(R?), the tangent vectors X; (£), X2(£) span T¢R? for every
¢ € R? and Lx,9(X;, X)) = 0 for every i,j,k = 1,2. In consequence, d[g(X;, Xi)] = 0
and g(X;, Xy) is a constant for j,k =1,2.

Let us now prove 2) by assuming Y A X; = 0. Hence, Y = fX; for a function
f € C>=(R?). Using part 1) of the present theorem, we obtain 0 = Lsx, g(X;, X;). Since
Y is a Killing vector field for g and [X7, X3] = 0, it additionally follows that
0=Lrx,9(X;, X;) = 9(Lyx, Xj, X;5) + 9(Xi, Lyx, X;j) = =2(X; f)g(X1, X;).

Therefore, X; and Y are orthogonal, i.e. g(X;,Y) =0, or [X;,Y] = (X;f)X; =0. =
LEMMA 4.6. If V is a Lie algebra of Killing vector fields relative to a metric g on R? and
there exist X1, X2 € V such that (X1, Xs] =0 and X1 AXa # 0, then g = ¢;;0' @67, where
the ci; are constant and 6*,6? are dual one-forms to X1, Xo, i.e. °(X;) = 5;», 1,7 =1,2.

Proof. The assumption X; A X, implies that ' A 82 # 0 and any metric ¢ on R? can be
brought into the form

g= 91191 ®91 +912(91 ®92 +92 ®61) +92202 ®02,
for certain functions g;; € C*°(R?). Since [X;, X;] = 0 by assumption, it turns out that

(Lx,67)(Xk) = Xi[0! (Xi)] = 0/([Xi, Xi]) =0, 0,5 =1,2.
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Since X1 A X3 # 0 also by assumption, the Lie derivative £x,67 vanishes on an arbitrary
vector field, i.e. Lx,07 =0 for i,j = 1,2. If X, is a Killing vector field relative to g, then
Lx.g =0, i =1,2. Due to this reason and as Lx,0 = 0 for i,j = 1,2, it follows that

Lx,9=(Lx,011)0" @ 0"+ (Lx,912)(0" ® 0% + 0% ©0") + (Lx,920)0° ©0° =0, i=1,2.

The last equality holds if and only if Lx,911 = Lx,912 = Lx,922 = 0 for ¢ = 1,2. Since
X1 A Xo # 0, this means that the g;; are constant for 4,5 =1,2. m

Among the Vessiot—Guldberg Lie algebras on the plane (see Table , we aim to
classify those Lie algebras V' consisting of Killing vector fields relative to a metric g,
namely, Lxg = 0, for every X € V. The following proposition is a consequence of
Lemma [£.6

PROPOSITION 4.7. The Lie algebra 1145 consists of Killing vector fields only relative to
Euclidean and hyperbolic metrics on R2.

Proof. If the vector fields of Ii4p := (9;, 9,) are Killing vector fields relative to a metric g,
then Lemma ensures that g = ¢z dz ® dz + ¢gy(de @ dy + dy ® dz) + ¢y dy @ dy
for certain constants cgy,Cyy, Cyy. Then, if I14p is a Lie algebra of Killing vector fields
relative to a metric, then the metric must be flat. Additionally, the previous form of g
ensures that Ly g = 0 for any Y € I14p and constants ¢z, Cyy, Cyy. It is enough then to
choose ¢y, Czy, cyy in such a way that g is non-degenerate to see that I,4p is a Lie algebra
of Killing vector fields in respect of Euclidean and hyperbolic metrics. =

PROPOSITION 4.8. The Lie algebras on the plane given by P‘f’éo, P4—Psg, Ig-111, I1is-1Ia0
do not consist of Killing vector fields relative to any metric on R?.

Proof. Propositionsand ensure that Ps, Pg, Pg, 17, 137517 I10 and I15-1I59 are not
Lie algebras of conformal vector fields. Hence, they cannot be Lie algebras of Killing
vector fields. Let us then focus on the remaining Lie algebras stated in this proposition

P?#OvP47P7a167lg:17197111~ (2)
Let us proceed by reduction to the absurd, and we assume that previous Lie algebras
consist of Killing vector fields relative to a metric on R?. Apart from I, all previous Lie

algebras satisfy the conditions given in Lemma for X; = 0, and Xy = 0,. The dual
one-forms to X7, X5 read #; = dx and 65 = dy. Hence,

g = Cppdz @dx + cpy(dz @ dy + dy @ dz) + ¢, dy ® dy

for certain constants c., Cayy Cyy-
e Lie algebra P‘fﬂ: Let us take X3 := a(x0, + y0y) + Y0, — 0, € P1 where « > 0.
Since X3 is a Killing vector field relative to g, then

Lx,9 = 2(0Cpp—Cqy)dx@da+(cpptacyy—cyy ) (de@dy+dy@de)+2(cpy+acy, ) dy®@dy = 0
and therefore condition £x,g = 0 amounts to
2(aCyy — Cry) = (Cow + QCry — Cyy) = 2(Czy + acyy) = 0 => a’c,, (2 + a?) = 0.

Since a # 0 by assumption, ¢z, = czy = ¢yy = 0 and g = 0. This is a contradiction and
P27 does not consist of Killing vector fields for any g on R2.



CONFORMAL AND KILLING LIE ALGEBRAS ON R? 251

o Lie algebra P4: In this case we choose X3 = 20, + y0, €P4. Then,
L0, +y0, (Coz dT @ dz + 4y (dr @ dy + dy @ dz) + ¢, dy ® dy) = 2g. (3)

If X3 is a Killing vector field, then Lx,¢g = 0 and g = 0. This is a contradiction and hence
P4 does not consist of Killing vector fields relative to any metric on the plane.

o Lie algebras g, Ig, I1p: All these Lie algebras contain the vector field X3 = z0,.
As X3 is a Killing vector field by assumption, £Lx,g = 0. From it follows that g = 0,
which is a contradiction. Hence, none of the previous Lie algebras consists of Killing
vector fields relative to any g on R2.

o Lie algebra Ig: Since X3 := 20, +y0, € I9=! must be a Killing vector field relative
to g, then shows that g = 0.

e Lie algebras Pg and P7: Since P4 does not consist of Killing vector fields relative
to any metric on R? and Py is a Lie subalgebra of P, Pg, the Lie algebras Pg and P~
cannot consist of Killing vector fields for any metric on R2. m

COROLLARY 4.9. If V is a Lie algebra of vector fields on R? containing linearly in-
dependent Xl,XQ,Xg such that [X17X2] = [XQ,Xg] = 0, [Xl,Xg] 7& 0, XQ A X3 7é O,
X1 ANX3=0, then V is not a Lie algebra of Killing vector fields related to any metric.

Proof. Let us prove our claim by reduction to contradiction. Since X; A X3 = 0, there
exists a non-zero function f € C°°(R?) such that X3 = f(£)X1, V&€ € R%Z. As X3 is a
Killing vector field by assumption, £Lx,g = 0 relative to a metric g. Also from assumption
X1 A Xy # 0. Hence, using Lemma [4.6] we find that

0= Lsx,[9(X1,X1)] = —2(X1f)9(X1, X1), 0= Lysx, [g9(X1,X2)] = —(X1f)g9(X1, X2).

By assumption [X7, X3] # 0, hence X1 f # 0 and g(X1, X;1) = ¢g(X1, X2) = 0. From this
result and as X A Xy # 0, it turns out that ¢ is degenerate. This is a contradiction,
which finishes the proof. m

PROPOSITION 4.10. The Lie algebras PY=C, P3 and 14 are Lie algebras of Killing vector
fields relative to some metrics on the plane.

Proof. In the coordinates x,y on R?, every metric on R? reads
9= Goo dz @ dz + gy (dz @ dy + dy @ dz) + gy dy ® dy, (4)

for certain functions gz, gy, gyy € C°°(R?). Let us analyse the possible values of g
making the Lie algebras mentioned in this proposition to consist of Killing vector fields.

e Lie algebra P¢=0: In this case, we aim to determine functions gy, gy, gyy € C°(R?)
such that the vector fields of

Pyl = <X1 =0y, Xp =0y, X3:=y0, — $8y>

become Killing vector fields relative to ¢, i.e. Lx,g = 0 for K = 1,2, 3. Imposing this
condition for k = 1,2, we obtain

g=Crpdz@dr+ cpy(dz @ dy +dy @ dz) + ¢y dy @ dy,  Can, Cayy Cyy € R.
Meanwhile, the condition below follows from the case k = 3:

Lyo, 20,9 = (Cox — yy)(dr @ dy + dy ® dz) + 2¢4y(dy ® dy — dz @ dz) = 0.
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The last equality is satisfied if and only if ¢, = ¢y, ¢zy = 0. Hence, the Lie algebra P¢=°
is a Lie algebra of Killing vector fields only relative to a Euclidean metric

g=cpp(dz@dr+dy®dy), cm € R\ {0}
e Lie algebra P3: Let us determine functions gz, gzy, gyy € C°°(R?) such that
P3 = <X1 = y0y —x0y, Xo = (1+ 2 —y*)0, + 2xy0y, X3 :=2xyod, + (1+ y? — x2)8y>

consists of Killing vector fields relative to a metric g, i.e. Lx,g =0 for k = 1,2,3. This
condition for k = 1 takes the form

Y9zz,x — Tzx,y — 2gmy =0, y(gmﬂ + gyy),m - m(gzz + gyy),y =0,
290y + Y9yy.e = TGyyy = 0, < Y9z = Gyy) w — TGz — Gyy) .y — 492y = 0,
Gzx — Gyy + Y9zy,x — TGzy,y = 0. Gzx — Gyy + Y9zy,x — TGzy,y = 07

where every subscript given by a coordinate after a comma determines a derivative in
that coordinate. These equations are satisfied when g, = g,y =: f(z,y) and f(x,y) is
such that y(gzs + 9yy),e — (s + gyy),y = 0 and gz, = 0. Hence, X; is a Killing vector
field for

gy == f(z,y)[dz ® dz + dy ® dy].

It is now time to determine those f € C°°(R?) satisfying Lx, g5 = 0, k = 2, 3. Hence
Lx,9=(1+a* —y*) fu + 22y fy + da)(dz ® dz + dy ® dy) =0,
Lx,9=2vyf.+ (1 +y*—2*)f, +4y)(dr ® dz + dy ® dy) = 0.

The system amounts to

(5)

(1+2® = y*) fa + 20yfy +4x =0 fa | x
{ 2oyt (142~ a?)fy + Ay =0 (f@) IEREEES (y) ©
One of the non-zero solutions to @, away of (0,0), is f(z,y) = —2log (1 + 22 + y?).
Hence, P3 consists of Killing vector fields relative to the Riemannian metric
g=—2log (1+2%+y*)(dz ® dz + dy ® dy). (7)

Since the Lie algebra P3 is primitive, it does not admit invariant distributions. Lemma
ensures that it is not a Lie algebra of Killing vector fields relative to any indefinite
metric on R2.

e Lie algebra 14: We now study the Lie algebra I4. In this case, guz, guy, gyy € C>(R?)
must be found so as to ensure that the elements of the Lie algebra

Iy = <X1 =0y + 0y, Xo =120, +y0,, X3:= 220, + y26y>
will become Killing vector fields relative to the metric g, i.e. Lx,9 =0 for k =1,2,3. If
k =1, then
Lx,922 = Lx,9yy = LX,9zy = 0.
In coordinates & := z — y and & := x + y, the previous conditions imply that Lx, f =

20¢,f = 0, and then f = f(x —y). Hence, gzx = hax(x — y), hyy = hyy(@ — Y), gzy =
hay(x —y) for some functions hyy, hyy, hay € C°(R). If k = 2, we obtain the conditions

Lx, 920 + 290z = ﬁngxy + 29y = ‘Cngyy +2gyy = 0.
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Thus,
(x = Y) iy + 20w = (& — Y) iy + 2hay = (z — y) by, + 2hy, = 0.

Since the solution to (z —y)f'(z —y) + 2f(x —y) = 0is f(x —y) = N/ (z —y)?, AER,
the metric g takes the form

g= w[cmdx ®dz + ¢py(dz @ dy + dy ® dz) + ¢y dy @ dy],
for some constants cgz, Czy,Cyy. Imposing the last condition, i.e. k = 3, we reach the

formula

2
m[cmC dz ® dz + ¢y dy ® dy] = 0.
Hence, cyz = cyy = 0 and I is a Lie algebra of Killing vector fields relative to an indefinite
metric. =

[’ng =

It is worth noting that the previous proposition ensures that P$=° consists of Killing
vector fields only relative to a metric equal, up to a non-zero proportional constant,
to gg. The Lie algebra P3 consists of Killing vector fields only with respect to Riemannian
metrics, and I, is a Lie algebra of Killing vector fields relative to an indefinite metric on R?
taking, up to a non-zero proportional constant, the form g = (dz®@dy+dy®dz)/(x—1y)?2.
Since all previous Lie algebras have associated distributions of rank two and the curvature
tensor R for each metric is invariant under Killing vector fields, it follows that R is
covariant invariant and the corresponding spaces are locally symmetric.

Proposition [£.10] can be reinterpreted as the consequence of the existence of a certain
type of quadratic Casimir element for the Lie algebras P$=0 I, P3. Let us explain this
relevant fact in detail, which will also allow us to describe all Lie algebras of Killing vector
fields on R? relative to arbitrary metrics.

Let g be an abstract Lie algebra and let ¢ : g — X(M) be a Lie algebra morphism. It is
known that the universal enveloping Lie algebra, U(g), of g is isomorphic to the symmetric
tensor algebra, S(g), of g. This allows us to extend ¢ to a unique morphism of associative
algebras T : U(g) ~ S(g) — S(M), where S(M) is the space of symmetric tensor fields
on M. The Lie algebra g induces a Lie algebra representation pg : g — End(U(g))
by extending the derivation ad, : w € g — [v,w] € g, with v € g, to a derivation
[v,]ug) on U(g). If V' := ¢(g), then there exists a second Lie algebra representation
pv : X €V = Lx € End(S(M)), where Lx stands for the Lie derivative of symmetric
tensor fields on M relative to the vector field X. It is easy to check that

Y([v, Clu(g)) = Lrw)Y(C), VYvegVC eU(g).

As a consequence, if C' € U(g) is a Casimir element of g, namely [v, Clyg) = 0 for all
v € g, then LxYT(C) =0 for every X € ¢(g).

Particular types of symmetric tensor fields of the form Y(C'), where C is a Casimir
for s1(2), have appeared previously in [I], where they were called Casimir tensor fields.
Following this terminology, we will hereafter call the T(C), for C being a Casimir for a
certain Lie algebra, Casimir tensor fields.
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THEOREM 4.11. Let V be a Vessiot—Guldberg Lie algebra of vector fields whose isomorphic
abstract Lie algebra g admits a quadratic Casimir element C € U(g) such that T(C) is
non-degenerate. Then, V consists of Killing vector fields relative to Y(C)~1.

Proof. Since C' is a Casimir element for g, it follows that LxT(C) = 0 for every X € V,
i.e. T(C) is a symmetric tensor field on M invariant relative to the vector fields of V. Let
us assume that G := T(C) = g0, ® 0, in local coordinates. The equality LxG = 0 for
every X € V amounts, for X = X%9,, to

(LxGY™ = X°0ug" — (0 X")g™ — (0aX")g"™" = 0. ®)

By assumption, G is non-degenerate, i.e. the matrix g"” has an inverse g,,. Let g :=
guvdz? @ dz¥. The coordinates of the Lie derivative of g relative to X read

(EXg)uu = Xaaozg;w + (a,uXa)gaV + (8uXa)ga;p (9)

By substituting the equality 0agu = —gur(0ag™)gr, into @D and using , it turns
out that Lxg = 0 and V becomes a Lie algebra of Killing vector fields relative to the
metric g. m

EXAMPLE 4.12. Let us apply Theorem to show that the Lie algebra P$=C consists
of Killing vector fields relative to a metric on R2. Let g be a Lie algebra isomorphic to
P$=Y with a basis vy, ve, v3 satisfying the same commutation relations as the basis of
vector fields X1, Xo, X3 for P§=C given in Table [1} This gives a Lie algebra morphism
¢ : g — X(R?) mapping each v; into X;. The Lie algebra g admits a quadratic Casimir
element v; ® vy +v2 ®ve. If T : U(g) — S(R?) is the corresponding associative algebra
morphism, then Y (v; ® v1 +v2 @ v2) = X1 @ X1 + X2 ® Xy = 0, ® 05 + 0y ® 0,. Hence,
this tensor field is non-degenerate and the inverse is

g =dzr®dr + dy ® dy.

This is essentially the metric detailed in Proposition [£.10]

EXAMPLE 4.13. Let us now employ Theorem [£.11]to show that the Lie algebra Py consists
of Killing vector fields relative to a metric on R2. In view of Table [I} the Lie algebra Po
is isomorphic to an abstract Lie algebra s[(2). Choose a basis v1, v2, v3 thereof satisfying
the same commutation relations as the basis of vector fields X7, X5, X3 for P given in
Table |1} This gives a Lie algebra morphism ¢ : 5[(2) — X(R?) mapping each v; into Xj.
The Lie algebra s[(2) admits a quadratic Casimir element C' := v1 ®v3+v3 Q01 — 203 Qvs.
If Y : U(sl(2)) — S(R?) is the corresponding associative algebra morphism, then T(C) =
X1@ X3+ X530 X1 —2Xo® Xo = —2¢y%*(9, ® 9, + 9, ® ;). Hence, this tensor field is
non-degenerate and the inverse is
-1

= @(dx(@dm—i—dy@dy).

9

A straightforward computation shows that indeed g is invariant under the elements of Ps.
Since X7, X5 span a Lie algebra diffeomorphic to Iy44 (cf. [I]), it follows that this Lie
algebra also consists of Killing vector fields relative to g.
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5. Invariant distributions for Vessiot—Guldberg Lie algebras on R2. Lie proved
that the Lie algebras {P;};,=1,. s do not admit any invariant distribution [10], while
Lie algebras {I;};=1,.. 20 do. The knowledge of these distributions for Vessiot—Guldberg
Lie algebras on R? is relevant to the characterization of Vessiot-Guldberg Lie algebras
of conformal vector fields on R? (cf. [I1]). Although these distributions were employed
in [I1], it was not detailed there how to obtain them. As a consequence, this work aims
to determine the invariant distributions of the Lie algebras {I;};=1,. 20. This task is
accomplished by means of the following lemma.

LEMMA 5.1. If a Vessiot-Guldberg Lie algebra V on R? admits two vector fields X1, X
such that [X1,X5] = 0 and X1 A X # 0, then every invariant distribution D for V is
spanned by a linear combinations A\ X1 + A2 Xa, with A1, A2 € R.

Proof. Since X7 A X5 # 0, the invariant distribution D for V' can be generated by means
of a vector field of the form X, or X; + uXs for a certain function p € C*°(R?). If D
is generated by X5, then the lemma follows. If D is generated by X7 + pXs, then there
exist functions f; € C*°(R?), with i = 1,2, such that

(X, X1 4+ pXo] = (Xop) Xo = fi( X1 + pXa), 1=1,2.

Since X3 A Xg # 0, it follows that f; = fo = 0. Moreover, X;u = 0 for ¢ = 1,2 and
1 = const. Therefore, D is generated by A\ X1 + A2 X5 for certains A\, Ao € R. =

THEOREM 5.2. If a Vessiot-Guldberg Lie algebra V on R? contains two linearly indepen-
dent vector fields X1, Xo such that [ X1, Xs] = 0 and X1 A Xo = 0, then every distribution
D invariant relative to V is generated by X;.

Proof. Since X;, X5 are linearly independent vector fields of V satisfying X; A Xo =0
and [X1, X5] = 0 by assumption, then there exists f € C°°(R?) such that X, = fX; and
X1f = 0. Let X3 be a vector field satisfying X; A X3 # 0. As D is a one-dimensional
distribution and X; A X3 # 0, it is therefore generated by X3 or X; + X3 for a certain
€ C(R?). If D is generated by X3, then [f X1, X3] = f3X3 for a certain f3 € C°°(R?)
and [fX9,X1] = 0 by assumption. Since X; A X3 # 0, it follows that X5f = 0 and
X1f = 0. Then, f is a constant and X5 and X; are linearly independent, which is a
contradiction and shows that D cannot be spanned by Xj3. Let us assume that D is
generated by X7 + pXs. Since D is invariant relative to X7, Xz, there exist functions
f1, f2 € C*°(R?) such that

(X1, X1+ pXs] = (Xap) X5 + p[X1, Xs] = f1(Xq + pX3), (10)

[f X1, Xa + pXs] = (X)X + fulXe, Xs] — p(Xs ) X1 = fo(Xa + pXs) (11)
Substituting in and recalling that X7 A X3 # 0, we obtain

FI(Xa+pXs)—p(Xs f) Xy = fo(Xa+pXs) = (ffr—pXsf—fo) X+ (f fipn—fop) X3 = 0.

Since X3 A X1 # 0, then pX3f = 0. We have two options, i = 0 or u # 0. Let us assume
that pu # 0. Then, X3f = 0 and, as X; A X3 # 0 and X; f = 0 which is a consequence
of the assumption [X3, X;] = 0, we deduce that f is a constant, which goes against
our assumption that X;, X5 are linearly independent. In consequence, p = 0 and D is
generated by X;. m
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COROLLARY 5.3. The Lie algebras 112, 113, Iig—129 and 114, 15 for r > 1 admit only one
invariant distribution generated by 0,.

Proof. In view of Table [1} the above mentioned Lie algebras contain the vector fields
X; = 0y, X2 := m(x)0y. By applying then Theorem we infer that every invariant
distribution is generated by X;. m

THEOREM 5.4. Let V be a Lie algebra containing some vector fields X1, X2, X3 on R?
such that X1 A Xo # 0, [ X1, X2] = 0. Let D be an invariant distribution on R? relative
to V. Hence:

a) If [X1, X3] = X2 and [X3, X2] =0, then D is spanned by Xo,
b) If [X1,X3] = X1, then D is generated by X1 or Xs.

Proof. From the assumptions of this theorem and Lemma it follows that the distri-
bution D has to be generated by a linear combination with real coefficients of X7, X5.

Let us prove a). Since D is invariant relative to X3 by assumption, there exist
f1 € C*(R?) and ¢, ca € R with ¢? + ¢3 # 0 such that

(X3, 01 X1 + 2 Xo] = —c1 X = fi(a1 X1 + 2 X2) = (fico + 1) Xo + frar X1 = 0.

As X1 A X5 #0, then ¢; = 0 and D is generated by Xo.
We now turn to prove b). Since D is invariant relative to X3, there exist f; € C°°(R?)
and c1,c2 € R with ¢ + ¢2 # 0 such that

[X5,c1 X1 + 2 Xo] = —a1 Xh = fi(an Xy + 2 Xo) = a1 (fi + 1) X1 + fiea X2 = 0.

Hence, there exist two possibilities: f; = 0 and therefore ¢; = 0, which implies D is
generated by Xo; or f1 # 0, which gives c; = 0 and D is generated by X;. =

COROLLARY 5.5. The Lie algebras lg, lg, 119, and Iy1 have only two invariant distri-
butions spanned by 0, and 0,. The Lie algebra 17 has only one invariant distribution
spanned by X = 0,.

Proof. The vector fields of I; = (X3, Xa, X3, X4), where X1, ..., X4 are given in Table
are such that X, Xo, X3 obey the conditions of the case b) of Theorem |5.4. Hence, their
invariant distributions are generated by X; or Xs. A straightforward computation shows
that the only invariant distribution is Xs = 0,.

Similarly, it can be proved that the invariant distributions for Ig, Ig, 119, and I;; are
generated by X; or X, where these vector fields are those ones indicated in Table [l
A simple calculation shows that each of these vector fields generate an invariant distri-
bution for the mentioned Lie algebras. =

6. Applications in physics. This section illustrates the physical relevance of systems of
differential equations whose dynamic can be determined by Vessiot—Guldberg Lie algebras
of conformal and Killing vector fields on R? relative to a certain metric g. The results
of previous sections are employed to construct g and to prove that Vessiot—Guldberg Lie
algebras consisting of Killing vector fields relative to g are also Lie algebras of Hamiltonian
vector fields relative to the symplectic structure induced by g. This much improves results
in [I], where such structures were obtained by long and tedious calculations.
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6.1. Milne—Pinney equations. The Milne-Pinney equations, known by their many
applications in physics [I6] and mathematical properties [5], take the form
d’z
de?
where w(t) is any function depending on ¢ and ¢ € R. If we define y := dx/d¢, the above

= W)z + x% : (12)

differential equation can be rewritten as

dx
- =Y

dy 9 c

System describes the integral curves of the ¢-dependent vector field (cf. [7]) & :=
X3 + w?(t) X, with
1 c
X1 =—-20y, Xo= i(yay —x0,), X3=y0,+ an. (14)
The vector fields X7, X5, X3 form a basis of a Lie algebra Vyp. Let us study Vyp. The

matrix of its Killing form, &, in the basis B := {X;, X3, X3} takes the form

0 0 —4
[I{}B = 0 2 0
-4 0 O

Hence, the Killing form is non-degenerate and indefinite. The Cartan criterium [22] en-
sures that the Lie algebra Vjp is semi-simple. Geometrically, Table [I] shows that every
three-dimensional semi-simple Lie algebra of vector fields on the plane is isomorphic
to s[(2) or to so(3). Algebraically, every semi-simple three-dimensional Lie algebra only
admits such two options (cf. [20]). Since Virp is indefinite, Viyp is isomorphic to s[(2).

Consider the Lie algebra s[(2) and a basis {v1,vs,v3} thereof satisfying the same
commutation relations as X, Xo, X3. This induced a Lie algebra morphism ¢ : sl(2) —
X(R?) mapping each v; onto X;. This gives rise to an associative algebra morphism
T : U(sl(2)) — S(R?). The Lie algebra sl(2) admits a quadratic Casimir element

C = V1 ®’l}3 +U3®’Ul 72’[)2 X va.
Therefore
GSZ T(C) :Xl ®X3+X3®X1 72X2®X2
In view of the coordinate expression for X, X5, X3, it follows that
x2 2c 9y
Gf778m®8x— <$2+2

Hence, the tensor field G is non-degenerate for ¢ # 0. Then, Theorem ensures that
the Lie algebra Vjp consists of Killing vector fields relative to

2

2 2
g::G1=—<x2+gc>dx®dx+?é(da:@dy—i—dy@dx)—zcdy@dy.

The associated symplectic structure is given by w := %1, i.e.

w = +/|c|dz A dy.

>8y®5y;my(ﬁx®ay+5‘y®8x):>det(¥c.
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The vector fields of Vjyp become Hamiltonian relative to w. In this simple manner, it
was possible to obtain a symplectic form turning the elements of Vyip into Hamiltonian
vector fields algebraically. Meanwhile, this result had to be obtained by solving a system
of PDEs or by guessing the form of w in previous works [T}, [§].

6.2. Schrodinger equation on C2. Let 7 be an n-dimensional Hilbert space with
a scalar product (-,-), let H(t) C End(H) be a Hermitian Hamiltonian operator on H
for every t € R, and let {wi}ieﬁ € H be an orthonormal basis of quantum states, i.e.
(Yi|Yp;) = 05, i € I,n. It is possible to define in Ho := H \ {0} an equivalence relation

Y1~y = IN € C\ {0} : ¢y = Ay,

which gives rise to the complex projective space PH := Hy/~ as its space of equivalence
classes. Since this is also the space of orbits of the free and proper multiplicative action
of the Lie group Cy := C\ {0} on C§ := C™ \ {0}, the space PH := Hy/~ becomes
a manifold.

Let C3 > ¢ ~ [¢] € CP* ~ C2/Cy, v := (21, 22) be the projection from C2 onto
its projective space. A t-dependent Schrédinger equation on H := C? induced by a
t-dependent Hamiltonian H (t) takes the form

ar = = 5 (3) =0 (3) - (G v) ()

for b(t) := b1 (t) +iba(t), Niyb; e R If pu := 212517 z1 € C, z9 € Cy, then

du .o+
L= i[B0R? + (alt) = M () — b(0)].
Making a change of variables p = z+iy, z,y € R, and gathering the real and imaginary
parts of the previous system in the new variables, we obtain

2~ ba0)(a? ~ 4 1)~ (lt) ~ M(0))y — 201 D)y
Y by 7~ 1)+ Qalt) = M) + 2balD)ay,

describing the integral curves of the t-dependent vector field on CP! of the form
X =b1(t) X1 + ba(t) Xo + (A2(t) — A1(1)) X3,
— X1 = 2xyd, + (1 + 3y — xz)ﬁy, Xy = (22 —y* +1)0, + 2zy0y, —X3 1= y0, — x0y.

The vector fields X;, i = 0,1,2, span a Lie algebra Vj = P3. The Killing form, ,
of Py in the basis B := {X;, X2, X3} reads

8 0 0
Ks=[0 -8 0
0 0 -2

This Killing form is non-degenerate and negative-definite. As it is a three-dimensional
semi-simple Lie algebra and there are only two semi-simple three-dimensional Lie algebras
s[(2) and so0(3), the Lie algebra Vg = {X1, X2, X3} must be isomorphic to so(3). In view
of Table [T} this Lie algebra must be diffeomorphic to Pj.
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7# Primitive Basis X; DomV Inv. Kill. Conf.
distr.
Pi. Au~RxR? 9,0, a(xds+ydy)+yde—z0y,, >0 R? — +(a=0) g¢gE
Py sl(2) O, 0z +y0y, (2% —y?)0u +2xy0y R?., - + gE
Ps  s0(3) YOz —x0y, (1422 —y*) 0y +22y0,,
22y, +(1+y* —22)0, R? - + JE
P, RZxR? Oz, Oy, x0z+YyO0y, YyOr — 0y R? - — gE
Ps sl(2) x R? Oz, Oy, x0s — YOy, YOu, 0y R? — — —
Ps  gl(2) x R? Oz, Oy, ¥z, YOy, Ty, YOy R? — — —
P7;  s0(3,1) O, Oy, 0w+ Y0y, yOr — 20y, (2* —y*) s
+22y0y, 2zy0ys + (y* —22)0, R? — — JE
Ps  sl(3) Oz, Oy, 20y, YOz, 2y, YOy, >0y +ayd,,
YOy +1y20, R? - — -
#  One-imprimitive Basis X; DomV Inv. Kill. Conf.
distribution
I sl(2) O, 200, +y0y, £2 0y + Y0, R? o Oy — —
I gl(2) Oz, YOy, Ty, 220, +xydy Ri;ﬁo Oy — —
I R Oy, &1(x)Dy, ..., & (2)0y, 7> 1 R? 3y - -
Lz RxR™ Oy, YOy, E1(2)0y, - . ., Er(x)Dy, 7> 1 R? Oy - -
Iy RxR" Oz, M1 (x)0y, n2(x)0y, . . ., nr(x)0y,
(r>1,r=1, m() #m()) R? 9y - -
Iis RIZxR" Oz, YOy, m1(2)Dy, . .., nr(z)0y,
r>1, r=1, ni(z) #m(z) R? Oy — —
Iig ChL~hyxR™ Oz, Oy, x0z+aydy, x0y, ...,z 0y,
r>1, aeR R? 0y - -
ILr Rx (RxR") Oz, Oy, 20+ (ry+a")0y,
x0y,..., 2" 0, r>1 R? Oy — —
Lis  (h@R)xR™  8,,0y, x0x, 20y, y0y, 20y, . .., 2" 0y,
r>1 R? By _ _
Lo sl(2) x R™ O, Oy, £0y, 2205 +1y0y, 20y +12Yy0,y,
220y,..., 270y, r>1 R2 Oy — —
Lo gl(2) x R™ O, Oy, 0, £Oy, YOy, 20y +rxYy0y,
220y,..., 270y, r>1 R2 Oy — —
# Multiply Basis X; Dom V' Inv. Kill. Conf.
imprimitive distribution
L R Oy R* 9,0, +h(y)0y — gm,9u
12 bg 81, xaz RQ Bz, ay — gH
Is  sl(2) O, 20, 220, R? 2, Dy - gu
La  sl(2) 02 +0y, £0s+y0y, 20 +y20y RZ., Oz, Oy + gH
Is  gl(2) Oz, Oy, x0s, 20y R? Oz, 0y - gm
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# Multiply Basis X; DomV Inv. Kill. Conf.
imprimitive distribution
Ig;ﬂ Boz1 ~ R Kx R? 0,0y, x0:+ayd,, 0 < |a| <1 R2 Oz, 0y - —
I$7! B; ¥R x R? Oz, Oy, x0z+y0y R? AxOz + AyOy — 9E,9H
Is  bH2Dbhe Oz, Oy, Oz, YOy R? Oz, Oy - gH
Lio sl(2) @b Oz, Oy, Oy, Yy, >0y R? Oz, Oy — gH
In  sl(2) @sl(2) O, Oy, ©0s, YOy, 20x, y* 0y R? O, Oy - gm
Tiua Rx R 02,e%0y, ce R\ 0 R? €0y, 0z + cydy + JE
Lusz RxR Oz, 0, R?*  XeOs+ M0y, + g, 9H
Iisa R2xR Ox, Y0y, e 0y, c€ R\ 0 R? €9, 0: + cyd, — -
Lispg R*x R O, YOy, Oy R? Oz, Oy - gm

Table 1. GKO Classification of Vessiot-Guldberg Lie algebras on R?. Functions &1(z), ..., & (x)
are linearly independent, n1(z),...,n-(x) form a base of solutions to a linear system of r linear
differential equations with constant coefficients. We write g = g1 X g2 to indicate that g is the
direct sum of g1 and g2, where gz is an ideal g. The symbol ‘4’ in the column Kill. indicates
that a Lie algebra consists of Killing vector fields relative to metric and ‘—’ is written
otherwise. The column Conf. details when a Lie algebra consists of conformal vector fields
relative to a definite metric (gg), or a indefinite metric (gr). The symbol ‘—’ means that a Lie
algebra does not consist of conformal vector fields relative to any metric.

The vector fields X7, X5, X3 are exactly those ones of P3. Let us consider a basis
v1, 2, v3 of s0(3) satisfying the same commutation relations. This gives rise to an asso-
ciative algebra morphism T : U(s0(3)) — S(R?) The Lie algebra P3 admits a quadratic
Casimir element

C:’01®U1 +'02®’U2+4"U3®’U3.
Then,

Go="Y(0)=X1®@ X1+ Xo® Xo+4X3® X3 = (1 + 2% +y*)*(0, ® 0, + 0y ® Oy).
This Gy is non-degenerate and Theorem[d.1T]allows us to construct a Riemannian metric g
turning the elements of Vg into Killing vector fields relative to

g=Gl = dzr @ dz +dy ® dy
0 (1422 +y?)2
The symplectic structure related to g takes the form
dz Ad
w = % = x1.
(1+22+y?)
In virtue of Theorem the Lie algebra Vg is a Lie algebra of Killing vector fields

relative to w. As in the previous section, this symplectic form is obtained algorithmically.
This is much simpler than obtaining w by solving a system PDEs as it was accomplished

previously in the literature [I.
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