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Abstract. Antiunitary representations of Lie groups take values in the group of unitary and
antiunitary operators on a Hilbert space H. In quantum physics, antiunitary operators implement
time inversion or a PCT symmetry, and in the modular theory of operator algebras they arise as
modular conjugations from cyclic separating vectors of von Neumann algebras. We survey some
of the key concepts at the borderline between the theory of local observables (Quantum Field
Theory (QFT) in the sense of Araki-Haag—Kastler) and modular theory of operator algebras
from the perspective of antiunitary group representations. Here a central point is to encode
modular objects in standard subspaces V' C H which in turn are in one-to-one correspondence
with antiunitary representations of the multiplicative group R*. Half-sided modular inclusions
and modular intersections of standard subspaces correspond to antiunitary representations of
Aff(R), and these provide the basic building blocks for a general theory started in the 90s with the
ground breaking work of Borchers and Wiesbrock and developed in various directions in the QFT
context. The emphasis of these notes lies on the translation between configurations of standard
subspaces as they arise in the context of modular localization developed by Brunetti, Guido and
Longo, and the more classical context of von Neumann algebras with cyclic separating vectors.
Our main point is that configurations of standard subspaces can be studied from the perspective
of antiunitary Lie group representations and the geometry of the corresponding spaces, which
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are often fiber bundles over ordered symmetric spaces. We expect this perspective to provide new
and systematic insight into the much richer configurations of nets of local observables in QFT.
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1. Introduction. One of the core ideas of quantum theory is that the states of a quan-
tum system correspond to one-dimensional subspaces of a complex Hilbert space H, i.e.,
the elements [v] = Cuv, v # 0, of its projective space P(H). This set carries a geometric
structure defined by the transition probability

__[ww)?
T([/UL [w]) T <’U,’U><’w,’w> € [07 1]
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between two states [v] and [w], where d([v], [w]) = arccos \/7([v], [w]) € [0,7/2] is the
corresponding Riemannian metric (the Fubini-Study metric), turning it into a Riemann—
Hilbert manifold. Wigner’s Theorem characterizes the automorphisms of (P(#), 7), resp.,
the isometries for the metric, as those bijections induced on P(#) by elements of the
antiunitary group AU(H) of all linear and antilinear surjective isometries of H ([Ba64]).
Accordingly, we have an isomorphism

Aut(P(H), ) = AU(H)/T1 =: PAU(H)

of Aut(P(H), 7) with the projective antiunitary group PAU(H). So any action of a group G
by symmetries of a quantum system leads to a homomorphism 7: G — PAU(H) and
further to a homomorphism of the pullback extension G* = 7* AU(H) of G by the cir-
cle group T to AU(H), i.e., an antiunitary representation. More precisely, for a graded
group (G,eq), ie., a group G with a surjective homomorphism eg: G — {£1}, a ho-
momorphism U: G — AU(H) is called an antiunitary representation of (G,eq) if it is
a morphism of graded groups, where €5y () is defined to be —1 on the antiunitary el-
ements. If G is a topological group with two connected components, then we obtain a
canonical grading by the natural map eg: G — mo(G) = {£1} for which Gy = kereg is
the identity component. In this case an antiunitary representation of G is a continuous
homomorphism U: G — AU(H) mapping G \ Gy into antiunitary operators.

In the mathematical literature on representations, antiunitary operators have never
been in the focus, whereas in quantum physics one is forced to consider antiunitary op-
erators to implement a time-reversal symmetry ([Wigh9|, [Dy62]). If the dynamics of a
quantum system is described by a unitary one-parameter group U; = e
Hamiltonian H is unbounded and bounded from below, then a unitary time reversal op-
erator 7 would lead to the relation THT = —H, which is incompatible with H being
bounded from below. This problem is overcome by implementing time reversal by an an-
tiunitary operator because it imposes no restrictions on the spectrum of the Hamiltonian.
In particular, the PCT Theorem in Quantum Field Theory (QFT) which concerns the
implementation of a symmetry reversing parity (P), charge (C) and time (T), leads to an
extension of a unitary representation of the Poincaré group P(d)i =R% % SOLd_l(R)T
to an antiunitary representation of the larger group P(d)y = R? x SOy 41(R) ([Ha96,
Thm. I1.5.1.4]). In [EMI3] antiunitary representations and time reversal are discussed on
the finer level of groups graded by Zs X Zs, which leads to interesting connections with
Clifford algebras, super Hilbert spaces and K-theory (cf. also [Dy62] for an older reference
to similar material).

, where the

In the modular theory of operator algebras one studies pairs (M, Q) consisting of
a von Neumann algebra M C B(#H) and a cyclic separating unit vector {2 € H. Then
S(MQ) := M*Q for M € M defines an unbounded antilinear involution, and the polar
decomposition of its closure S = JA!/2 leads to a positive selfadjoint operator A = S*S,
an antiunitary involution J satisfying the modular relation JAJ = A7, and oy (M) =
A" MA~ defines automorphisms of M (see [BR8T] and . In particular, we are
naturally led to antiunitary symmetries. We say that (A, J) is a pairs of modular objects
if J is a conjugation and A a positive selfadjoint operator satisfying the modular relation.
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To connect this with QFT, we recall the notion of a Haag—Kastler net of C*-sub-
algebras A(O) of a C*-algebra A, associated to (bounded) regions O in d-dimensional
Minkowski space. The algebra A(O) is interpreted as observables that can be measured
in the “laboratory” . Accordingly, one requires isotony, i.e., that O; C Oy implies
A(O1) C A(O3) and that the A(O) generate A. Causality enters by the locality as-
sumption that A(O;) and A(O2) commute if O; and Oy are space-like separated, i.e.,
cannot correspond with each other (cf. Example . Finally one assumes an action
o: P(d)l — Aut(A) of the connected Poincaré group such that o4(A(O)) = A(gO).
Every Poincaré invariant state w of the algebra A now leads by the GNS construction to
a covariant representation (m,, H,,, ) of A, and hence to a net M(O) := 7, (A(O))” of
von Neumann algebras on H,,. Whenever (Q is cyclic and separating for M(QO), we obtain
modular objects (Ap, Jo). This connection between the Araki-Haag—Kastler theory of
local observables and modular theory leads naturally to antiunitary group representations
(cf. Section [f)).

The starting point for the recent development that led to fruitful applications of mod-
ular theory in QFT was the Bisognano—Wichmann Theorem, asserting that the modular
automorphisms o (M) = A¥MA~ corresponding to the algebra M(W) of observ-
ables corresponding to a wedge domain W in Minkowski space (cf. Definition are
implemented by the unitary action of a one-parameter group of Lorentz boosts preserv-
ing W ([BW76]). This geometric implementation of modular automorphisms in terms of
Poincaré transformations was an important first step in a rich development based on the
work of Borchers and Wiesbrock in the 1990s [Bo92] Bo95, [Bo97), Wi92] [Wi93| Wi93d].
They managed to distill the abstract essence from the Bisognano—Wichmann Theorem
which led to a better understanding of the basic configurations of von Neumann al-
gebras in terms of half-sided modular inclusions and modular intersections. This im-
mediately led to very tight connections between the geometry of homogeneous spaces
and modular theory [BGL93|. In his survey [Bo00], Borchers described how these con-
cepts have revolutionized quantum field theory. Subsequent developments can be found in
[Tr97], [Schr97], [Ar99, BGL02, [Lo08|, [JM17]; for the approach to Quantum Gravity based
on Non-commutative Geometry and Tomita—Takesaki Theory, see in particular [BCL10].

A key insight that simplifies matters considerably is that modular objects (A, J)
associated to a pair (M, Q) of a von Neumann algebra M and a cyclic separating vector
are completely determined by the real subspace

Vi = MpQ,  where M, ={M e M: M* = M}.

It satisfies Vaq NiVa = {0} and Vg + iV is dense in H. Closed real subspaces V C H
with these two properties are called standard. Every standard subspace V' determines by
the polar decomposition of the closed operator Sy defined on V+iV by Sy (z+iy) = x—iy
a pair (Ay,Jy) of modular objects and, conversely, any such pair (A,J) determines
a standard subspace as the fixed point space of JA/2 (see Section. We refer to [Lo0g]
for an excellent survey on this correspondence. In QFT, standard subspaces provide the
basis for the technique of modular localization, developed by Brunetti, Guido and Longo
in [BGLO2]. For some applications we refer to [Schr97, [MSY06l [Schr06, LW11] [Tal2l
LL14. Mol7].
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From the perspective of antiunitary representations, standard subspaces V' with mod-
ular objects (A, J) are in one-to-one correspondence with antiunitary representations

U:R* - AU(H) by U_j=JandU. =A% (1)

(Proposition . Accordingly, antiunitary representations (U, H) of the affine group
Aff(R) =2 R x R* correspond to one-parameter families of standard subspaces (Vy).cr,
where V, corresponds to the affine stabilizer group of x. Borchers’ key insight was that
the positive energy condition on the representation of the translation group is intimately
related to inclusions of these subspaces. More precisely, U 1) = e satisfies P > 0 if
and only if Uy1)Vo € Vo holds for all ¢ > 0 ( This leads to Borchers pairs (V,U)
of a standard subspace V and a unitary one-parameter group (U;):cr, a concept that
is equivalent to the so-called half-sided modular inclusions V7 C V5 of pairs of standard
subspaces, which was condensed from the corresponding concept of a half-sided modular
inclusion of von Neumann algebras (§ .

The main objective of this article is to describe certain structures arising in QFT,
such as nets of von Neumann algebras and standard subspaces, from the perspective
of antiunitary group representations. Since any standard subspace V' corresponds to a
representation of R* and inclusions of standard subspaces correspond to antiunitary
positive energy representations of Aff(R), it is very likely that a better understanding
of antiunitary representations and corresponding families of standard subspaces provides
new insight into the geometric structures underlying QFT. This article is written from
a mathematical perspective and we are rather brief on the concrete physical aspects
mentioned in We tried to describe the mathematical side of the theory as clearly as
possible to make it easier for mathematicians to understand the relevant aspects without
going to much into physics. For more details of the physical side, we recommend [BDFS00,
BGL02, [Lo08| [LT.14]. In particular, the programs outlined by Borchers and Wiesbrock, see
e.g., [Bo97, [Bo00], [Wi93c], leave much potential for an analysis from the representation
theoretic perspective.

The structure of this paper is as follows. In Section [2] we discuss antiunitary represen-
tations of graded groups (G, e¢) and criteria for a unitary representation of G1 := kereg
to extend to an antiunitary representation of GG. An interesting simplifying feature is
that, whenever antiunitary extensions exist, they are unique up to equivalence (Theo-
rem . We show that irreducible unitary representations of G; fall into three types
(real, complex and quaternionic) with respect to their extendability behavior to anti-
unitary representations of G. We also take a closer look at antiunitary representations of
one-dimensional Lie groups (§2.3)). Here R* plays a central role because its antiunitary
representations encode modular objects (A, J) as in . We conclude Section 2| with a
discussion of antiunitary representations of the affine group Aff(R), the projective group
PGL2(R) and the three-dimensional Heisenberg group Heis(R?).

Section [3]is devoted to various aspects of standard subspaces as a geometric counter-
part of antiunitary representations of R*. In particular, we discuss how the embedding
V C H can be obtained from the orthogonal one-parameter group A%|y on V (, and
in §3.4] we discuss half-sided modular inclusions of standard subspaces and how they are
related to antiunitary representations of Aff(R), P(2)4 and PGL2(R).
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In Section [4] we first recall some of the key features of Tomita-Takesaki Theory. is
of key importance because it is devoted to the translation between pairs (M, Q) of von
Neumann algebras with cyclic separating vectors and standard subspaces V. We have
already seen how to obtain a standard subspace Vyq = M,Q from (M, Q). Conversely,
one can use Second Quantization (see Section |§| for details) to associate to each stan-
dard subspace V' C H pairs (R+(V),Q), where Ry (V) is a von Neumann algebra on
the (bosonic/fermionic) Fock space Fi(H). This method has been invented and studied
thoroughly by Araki and Woods in the 1960s and 1970s in the context of free bosonic
quantum fields ([Ar64l [Ar99l [AW63], [AWGS]); some of the corresponding fermionic re-
sults are more recent (cf. [EOT3], [BJLO2]) and other statistics (anyons) are discussed in
[Schr97].

A central point is that these correspondences permit to translate between results on
configurations of standard subspaces and configurations of von Neumann algebras with
common cyclic vectors. We explain this in detail for half-sided modular inclusions and
Borchers pairs (§ and but we expect it to go much deeper. Keeping in mind that
standard subspaces are in one-to-one correspondence with antiunitary representations
of R* and half-sided modular inclusions with antiunitary positive energy representations
of Aff(R), we expect that many interesting results on von Neumann algebras can be
obtained from a better understanding of antiunitary representations of graded Lie groups
(G,e¢) and configurations of graded homomorphisms v: R* — G. The construction of
free fields by second quantization associates to an antiunitary representation (U, H) of G
on the one-particle spaces H, resp., to the corresponding standard subspaces V,, a net
of Neumann algebras on Fock space. However, there is also a converse aspect which is
probably more important, namely that the passage from pairs (M, Q) to the standard
subspaces V4 is not restricted to free fields and can be used to attach geometric structure
to nets of von Neumann algebras, all encoded in the subgroup of AU(#) generated by
all operators A%A and Jyq. To substantiate this remark, we discuss in Section |5| several
aspects of nets of standard subspaces and von Neumann algebras as they arise in QFT.
In particular, we consider nets of standard subspaces (Vy)scy arising from antiunitary
representations (U, H), which leads to the covariance relation U,V, = V,, for g € Gy,
and one expects geometric information to be encoded in the G-action on the index set L.
A common feature of the natural examples is that L has a fibration over a symmetric
space that corresponds to the projection (Ay, Jy) — Jy, forgetting the modular operator.
For details we refer to the discussion of several examples in Section[5} Typical index sets L
arise as conjugation orbits {79, (7V)9: g € G} C Hom(R*,G), where v9(t) = gy(t)g~*
and 7V (t) = ~(t71). In this picture, the above projection simply corresponds to the
evaluation map ev_;: Hom(R*,G) — Inv(G) and the set Inv(G) of involutions of G is
a symmetric space ([Lo69]; Appendix . In many concrete situations, the centralizer
of y(—1) in G coincides with the centralizer of the whole subgroup (R*), so that the
conjugacy class C, = {79: g € G} can be identified with the conjugacy class C,(_1) of
the involution 7(—1), and this manifold is a symmetric space. We are therefore led to
index sets which are ordered symmetric spaces, and these objects have been studied in
detail in the 90s. We refer to the monograph [H()Q’Y} for a detailed exposition of their
structure theory.
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Section [6] presents the second quantization process from standard subspaces V C H
to pairs (R*(V),Q) in a uniform way, stressing in particular the similarity between the
bosonic and the fermionic case.

In the final Section [7] we briefly describe some perspectives and open problems. An-
tiunitary representations occur naturally for interesting classes of groups such as the
Virasoro group, conformal and affine groups related to euclidean Jordan algebras, and
automorphism groups of bounded symmetric domains. For detailed results we refer to
the forthcoming paper [NO17]. In we also explain how second quantization leads to
interesting dual pairs in the Heisenberg group Heis(#H): Any standard subspace V' C H
satisfying the factoriality condition V NV’ = {0}, where V' is the symplectic orthog-
onal space, leads by restriction of the irreducible Fock representation of Heis(H) to a
factor representation of the subgroup Heis(V'), which forms a dual pair with Heis(V’) in
Heis(H) (both subgroups are their mutual centralizers). So far, such dual pairs have not
been exploited systematically from the perspective of unitary representations of infinite
dimensional Lie groups.

Some basic auxiliary lemmas and definitions have been collected in the appendix.

NOTATION AND CONVENTIONS. As customary in physics, the scalar product (-,-) on
a complex Hilbert space H is linear in the second argument.
[S] denotes the closed subspace of a Hilbert space H generated by the subset S.
{a,b} := ab + ba is the anti-commutator of two elements of an associative algebra.

For the cyclic group of order n we write Z,, = Z/nZ.
d—
j:
(z0,x) € RY, we write [z,y] = moyo — Xy for the Lorentzian scalar product on the
d-dimensional Minkowski space R~ =2 R9, The light cone in Minkowski space is de-

noted by

For x,y € R4 we write xy = Y ixjyj for the scalar product and, for x =

Ve ={z e RY 1. 26> 0, [z,2] > 0}.
Here is our notation for some of the groups arising in physics:

e the Poincaré group P(d) = RM~1 x Oy 4_1(R) of affine isometries of R4~

e P(d)y =RY¥71 % S0; 4-1(R) is the subgroup of orientation preserving maps,

[ ] P(d)T = Rl’d_l X Ol’dfl(R)T with Ol’dfl(R)T = {g S Ol,dfl(R)Z gV+ = V+} is the
subgroup preserving the causal structure,

o the corresponding conformal group is Oz 4(R), acting on the conformal compactification
St x §41 of M? with the kernel {41} (see [HNT2] §17.4]).

If not otherwise stated, all Lie groups in this paper are finite dimensional.

2. Antiunitary representations. In this section we discuss antiunitary representa-
tions of graded groups (G, e¢g) and criteria for a unitary representation of G; = kereg to
extend to an antiunitary representation of G. We start in with some general remarks
on graded groups and how to classify twists in this context. We also take a closer look
at antiunitary representations of one-dimensional Lie groups in and discuss antiuni-
tary representations of the affine group Aff(R), the projective group PGL2(R) and the
three-dimensional Heisenberg group in §2:4]



298 K.-H. NEEB AND G. OLAFSSON

DEFINITION 2.1.
(a) A graded group is a pair (G, e¢) consisting of a group G and a surjective homo-
morphism eg: G — {£1}. We write G; := kereg and G_; = G \ Gy, so that

G=G;UG_; and Gij = ij, J, ke {:l:l}

A morphism of graded groups ¢: (G,eq) — (H,eg) is a homomorphism ¢: G — H with
eH oY =€g, Le, p(G;) C Hj for j =1,—1. Often graded groups are specified as pairs
(G,G1), where G is a subgroup of index 2, so that we obtain a grading by eg(g) =1
for g € G and e¢(g) := —1 for g € G\ G.

If G is a Lie group and & is continuous, i.e., G is an open subgroup, then (G, eq) is
called a graded Lie group.

If G is a topological group with two connected components, then we obtain a canonical
grading for which G; := G is the identity component.

(b) For a complex Hilbert space #, the group AU(H) carries a natural grading de-
fined by

Uiv=¢(U)iUv for U € AU(H), v € H.

For a graded group (G, e¢), an antiunitary representation (U, H) of (G,e¢) is a morphism
of graded groups U: G — AU(H).

If G is a graded topological group, then an antiunitary representation of G is a con-
tinuous morphism U: G — AU(H) of graded groups, where AU(H) carries the strong
operator topology.

We start this section with a discussion of the natural class of graded groups that will
show up in the context of antiunitary representations.

2.1. Involutive graded groups

DEFINITION 2.2. A graded group (G,e¢) is called involutive if there exists an element
g € G_; with g € Z(Gy). Then 7(g1) := gg1g~ ' defines an involutive automorphism
of G1 .

In most examples that we encounter below G is a Lie group with two connected
components and (G is its identity component.

REMARK 2.3.

(a) If g2 € Z(G1), then other elements gh € gG; need not have central squares. From
(gh)? = ghgh = g*r(h)h it follows that (gh)? is central if and only if 7(h)h € Z(G1),
which is in particular the case if 7(h) = h~.

(b) If G is a Lie group, then any conjugacy class C, of g € G_; with ¢* € Z(G)
carries a natural symmetric space structure (Appendix . In fact, the stabilizer of ¢
in G; is G7, so that we obtain a diffeomorphism

G1/G] — Cy,  hGT + hgh™' = hr(h)'g.
EXAMPLES 2.4.
(a) Let H be a complex Hilbert space. An antiunitary operator J € AU(H) is called

a conjugation if J2 = 1 and an anticonjugation if J?2 = —1. Conjugations always exist and
define a real structure on H in the sense that H7 = Fix(.J) := ker(J — 1) is a real Hilbert
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space whose complexification is ’HE| Anticonjugations define on ‘H a quaternionic struc-
ture, hence do not exist if H is of finite odd dimension. Note that any (anti-)conjugation
J on H satisfies J? € {£1} C Z(U(H)).

(b) If Gy is a group and 7 € Aut(G1) is an involutive automorphism, then G :=
G1 x {1,7} is a naturally graded group.

EXAMPLE 2.5 (A non-involutive graded group). Let o: Cy — Aut(C) (group automor-
phisms) denote the natural action of the subgroup Cy = {£1,+i} C T by multiplication
and form the semidirect product group G := C %, Cy. Then G := C x, {+1} is a
subgroup of index 2 but no element g € G_; satisfies g € Z(G1) because g2 acts on C
as —idc.

REMARK 2.6 (Classification of involutive graded groups).
(a) Suppose we are given a group G and an involutive automorphism 7 of G. We want
to classify all group extensions

1G>G 57, > 1,

where the corresponding involution in the group Out(G) of outer automorphisms of G
is represented by 7. In view of [HN12] Thm. 18.1.13], the equivalence classes of these
extensions are parametrized by the cohomology group H2(Za, Z(G)), where 1 acts on
Z(G) by 7| z(c)- As any cocycle f: Zo x Zy — Z(G) normalized by f(0,g) = f(g,0) = e is
determined by the element z := f(1,1) € Z(G) because all other values vanish, the group
structure on the corresponding extension is given by an element 7 € G* \ G satisfying

72=2 and 79T '=17(9) forgeG.

This description shows in particular that 7(z) = z, and a closer inspection of the coho-
mology groups yields
H2(Zy, Z(@)) =2 Z(G) /) Z(G),, where Z(G), = {1(2)z: z € Z(G)} (2)

([HNT2, Ex. 18.3.5]).

(b) For 7|2y = idz(g) we have

Z(GQ); ={2*: 2€ Z(G)} and H3(Zy,Z(G)) = Z(G)/Z(G),.
(¢) For 7|z(qy = —idzq), we have
H2(Zy, Z(G) 2 Z(G) = {2 € Z(G): 2* = e},

the subgroup of central involutions.

REMARK 2.7. Although by the cohomology groups H2(Zs, Z(G)) are elementary
abelian two groups, one cannot expect any bound on the order of an element g € G*\ G.
In the cyclic group G* = Zgn with G = Zyn—1, any element of G* \ G is of order 2".

EXAMPLE 2.8.
(a) For G =R, Remarkimplies that H2(Zz,R) = {0} for any involutive automor-
phism 7. This implies that G* = R x, Z,.

'For the existence, fix an orthonormal basis (e;)jer of H and define J to be antilinear with
Je; = e; for every j € I.
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(b) For G = T, the cohomology is trivial for 7 = idy, but for 7(2) = 27! the group
H2(Zo,T) 2 {2 €T: 2* =1} = {£1}

is non-trivial. A concrete model for the non-trivial extension with 72 = —1 is given by
the subgroup
Piny(R) = exp(RI) U J exp(RI) C H*,

where I and J are the two generators of the skew-field H of quaternions satisfying I? =
J? = =1 and IJ = —JI ([HNI2, Ex. B.3.24]). This is a one-dimensional Lie group
without a simply connected covering group ([HN12, Ex. 18.2.4])

EXAMPLES 2.9. Here are some concrete involutive graded groups (G,eg) that we shall
be dealing with.

(a) G = Aff(R) ® R x R* with G; = R x R}, the identity component. Here r2 =1
holds for the reflections r, = (2z,—1) in x € R.

(b) The automorphism group G = PGL3(R) of the real projective line P;(R) =
RU {0}, where G; = PSLy(R) is the identity component and reflections in GL2(R) lead
to orientation reversing involutions of S*.

(¢) The Poincaré group P(d) = RY=1x 01 4_1(R) of d-dimensional Minkowski space
RY41 contains the subgroup P(d); = R~ x SOq 4_1(R) of orientation preserving
affine isometries. Then we obtain the graded group (G,eq) with G := P(d)+ and Gy :=
P(d)l. In the following the involution Ry := diag(—1,—-1,1,...,1) € G \ G; plays an
important role (cf. Lemma [4.12).

(d) For a (bounded) symmetric domain D C C”, the group Aut(D) of biholomorphic
automorphisms is an index 2-subgroup of the hermitian group AAut(D) of all bijections
of D that are either holomorphic or antiholomorphic. There always exist antiholomorphic
involutions o in AAut(D) (see [Ka97] for a classification covering even the infinite dimen-
sional case). For any such involution o, we obtain by G; := Aut(D)p and G := G; x{1,0}
a graded group (cf. [NO17] and .

2.2. Extending unitary representations. Suppose that G is an index two subgroup
of the group G and (U, H) is a unitary representation of G;. In this subsection we discuss
extensions of U to antiunitary representations of G. In particular, we show that, in analogy
to the classical case G = G X Za, irreducible antiunitary representations fall into three
types that we call real, complex and quaternionic, according to their commutant.

We start with the following lemma on a situation where extensions always exist be-
cause the representation has been doubled in a suitable way.

LEMMA 2.10 (Extension Lemma). Let G1 C G be a subgroup of index two and (U, H) be
a unitary representation of G1. Fiz r € G\ Gy and consider the automorphism 7(g) :=
rgr=1 of Gi. Then the unitary representation V := U @ (U* o 7) on H ® H* extends to
an antiunitary representation of G.

Proof. Let ®: H — H*, ®(v)(w) := (v, w) denote the canonical antiunitary operator and
note that Uy o ® = ® o U, for g € G;. We consider the antiunitary operator

JHOH - HOH*, J(,\) = (N ®U,20).
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It satisfies
J2(0,\) = J(@ 7N, ®U,2v) = (Uy2v, U2 @ ')\) = (Uy2v, U ) = V2 (v, \),

where we have used 7(r?) = r? for the last equality. This proves that J? = V,2. We now
show that JV,J =1 =V, (, for g € G:

JVg(0,A) = J(Ugv, Uk yA) = (D7 TSy A, ®U2Ugv) = (Ur(g)® '\, U2y Ur2v)
= (Ur(g)®@ N, Uy ®U,20) = Vi) (DTN, @U,20) = V(o) J (v, A).

The relations J? = V,2 and JV,J ! = V() now imply by direct calculation that the as-
signment V. := V,J for g € G1 defines an extension of V' to an antiunitary representation
of G (Lemma|A.4). m

The following theorem implies that extensions of unitary representations of Gy to
antiunitary representations (U, H) of G are always unique up to isomorphism. It also
describes the situation for irreducible representations. Note that the commutant

U,={Ae€ B(H): (Vg€ G)AU, =U,A}
is not a complex subalgebra of B(H) because some Uy are antilinear.
THEOREM 2.11. Let (G,eq) be a graded group, r € G_1 and 7(g) :=rgr=! for g € G;.
(a) For two antiunitary representation (U7, H;);j=1,2, we then have
Ul2U? = Ulg 2U¥q,.
(b) For any antiunitary representation (U, H) of (G,eq), the von Neumann algebra Ug,
is the complexification of the real algebra Uf.
(¢) An antiunitary representation (U, H) of (G,eq) is irreducible if and only if its com-
mutant U, is isomorphic to R, C or H. More specifically:
(i) If UG =R, then Uy, = C and Ulg, is irreducible.
(i) If Uy = C, then Uj, = C? and Ulg, is a direct sum of two inequivalent ir-
reducible representations which do not extend to an antiunitary representation
of G.
(iii) If Uy = H, then Uy, = M3(C) and Ulg, is a direct sum of two equivalent
irreducible representations which do not extend to an antiunitary representation
of G.
(d) For an irreducible unitary representation (U, H) of G1, either
(i) U extends to an antiunitary representations U of G, and then U is irreducible
with U,G =R; or
(ii) U does not extend to an antiunitary representation of G. Then V :=
U ® U* o7 extends to an irreducible antiunitary representation of G and
VLEECifU orRU and VA =H if U or 2 U.
Proof. (a)E| Let ®: H1 — Ho be a unitary intertwining operator for the representations
Ullg,. Pick r € G\ Gy and consider the antiunitary operators J; := U € AU(H,;).
Then the unitary operator U := J; *® 1J,® € U(H;) commutes with Uél. The map

2In the finite dimensional context, this was already known to E. Wigner; see [Wigh9} p. 344].
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(M) = JIMJ] ! defines an antilinear automorphism of the von Neumann algebra
(Ug,)' satisfying

G(U) =0 et = ke = e e Ly = e g e, = UL

Therefore Lemma c) implies the existence of a unitary operator V € (Ug,) with
V2 =U"1and j;(V) = V-1 With ¥ := ® o V, this leads to

ULy =V 1ol LoV =V ' Juv=Vv Ut hW=VLV=VV L] = J.

We conclude that the antiunitary representations U' and U? are equivalent.

(b) Let J := U,.. Then Ug, is invariant under the antilinear automorphism j(M) :=
JM.J~1. Since J? commutes with Ug,, it is involutive. As Uy is the set of fixed points
of 7, it is a real form of the complex vector space Uél. This implies the assertion.

(¢) The closed complex subspaces invariant under Ug are precisely the closed real
subspaces of the underlying real space H® invariant under the group T - Ug. Therefore
Ug is irreducible if and only if the real representation of T-Ug on HE is irreducible, which
is equivalent to its commutant being isomorphic to R,C or H ([StVa02, Thm. 1]). Next
we observe that the real linear commutant of T1 consists of the complex linear operators.
Therefore the real linear commutant of T - Ug equals the complex linear commutant Ug,.
Now (b) implies that U; = R, C, H leads to Ug, = C, C2, M5(C), respectively.

In the first case Ulg, is irreducible. In the second case H = H, @ H_, where Hy
are (Gi-invariant subspaces on which the Gi-representations are irreducible and non-
equivalent. As U, permutes the Gi-isotypical subspaces, U, H1 = H+. For the represen-
tations U+ of Gy on H, this implies that U~ = (U+)* o 7. If UT or U™ extends to an
antiunitary representation of G, then U|q, has an extension to a reducible representation
U of G. As U is irreducible, this contradicts (a). In the third case we have a similar
decomposition with UT = U~. Again, the irreducibility of U, combined with (a), implies
that U* do not extend to G.

(d) If U extends to an antiunitary representation U of G’ on the same space, then this
representation is obviously irreducible and (¢) implies that U/G = R. If such an extension
does not exist, then the Extension Lemma [2.10] provides an extension of V:=U@®U* o1
to an antiunitary representation of G' by

V,:=J, where J(v,\):=(dI\ U%dv).

If U* o7 2 U, then V= C? and if U* o7 = U, then V{; = My(C).

In the first case the algebra Vél =~ (C? acts by diagonal operators Tiap)(v,A) =
(av, bX). Such an operator commutes with J if and only if b = @. Therefore V{ = C, and
thus the representation V' of G is irreducible.

In the second case, V{; is a real form of V, = M3(C). We show that the repre-
sentation (V,H @ H*) of G is irreducible. If this is not the case, there exists a proper
G-invariant subspace K C H ® H*. As Vg, = U @ U, the G;i-representation on K must
be irreducible and equivalent to U. This contradicts the non-extendability of U to an
antiunitary representation of G. Therefore V' is irreducible and V¢, is isomorphic to H. =
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DEFINITION 2.12 (Three types of irreducible representationsEb. We keep the notation
of the preceding theorem. If (U, H) is an irreducible unitary representation of G; with
U = U* o7, then there exists a ® € AU(H) with ®U,®~* = U,,,—1 for g € G;1. By
Schur’s Lemma, such an operator ® is unique up to a scalar factor in T, so that ®? does
not depend on the concrete choice of ®. Therefore an antiunitary extension to G exists if
and only if ®* = U,.>. Then we call (U, H) of real type (with respect to 7). If this is not the
case, but U = U*or, then (U, H) is said to be of quaternionic type (with respect to ), and
otherwise we say that it is of complex type (with respect to 7). This terminology matches
the type of the commutant of the corresponding irreducible antiunitary representation
of G.

REMARK 2.13. In the context of elementary particle physics, where elementary par-
ticles correspond to irreducible unitary representations (U, ), the antiparticles corre-
spond to the dual representation (U*, H*). Accordingly, antiunitary intertwining opera-
tors J: H — H* are interpreted as a charge conjugation and a particle is considered to
be charged if U 22 U* (cf. [Schr99, p. 195]).

EXAMPLE 2.14.

(a) If H = C is one-dimensional, then AU(H) = T{1,J} = O2(R) for any conjuga-
tion J. We conclude in particular that all antiunitary operators are involutions.

(b) If H = C? is two-dimensional, we can already see all types of situations for groups
generated by a single antiunitary operator, i.e., for antiunitary representations of the
graded group (G,eq) = (Z,ez) with ez(n) =n € Z/2Z.

Let J € AU(H) be antiunitary and J? € U(H) be its square. If J2 = 1, then J is
a conjugation, so that there are proper J-invariant subspaces. If J? = —1, then J is an
anticonjugation defining a quaternionic structure on C? = H. In particular, the represen-
tation is irreducible with Ug, = H and Uy, = B(H) = M3(C).

Assume that J* # 1. Then .J? is not an involution, so that it has an eigenvalue A # +£1.
If H* is the corresponding eigenspace, then JH* = H*, so that Spec(J?) = {E\,X}.
Choosing an orthonormal basis ej,es such that e; € H* and ey = Je; € H*, we
obtain Jes = J?e; = Aeq, so that J is determined up to equivalence. The corresponding
representation on C? is irreducible with Uf;, = C? and Uf; = C (Theorem c)).

EXAMPLE 2.15.

(a) For G = G1 X Zs, the concepts of real/complex/quaternionic type coincides with
the classical definition for (G, as the characterization in Theorem shows.

(b) For G = Gy x {1,7} and 72 = idg,, the extendability of an irreducible unitary
representation (U, H) of Gy is equivalent to the existence of a conjugation J € AU(H)
satisfying JU,J = U, () for g € G.

If U= U*or, then a J € AU(H) satisfying JU,J = U,y for g € G, exists and
J? € Uy, = C1, together with JJ2J = J? imply J? € {£1}. Accordingly, U is of real,
resp., quaternionic type if J2 = 1, resp., J? = —1.

3In a special context, this classification by three types can already be found in Wigner’s book
[Wigh9, §26, p. 343]; see also Dyson’s threefold way [Dy62].
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EXAMPLE 2.16.

(a) For G = Z3 and Gy = {e}, Theorem [2.11)) (a) reproduces the fact that all conju-
gations on H are conjugate under U(H) (JLMWO0, Lemma 2.1]).

(b) For G = Z4 = Z/4Z and G, = {0, 2}, the case of antiunitary representations with
Uz = —1 likewise implies that all anticonjugations are conjugate under U(#).

(c) The irreducible unitary representation of G = SU3(C) on C? = H (by left mul-
tiplication) is of quaternionic type. The complex structure on H is defined by the right
multiplication with I. Then ®(a) = aJ defines a G-equivariant anticonjugation on C2.
Therefore the representation is of quaternionic type.

(d) For any compact connected Lie group G, the irreducible unitary representations
(Ux,Hy) are classified in terms of their highest weights A\ with respect to a maximal
torus T' C G, resp., by the orbits WA under the Weyl group W. As —WA is the Weyl
group orbit of the dual representation, Uy is self-dual if and only if —A € WA (|[BtDS&5]
Prop. VI.4.1]). It is of real, resp., quaternionic type if and only if an invariant symmetric,
resp., skew-symmetric bilinear form exists ([BtD85, Prop. 11.6.4]), and this can also be
read from the highest weight ([BtD85, Prop. VI.4.6]).

Further, for any automorphism o € Aut(Gy), there exists an inner automorphism o’

such that 7 := oo’ preserves T. Then A” := AoT|r is an extremal weight of Uyo7 = Uy o0,
so that Uy o7 = U, if and only if =A™ € WA.

The following lemma shows that, if only G; and an involutive automorphism 7 of G
are given, then there always exists an extension to a group of the type G1 X4 Z4, where
ag = 7. This issue is already discussed in Wigner’s book [Wigh9, §26, p. 329], where
J? = £1 is related to spin being integral or half-integral.

LEMMA 2.17. Let (U, H) be a unitary representation of the group G1 and 7 € Aut(Gy)
be an involution. If U o 7 = U*, then there exists a J € AU(H) with J* = 1 and
JUGJ ™t = U,y for g € Gy.

Proof. From U o7 =2 U* we obtain a J € AU(H) with JU,J ™! = U,y for g € G1. As
72 =idg,, the unitary operator J? commutes with Ug, . We therefore have a G-invariant
orthogonal decomposition H = H, & H_, where H_ = ker(J? + 1) and H, = H~. Since
both subspaces are invariant under G; and J, we may without loss of generality assume
that H_ = {0} and show that there exists a conjugation commuting with G.
Conjugating with J defines an antilinear automorphism of the von Neumann algebra
M := Uyg, fixing the unitary element .J 2. Therefore Lemma implies the existence of
a unitary A € U, with JAJ = A and A% = J2. Replacing J by J = A~1J, we obtain
j 2=1.n
LEMMA 2.18. Let Gy be an abelian group, 7(g) = g~ and G := Gy x {1,7}. Then every
unitary representation of G1 extends to an antiunitary representation of G.

Proof. We consider G as a discrete group, so that any unitary representation (U, H)
of G is a direct sum of cyclic representations of the form (V, L%(Gy, 1)), where (Vef)(x) =
x(9)f(x). Then Jf := f defines a conjugation on L2(A, u) with JV,.J = V-1, so that we
obtain an extension of V' to an antiunitary representation of G. m
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LEMMA 2.19. Suppose that G = Gy % {id, 7}, where 7 € Aut(G) is an involution.

(i) If (U,H) is an irreducible antiunitary representation of G and x € g7 satisfies
—idU(z) > 0, then dU(z) = 0.

(ii) If (U,H) is an irreducible unitary representation of Gi1 and x € g7 satisfies
—idU(z) > 0 and dU(x) # 0, then U* o7 % U, i.e., U is of complex type with
respect to 7.

Proof. (i) The conjugation U, on H satisfies U,idU (z)U, = —idU(rz) = —idU(x), so
that the positivity assumption implies dU (z) = 0.

(ii) From (i) it follows that U does not extend to an antiunitary representation of G. By
Theorem [2.11)(d)(ii), V := U@ U* o7 extends to an irreducible antiunitary representation
of G. If VL, = H, then U* o7 = U implies —idV (z) > 0, so that dV(z) = 0 by (i), and
this contradicts dU(z) # 0. We conclude that V5 =2 Cand U* o7 2 U. n

REMARK 2.20. In [MO16] the authors study a concept of a “Wigner elementary relativis-
tic system” which is defined as a faithful irreducible orthogonal representation (U, K) of
the proper orthochronous Poincaré group G := P(4)1 on a real Hilbert space K. Writing
(Zgj)og j<3 for the skew-adjoint generators of the unitary representation of the translations

groups Upe, = etfs | the mass squared operator is defined as

3
2i=-Py+> P
j=1

One of the main results in [MO16] is that if M? > 0, then K carries a complex structure I
commuting with the image of U ([MO16, Thm. 4.3, Thm. 5.11]).

This result can be obtained quite directly in our context. We consider the complex-
ification (Ug, Kc) of the representation on K by extending all operators U, to unitary
operators on Kc. Then the operators P; := —i]Sj are selfadjoint with

3
- Z P? > 0.
j=1

Since (U, K) is irreducible, its commutant is isomorphic to R, C or H ([StVa02, Thm. 1]).
We claim that it is isomorphic to C. If this is not the case, then Ugc is either irreducible
(if the commutant is R) or a direct sum of two copies of the same irreducible unitary
representation (U, H) of G (if the commutant is H). As M2 > 0, the spectrum of the
translation group is contained in the set

D = {(z9,x) € RM: 23 > x?}.

The decomposition D = Dy U {0} U D_ with Dy := {z € D: £ x> 0} is invariant
under SO1 3(R)T, so that we obtain a corresponding decomposmon U=Utel’aU-
where the spectrum of Uj |r1.3 is supported by D;. Since U is irreducible, only one sum-
mand is non-zero. Further, U =0, implies that the translation group acts trivially, which
is ruled out by the assumption that U is faithful. Hence we may without loss of generality
assume that U = UL, so that Py > 0 (i.e., Py > 0 and ker Py = {0}) on # and there-
fore on Hc. Next we observe that the conjugamon J of Hc¢ with respect to H commutes
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with ﬁo, hence satisfies JPyJ = — Py, which leads to the contradiction Py = 0 because it
implies that the spectrum of Py is symmetric (cf. Remark below). This shows that
the commutant U/, is C, so that there exists an, up to sign unique, complex structure
on H commuting with Ug.

2.3. One-parameter groups. We have seen in Example [2.8| that there are three types
of one-dimensional graded Lie groups:

(A) R*, resp., (R*,sgn),
(B) R x {£id}, and
(C) Ping(R).

Before we turn to the most important case (A), we take a brief look at the other two
cases.

REMARK 2.21. Case (B): Here any antiunitary representation (U, H) yields a conjugation
J := U(g,—1) which defines a real structure on H and satisfies JU;J = U_; for t € R.
Conversely, every unitary one-parameter group extends to an antiunitary representation
of G (Lemma [2.18).

Case (C): For the group G = T{1, J} = Piny(R), we have J> = —1 and JzJ ! = % for
z € T, so that antiunitary representations correspond to pairs (H,I), where I € AU(H)
satisfies I* = 1 and H is a selfadjoint operator satisfying THI = H and e™H = 2,
This implies in particular that Spec(H) C Z. For any such pair we put Uy := I and
Ui := e (see [NO16, §4.5] for a natural occurrence of such representations).

The following simple observation is the fundamental link between modular theory and
antiunitary representations.

LEMMA 2.22. For every continuous antiunitary representation (U, H) of R* and the in-
finitesimal generator H defined by Uy = e*H

A=el and J:=U_

, we obtain by

a pair (A,J), consisting of a positive operator A and a conjugation J satisfying the
modular relation
JAJ = AL (3)
Conversely, any such pair (A, J) defines an antiunitary representation of R* by
Up := A2 gnd  U_y :=J.
Proof. The only point one has to observe here is that the antiunitarity of J implies that
JU;J = Uy corresponds to the relation JH.J = —H, which is equivalent to JAJ = A~!. m

Lemma [2:22] motivates the following definition from the perspective of antiunitary
representations:

DEFINITION 2.23. A pair of modular objects on a complex Hilbert space H is a pair
(A, J), where J is a conjugation, i.e., an antilinear isometric involution and A > 0 is
a positive selfadjoint operator satisfying the modular relation . Then J is called the
modular conjugation and A the modular operator.
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With this terminology, the preceding lemma immediately yields:
COROLLARY 2.24. For any continuous morphism of graded groups
~v: (R*,sgn) = (G,eq)
and any continuous antiunitary representation (U, H) of (G,eq), we obtain a pair of
modular objects (A, Jy) from the antiunitary representation U oy of R*.

REMARK 2.25. For a selfadjoint operator H, the existence of a conjugation J satisfying
JHJ = —H is equivalent to the restriction H(0,00) to the strictly positive spectral
subspace being equivalent to the restriction H(—o00,0) to the strictly negative spectral
subspace ([Lo08]). Only such operators H arise as infinitesimal generators for antiunitary
representations of R*.

EXAMPLE 2.26. Let (G,e¢) be a graded Lie group and r € G_; be such that 7 := ¢,|q,
is an involution. Then Ad(7) is an involutive automorphism of g and if g is non-abelian,

then g7 # {0}.
(A) If r2 = 1, then any element = € g” leads to a homomorphism

Yrw: R* = G, ypo(e) i=exp(tr), yro(-1):=1
(B) If 72 = 1, then any element x € g~ leads to a homomorphism
Vra: Rx{xidp} = G, 7r4(t) :=exp(tx), Yra(—1):=r
(C) If 7* = 1, then any element x € g~" with exp(7z) = 72 leads to a homomorphism
Yrz: Ping(R) = T{1,J} = G, r.(e”) :=exp(tz), v.(J):=r
DEFINITION 2.27 (One-parameter groups of complex type). Let (G,e¢g) be an involutive
graded Lie group. We assume that G is a subgroup of a complex Lie group G¢ on which
there exists an antiholomorphic involution o such that G C (G¢)?. We consider the set
VGee) = {x € g: 2r = min{t > 0: exp(tiz) = e}, exp(miz) € G\ G1}.
We associate to each x € V(g,c,) the holomorphic homomorphism
ve: C = Ge,  vu(€®) := exp(zz).
Then o (v, (w)) = v, (W) for w € C* and thus 7, (R*) C (G¢)? holds automatically and
T := Y2(—1) is an involution. For x € }(g ), We thus obtain
Ve € Homg, (R*, G).
In Section [5] below we shall see that many geometric realizations of modular automor-
phism groups come from elements of Y ), where G = P(d)y is the Poincaré group

or the conformal group Conf(R%*~1) 2 Oy 4(R)/{%1} of Minkowski space (cf. [HNI2]
§17.4]). This motivates the following discussion of examples.

EXAMPLE 2.28.

(a) For (G,eq) = (R*,sgn) and G¢ = C* and exp(z) = €, we have Vg .,) =
(£1} CR =g.

(b) (Lorentz groups) For

G =5011(R) CGc =85041,1(C) = {(Z 2) ca,beC, a? —b? = 1},
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we have G = R* and G¢ = C*, so that we basically have the same situation as under (a).
Here a canonical generator of the Lie algebra is the boost generator

_ (01 1 by _ [coshz sinhz  ribe
by := (1 O) with e <sinhz cosh = and 75, = €™ = —1. (4)

We have YV(g,c) = {£bo}-
This example embeds naturally into the higher dimensional Lorentz groups G =
S01,4(R) C G¢ = SO1,4(C), where
by := E19+ Eo € y(G7EG) and 7, = Ro1 :diag(—l,—1,17...,1). (5)
Since the simple real Lie algebra g = s0q 4(R) (for d > 2) is of real rank 1, all ad-
diagonalizable elements = € g are conjugate to a multiple of by. All these elements = are
diagonalizable matrices and im(x) is a two-dimensional Minkowski plane in which the two
eigenvectors are light-like. Conversely, every triple (5, £¢,,¢_) consisting of f € R* and

two linearly independent light-like vectors ¢4 specifies such an element = = z (¢4, ¢_, )
in g by #/y = £8¢1 and kerx = {1, /> }*. We then have

Nicea) = Ad(G)bo = {2 (ly, £, B): B =1} = 5014(R)/(SO1,1(R) x SOa-1(R)),
and this is a symmetric space because the centralizers of by and the involution 7y, share
the same identity component.

(c) For the affine group G := Aff(R) = R x R* of the real line, the coset G \ Gg
consists of the orientation reversing affine maps. Note that G¢ = C x C* and GZ = G.
Here Vg c) = R x {£1} is the set of real affine vector fields X for which the vector field
iX on C generates a 2m-periodic flow (whose center lies on the real axis).

EXAMPLE 2.29. We consider the real projective group G = PGLy(R) C G¢ = PGLy(C)
acting on the real projective line S' 22 RU{oc}, resp., on the Riemann sphere CU {oo} &
P, (C).

A subset I C S! is called an interval if it is connected, open, non-empty and not
dense. Then the interior I’ of its complement also is an interval. For every interval there
is a canonical involution r; € PGLy(R) fixing both endpoints and exchanging I and I’.
The centralizer of r; in PSLy(R) is isomorphic to PSO; 1(R) = R, hence connected,
and there exists an element x; € V(g ,c.) which is up to sign unique. The corresponding
homomorphism v/ := 7,,: R* — G satisfies v, = exp(wiz;) = rr.

For the interval I = (0, 00), we have

vl(z)=tz and 7[(2) = —2.

For I = (—1,1), we have v/ (R*) = POy 1(R) and 74,(2) := % This leads to
1

iSth'Z+COSt’ so that 7217”(2) =z and TI(Z) :77{'7,(’2) = ;

cost-z+isint
Vori(2) =

2.4. Some low-dimensional groups

2.4.1. The affine group of the real line. We consider the affine group G := Aff(R) =
R % R* and its identity component G; =R x R}. We say that a unitary representation
(U, H) of Gy is of positive energy if Uy 1) = €'¥ with P > 0, i.e., the restriction to the
translation subgroup has non-negative spectrum. We speak of strictly positive energy if,
in addition, ker P = {0}.
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Up to unitary equivalence, Gy has exactly one irreducible unitary representation with
strictly positive energy and every unitary representation with strictly positive energy
is a multiple of the irreducible one. The analogous statement holds for negative energy
([Lo08, Thm. 2.8]). Further, any unitary representation U of G; decomposes uniquely as
a direct sum U = Ut @ U° @ U~, where U* have strictly positive/negative energy and
the translation group is contained in ker U°.

The unique irreducible representation of strictly positive energy can be realized on
H = L?*(R") by

(Utt,enr f) (@) = €e? f (o). (6)
It obviously extends by U, —1)f := f to an irreducible antiunitary representation of G.
By Theorem we thus obtain up to equivalence precisely one irreducible antiuni-
tary representation of G with strictly positive energy. More generally, we have by [Lo08|
Prop. 2.11] and Theorem [2.11}

PROPOSITION 2.30. Ewvery unitary representation (U, H) of Aff(R)o of strictly positive
energy extends to an antiunitary representation U of Aff(R) on the same Hilbert space
which is unique up to equivalence.

The representation theory of the affine group can be used to draw some general
conclusions on spectra of one-parameter groups.

PROPOSITION 2.31. Let G be a connected Lie group and (U, H) be a unitary representa-
tion for which AU is faithful and let x € g. Then the following assertions hold:

(a) If adz has a non-zero real eigenvalue, then Spec(idU(x)) = R.

(b) If g is semisimple and 0 # x is nilpotent, then Spec(idU(z)) € {R,R;,R_}.

(¢) If 0 # x € g is such that adx is diagonalizable and b < g is the ideal generated by
im(adz) and z, then ker(dU (x)) = HB = {€ € H: (Vg € B) Uy& = £} holds for the
corresponding integral subgroup B < G.

Proof. (a) Let 0 # y € g with [z,y] = Ay for some A # 0. Then § := Rz + Ry is a
two-dimensional non-abelian subalgebra and dU(y) # 0. Therefore the assertion follows
from the fact that, for all irreducible unitary representations of the corresponding two-
dimensional subgroup isomorphic to Aff(R)g, the spectrum of ¢{dU(z) coincides with R.

(b) Using the Jacobson-Morozov Theorem, we find an h € g with [h, 2] = z, so that
the Lie algebra b := Rh + Rz is isomorphic to aff(R). Then the result follows from the
classification of the irreducible representations of the group exp(b) & Aff(R).

(c) Let g = @ ergu(adz) denote the eigenspace decomposition of g with respect to
the diagonalizable operator ad x. Then the representation theory of Aff(R)q implies that,
for ;1 # 0, the operators in dU(g,(adx)) vanish on ker dU(z). This shows that the Lie
subalgebra b generated by = and [z, g] acts trivially on ker dU(z). Since this subalgebra
is invariant under ad(go(ad «)) and contains the other eigenspaces of ad z, it is an ideal
of g, hence coincides with b. Therefore ker (dU(z)) = HZ. m

2.4.2. The projective group of the real line. We consider the projective group G =
PGLy(R) and its identity component G; = PSLy(R). We write r(z) = —x for the
reflection in 0 which commutes with the dilation group R* C Aff(R) € PGLy(R)
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(cf. Example [2.29). Note that r extends to an antiholomorphic automorphism r(z) := —%
of the upper half plane C,, so that we obtain an identification of G with the group
AAut(Cy) (Example 2.9(d)).

For the generators of sl3(R), we write

0 1 0 0 1/1 0
r=(5 o) s=(5 o) me B=5(y )

They satisfy the commutation relations
[E,T)=T, [E,S]=-S and [T,5]=-2E.
In the complexification sl3(C), we have the basis
1/1 T i 10 1 i
Ly :=— =EF-(T-5 Ly :=—— =——(T+259).
£ (ﬂ _1> :F2( ) 0 5 (_1 0) 2( +5)
These elements satisfy the relations

[L(), Lfl] = L,1, [Lo, Ll] = —L1 and [Ll, Lfl] = —QLQ.

DEFINITION 2.32. The element Lg € i5l3(R) is called the conformal Hamiltonian. A uni-
tary representation (U, H) of SLo(R) is called a positive energy representation if
dU(Lg) > 0.

The following result is well known; for a proof in the spirit of the present exposition,
we refer to [Lo08| Cor. 2.9].

COROLLARY 2.33. For every non-trivial irreducible positive energy representation U of
the simply connected covering group é\ig(R), the restriction to Aff(R)g s also irreducible.
If U is non-trivial, then Ulagw), is the unique irreducible representation with strictly
positive energy.

REMARK 2.34. In PSLy(R), we have exp(2miLg) = 1, so that, for every irreducible
positive energy representation of PSLs(R), the spectrum of dU (L) is contained in m+Ny
for some m € Ny. We call m its lowest weight and write H,,, = C&,, for the m-eigenspace
of Ly in H. Then dU (L), = 0 and &4 x := dU(L_1)*&n, k € Np, is an orthogonal
basis of H.

THEOREM 2.35 ([Lo08, Thm. 2.10]). Ewvery unitary positive energy representation U of
PSLy(R) extends to an antiunitary representation U of PGLo(R) on the same Hilbert
space. This extension is unique up to isomorphism and, if U is irreducible, then J := U,
(for r(z) = —x) is unique up to a multiplicative factor in T.

Proof. In view of Theorem [2.11] it suffices to verify the first assertion.

Here the main point is to define the antiunitary involution on the irreducible lowest
weight representation U™ of lowest weight m € Ny. We specify an antiunitary involution
C on H by C¢,, =&, for n > m (cf. Remark . Then C' commutes with Ly and L4
and

CEC=E, CIC=-T and CSC=-5.
This implies that CU;*C = Uy, for g € PSLa(R). m
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DEFINITION 2.36 (Positive energy representations).

(a) A unitary representation (U, H) of the translation group R = R%4~1 of Minkowski
space is said to be a positive energy representation if —idU(x) > 0 for z € V.

(b) A unitary representation (U, H) of the Poincaré group P(d)l is said to be a
positive energy representation if its restriction to the translation subgroup is of positive
energy. We likewise define antiunitary positive energy representations of P(d) .

REMARK 2.37.

(a) For the group G := P(2)y = RY! x SO;1(R) and the reflection r := (0,—1)
inducing on G the involution 7(b,a) = (—b,a), there are similar results to Theorem [2.3F]
(cf. Theorem . Here the main point is to see that the irreducible strictly positive
energy representations (U, H) of Gy carry a natural conjugation that we can use for the
extension. In the L?-realization on the hyperbolas

Opm ={(\ ) €ER*: N2 — p2 =m?}, m >0,
suggested by Mackey theory, we can extend the representation simply by U o,—1)f = f
(b) For the Poincaré group P(d), the situation is more complicated. The irreducible
strictly positive energy representations of P(d)l =~ R? x SO 4—1(R)T are induced from

representations of the stabilizer group SO; 4—1(R)e, = SO4—1(R) and realized in vector-
valued L?-spaces on the hyperboloids

Om ={(po,p) € R®: pj —p*> =m?}, m>0.

Since the stabilizer group is non-trivial for d > 2, the existence of an antiunitary extension
to P(d)+ depends on the existence of an antiunitary extension of the representation (p, V')
of SO4_1(R) to Og_1(R). We refer to [NO17] for a detailed analysis of these issues; see
also [Va85, Thm. 9.10] for a discussion concerning the Poincaré group.

2.4.3. The Heisenberg group. In this subsection we recall the close connection between
unitary representations of the three-dimensional Heisenberg group and positive energy
representations of Aff(R)g (cf. [Lo08, Thm. 2.8]) which also extends to antiunitary ex-
tensions.

We define the Heisenberg group Heis(R?) as the manifold T x R?, endowed with the
group multiplication

(z,8,t)(,s,t') = (22'€"t s+ s/ t+t).
Note that
Heis(R?) 22 (T x R) xq R for ay(z, s) = (ze', s).

Extending the action of R on T x R to an action of R x Zy = R* via

Br(z,8) = (2r'%,5) and  f-i(z,5) = (2, —3),
we obtain the larger graded group
Heis(R?), = (T x R) x5 R* = Heis(R?) x {1,7}, with 7(z,s,t) = (Z, —s,1).
PROPOSITION 2.38. There is a natural one-to-one correspondence between unitary repre-

sentations (ﬁ, H) of Heis(R?) satisfying ﬁ(z70)0) = z1 and unitary strictly positive energy
representations (U, H) of Aff(R)g. It is established as follows:
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(i) IfU is given and U, 1) = e with P > 0, then we put W, := e**1°8F and ﬁ(z,s,t) =
ZWSU(O’et).
(ii) Ifﬁ is given and Wy := (7(1,5,0) = ¢4 then we put Ugs,ety = eisexPAU'(LO,t).
(iii) This correspondence extends naturally to antiunitary representations of Heis(R?),
and antiunitary positive energy representations of Aff(R).

Proof. (i) Let V; := Uy ¢ty and A :=log P. Then V;PV_; = e'P implies that W, = et
satisfies
VGAV_; =t1+ A and V,W,V_, ='W,

Therefore V and W define a unitary representation of Heis(R?) via U(Z s,t) = 2Ws V.

(ii) With V; := U(1 0,y and Wy = U(l 5,0) = ¢4 the positive operator P := e4
satisfies V; PV_; = €' P, so that we obtain a positive energy representation of Aff(R ) by
Us,ety == L VA

(iif) If, in addition, U is an antiunitary representation of Aff(R) = R x R* and
J = Uq,-1), then JU qyJ = U_pq) leads to JPJ = P and thus to JAJ = A. We
therefore obtain an antiunitary representation U of Heis(R?), = (T x R) x, RX by
U(z,s,a) = U(Z,S)U(O,a)' L

REMARK 2.39. Write Heis(R?), as the semidirect product Heis(R?) x {1,7}, where
7(2,8,t) = (%,—s,t). Then the conjugacy class C, C Heis(R?), is a two-dimensional
symmetric space diffeomorphic to T x R and the centralizer of 7 in Heis(R?) is the
subgroup {£1} x {0} x R which also commutes with the whole subgroup {(1,0)} x R.
Therefore C; can be identified with the conjugacy class of the homomorphism
v: R* — Heis(R?), = (T x R) xg R* with v(¢) = (1,0,t).

3. Modular objects and standard subspaces. Besides antiunitary representations
of R* (Lemma , there are other interesting ways to encode modular objects (A, J).
Below we discuss some of them. In particular, we introduce the concept of a standard
subspace V' C H which is a geometric counterpart of antiunitary representations of R*
(Proposition . We also discuss how the embedding V' C H can be obtained from
the orthogonal one-parameter group A%|y on V (§3.3), and in §3.4] we introduce half-
sided modular inclusions of standard subspaces and how they are related to antiunitary
representations of Aff(R), P(2)+ and PGL3(R). Modular intersections are studied in

3.1. Standard subspaces. We now turn to the fundamental concept of a standard
subspace V of a complex Hilbert space H. The key structures on the set Stand(#H) of
standard subspaces is a natural action of the group AU(H), an order structure induced
by inclusion, and an involution V + V’ = {V1® defined by the symplectic orthogonal
space.

DEFINITION 3.1. A closed real subspace V' C H is called a standard real subspace (or
simply a standard subspace) if VNiV = {0} and V +4V is dense in H. We write Stand(H)
for the set of standard subspaces of H.

For every standard subspace V' C H, we obtain an antilinear unbounded operator
S:DS)=V+iV->H, Sv+iw):=v—iw
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and this operator is closed, so that Ay := S*S is a positive selfadjoint operator. We thus
obtain the polar decomposition
S =JyAL2

where Jy is an antilinear isometry, and S = S~1 = A;1/2J‘71 = J‘;l(JvA‘_/l/QJ;l)
leads to J‘;l = Jy and the modular relation Jy Ay Jy = A‘_/l. If, conversely, (A, J) is a
pair of modular objects, then S := JAY? is a densely defined antilinear involution and

Fix(S) :={£€ € D(5): S¢ =&}
is a standard subspace with Jy = J and Ay = A. The correspondence between modular

objects and standard subspaces is the core of Tomita—Takesaki Theory (see Theorem |4.2)).
Combining the preceding discussion with Lemma we obtain:

PROPOSITION 3.2. If (U, H) is an antiunitary representation of R* with Uy = A~%/27
fort € R and J := U_q, then V := FiX(JAl/Q) is a standard subspace. This defines a
bijection V ++ UV between antiunitary representations of R* and standard subspaces.

REMARK 3.3. The parametrization of the one-parameter group in Proposition may
appear artificial, but it turns out that it is quite natural. As V' C D(A/2), for each
v € V, the orbit map U"(g) := Uyv has an analytic extension

{(zeC:0<Imz<7} =M, zmUs:=A""y
with U (ir) = A2y = Juv. This fits with U_; = J and it is compatible with the context
of Definition where y(—1) = exp(miz) is obtained by analytic continuation from
v(e') = exp(tz).
REMARK 3.4.
(a) If V = Fix(S) is a standard subspace with modular objects (A, J), then

A1/45A71/4 — A1/4JA1/4 — A1/4A71/4J =7 (7)
on the domain of A~'/* implies that A4V C Fix(J) = H’ coincides with the dense
subspace H’ N D(A~/4).

(b) Write Stando(#) for the set of those standard subspaces V' for which V +iV = H,
i.e., the antilinear involution S is bounded. Combining @ with the fact that the unitary
group U(H) acts transitively on the set of all conjugations (=antiunitary involutions), it
follows that the group GL(#H) acts transitively on Standg(?). This leads to the structure
of a Banach symmetric space on this set

Standg(H) = GL(H)/ GL(H”’) = GL(H)/ GL(H)”,
where J is any conjugation on H (cf. Appendix and [KI11]). For H = C™, we obtain

in particular

Stand(C™) = Standy(C") = GL,(C)/ GL,(R).

For elements of Standg(#), there are no proper inclusions. As we shall see in the
order structure on Stand(?) is non-trivial if A is infinite dimensional.

(¢c) To extend (b) to arbitrary standard subspaces V', we note that a dense complex
subspace D C H carries at most one Hilbert space structure (up to topological linear
isomorphism) for which the inclusion D < H is continuous (Closed Graph Theorem).
We consider the category G whose objects are all dense subspaces D C ‘H carrying such
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Hilbert space structures and whose morphisms are the topological linear isomorphisms
Dy — D5 with respect to the intrinsic Hilbert space structures. This defines a category
in which all morphisms are invertible, so that we actually obtain a groupoid. As all these
subspaces D are isomorphic to H as Hilbert spaces, this groupoid acts transitively.

For each standard subspace V' C H, the dense subspace V + iV carries the natural
Hilbert structure obtained from the identification with the complex Hilbert space V.
Thus the groupoid G acts transitively on Stand(#) with stabilizer groups Gy = GL(V).

(d) Write Conj(H) for the set of conjugations on # (Examples 2.4). Then the map
Stand(H) — AU(H),V — Jy is surjective and AU(H)-equivariant. The fiber in a fixed
conjugation J corresponds to the set of all positive operators A satisfying JAJ = A1,
If we pass to D := ilog A|yu, it follows that it can be parametrized by the set of all skew-
adjoint operators on the real Hilbert space H” (see also Remark (b) for a different
parametrization).

The problem to describe the set of pairs (V, ), where V' C H is a standard subspace,
can be addressed from two directions. One could either start with a real Hilbert space V/
and ask for all those complex Hilbert spaces into which V' embeds as a standard subspace,
or start with the pair (#,.J), respectively the real Hilbert space H’, and ask for all
standard real subspaces V C H with Jy = J. Both problems have rather explicit answers
that are easily explained (see [NO16| for details).

REMARK 3.5.

(a) Let (V,(+,-)) be a real Hilbert space. For any realization of V' as a standard sub-
space of H, the restriction of the scalar product of H to V is a complex-valued hermitian
form

h(v,w) == (v,w) = (v,w) + w(v,w),

where w: V x V' — R is continuous and skew-symmetric, hence of the form w(v,w) =
(v,Cw) for a skew-symmetric operator C' = —C'" on V satisfying ||Cv|| < |v|| for any
non-zero v € V ([NO16, Lemma A.10]). Conversely, we obtain for every such operator
C on V by completion of V¢ with respect to h a complex Hilbert space in which V is a
standard real subspace. Then C' extends to a bounded skew-hermitian operator ConH
satisfying

A=LTIC L G2t
1+iC A+1

(b) If we start with the conjugation J on H, then the standard subspaces V with
Jy = J are the subspaces of the form V = (1 + iC)H’, where C € B(H’) is a skew-
symmetric operator satisfying [|Cv|| < ||v|| for 0 # v € H” (INO16, Lemma B.2]). Writing
also C for its complex linear extension to #, we then have

e 1—iC AYZ 1
A =17iC and C:zm.
REMARK 3.6. If V is a standard subspace of H and W C V 44V is a real subspace closed
in ‘H such that W corresponds to a standard subspace of the complex Hilbert space V¢,
then W is also standard in ‘H because the closure of W + ¢{W contains V + ¢V, hence all
of H.
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3.2. Symplectic aspects of standard subspaces. Let V' C H be a standard sub-
space and consider the corresponding antiunitary representation U" : RX — AU(H) with
UY, = JV and UY = A~%*/2™ (Proposition . Since the operators A" commute with
S = JA'Y2 they leave the closed subspace V = Fix(S) invariant. Further, the relation
JSJ = AY2 ] = 8* = JA~Y/2 jmplies that

JV =V where V' :={wecH:(YoeV) Imw,w)=0}=iV*"

is the symplectic orthogonal space of V, and V1% denotes the orthogonal complement
of V in the underlying real Hilbert space H* (|[Lo08, Prop. 3.2]). In particular, the orbit
UpxV ={V,V'} consists of at most two standard subspaces.

LEMMA 3.7. The following assertions hold:
(i) UV'(t) = UV (t1) fort € R* is the antiunitary representation corresponding to V.
(11) JV/ = JV and AV/ = A‘_/l
(iii) VNV’ = HU" s the fized point space for the antiunitary representation UV, H)
of R*.
(iv) V =V is equivalent to A = 1.
Proof. (i) and (ii) follow immediately from V' = Fix(JA~/2).
(iii) If v € VNV’ then v = Sv = S*v implies Av = v and hence Jv = v. Conversely,
these two relations imply v € VN V',
(iv) follows from (ii). m
REMARK 3.8 (Direct sums of standard subspaces).
(a) Suppose that V; C H; are standard subspaces for j = 1,2. Then V :=V; @ V5 C
Hi @ Ho is a standard subspace. We have Jy = Jy, @ Jy, and Ay = Ay, & Ay,.
In particular, the corresponding antiunitary representation UY of R* is the direct sum
Ui U,
(b) In particular, every standard subspace V' can be written as such a direct sum

V=WVnV)eV, where V/nNV;={0}
and (VNV')c is the set of fixed points of the unitary representation UY |Ri (Lemma.

LEMMA 3.9. LetV be a standard subspace, Vi C V be a closed subspace and Vo := VﬁVlL]R
be its orthogonal complement in V. Then the following are equivalent:

(i) V=Vi & Vs is a direct sum of standard subspaces.
(11) V1 g V2,, i.e., zV1J_V2 mn H.
(iii) Vi is invariant under the modular automorphisms (A%)icr.

If these conditions are satisfied and Vi is also standard, then V = V.

Proof. (i) & (ii) is easy to verify.
i) < (iii): Clearly, (i) implies (iii). To see the converse, consider the closed subspace
(i) < (iii): Clearly, (i) implies (iii). To see th , consider the closed subsp
Hi1 := V1 +1iV; of H. Then, for each v € V, the curve t — A‘_/Zt/%v is contained in Hq,
therefore the same is true for its analytic continuation to the strip

{zeC:0<Imz <}
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(Remark . Hence A2y = Jv € H; and thus H; is invariant under the antiunitary
representation UV of R* corresponding to V (Proposition . Since the orthogonal de-
composition H = H; ®Hi reduces UV, the standard subspace V' decomposes accordingly.

If (i)—(iii) are satisfied and V; is also standard, then (i) implies that V4 = V (cf. [Lo08|
Prop. 3.10]). =

3.3. Orthogonal real one-parameter groups. For any standard subspace V, the
unitary operators A define on the real Hilbert space V a continuous orthogonal one-
parameter group (U, V) (§3.2)).

If, conversely, (Ut)ter is a strongly continuous one-parameter group on the real Hilbert
space V, then we can recover the corresponding embedding of V' as a standard subspace
as follows. Let V; := VU be the subspace of U-fixed vectors and V; := VOJ-. Then U, = etP
with a skew-symmetric infinitesimal generator D = —DT satisfying Vy = ker D. On V; we
have the polar decomposition D = I|D|, where I is a complex structure and |D| = /—D?2.
We now consider the bounded skew-symmetric operator C on V' defined by C|y;, = 0 and

1 — e IPI

1+e 1D

Then h(v,w) := (v,w) + i(v,Cw) leads to an embedding of V as a standard subspace
V C H as in Remark[3.5[a). The operator D can be recovered directly from C by D|y, = 0

and
1+ |C1|>
1[G

Cly, =1

D|V1 = IlOg(

(cf. [N()lG, Rem. 4.3], where different sign conventions are used).
The orthogonal one-parameter group (U;)ier on V is trivial if and only if D = 0,
which corresponds to A = 1, resp., to C' = 0, resp., to V = H’ (Lemma (iv)).

3.4. Half-sided modular inclusions of standard subspaces. We have seen above
that standard subspaces V' C H are in one-to-one correspondence with antiunitary rep-
resentations UV : R — AU(H) (Proposition [3.2). In this subsection we shall see how
certain inclusions of standard subspaces can be related to antiunitary positive energy
representations of Aff(R) (cf. Section [2.4.1)). Here the positive energy condition for the
translation group turns out to be the crucial link between the inclusion order on Stand ()
and the affine geometry of the real line.

There are two ways to approach inclusions of standard subspaces. One is to consider
the interaction of a unitary one-parameter group with a standard subspace, which leads
to the concept of a Borchers pairs and the other considers the modular groups of two
standard subspaces and leads to the concept of a half-sided modular inclusion. These
perspectives have been introduced by Borchers ([Bo92]) and Wiesbrock ([Wi93)]), respec-
tively, in the context of von Neumann algebras (see for the translation to standard
subspaces and [Lo08] for the results in the context of standard subspaces).

DEFINITION 3.10.

(a) Let (Uy)ier be a continuous unitary one-parameter group on H and V' C H be a
standard subspace. We call (U, V) a (positive/negative) Borchers pair if U,V C V holds
for ¢t > 0 and U, = e** with £P > 0.
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(b) We call an inclusion K C H of standard subspaces of H a Fhalf-sided modular
inclusion if
AG'K CK  for £t>0.

REMARK 3.11. The inclusion K C H is positive half-sided modular if and only if the
inclusion H' C K’ is negative half-sided modular ([Lo08, Cor. 3.23]).

The following theorem provides a passage from Borchers pairs to antiunitary repre-
sentations of Aff(R) ([BGL02, Thm. 3.2], [Lo08, Thm. 3.15]).

THEOREM 3.12 (Borchers’ Theorem—one particle case). If (U, V) is a positive/negative
Borchers pair, then

UV(a)UD)UY (a)™' =U(a*'d)  for a€R*, bER,
i.e., we obtain an antiunitary positive energy representation ((7, H) of Aff(R) by (7(1,’&) =
Ub)UY (a).

We are now ready to explain how inclusions of standard subspaces are related to
antiunitary representations of Aff(R). The following result contains in particular a con-
verse of Borchers’ Theorem. For its formulation, we recall the one-to-one correspondence
between standard subspaces and antiunitary representations of R* from Proposition

THEOREM 3.13 (Antiunitary positive energy representations of Aff(R) and standard sub-
spaces). Let (U, H) be an antiunitary representation of Aff(R). For each x € R, we
consider the homomorphism

Yo R = AF(R),  v.(s) :== (2,1)(0,8)(—=z,1) = (1 — s)z, 5)

whose range is the stabilizer group Aff(R), and the corresponding family (V).cr of stan-
dard subspaces determined by UYs = U o ~y,. Then the following assertions hold:

(1) Up,s)Ve = Vigsa and Uy Vo = Vi, fort,x € R, s > 0.
(ii) The following are equivalent:
(a) U is a positive energy representation.
(b) Vs CVy for s > 0.
(¢) Vs CV; fors>t.
(d) (W, Vo) with Wy := U 1y is a positive Borchers pair.
(e) Vi CVy is a +half-sided modular inclusion.
(iii) Vp = Vo for every x € R is equivalent to Uy, 1) = 1 for every b € R.
(iv) Voo == her Ve = {v € Vo: (Vb € R) Uy 1yv = v} is the fized point space for the
translations.
(v) VonVy = HAM®) = [y € H: (Vg € AF(R)) Uy = v}.
Proof. (i) follows from (¢, $)va(t,$) ™" = Yeysz, Uo,—1)Vo = Vg and V] = U, 1) V.
(ii) (a) < (b): For W(s) := Us,1) we have
AV PTW () AT = Ul ey W(8)U .01y = W(ets),
so that the assertion follows from the converse of Borchers’ Theorem [Lo08, Thm. 3.17].

(b) < (c) follows from V; = W(t)V; for t € R.
By definition, (d) is equivalent to (a) and (b).
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(b) < (e): From (b) we derive (e) by
UtV = UgenVi = Ver = U ) Ver-1 € Uy Vo = V.
From (e) we obtain, conversely, for ¢ > 0
UayVo=Vi DQURV} = Voo = Uy 1y Ver 1,

and thus Vi1 C Vp, which implies (b).

(iii) If W(z) := U(y,1) = 1 for every x € R, then V,, = W(x)Vy = V. If, conversely,
W(z)Vo =V, =V for every x € R, then every W(z) commutes with Ay, and Jy,, so
that Theorem yields W(z) =1 for every = € R.

(iv) By (i), the closed real subspace Vo, of Vp is invariant under Aff(R)q. Hence
Lemma [3.9]implies that it is a direct summand of the standard subspace V and therefore
also invariant under J := Ug,_1). Now (iii) implies that the translation group fixes V.
pointwise. Conversely, every fixed vector v € V| of the translations is contained in each
subspace V, = W (x)Vp, hence also in V.

(v) From Lemma iv) we know that Vo N Vj is the space of fixed vector for the
dilation group (U(o,q))acr* - Proposition N(c) implies the translations also act trivially
on this space. This proves (v). m

REMARK 3.14.

(a) If the momentum operator P from Theorem is strictly positive, then the
space of fixed points for the dilation subgroup is trivial and Theorem (iv) implies
Voo = {0}.

(b) If (U, V) is a Borchers pair for which U;V C V for all t € R, then U;V =V for
every t € R because V = UyV = U,U_,V C U;V. Now Theorem (iii) entails U; = 1
for every t € R. Therefore non-trivial representations of the translation group lead to
proper inclusions.

(c) For a Borchers pair (U,V), the operators (U;);>0, and the modular operators
(A™),cgr act by isometries on the real Hilbert space V, so that we obtain a representation
of the semigroup [0, c0) x R by isometries on V. In this sense we may consider Borchers’
Theorem|[3.12|as a higher dimensional analog of the Lax—Phillips Theorem which provides
a normal form for one-parameter semigroups of isometries on real Hilbert spaces as trans-
lations acting on spaces like L?(R*, K), where K is a Hilbert space (cf. Remark b)
and [NO15]).

The connection with the Lax—Phillips Theorem can also be made more direct as fol-
lows. The subspace H := U;V is invariant under the modular automorphisms (A~%);.
More precisely, A" H = A=V = UpertV = Voome C Vi = H for t > 0, in the notation
of Theorem [3.13] This shows that ;e A~"H is dense in V and that (,.q A7 H =V,
is the fixed point set for (U)ier in V' (Theorem [3.13(iv)). Assuming that U has no
non-zero fixed vectors (as in (a) above), we obtain Vo, = {0}. This means that the sub-
space H C V is outgoing in the sense of Lax—Phillips for the orthogonal one-parameter
group (A™");ep.

The group Aff(R) is generated by translations and dilations, which is the structure un-
derlying Borchers pairs. But we can also generate it by the subgroups vo(R*) and v, (R*).
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For every antiunitary representation (U, H) of Aff(R), the corresponding modular objects
lead to two standard subspaces Vj and V7 and we have already seen above that V; C Vj
is a positive half-sided modular inclusion if U is of positive energy. The following theorem
provides a converse (see [Lo08, Thm. 3.21]).

THEOREM 3.15 (Wiesbrock Theorem—one particle case). An inclusion K C H of stan-
dard subspaces is positive half-sided modular if and only if there exists an antiunitary
positive energy representation (U, H) of AI(R) with K =V; and H =V}.

Proof. In view of Theorem [3.13[(ii)(e), it remains to show the existence of U if the in-
clusion is +half-sided modular. In view of [Lo0O8, Thm. 3.21], there exists a unitary
positive energy representation (U, H) of the connected affine group Aff(R)q such that
Uyoery = UH(e') and U, oty = UR(€') for t € R. Further, the translation unitaries
Wy := U1y satisfy Wi H = K and W, H C H for t > 0. Therefore (W, H) is a Borchers
pair, and thus U, (b,a) = WU, H defined an extension of U to an antiunitary representation
of Af(R) (Theorem. The corresponding subspaces are V; = H by construction, and
Vi=WVo=W1H=K. n

ExXAMPLES 3.16. Below we provide an explicit description of a positive Borchers pair in
a concrete model of the irreducible antiunitary positive energy representation of Aff(R)
(cf. Theorem and [LL14, §4]). A slight variation of (€] leads to the antiunitary
representation of Aff(R) on L?(Ry, %) by

Utp,ey)(p) = €*PP(e'p),  (Ugo,-1y¥)(p) = ¥ (p).-
Transforming it with the unitary operator I': L?(R ., d?p) — L%(R, df), T'(1)(0) = (e?),
transforms it into the representation

(U )(8) = ™06 +1), (U0, —1)w)(60) = b (6). (8)
On the strip Sy :={z € C: 0 < Imz < 7} we have the Hardy space
H2(Sy) = {1/) € O(Sx): sup / [(0 4 iN)|* do < oo}, 9)
0<A<m JR

and in these terms, the standard subspace V} corresponding to vo(¢) = (0,¢) is given by
Vo= {v € H*(Sx): (V2 € Sx) Wh(im +2) = ¥(2) }.
On the strip Sy, the functions B(z) := ¢ satisfy
|B(x + 1y)| = embIm(e™ ) _ o—be"siny o 1, because siny > 0,

and B(im 4+ %) = B(z). This shows that, for b > 0, multiplication with B defines an
isometry of the Hardy space H?(S;) and also of the real subspace Vj into itself (cf.
Remark (C)) One can show that all unitary operators commuting with the repre-
sentation of the one-parameter group (U 1))per and mapping Vo into itself are multi-
plications with bounded holomorphic functions ¢ on S, satisfying ¢(im 4+ %) = ¢(z) and
whose boundary values in L= (R, C) satisfy |p(z)| = 1 for almost every = € R (cf. Re-
mark [£.19(c)).

For explicit descriptions of standard subspaces related to free fields, we refer to [FG89|
p. 422ff].
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REMARK 3.17.

(a) If K C H is a proper positive half-sided modular inclusion and V is a closed real
subspace with K C V C H, then V is clearly standard. However, neither the inclusion
K C V nor the inclusion V' C H has to be half-sided modular. In fact, the existence of
the unitary one-parameter group (U;):eg with Uy H = K implies that all the inclusions
UH C UsH for 0 < s <t <1 are proper (Theorem [3.13|(ii)). Therefore K has infinite
codimension in H. So subspaces V for which V/K or H/V is finite dimensional yield
counterexamples.

(b) Let V be a standard subspace. We write hsmy (V') for the set of all standard
subspaces H C V for which the inclusion H C V is positive half-sided modular. To
obtain a description of this set, one can proceed as follows. First we can split off the
maximal direct summand H; := (), A H of V contained in H (Lemma . This
leaves us with the situation where H; = {0}.

Decomposition of the corresponding antiunitary representation (U, H) of Aff(R) (The-
orem into a subspace H° on which the translations act trivially and an orthogonal
space H* on which the representation is of strict positive energy, we accordingly obtain
the direct sum V = V@ V+ of standard subspaces and H = V° @ H*. Hence our
assumption implies V? = {0} and H = HT. Now [Lo08, Thm. 2.8] implies that U is a
multiple of the unique irreducible positive energy representation of Aff(R), so that we
may assume that

H=L*R,K) and (Ugesyf)(a) =™ f(e’x),  Up_1)f =Jrf
where Jx is a conjugation on K (see §2.4.1]).

As all antiunitary representations of Aff(R) with strictly positive energy and the same
multiplicity are equivalent, we obtain all such standard subspaces H by applying elements
of the group

K={UecUH): UV =V}
= {U € U(H) (Va € RX) UU(O,G)U71 = U(07a)}
>~ (U e O(V): (Va € R*) UAL], = ALU}.
If £ = C, then the representation of R* on H is (by Fourier transform) equivalent to the
representation of R on L?(R, K) by

(Vee&)(p) = €P¢(p)  and  (V_1€)(p) = &(—p).

Therefore any unitary operator M on H commuting with Vgx is of the form (M¢)(p) =
m(p)€(p), where m: R — T is a measurable function satisfying m(—p) = m(p). It would
be interesting to see how this relates to the inner functions corresponding to endomor-
phisms of one-dimensional standard pairs (see Remark c))

Combining the preceding results with the fact that the infinite dimensional irreducible
positive energy representation of Aff(R), extends to an antiunitary positive energy repre-
sentation of PGLa(R) with lowest weight 1 (Theorem and Corollary [2.33)), we obtain
([Lo08| Cor. 4.15)):
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THEOREM 3.18. There exists a one-to-one correspondence between

(i) positive half-sided modular inclusions K C H,

(ii) antiunitary positive energy representations of Aff(R),

(iii) positive Borchers pairs (V,U),

(iv) unitary representations of PSLa(R) which are direct sums of representations with
lowest weights 0 or 1.

An important aspect of the last item in the preceding theorem is that it leads to
a considerable enrichment of the geometry. Starting with a positive half-sided modular
inclusion K C H, we obtain an antiunitary representation of PGLy(R). Accordingly, for
every interval I C S', the corresponding homomorphism 4/: RX — PGLy(R) (Exam-
ple determines a standard subspace V7, whereas the representation of Aff(R) only
leads to standard subspaces V; indexed by the open half-lines I C R.

The following theorem is another result in this direction. It relates pairs of half-
sided modular inclusions via the corresponding antiunitary representations of Aff(R) to
representations of the two-dimensional Poincaré group P(2)4, resp., PGL3(R).

THEOREM 3.19.

(a) Let Hy CV be a —half sided modular inclusion and Hy CV be a +half sided modular
inclusion such that
Ju, I, = Jv I, Ju, Jv. (10)

Then the corresponding three modular one-parameter groups combine to a faith-
ful continuous antiunitary representation of the proper Poincaré group P(2); =
Rl’l X SOl,l(R).

(b) Let H,V be standard subspaces of H such that HNV CV and HNV C H are —, resp.,
+half-sided modular inclusions satisfying JgV = V. Then the corresponding three
representation UH, UV and UH™YV generate a faithful antiunitary positive energy

representation of PGLa(R).

Proof. (a) The version for von Neumann algebras is contained in [Wid8, Lemma 10]
and we shall see in below how the present version follows from this one. Here are
some comments on the proof. Clearly, the two half-sided modular inclusion defines two
antiunitary representations U2 of Aff(R) = R x R* that coincide on the subgroup of
dilations. Now the main point is to verify that the corresponding images of the translation
groups cominute.

That is necessary can be seen as follows. If we have a unitary representation of
P(2)p as required, then

Ut ooty = UL UEA?™and - Uggo_1y = Jv

defines an extension to an antiunitary representation of P(2);. Here the modular conju-
gations
Ju, =Upo,—1) and  Ju, =Uga,_1)
satisfy because (0,0, —-1)(0,2,—1)(2,0,—-1)(0,0,—1) = (2,—2,1) holds in P(2).
(b) The von Neumann version is [Wi93bl Thm. 3] (see also [Wi93c, Lemma 2]). m
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3.5. Half-sided modular intersections

DEFINITION 3.20. We consider two standard subspaces Hi, Ho C H and their modular
objects (Apn,, Ju,)j=1,2. We say that the pair (Hy, Hy) has a modular intersection if
the following two conditions are satisfied

(MI1) The intersection H; N Hy is a standard subspace and the inclusions H; N Hy C Hj,

j =1,2, are thalf-sided modular.
(MI2) The strong limit S := lim; 40 A%IA;I’; (which always exists by Remark

below) satisfies Jy, SJg, = S~
REMARK 3.21.

(a) In Aff(R) the two multiplicative one-parameter groups vo(r) := (0,7) and v1(r) :=
(1 —r,r) (stabilizing the points 0 and 1, resp.) satisfy
() (r™h) = (0,1 —r7h e = (r = 1,1),
so that lim, ,ovo(r)y1(r~!) = (—1,1) exists. As a consequence, for every continuous
unitary representation (U, H) of Aff(R)o, the limit
—1

tm Usor U, ) = V-1 (11)

exists.
(b) Suppose that the +-variant of (MI1) is satisfied and let (U, H), (U?,H) be the
corresponding positive energy representations of Aff(R) satisfying

HiNHy=V}!=V?, H =V) and H,=Vy,

where (V) cr are the corresponding families of standard subspaces (Theorem 3.13). We
write WI(t) := U(jt ) for the representations of the translation group. Then (a) implies
that

WH=1) = Ul gy = Jim US oo U), o = Jim ARPTAGEEE = lim Ay AL,
and likewise W?2(—1) = limy_,00 A AZ" ;. This leads to
S := lim AR AL =WH=1)W?(1), (12)
so that the limit in (MI2) exists whenever (MI1) is satisfied. From the relation
SHy =W (-1)W?*(1)Hy = WH(—1)(H, N Hy) = Hy (13)
it follows that SJp,S™! = Jy,, ie.,
SJu, = Ju, S. (14)

As condition (MI2) means that Jg, S is an involution, and this is equivalent to SJy, =
S(Jg,S)S~! being an involution, shows that (MI2) is equivalent to the relation
Ji,SJm, = S—L

(c) If the negative variant of (MI1) is satisfied, then H} C (Hy N Hy)" are +half-sided
modular inclusions by Remark Let (U',H), (U?,H) be the corresponding positive
energy representations of Aff(R) satisfying

(HlmHQ)/:‘/Ol :V027 H{ :‘/11 and Hé :‘/12
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(Theorem [3.13)). With the same notation as in (b), we obtain

1 T 1 1 _ zt/27r it/2m T it it
W (1) = ,11{20 U’n(e*t)Uvo(et) - f_limooA A(HmHz)’ - t_lir_noo AHlAHlﬂHz
and likewise W2(1) = limy_, oo A% A", . This leads to
Si= lim_ A AR =WHW?(-1), (15)

so that the limit in (MI2) exists. Here SH) = Hi shows that (MI2) is equivalent to
Ji,SJm, = S—L

The following theorem extends Wiesbrock’s Theorem from half-sided modular
inclusions to general modular intersections.

THEOREM 3.22 (Wiesbrock’s Theorem for modular intersections—one particle version).
For a pair (Hy, Hs) of standard subspaces, the following assertions hold:

(a) (Hi, H2) has a +modular intersection if and only if there exists an antiunitary repre-
sentation (U, H) of Af(R) such that the corresponding family of standard subspaces
(Va)zer from Theorem satisfies Vo = Hy and Vi = H,.

(b) (Hi, H2) has a —modular intersection if and only if there exists an antiunitary rep-
resentation (U, H) of Aff(R) such that Vo = Hy and Vi = H,

Proof. (a) Suppose first that (H;, H2) has the +modular intersection property. In the
context of Remark b) we then have

Ju,Ju, = Ju, Junm, JHinH, JH, = U(lo,—l)U(lz,—l)U(Qz,—nU(Qo,—l) = Wl(—2)W2(2)a

and this operator commutes with S by (MI2). From these relations Wiesbrock derives
in [Wi97] that the two one-parameter groups W' and W? commute, so that W (t) :=
W (t)W?(~t) defines a unitary one-parameter group and U, q) := W(D)U 4
an antiunitary representation of Aff(R) for which the corresponding standard subspaces

(Va)zer satisfy Vo = Hy and V; = W(1)Vy = S™'Hy = H.
Suppose, conversely, that (U,H) is an antiunitary representation of Aff(R) and let

defines

(V)zer be the corresponding family of standard subspaces. We decompose (U, H) as a
direct sum

(UH)=U"H )@ (U H) @ (U, H),

where the representation U™ has strictly positive energy, U™ has strictly negative energy
and the translation group acts trivially on H°. Then the subspaces V, decompose accord-
ingly as orthogonal direct sums V, = V.5 @ V2 ® V-, where V2 = V¥ does not depend
on x.

Theorem now implies that V£ C V;F for £(z — y) > 0. To see that Vj and V4
have a —l—modular intersection, we first observe that

VonVi=("nvihHevge (Vg niy)

is an orthogonal direct sum of three standard subspaces, hence a standard subspace. Its
M = U ey for t > 0 follows from the
invariance of V;" under U +( +y and the i 1nvar1ance of VJr and V) under the corresponding
modular group.

invariance under the modular operators Ay,



324 K.-H. NEEB AND G. OLAFSSON

For the invariance of Vo NV} under A‘th/% = Uy (et) = U((1—et,et), We likewise use

the formula
Uj—eteyVo =Uq e Vo =Vi_ € Vg fort >0.
This shows that (Vp, V1) has a +modular intersection.

(b) If (Hy, Hz) is a —modular intersection, we likewise obtain with Remark c)
that Up o) = W(b)U»L(a) and W (t) :== W(¢t)W?(—t) define an antiunitary representa-
tion of Aff(R) with § = W(=1), Vo = Vit = H] and Vi = W(1)V = S~ H} = H]},.

Suppose, conversely, that (U, H) is an antiunitary representation of Aff(R). We use
the notation from (a). To see that Vj and V{ have a —modular intersection, we first
observe that

ViV = () n(M)) e (V) @ (Vo) n(Vi)) = (V) @ Vg e (V)
to see that Vj N VY is standard. Its invariance under the modular operators A% -

A‘_/}ft/ S Uso(ety for t > 0 follows from the invariance of (V)" under Ul (et (Re-
mark [3.11)) and the invariance of VO+ and V) under the corresponding modular group.
For the invariance of Vj N V{ under A%% = U, (et) = Ugi—et ety, we use the formula
Ua*et,et)(VO+)/ = Uafet,l)(‘/OJr)/ = (VvlJiet
Therefore (Vj, VY) has a —modular intersection. m

) C(Vph)  fort>0.

The key point of modular intersections is that they no longer require any spectral
condition on the corresponding representations of Aff(R). The preceding theorem shows
that +modular intersections are characterized as pairs of standard subspaces that can
be obtained from arbitrary antiunitary representations of Aff(R). This is of particular
relevance for representations of Lorentz groups SO1 q—1(R) which, for d > 3, never satisfy
any positive energy condition.

With the method used to obtain Theorem we now obtain by transcribing [Wi97l
Thm. 6] from the context of von Neumann algebras the following theorem.

THEOREM 3.23. Let Hy,Hs, Hs be three standard subspaces such that (Hi, Hs) and
(Hs, H]) are —modular intersections and (Ha, H3) is a +modular intersection. Then the
corresponding antiunitary representations UM, j = 1,2,3, of R* generate an antiunitary
representation of PGLy(R).

Proof. For the proof we only has to observe that the group G generated by the three
modular one-parameter groups (Agj)teR, 7 = 1,2,3, is invariant under Jg,. For the
subgroup G12 generated by the operators A?Il and Aﬁi, this follows from Theorem
and we likewise obtain the invariance of the subgroup G135 generated by the operators
Agl and A}i As G is generated by G132 U G13, the assertion follows. m

4. A glimpse of modular theory. We now recall some of the key features of Tomita—
Takesaki Theory. In we discuss the translation between pairs (M, Q) of von Neumann
algebras with cyclic separating vectors and standard subspaces V. More specifically, we
discuss this translation for half-sided modular inclusions in §4.3] and in §4.4] we take
a closer look at the space of modular conjugations of a von Neumann algebra.
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4.1. The Tomita—Takesaki Theorem. Let H be a Hilbert space and M C B(H) be
a von Neumann algebra. We call a unit vector (2 € H

o cyclic if M is dense in H.
e separating if the map M — H, M — M is injective.

It is easy to see that € is separating if and only if it is cyclic for the commutant M’.
DEFINITION 4.1. We write cs(M) for the set of cyclic and separating unit vectors for M.

THEOREM 4.2 (Tomita—Takesaki Theorem). Let M C B(H) be a von Neumann algebra
and Q € H be a cyclic separating vector for M. Write My, := {M € M: M* = M} for
the real subspace of hermitian elements in M. Then V := M is a standard subspace.
The corresponding modular objects (A, J) satisfy:

(a) JIMJ =M and ATMA~® = M fort € R.
(b) JQ =0, AQ=Q and AQ = for allt € R.
(c) For M € MNM', we have IMJ = M* and A*MA~" = M fort € R.
Proof. We only show that V is a standard subspace and refer to [BR87, Thm. 2.5.14]
for the other assertions. Clearly, V is a closed real subspace for which V + iV is dense
because it contains M +iM;,Q = MQ. The same holds for W := M} Q) because Q is
also cyclic for M’. For M € M}, and M’ € M, we have

(MQ,M'Q) = (M'MQ,Q) = (MM'Q,Q) = (M'Q, MQ) € R,

which implies that w(V, W) = {0}. Therefore V N3V is a complex subspace of W+ = {0},
hence trivial. Now the main point is to show that the modular objects (A, J) associated
to V satisfy (a)—(c). m

The key point of the Tomita—Takesaki Theorem is that it provides for each cyclic
separating vector Q € cs(M) a pair (A, J) of modular objects. The modular operators A
and their spectra are the key tool in the classification of factors and in the characterization
of von Neumann algebras by their natural cones by A. Connes [Co73| [Co74]. Here we
emphasize that (A, .J) is encoded in an antiunitary representation U" of R*.

We first take a closer look at the antiunitary operators that come directly from M
and its commutant. The picture will be refined in §4.4] below.

EXAMPLE 4.3. Let M C B(H) be a von Neumann algebra, G; := U(M) x U(M) and
7 € Aut(Gy) be the flip automorphism. We consider the graded group G := G; x {1,7}.
If © is a cyclic separating vector for M and J the corresponding modular involution,
then
Ugnrey == gJhJJ*

defines an antiunitary representation of G.
Any other conjugation J on H that we can use to extend the unitary representation
Ulg, is of the form J = Jg for some central unitary element g € U(M N M').

DEFINITION 4.4. A von Neumann algebra M C B(H) is said to be in symmetric form if
there exists a conjugation J on H with

JMJI =M and JZJ=2Z* for Ze MAM. (16)
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According to the Tomita—Takesaki Theorem, the existence of a cyclic separating vec-
tor implies that M is in symmetric form. According to [Bla06, Thm. I11.4.5.6], any two
realizations of M in symmetric form are unitarily equivalent. However, not every conju-
gation J satisfying is a modular conjugation of a cyclic separating vector ([LMWO0O0,
Rem. 4.7]). A criterion for a factor von Neumann algebra on a separable Hilbert space
can be found in [LMWO0, Prop. 4.2]. If Jy is a modular conjugation and J satisfies (L6]),
then J is modular if and only if the automorphism a(M) := JJgM JyJ of M is inner.
Hence non-inner automorphisms provide a source for non-modular conjugations.

Let &,,(M) denote the set of normal states of the von Neumann algebra M. By
the Gelfand—Naimark—Segal construction, any state w corresponds to a cyclic normal
representation (m,,, H,,, Q) with w(M) = (Q,, 7, (M)€,), which is uniquely determined
up to unitary equivalence of cyclic representations. By construction €, is cyclic, it leads
to a faithful representation for which €1, is separating if and only if the state w is faithful,
ie, w(M*M) > 0 for any non-zero M € M.

REMARK 4.5 (Existence of cyclic separating vectors). A von Neumann algebra M pos-
sesses a faithful normal state if and only if it is o-finite (also called countably decompos-
able) in the sense that every family of mutually orthogonal projections in M is at most
countable ([Bla06, Prop. I11.4.5.3]). This is always the case if M can be realized on a sep-
arable Hilbert space, but not in general. Therefore one has to generalize the concept of a
state to that of a normal weight. This is an additive positively homogeneous weakly lower
semicontinuous functional w: M™ — [0, 00| on the positive cone M™ of M that may also
take the value co. A weight w is called semifinite if the subset {M € M, : w(M) < oo}
generates M as a von Neumann algebra. Every von Neumann algebra has a faithful
normal semifinite weight (cf. [Bla06, I11.2.2.26]) and the GNS construction as well as
Tomita—Takesaki theory extend naturally to normal semifinite weights. In particular,
any such weight leads to a symmetric form realization of M.

EXAMPLE 4.6.

(a) Let H = L*(X, &, p) for a o-finite measure space (X, &, u) and M = L= (X, &, u),
acting on H by multiplication operators. Then the normal states of M are of the form
wr(f) = [y fhdp, where 0 < h satisfies [, hdp = 1. Such a state is faithful if and
only if h # 0 holds p-almost everywhere. Then Q := v/h € H is a corresponding cyclic
separating unit vector. From S(f§) = fQ, we obtain S(f) = f, which is isometric and
therefore S = J and A = 1.

(b) Let H = B3(K) be the space of Hilbert—Schmidt operators on the complex separa-
ble Hilbert space K and consider the von Neumann algebra M = B(K) acting on H by left
multiplications. Then M’ = B(K)°P acts by right multiplications. Normal states of M
are of the form wp(A) = tr(AD), where 0 < D satisfies tr D = 1. Such a state is faithful
if and only if ker D = {0} (which requires K to be separable), and then Q := /D € H is
a cyclic separating unit vector. Then S(MQ) = M*Q = (QM)* implies that

JA=A* and A(A)=0Q24A0"2=DAD™' for A€ By(K).

(¢) The prototypical pair (A, J) of a modular operator and a modular conjugation
arises from the regular representation of a locally compact group G on the Hilbert space
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H = L*(G, ug) with respect to a left Haar measure ug. Here the modular operator is
given by the multiplication

Af=Aq-f,
where Ag: G — R} is the modular function of G and the modular conjugation is given
by
(J1)(9) = Acle) "2 F(g ).
Accordingly, we have for S = JA/2:

(SH)g) = Aclg) " flg™") = f*(9).

The corresponding von Neumann algebra is the algebra M C B(L?(G, ug)) generated
by the left regular representation. If Mh = f « h is the left convolution with f € C.(G),
then the value of the corresponding normal weight w on M is given by w(My) = f(e),
so that w corresponds to evaluation in e, which is defined on a weakly dense subalgebra

of M.

4.2. Translating between standard subspaces and von Neumann algebras. We
have already seen that cyclic separating vectors of a von Neumann algebra M lead to
standard subspaces. In this subsection we explore some properties of this correspon-
dence and describe how half-sided modular inclusions of standard subspaces translate
into corresponding inclusions of von Neumann algebras. This correspondence shows that
antiunitary representations of groups generated by modular one-parameter groups and
conjugations from cyclic vectors of von Neumann algebras can already be studied in terms
of standard subspaces and their inclusions, and all this can be encoded in antiunitary
representations of graded groups (G,e¢), and graded homomorphisms R* — G, resp.,

Aff(R) — G (Corollary and Theorems |3.13] [3.22)).

LEmMA 4.7. If M C B(H) is a von Neumann algebra and € H a separating vector
for M, then we associate to every von Neumann subalgebra N' C M the closed real
subspace Vi := NpQ. This assignment is injective.

Note that the subspace V) is standard if Q is also cyclic for A.

Proof (cf. [Lo08|, Prop. 3.24]). We have to show that M € M; and MQ € V) implies
M € N. First we find a sequence A,, € N such that 4,Q — MQ. For any B € M/, this
leads to A,BQ = BA,QQ — BMSQ = MBS, so that A, — M holds pointwise on the
dense subspace D := M’'Q. Since the hermitian operators A,, and M are bounded, D is
a common core for all of them. With [RS73] Thm. VIII.25] it now follows that A,, — M
holds in the strong resolvent sense, i.e., that (i1l + A,)~! — (i1 + M)~! in the strong
operator topology. This implies that (i1 + M)~! € N, which entails M € N. =

The concept of a half-sided modular inclusion was originally conceived on the level of
von Neumann algebras with cyclic separating vectors, where it takes the following form
([Wi93l, (Wi9T]).

DEFINITION 4.8. Let 2 be a cyclic separating vector for the von Neumann algebra M and
N C M be a von Neumann subalgebra for which € is also cyclic. The triple (M, N, )
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is called a +half-sided modular inclusz’orﬁ if
AGNAY CN  for £¢>0. (17)

Note that Q is also separating for ' because N' C M, so that we obtain two pairs of
modular objects (A, Jar) and (Anr, Jy).

LEMMA 4.9. Let N € M C B(H) be von Neumann algebras with the common cyclic
separating vector Q € H. Then (M, N, Q) is a thalf-sided modular inclusion if and only
if the corresponding standard subspaces Vi := N,Q C Vi := M, Q define a +half-sided
modular inclusion.

Proof. Since ijtNhA%AQ = AﬁtVN, relation implies
AtV C Ve for £¢>0. (18)

If, conversely, the latter condition is satisfied, then A/_\thhAjf/[Q - A;?VN C Vi, so
that Lemma implies (17)). m

The preceding lemma has a very interesting consequence because it translates directly
between half-sided modular inclusions of von Neumann algebras and half-sided modular
inclusions of the corresponding standard subspaces. It immediately implies that a triple
(M, N, Q) consisting of two von Neumann algebras M and N with a common cyclic
separating vector  defines a modular intersection in the sense of [Wi97] if and only if
Vi and Vi have a modular intersection.

Clearly, every result on half-sided modular inclusions on standard subspaces, such
as Borchers’ Theorem (IBo00, Thms. I1.5.2, VI.2.2]), Wiesbrock’s Theorem
([Wi93, [AZ05]), and Theorem ([Wi98, Lemma 10]) yield corresponding results on
half-sided modular inclusions of von Neumann algebras which preceded the corresponding
results on standard subspaces.

It is remarkable that this transfer also works in the other direction: every result on
half-sided modular inclusions of von Neumann algebras can be used to obtain a corre-
sponding result on standard subspaces. For this transfer one can use the second quan-
tization procedure described in some detail in Section [f] below. It associates to every
standard subspace V' C H a von Neumann algebra R(V) C B(Fy(H)) on the bosonic
Fock space F. (H) for which the vacuum € is a cyclic separating vector and for which the
modular objects are obtained by second quantization. Here we consider the antiunitary
representation

I': AUH) —» AU(FL(H)), TOU)(v1V...Vo,):=Uv V...VUu,
obtained by second quantization. If vy, : R* — AU(H) is the antiunitary representation
associated to V', then 7y := I' o vy is the corresponding antiunitary representation on
the Fock space F.(#) (cf. Proposition [3.2).
If A;lt/QﬂH =y (e")H C H holds for ¢ > 0, then
Ry (e)H) =Fv(e)R(H)Fv(e™") S R(H)
implies that (R(V), R(H), ) is a thalf-sided modular inclusion whenever H C V is.

‘Here we switched signs, compared to [Bo97, [Wi93], to make the concept compatible with
the sign convention in the context of standard subspaces [Lo08].
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If, conversely, (R(V),R(H),?) is a +half-sided modular inclusion, then
Ry (e)H) =y (eR(H)Fv(e™") C R(H)

implies that vy (e')H C H by Theorem (1) Therefore H C V is a half-sided modular
inclusion of the same type. As the subgroup of AU(F,(H)) generated by the correspond-
ing one-parameter groups vy (R*) is contained in the subgroup I'(AU(H)) which is the
range of the second quantization homomorphism I': AU(H) — AU(F,(H)), anything
that we can say about subgroups generated by these groups and conditions relating to
modular objects can be translated into a corresponding result on standard subspaces and
the antiunitary one-parameter groups vy on H.

According to this principle, any result on half-sided modular inclusions of von Neu-
mann algebras has a “one-particle version” concerning standard subspaces and vice versa
(cf. § . The advantage of the one-particle version is that it has a simpler for-
mulation and that standard subspaces are completely encoded in the antiunitary repre-
sentations vy of R*, hence in an antiunitary representation of a graded group (G,e¢q)
generated by the image of graded homomorphism R* — G. Therefore one can hope that
any results on standard subspaces, half-sided modular inclusions and the corresponding
groups can be expressed in terms of antiunitary representations of suitable graded Lie
groups (G,e¢). This was one of the key motivations for us to write this note.

REMARK 4.10.

(a) A typical result of this type is Wiesbrock’s Theorem on half-sided modular inclu-
sions (cf. Theorem and [Wi93| [Wi97, [AZ05]). On the level of modular inclusions of
von Neumann algebras (M, N, Q), Wiesbrock provides the additional information that,
if M is a factor, then it is of type III; (see [Wi93, Thm. 12] which uses [Lo82)]). It would
be interesting to see if and how this can be formulated and derived on the level of stan-
dard subspaces and antiunitary representations. The discussion of modular nuclearity in
[Lo08, §6.3] may indicate a possible way how this can be done.

(b) In [GLWO98, Thm. 4.11] (see also [Wi93c, Lemmas 3, 4ff] and [Wi93b, Thm. 2]),
similar structures related to multiple modular inclusions are studied, namely quadruples
(Mo, M1, M2, Q), where the M are von Neumann algebras with the common separating
cyclic vector 2 such that the M; commute pairwise and, in cyclic order, M; C M,
is a half sided modular inclusion. From this structure, which arises from partitions of S*
into three intervals, one derives antiunitary positive energy representations of PGLy(R)
as in Theorem (IGLW98|, Thm. 1.2]).

(c) In [Wi93b] it is shown that the von Neumann version of Theorem [3.19(b) char-
acterizes conformal quantum fields on the circle in terms of modular data associated to
three intervals.

(d) In [KWOI] configurations of six von Neumann algebras (M;;)1<i<j<a4 are used
to generate unitary representations of the group SO; 3(R)T and further of the connected
Poincaré group P(4)1.

4.3. Borchers triples. In this subsection we briefly discuss generalization of Borchers
pairs to higher dimensional situations, where the semigroup R, acting on a standard
subspace is replaced by a wedge W in Minkowski space or by the subsemigroup of P(d)4
mapping such a wedge into itself.
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DEFINITION 4.11. In the d-dimensional Minkowski space RM¥~! we consider the right
wedge
Wg = {:r = (zg,...,T4-1) € R%: 21 > |m0|}.

To fix notation for the following, we write Wg = W12?, @ Egr, where
Er = {(x0,x): g = 71 = 0} = R4

is the edge of the wedge and W}%: is the standard right wedge in R?.
A subset of the form W = gWg, g € P(d), is called a wedge. We write W for the set
of wedges in R1,

The following lemma contains some details on W as an ordered homogeneous space.
For item (iii), we recall the generator by of the Lorentz boost from Example (see
also [BGLO02, §2]).

LEMMA 4.12. The wedge space W has the following properties:

(i) The stabilizer P(d)w,, = {g € P(d): gWr = Wg} of the standard right wedge has
the form
P(d)wy = E(d —2) x O11(R)w,

where E(d — 2) denotes the euclidean group on Er = R42.
(ii) rw := gRo1g~! for W = gW and Ry, = diag(—1,—1,1,...,1) yields a consistent
definition of wedge reflections (rw)wew -
(iii) The subgroup P(d)' acts transitively on W, and the following are equivalent for
g€ P
(a) gWgr = Wh.
(b) Ady by = by and g commutes with the wedge reflection ry,, = Ro1.
(C) Adg bo = bo.
The set of all elements satisfying these conditions is
P(d)}y,, = E(d—2) x SO1,1(R)". (19)

In particular, the subgroup SO11(R)" is central in P(d)lVR. For d > 2, even the
identity component acts transitively on W with stabilizer

P(d) y, = E(d—2)4 x SO11(R). (20)
(iv) For yw,: R* — P(d)+, defined by ywy(et) := e® and vy, (—1) := ry,,, we have
a bijection
W= Cyn GWR—w =194, forge P, Ay, () = grw, (g™
and the map
W-)CTWR:{TwiWEW}, W= rw
corresponding to evaluation in —1 is a two-fold covering map.
(v) We have a bijection W — Ad(P(d)")by, gWr +— Ad(g)bo of W onto an adjoint
orbit of P(d)".
(vi) The stabilizer P(d)w, is open in the centralizer of rw, in P(d). In particular
(P(d), P(d)wy) is a symmetric pair and W is a symmetric space.
(vii) The semigroup Sw,, := {g € P(d): gWr C Wg} is given by Wr x O1,4-1(R)wp-
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Proof. (i) The stabilizer group contains the translation group corresponding to the edge
Eg and gWr = Wg implies ¢g(0) € Eg, so that

P(d)wy = Er % O1,a-1(R)wy.
Further,
O1,4-1(R)wy = Oa—2(R) x O11(R)wz = O4-2(R) x (SO11(R)™{1, R1}),

where R; = diag(1,—1,1,...,1). We thus obtain (i).

(ii) follows from the fact that the wedge reflection Rp; commutes with P(d)w,,.

(iii) That P(d)T acts transitively follows from the fact that the stabilizer P(d)y,
contains the reflection R; satisfying R1V, = —V,. If d > 2, then the stabilizer P(d)w,
intersects all four connected components of P(d), so that even P(d)T‘_ acts transitively.
For d = 2 we obtain two orbits because £Wg lie in different orbits of P(2)1.

It remains to verify the equivalence of (a), (b) and (c). From we derive that (a)
implies (b) and hence (c). That g = (b,a) commutes with Rp; is equivalent to b € Eg
and a = a1 @ ay with a; acting on the first two coordinates and as on Eg. That, in
addition, g commutes with by restricts a; € 01’1(R)T to an element of SOl,l(R)T. Finally,
we observe that, if ¢ commutes with by, then the eigenspace decomposition of ad by on
p(d) implies that g = (b,a) with b € Er and a = a; ® a2 with a; € SO11(R)".

(iv) The first part follows from the equivalence of (a) and (b) in (iii). For the second
part, we observe with (iii) above that the stabilizer of W is a subgroup of index 2 in the
centralizer of ryy,.

(v) follows from the equivalence of (a) and (c) in (iii).

(vi) The centralizer of ry, in P(d) is the subgroup E(d — 2) x O1,1(R) in which the
stabilizer group P(d)w,, is open. This means that (P(d), P(d)w,) is a symmetric pair.

(vii) For a closed convex subset C' C R?, its recession cone

im(C) :={z R z+CCC}={recR? 3cecC)c+RzCC}

is a closed convex cone ([Ne00, Prop. V.1.6]), and each affine map g = (b,a) €
R? x GL4(R) = Aff(R?) satisfies

lim(gC) = lim(aC) = alim(C). (21)

If g = (b,a) € Sy, then g maps W into itself, so that b = g(0) € Wg. Further (21)
implies that Wg 2 lim(gWg) = aWg, and hence aWgr C Wg. It follows that aEr C Eg,
sothat aEr = ER as a is injective and dim Fr < oco. This in turn implies that a commutes
with ry,, so that a = a; @ a2 as above, where as € O(ER) and a1 W3 C W3. As ayW3
is a quarter plane bounded by light rays, we get a;W3 = W32, and finally aWgr = Wg. =

DEFINITION 4.13 ([Lel5l, Def. 2.7]). A d-dimensional standard pair (V,U) with transla-
tion symmetry relative to W € VW consists of a standard subspace V' C H and a strongly
continuous unitary positive energy representation U of the translation group R¢ (cf. Def-
inition such that U,V C V whenever x + W C W.
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Here is the corresponding concept for von Neumann algebras:

DEFINITION 4.14 ([BLS1Il §4]). A (causal) Borchers triple (M,U,€Q) relative to the
wedge W C R consists of

(B1) a von Neumann algebra M C B(H),

(B2) a positive energy representation (U,H) of the translation group R? such that
U MU CMifx+WCW,

(B3) a U-invariant unit vector 2 € cs(M).

REMARK 4.15. Let M C B(H) be a von Neumann algebra, U: R? — U(H) be a con-
tinuous unitary representation and Q € HY N cs(M). We consider the corresponding
standard subspace V := M;Q. Then U,V C V is equivalent to U, MU C M by
Lemma Therefore (M, U, Q) is a Borchers triple with respect to W if and only if
(V,U) is a standard pair with respect to W.

The following theorem can be obtained by translating [Bo92] from the context of
Borchers triples to standard pairs by arguing as in We give a direct proof based on
our Theorem [3.121

THEOREM 4.16 (Borchers’ standard pair Theorem). Let (V,U) be a d-dimensional stan-
dard pair with translation symmetry relative to Wr and yw,: R* — SO 4-1(R) be
the corresponding homomorphism with yw,(e!) = e* and yw,(=1) = rw, = Ron
(Lemma iv)). Then the antiunitary representation (UV,H) of R* corresponding
to V satisfies

uyu,ut, =U

(e Jor € R?, ¢t € RX,
so that we obtain an antiunitary representation of R% x SO 1(R) by (b, yw (t)) — UpUY .
Conversely, every antiunitary positive energy representation (U, H) of R? x SOy 1(R)

defines a standard pair (V- Ulga).-

YWgR?
Proof. First we write RY = RV @ RY72 5o that Wi = W3 @ R42) where W3 C R s
the standard right wedge. For the light-like vectors ¢4 := (1,£1,0,...,0) we then have
W32 =R}l —RI(_. By assumption, Uy, = e+ with Py > 0. The strong continuity
of U implies

U,VCV forall z€W = ([0,00)f; —[0,00)/_) R
Now Theorem [3.12] yields

UNUso, UV =Ugsry, fort,seR.

e

Further, U,V = V for x = (0,0,23,...,24—1) implies that U, commutes with Ay.
Combing all this, the first assertion follows.

For the converse, let (U,H) be an antiunitary positive energy representation of the
group R? SOy 1 (R) and V =V, be the standard subspace corresponding to " :=
Uoryw,, by (Proposition. Since yw,, commutes with Er, the subgroup Ug,, commutes
with FyU and leaves V invariant. That U,V C V for x € W,% follows from the positive
energy condition and Theorem [3.13(ii). m
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Here is a variant of this concept where the translation group is replaced by the
Poincaré group:

DEFINITION 4.17. A d-dimensional standard pair (V,U) with Poincaré symmetry relative
to Wr € W counsists of a standard subspace V' C ‘H and a strongly continuous unitary
positive energy representation U of the connected Poincaré group P(d)TH such that

(i) U,V CV for all g € P(d)}, with gWg C Wg and
(ii) U,V C V' for all g € P(d)} with gWgr C —Wg.

LEMMA 4.18. Let (U, H) be an antiunitary positive energy representation of P(d)y for
d >3 andV C H be the standard subspace corresponding to the canonical homomorphism
Ywg: R* = P(d)4. Then (V,U) is a standard pair with Poincaré symmetry.

Proof. If gWgr = Whg, then g € P(d)4 commutes with vy, by Lemma iii), so that
U,V = V. Further U,V C V for x € Wg (and hence also for x € Wg by continuity)
follows from the second part of Theorem In view of Lemma vii), this implies
that U,V C V if gWgr C Wk.

If gWr C —Wkg, then the element r := Rjp = diag(1,—1,~1,1,...,1) € P(d)]
satisfies rgWg C r(—Wg) = Wk, so that the above argument leads to U,V = U, U,,V C
U, V. Now vy, = Ty, yields U,V =V’ = V’Y‘X/R’ so that U,V CV'. n

REMARK 4.19.

(a) In [BLS11], standard pairs with Poincaré symmetry are used to obtain Borchers
triples by second quantization (cf. Section @ Composing with a deformation process
due to Rieffel, this construction yields quantum fields in arbitrary large dimensions with
a non-trivial scattering matrix.

For the connection between modular localization and scattering theory, we refer to
[Schr99, p. 205], where it is explained that the modular objects (Agee, Jtree)s T€SD-, (A, J)
corresponding to a fixed wedge W in the non-interacting, resp., the interacting theory
are related by

Jint = SJtrec and Ay = Afree;

where S = Jint Jiree is the unitary scattering operator and the subscript 0 corresponds to
the free incoming situation. If we write Jin, = UJpeeU ~' for a unitary operator U as in
Remark this leads to the formula

S = (UJfreeUil)Jfree

which is similar to the usual formulas for the scattering operator. For the associated ob-
servable algebras Mieo (W) and My (W) corresponding to the free, resp., the interacting
theory, we accordingly have

Mint (W) = UMppee (W)U,

(b) The main point of the notion of a Borchers triple is that they can be used to
construct a representation of the Poincaré group P(d)i by generating it with modular
one-parameter groups of a finite set of von Neumann algebras with a common cyclic
separating vector ([Bo96], [Wi93d, [Wi98|, [SW00, [KWO1]).
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(c) For d = 1, we think of R = R as the underlying space as a light ray in Minkowski
space, so that the Poincaré group is replaced by the affine group Aff(R). In this context
unitary “endomorphisms” of irreducible one-dimensional standard pairs (Deﬁnition
are unitary operators W € U(H) commuting with the one-parameter group U satisfying
WV C V. If P is the momentum operator determined by U, = e then these are
precisely the operators of the form W = ¢(P), where ¢ is a symmetric inner function
on the upper half plane C; C C and P is the momentum operator. A symmetric inner
function is a bounded holomorphic function on C; satisfying

“t=p(p) =p(—p) for almost all p € R

©(p)

([CW11l Cor. 2.4]; see also Example and Beuerling’s Theorem [Ru86, Thm. 17.21]).
That these functions can be used to construct Borchers triples was shown by Tanimoto
in [Tal2]. In [Bil2] Bischoff constructs new models of “boundary quantum field theories”
by starting from local conformal nets of standard subspaces on the real line (cf. en-
dowed with a unitary semigroup whose elements correspond to Hélder continuous sym-
metric inner functions. He thus obtains in particular the nets associated with level 1
representations of loop groups with values in simply laced 1-connected compact simple
groups (see also [Wa98]).

Much more could be said about the structured related to standard subspaces, half-
sided modular inclusions, modular intersections etc.. For more details and an in depth
study of these concepts, we refer to [Bo97] and Wiesbrock’s work [Wi93cl, [Wi97hl, [Wi98].

4.4. Modular geometry. In this subsection we discuss some of the geometric struc-
tures arising from a single von Neumann algebra M C B(H) which has cyclic separating

vectors. Any such vector £ leads to a standard subspace Vi = Mj{ and corresponding
modular objects (Ag, J¢) (Theorem [4.2). Fixing a cyclic separating vector £, the asso-
ciated natural cone provides a means to analyze the orbits of the group generated by
U(M), U(M’) and the modular conjugations on the data.

DEFINITION 4.20. We consider a von Neumann algebra M C B(#) for which the set
cs(M) of cyclic and separating unit vectors is non-empty. We fix an element Q € cs(M)

and the corresponding modular objects (A, J) (Theorem . We recall the natural pos-
itive cone

P :={Aj(A)Q: Ae M}, where j(A):=JAJ

(IBR87, Def. 2.5.25]) and write
cs(M)4 :==PnNcs(M)
for the set of cyclic separating unit vectors in P. We further write
me(M) i= {Je: € € cs(M)}

for the corresponding set of modular conjugations. We further consider the set

ms(M) = {Ve = Mp&: € € cs(M)} C Stand(H)
of modular standard subspaces for M and note that Ay, = A¢ and Jy, = Je.

We write Z := M N M’ for the center of M.
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PROPOSITION 4.21. The following assertions hold:

(i) (Polar decomposition of cs(M)) The map UM') x cs(M) — cs(M), (U, €) — U¢
s a bijection.

(ii) The unitary groups UM) and U(M') both act transitively on mc(M) by conjuga-
tion. For J € mc(M), the stabilizer in both groups is the discrete central subgroup

UMy =UM); =Inv(U(2)) = {2z € U(2): 2* =1}

of central unitary involutions. The orbit map o: U(M) — mc(M), o(U) :=UJU !
is a covering morphism of Banach—Lie groups if we identify mc(M) with the quotient
U(M)/kero.

(iii) grp(mec(M)) = Comm(U(M)) me(M){1, J}, where Comm(U(M)) is the commuta-
tor subgroup of UM).

(iv) es(M) g :={& € cs(M): Je = J} = Inv(U(Z)) cs(M) .

(v) The stabilizer of J in the group UM)U(M’) is {Uj(U): U € UM)} Inv(U(Z)).

(vi) For & € cs(M), we have Ve = Vo if and only if there exists a selfadjoint operator Z
affiliated with Z, i.e., commuting with UM) U(M’), such that & = ZQ.

Proof. (i) For any £ € cs(M), there exists a unit vector E € P defining the same state
of M ([BR87, Thm. 2.5.31]). By the GNS Theorem, there exists a U € U(M’) with
¢ = Ug. Since the elements of cs(M) are also separating for M’; their stabilizer in
U(M’) is trivial.

To verify injectivity, it remains to see that every U(M’)-orbit in cs(M) meets cs(M) 4
exactly once. Let U € U(M’) and € € cs(M)4 be such that U¢ € P. As Je = J for every
¢ € P by [BR8T, Prop. 2.5.30], we obtain UJU ! = Jye¢ = J. Then j(U) = U leads to
U € MNM and hence to U = j(U) = U~ (Theorem [£.2c)), so that U? = 1. Then
My :={M € M: UM = £M} are ideals of M and M = M & M_ is a direct sum
of von Neumann algebras. Now £ = £, @ _ decomposes accordingly with {1 € cs(My).
As U =& — €& and P = Py @ P_, it follows that (£ € P_ N —P_ = {0} (|[BR&T
Prop. 2.5.28]) and thus M_ = {0} and U = 1.

(ii) (cf. [LMWOOQ, Prop. 4.1]) If Q1,Q5 € cs(M), then [BR87, Lemma 2.5.35] implies
the existence of a unitary element U € U(M’) with UJq, U~! = Jg,. Exchanging the
roles of M and M’ it also follows that U(M) acts transitively on mc(M).

For J € mc(M) we have JM.J = M, so that, for U € U(M), the relation UJU 1 = J
implies U = JUJ € Z. As in (i), this leads to JUJ = U* = U~!, so that U? = 1.
Conversely, any involution in U(Z) stabilizes J.

Clearly, o is a surjective equivariant map whose kernel is discrete in the norm topology.
As the stabilizer subgroup of .J in U(M) is discrete and central, the quotient U(M)/ ker o
carries a natural Banach—Lie group structure for which o becomes a covering homomor-
phism.

(iii) We consider the group G := U(M’) and the representation of (G x G) x {1,7}
on H given by U(g, h,7¢) = gJhJJ°. Then Proposition shows that

U(Clererry) ={9J9~ ' JT: g€ UM')} = {gJg~": g € UM')} = me(M).

Now the assertion follows from Lemma [A-3]
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(iv) We have already seen in (i) that J; = J for every { € cs(M)4. If £ = U¢ for
some U € U(M’) and € € cs(M)4 as in (i), then Je = UJU! equals J if and only if
U e M N M is an involution. This proves (iv).

(v) Since J commutes with each operator of the form JUJU = j(U)U = Uj(U), the
stabilizer contains all these elements and also Inv(Z), as we have already seen above.
If, conversely, U € U(M) and W € U(M’) are such that UW commutes with J, then
UW =UJUJ(JUJ)'W with (JUJ)"'W € U(M’); = Inv(U(Z)) by (ii).

(vi) (see also [Bo00), Lemma A.2.1]) We shall use the theory of KMS states (cf. [BRIG]).
We recall that, for a continuous action a: R — Aut(A) of R on a C*-algebra A, a state
w of A is called an a-KMS state if, for every pair of hermitian elements A, B € A, the
function

P:R—=C, () :=w(Aay(B)),

extends analytically to a holomorphic function on the strip § := {z € C: 0 < Im z < 1},
extends continuously to its closure and satisfies ¢(i 4 t) = 1 (t) for t € R.

First we observe that w(A) := (2, AQ) is a KMS state with respect to the modular
automorphism group a;(A) = A®AA~® (Takesaki’s Theorem, [BR96, Thm. 5.3.10]).
Now let £ € cs(M) with Ve = Vq, ie., Je = J and A¢ = A. Then, for the same reason,
the state we(A) := (€, AE) is also an a-KMS state. By [BRI6, Prop. 5.3.29], there exists

a unique positive selfadjoint operator T > 0 affiliated with Z such that
(€, A8) = we(A) = W(VTAVT) = (U VTAVTQ) = (VTQ, AVTQ)  for Ae M.

Therefore ¢ and VT define the same state. Further v/ T is also contained in the natural
cone P ([BR&T, Prop. 2.5.26]).

As we have seen in (i), there exists a unique U € U(M’') with U¢ € cs(M)1. As
J = Jye = UJU™L = U71JU, it follows from (ii) that U € Inv(U(Z)). As U¢ and
VTQ define the same state and both are contained in P, [BR87, Thm. 2.5.31] yields
Ut =T, ie., € = UVTQ. Now the assertion follows with Z := Uv/T.

Suppose, conversely, that £ = ZQ with a selfadjoint operator affiliated to Z. Decom-
posing H, M and €2 as a direct sum corresponding to bounded spectral projections of Z
(which are central in M as well), we may without loss of generality assume that Z is
bounded. Since ¢ is separating, ker Z = {0}, so that we may further assume that Z is
invertible. As Z commutes with J and A, it commutes with S = JA!/2, and thus Z leaves
V = Fix(S) invariant. This shows that V. = ZV =V. u

REMARK 4.22.
(a) Proposition iv) describes the fibers of the map

cs(M) - me(M), & Je.

This map is U(M’)-equivariant, so that the space cs(M) is a homogeneous U(M’)-bundle
over the symmetric space mc(M).

(b) Proposition vi) describes the fibers of the map cs(M) — ms(M) in terms
of the center Z. If M is a factor, i.e., Z = C1, then we see in particular that Ve = V
implies £ = +£Q (because [|£]| = 1).
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LEMMA 4.23 (Stabilizer subgroup of V' = Vq). The stabilizer of V in the group G :=
U(M)U(M') consists of all elements of the form g = uj(u)z with z € Inv(U(Z)) and
u € U(M) fized by the modular automorphisms ay(M) = A MAT,

Proof. Since standard subspaces are completely determined by their modular objects,
the stabilizer of V in G is

Gv=G;NGa={geG:gJg ' =J, gAg~" = A}.

By Proposition [£.21|v), any g € G is of the form g = uj(u)z with v € U(M) and z €
Inv(U(Z)). As z is central, it commutes with the modular unitaries A" (Theorem [4.2(c)),
i.e.,, z € Gy. An element of the form g = uj(u) is fixed by each ay if and only if

ar(u)Joag(u)J = uJud, resp. u tay(u) = Juoy(u) "t

Then u~tay(u) € MNJMJ = Z. To see that this implies that ay(u) = u, we consider
the commutative von Neumann subalgebra A C M generated by the center Z and u.
As each oy fixes the center pointwise, we have ay(A) = A for every ¢t € R. Then the
state of A given by w(A) := (Q, AQ) is a KMS state with respect to ay|a, so that the
restrictions ay| 4 are the unique automorphisms corresponding to this KMS states ([BRIG,
Thm. 5.3.10]). Since A is abelian, the uniqueness of the automorphism group implies its
triviality. We conclude that each oy fixes u if g € Gy .

If, conversely, a;(u) = u, then «; fixes g. This implies that g commutes with S =
JAY? hence preserves V = Fix(S). m

EXAMPLE 4.24.

(a) If M is a factor, then Inv(U(Z)) = {£1}, so that UM); = {£1} and mc(M) =
UM)/{£1}.

(b) For M = B(K) acting on H = B3(K) by left multiplications, we have JA = A*
(Example [£.6(b)) and by (a), we have mc(B(K)) = U(K)/{£1}. For any 0 < Q = Q* €
cs(M) we have P = {A € By(K): A > 0}.

If Q = v/D holds for the trace class operator D > 0, then the centralizer of A in
U(M) is

{g € UM): gAg™" = A} = {g € U(K): gDg~" = D},

and since D is diagonalizable, this subgroup consists of those unitaries leaving all eigen-
spaces of D invariant. In particular

{A€eBy(K): A= A", [A,D]=0}CV NV
shows that V' NV’ is much larger than RQ. For every elements A = A* ¢ P U —P with
ker A = {0}, we have JA = A but J4 # J (Proposition iv)).
(c) For M = L*(X, &, u), p finite, acting on H = L?(X, ) by multiplication opera-
tors, we find for Jf = f that U(M) is the set of involutions in U(M). As the squaring

map U +~ U? is a morphism of Banach-Lie groups, the Banach symmetric space mc(M)
is diffeomorphic to the unitary group and we have a short exact sequence

1 — Inv(UWM)) - UM) —» mc(M) — 1.
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5. Nets of standard subspaces and von Neumann algebras. In this section we
briefly discuss some elementary properties of nets of standard subspaces (V7)scr and
their connection with antiunitary representations (U, ). The connection with nets of
von Neumann algebras and QFT is made in §5.2] Nets of standard subspaces are con-
siderably simpler than nets of von Neumann algebras and naturally determined by an
antiunitary representation, of the group generated by all subgroups U"*(R*) C AU(H)
(Proposition 7 but this group need not be finite dimensional.

5.1. Nets of standard subspaces. Let V := (V;)scr, be a family of standard subspaces
of the Hilbert space H. We assume that the map ¢ — V} is injective, so that the index
set L is only a notational convenience and we could equally well work directly with the
subset {V;: £ € L} C Stand(H) (cf. [BGL02, [SWO03]).

DEFINITION 5.1. A net automorphism is an « € AU(H) permuting the standard sub-
spaces V;. We write Aut(V) C AU(H) for the subgroup of net automorphisms. A net
automorphism is called an internal symmetry if it preserves each V; separately. The cor-
responding subgroup of Aut(V) is denoted by Inn(V).

We write (Ag, Jy) for the modular objects corresponding to V; and consider the mod-
ular symmetry group
J =grp({Jy: £ € L}) C AU(H)

generated by the modular conjugations. A natural assumption enriching the underlying
geometry is the condition of geometric modular action

(CGMA) J C Aut(V)
(see [BS93, BDESOQ] for the von Neumann context). The condition
(MS) A}, € J forallt eR,{ € L

is called the modular stability condition ([BDES00], [Bo00, §§1V.5.6/7]).
From now on we assume that (CGMA) is satisfied. We obtain an action
o: Aut(V) x L — L, (g,¢) — 04(¢) on the index set L by

Ve = Vo, 0)- (22)
This further implies
gJeg! = Joyey and AV Ag, ) (23)
In particular, (CGMA) implies that
S:={Ji:leL}

is a conjugation invariant set of generators of J. This fact opens the door to the con-
struction of geometric structures from the group J and its generating set S in specific
situations.

LEMMA 5.2. The subgroup of J of those elements acting trivially on L is its center
Z:={geTJ: (WMeL)gV,=V;} =Inn(V)NJT = kero.

Proof. For g € J, the relation o, = id; implies that g commutes with every element
Je € S by . As J is generated by S, the assertion follows. m
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By Lemma the action of J on the index set describes this group as a central
extension of the group J/Z that acts faithfully on the set L which is supposed to carry
geometric information (cf. [BDFS00] and Remark [5.5 below).

An immediate consequence of (CGMA) is that the net is invariant under the passage
to the symplectic orthogonal space Vy — V/ = J,V; (cf. . In particular, we have a
duality map ¢ — ¢ := o ;,(¢) on L. We also have a natural order structure < on L by

0 <ty it V, CVp,.

REMARK 5.3. The key properties of the triple (L, <, ), given by the partial order < and
the duality map £ — ' are that

(Al) 51 S gg implies 4,2 S g/l’
(A2) ¢; < {4} if and only if 45 < ¢].

From (A2) we immediately derive £ < ¢ and by combining this with (A1), we obtain
' =" for every £ € L, i.e., the duality map restricts to an involution on its range.

EXAMPLES 5.4.
(a) For a subset S of the Minkowski space R1:¥~! we define the causal complement

S/ = {Qj e Rl’dill (Vy S S) [33—%33 _y] < O}

Then S" = (,cg{s}’, which immediately leads to (A1/2). Here S C T’ means that S
and T are space-like separated, and S” is the causal completion of S. For g € P(d) and
S C RY4=1 we have (gS)" = g5’

For the standard right wedge Wr C RYM4~1 we have W = —Wpg and Wy, = Wp,
and for the positive light cone V; we have V| = and V! = R»~! For z —y € V4, the
causal completion

{29} = (@ =Vi)N(y+V;) =0uy

is the closure of the double cone O, , (cf. Remark b)).
(b) If (X, <) is a partially ordered space, then we define

{z} ={yeX:ovLy,yZLx} and S := m{s}’
seS
Then the set L of subsets of X, endowed with the inclusion order, satisfies (A1/2).
(c) For a complex Hilbert space H, the set of real subspace V' C H, endowed with the
inclusion order and the symplectic orthogonal space V' = iV 1= satisfies (A1/2).
(d) For a complex Hilbert space H, the set of von Neumann subalgebras M C B(H),
endowed with the inclusion order and the commutant map M — M’ satisfies (A1/2).

REMARK 5.5.

(a) In QFT, one expects that the structure (L, <,”) encodes physical information and
one would like to recover information on the geometry of spacetime from this structure. In
this context, causal complements, resp., the notion of being space-like separated, appears
more fundamental than the causal order if we want to recover a spacetime M from the
triple (L, <)), where L consists of certain subsets of M but does not contain one-point
sets (cf. [Ke96], and also [Wo94l [Wo98|, where the focus lies on observable algebras on
curves).
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If the modular stability condition is satisfied, i.e., if J contains also the modular
unitaries, this group is supposed to encode the dynamics of the quantum theory, the
isometry group of the corresponding spacetime and a (projective) unitary representation
of this group ([Su05, §6.4]). This connects naturally with the approach of Connes and
Rovelli who “construct” the dynamics of a quantum statistical system by a modular
one-parameter group A" ([CR94]).

Here an interesting result concerning the detection of known group from this viewpoint
is the characterization of the Poincaré group in terms of structure preserving maps on
the set W of wedges in RV4~! ([BDFS00], [Bo00, §IV.5], Lemma .

(b) In [Ke98| §4] and [Ban94] the relation of the causal structure on spacetime and
how it can be determined by data encoded in nets of C*-algebras is discussed very much
in the spirit of this section. We refer to [Ral7] for an approach to quantum field theory
based on modular theory of operator algebras that does not assume an a priori given
underlying spacetime. Instead, one would like to generate the spacetime geometry from
operator theoretic data.

(c) In [SWO03] this program is carried out to a large extent by specifying a set of axioms
formulated in terms of the modular conjugations Jy, such that the index set L corresponds
to the set W of wedges in three-dimensional Minkowski space R, Jy, corresponds to the
the orthogonal reflection ry € P(3)4 in the edge of W and J = P(3)4 (cf. Lemma|4.12)).

In this case, the subset SOq 2 (R)"Wg C W identifies naturally with the anti-deSitter
space AdS? = SO, »(R)"/SO; 1(R)", which can be realized as an adjoint orbit in the Lie
algebra 501 2(R) = slo(R) (cf. Lemma v)).

(d) This point of view fits also the description of the anti-de-Sitter-conformal QFT
(AdS-CFT) correspondence as it is described by Rehren in [Re00]. Here the key is the one-
to-one correspondence of the respective wedge domains because they carry the algebras of
local observables determining the quantum fields. As the symmetry group of AdS*™! and
the conformal group of R¥~1 coincide (up to a 2-fold covering) with Oz 4(R), it would
be interesting to see if this correspondence can be derived directly from the geometry the
corresponding homogeneous space of wedge domains, resp., from the conjugacy class of
the homomorphism Yy, : R* — O2 ¢(R) corresponding to the standard right wedge Wg
by using the construction described in the following proposition.

(e) Closely related is the notion of an abstract causality relation L, which is an ab-
straction of “being spacelike separated” for subsets of some spacetime and which takes the
lattice operations N and U into account. This concept requires, for a family of subsets O
of a set X that

(OHE 20, (01U =01 N0y and ONO* =0.
We refer to [BW92| Ch. 7] for details (see also [Wo98| p. 237]).

The following construction is of fundamental importance in our approach. It is inspired
by the modular localization approach to QFT developed in [BGL02, Thm. 2.5]:

PROPOSITION 5.6 (Nets of standard subspaces from antiunitary representations; the BGL
construction). Let (U, H) be an antiunitary representation of the graded Lie group (G, eq)
and associate to a graded continuous homomorphism v: (R* sgn) — (G, eq) the standard
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subspace V., with U™ = U o~ (Proposition . Then, for every non-empty subset I' C
Homg, (R*, G) invariant under conjugation with elements of G and under inversion, we
thus obtain a net (V) cr of standard subspaces which satisfies (CGMA) for the group J
which is the image under U of the subgroup of G generated by the conjugation invariant
set of involutions {y(—1): v € T'}.

r — s Iv(Gy)
|- -
VisJy

Stand(H) —222 5 Conj(H).

Proof. This follows from the observation that, for v9(t) := gv(t)g~!, we have U, V, = V4
for g € Gy and U,V, = VJ, for g ¢ G, so that G acts naturally by automorphisms on
the net (V) ecr. =

REMARK 5.7.
(a) Evaluation in —1 leads to a fibration

ev_1: Homg (R*,G) — Inv(G_).

An involution r € G_; is contained in the image if and only if there exists an z € g fixed
by Ad(r), i.e., if g24(") = ker(Ad(r) —1) # {0}. This is always the case if g is non-abelian,
i.e., if —idg is not an automorphism. Then the fiber over r can be identified with the Lie
subalgebra gAd("),

(b) In many situations one considers minimal sets

I'=C,UC,v, whereC, :={:gecG}.

Then ev_;(C,) = C, is the conjugacy class of the involution r := v(—1) € G_1, hence
in particular a symmetric space (cf. Appendix . An important example in QFT is
v = Yy, for G = P(d)+ (Lemma [4.12)).

(c) In the context of Proposition the relation V| = V,v shows that duality is
naturally built into the construction. However, in general it may not be so easy to de-
termine when V,, C V,,. In [BGL02, Thm. 3.4] it is shown that, for G = P(d); and
homomorphisms (yw )wew corresponding to wedges, the relation Wi C Ws is equivalent
to Vi, € V,y, if and only if U is a positive energy representation.

The preceding discussion suggests a closer look at conjugacy classes of involutions
T € G_1. We write C'; C G for the conjugacy class of G.

LEMMA 5.8. Let Gy be a connected Lie group with Lie algebra g and 7 € Aut(Gy) be an
involutive automorphism. Then the conjugacy class C; C G := G1 x {1,7} generates the
subgroup grp(C;) = B{1,7}, where B is the integral subgroup whose Lie algebra is the
ideal b:=g~ "+ [g7 7,97 7]. In particular, C, generates G if and only if g" = [g~ ", 97 7).

Proof. Let H = grp(C;) C G be the subgroup generated by C,. As 7 € H, we have
H = B{e, 7} for B:= HNG;. Then B is generated by the elements of the form g7(g)~!,
g € G1, hence in particular arcwise connected. For z € g=7, we therefore obtain exp(2z) =
exp(z)T(exp(—z)) € B, so that the Lie algebra b of B contains g=”
b=g " +[g 7,9 7|, which is an ideal of g;.

and hence also
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Let G; denote the universal covering group of G1. Then B = (expg1 b) is a normal
integral subgroup of Gy, hence closed. As 7 acts trivially on the quotient group G1/B, all

-1

elements of the form g7(g)~"' are contained in B. Therefore B := (expg b) contains the

arcwise connected subgroup H N Gy, and thus H N G; = B. This implies the lemma. =

EXAMPLE 5.9. G = Aff(R) and 7 = (x,—1) with C; = R x {—1}, and this conjugacy
class generates G.

LEMMA 5.10. Let 7 = ry € P(d)+ be a wedge reflection for some W € W. Then

(i) The conjugacy class Cr of T generates P(d)+ if and only if d > 2.
(ii) The conjugacy class Cr of T in the conformal group SOz 4(R) generates the whole
group for any d > 0.

Proof. (i) Since all wedges W € W are conjugate to the standard right wedge Wk, it
suffices to consider 7 = ry, = Ro1 = diag(—1,—-1,1,...,1). If d = 2, then Ryp; = —1, so
that grp(C,) = R? x {£1} is a proper subgroup of P(2)..

The case d = 2 already implies that grp(C;) contains all translations in the directions
of all Lorentzian 2-planes, hence all translations. Therefore it suffices to show that the
conjugacy class of Rp1 in SO; ¢(R) generates the whole group. In view of Lemma
this follows from the simplicity of the real Lie algebra g = s01 4—1(R).

(ii) We consider SO 4(R) as a group acting on R14~! by rational maps (cf. [IN12]
§17.4]). We have already seen above that the group grp(C,) generated by the conjugacy
class C- in SO 4(R) contains the Poincaré group P(d), which is a parabolic subgroup of
SOz ¢(R) and it intersects both connected components. By the same argument, it contains
the opposite parabolic subgroup, and both subgroups generate SOz 4(R) because it has
only two connected components (cf. [Be96]). =

If d is odd, then SOz 4(R) = Oz 4(R)/{£1} is the full conformal group of RM¥~1 but
if d is even, then the kernel {£1} of the action of O3 4(R) is contained in the identity
component, so that Conf(RY9) 22 Oy 4(R)/{+£1} has four connected components ([FIN12,
§17.4]). Therefore the conjugacy class of a wedge reflection does not generate the whole
conformal group.

REMARK 5.11. In [BGL02, Thm. 4.7], Brunetti, Guido and Longo describe a one-to-one
correspondence between antiunitary positive energy representations of P(d)4 and certain
nets of closed real subspaces Vo indexed by certain open subsets @ C R?, for which the
subspaces (Viy)wew corresponding to wedges are standard, and the modular covariance
condition

Ay Vo = Vi o

holds for the homomorphisms vy : R* — P(d)4 and the modular unitaries of Vyy .

The uniqueness of the local net, once the unitary representation is given, is discussed in
[BGL02, Rem. 4.8] (see also [BGLI3|). For the converse, i.e., the uniqueness of the unitary
representation, once the local net is given, we refer to [BGL93|. In [Mu01], Mund shows
that, for any representation (U,H) of P(d)l that is a finite direct sum of irreducible
representations of strictly positive mass, there is only one covariant net of standard
subspaces; which therefore coincides with the one obtained in Proposition [5.6] from any
antiunitary extension of U to P(d).
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EXAMPLE 5.12 (Nets arising from a single von Neumann algebra).
(a) Let M C B(H) be a von Neumann algebra for which cs(M) # () and consider the
corresponding set

Vi=ms(M) = {Ve: £ € cs(M)}

of standard subspaces (Definition 4.20)). Fix a cyclic separating vector 2 and the corre-
sponding modular objects (A, J) and consider the group

G = UM) UM){1,J} C AU(H).

It is easy to see that this group permutes the standard subspaces in V. From Proposi-
tion [4.21f(ii) we derive that

me(M) = {gJg "' g € G}

is the conjugacy class of J in G. We also note that the G-orbit {gMg~': g € G} =
{M, M’} of M in the set of von Neumann subalgebras of B(H) consists only of two
elements.

(b) Consider the group

GF = UM) UM )y(R*)  for y(—1):=J and ~(e):= A~it/2m

That G* is a group follows from the fact that y(R}) normalizes U(M) and U(M’),
whereas conjugation by J = (—1) exchanges both. This group is strictly larger than
U(M)U(M"){1,J} if the modular automorphisms a; (M) := A*¥MA~® of M are not
inner.

If ¢ € cs(M) is different from €, then Connes’ Radon Nikodym Theoren{| implies
the existence of a strongly continuous path of unitaries (u;):er in U(M) such that the
corresponding modular automorphism group af (M) = A?M Agit satisfies

o5 (M) = wgay(M)u;  for M e M, t €R.

This implies that Ag”utA“ € U(M’), so that G* also contains the operators A?. Hence
the net of standard subspaces of H specified by the conjugacy class of the antiunitary
representation v € Hom(R*, G*) coincides with the orbit G*V = GV C Stand(H).

5.2. Nets of von Neumann algebras. The context that actually motivates the consid-
eration of families of standard subspaces are families (Mpy)ser, of von Neumann algebras
on some Hilbert space H. In the theory of algebras of local observables, one considers ¢ as
indicating the “laboratory” in which observables corresponding to My can be measured,
and then L is the set of laboratories (cf. [Ha96] [Ar99, Bo97)).

We write M C B(H) for the von Neumann algebra generated by all the algebras M.
We shall discuss several properties of these families and relate them to antiunitary rep-
resentations and some results in Algebraic Quantum Field Theory (AQFT). Our first
assumption is the Reeh—Schlieder property:

(RS) There exists a unit vector Q that is cyclic and separating for each M.

5See [Bla06, Thm. 111.4.7.5], [BR96], Thm. 5.3.34], and in particular [FI98] for a quite direct
proof.
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By the Tomita—Takesaki Theorem, (RS) leads to a family of standard subspaces given
Vo := Mg pQ

and the map ¢ +— V} is injective if and only if the map ¢ — M, is injective (Lemma .

This leads us to the setting of the preceding subsection, so that everything said there

applies in particular here. As each J, fixes €2, it is fixed by the whole group J. For

g€ J and M = gMg~1, we therefore have gV, = M7, Q, so that Lemma implies

that gV, = V5 for some (e Lis equivalent to gM,g~t = M. Hence the condition

of geometric modular action (CGMA) from the preceding section is equivalent to the
following ([BDEFS00]):

(CGMA) Conjugation with elements of the group J permutes the von Neumann algebras
(Mo)eer-

The relation JpM,J; = M, then implies that the net (Mp)ser, is invariant under the
passage to the commutant.

REMARK 5.13. The passage from a net of von Neumann algebras (My)secr, with a com-
mon cyclic separating vector to a net of standard subspaces is obvious and we shall see
in Section [6] how the converse can be achieved by second quantization. However, this
process requires an enlargement of the Hilbert space corresponding to the passage from
the one-particle space to a Fock space.

In this context one may also ask for a reconstruction of the von Neumann algebras
M, from the pairs (V;,Q), where V; := M, €. This leads to the inverse problem of
modular theory, which concerns the problem to describe for a triple (A, .J,Q) all von
Neumann algebras M C B(#) for which 2 is cyclic and separating and (A, J) is the
corresponding pair of modular objects. The work of Boller contains some interesting
results in this direction ([Bol00, Bol02]). In view of the uniqueness of symmetric form
representations (Definition [Bla06, Thm. II1.4.5.6]), this requires in particular to
understand for a given pair (M, Qg) with Qg € cs(M) the set of all unitaries U € U(H)
for which U§)g is still cyclic and separating for Mg, so that Qg is cyclic and separating
for M := U=t MU (see also Proposition and [Bol02 Ch. 5] for other aspects of this
problem).

That this point of view can be used to actually construct QFT’s on the two-dimen-
sional de Sitter space dS? was recently shown by Jikel and Mund [JM17] who construct
on a bosonic Fock space F4(H) a local net of von Neumann algebras, covariant with
respect to a unitary representation of the connected Lorentz group SO; 2(R)", for which
the boosts correspond to modular automorphisms of the von Neumann algebra Mg cor-
responding to a standard wedge. Although the theory is non-free, the fact that Mg is
realized in symmetric form and any two such realizations are unitarily equivalent makes
it possible to realize such nets on Fock space.

REMARK 5.14.

(a) In quantum field theory, where L often is the set W of wedges in Minkowski
space R [BDFS00, Thm. 5.2.6] asserts that (CGMA) basically is equivalent to the
duality condition M(W') = M(W)’ for every W € W. Then one obtains an antiunitary
representation of the Poincaré group P(4), fixing Q and acting covariantly on the net.
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Further, U,,, = Jw (cf. Lemma and the spectrum of the translation subgroup
is contained either in Vi or in —V,, i.e., we have either positive or negative energy
representations.

(b) For z,y € RY® and x — y € V., the open causal interval

Oy = (x=Vy)N(y+V4)

is called a double cone. There are various Reeh—Schlieder Theorems, that provide suffi-
cient conditions for the vacuum vector to be cyclic and separating for an algebras M(O)
of local observables attached to an open subset of Minkowski space ([Bo92) [RS61],[Bo63]).
The most classical results concern the cyclicity of the vacuum for double cone algebras
M(O, ). Since every wedge contains double cones, the vacuum is also cyclic and sepa-
rating for wedge algebras M(W), W € W. This leads to modular objects (Aw, Jw), so
that the condition (RS) in holds for the index set L = W.

(c) For nets of von Neumann algebras M(O) of local observables associated to re-
gions O in some spacetime M, it is important to specify those regions behaving well
with respect to our assumptions. In [Sa97] they are called test regions. This requires
in particular that the vacuum vector €2 should be cyclic for M(O) (the Reeh—Schlieder
property) and that a suitable duality holds M(O)" = M(O’), where O’ is the (interior
of the) causal complement of O. Prototypical examples of test domains are wedges W
in Minkowski space (or its conformal completion) [BGL02, Thm. 2.5], but in many situ-
ations larger classes also have these properties, such as double cones or spacelike cones,
i.e., translates of convex cones R, D, where D is a double cone not containing 0. In this
context the CGMA is a natural additional requirement for test regions that ties the
corresponding modular structure to spacetime geometry.

(d) For a Haag—Kastler net A(Q) (as in the introduction), the (CGMA) for the net
7, (A(O))” of von Neumann algebras specified by a state w of A can be seen as a require-
ment that selects states which are particularly natural (cf. [BDES00, p. 485]).

Under certain assumptions on the corresponding net of local observables, the
Bisognano-Wichmann Theorem ([BWT6, [So10]) asserts that the antiunitary representa-
tion (U, H) of P(4)4 obtained from the PCT Theorem, where © = U_; is the antiunitary
PCT operator, has the property that the boost generator by from in Example
satisfies

AT = U(e™)  and  Jw, = U(rw,) = OU(diag(1, 1, —1, -1)).

The first relation is called the modular covariance relation (cf. [MuO1l p. 911]). In [GL95]
Props. 2.8,2.9] Guido and Longo show that modular covariance implies covariance of
the corresponding modular conjugations which in turn implies the PCT Theorem. In
the context of standard subspaces, the Bisognano—Wichmann Theorem and the PCT
Theorem were derived in by Mund ([Mu01, Thm. 5]).

ExXAMPLES 5.15 (Conformal invariance). Beyond the Bisognano-Wichmann Theorem,
the following geometric implementations of modular automorphism groups are known:
(a) In [Bu78|, Buchholz shows that, for a free scalar massless field on RV¥~! (which
automatically enjoys conformal symmetry), for d > 2 the dilation group v, (a)(z) = ax,
a € R*, corresponds to the modular objects of the light cone algebra M(V,). As we
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shall see in (b) below, the light cone is conformally equivalent to the right wedge Wg.
Therefore vy, is conjugate in the conformal group to the homomorphism
YWy : R* — Conf(RY4~1), corresponding to the right wedge Wg, which occurs in the
Bisognano-Wichmann Theorem.

(b) In [HL82], Hislop and Longo obtain similar results for double cones in the context
of massless scalar fields by conjugating them conformally to light cones and then apply
[Bu78|. More concretely, the relativistic ray inversion

prx=(t,x) — (t,x), [z,2]=1t>—x>

1
[z, z]
(which is an involution), exchanges the translated right wedge

T T
WR+§€1 = {(xo,x): r1 > 24‘|330|}

with the double cone

ey — €1 eo + €1
0(60*61)/7‘,(760*61)/7‘ = ( r - V+> n (_T‘ + V—i—)

It also exchanges the double cone O, 0 = (reg —V; )NV, and the light cone <2 +V, (see
[Gulll p. 111]). With these explicit transformations, one also obtains the corresponding
one-parameter groups of automorphisms and the corresponding conformal involutions.
For the light cone V., we know from (a) that the corresponding automorphism group
is given by the dilations vy, (t)x = tx. So it follows in particular, that it is confor-
mally conjugate to the Lorentz boosts vy : R* — P(4)4 corresponding to a wedge W
(Lemma [4.12)).

As a consequence of this discussion, the modular automorphism groups corresponding
to the local observable algebras associated to double cones, light cones and wedges are
conjugate under the conformal group Conf(RY4~1) 22 Oy 4(R)/{#1}. In particular, they
correspond to a single conjugacy class of homomorphism v: R* — Conf(R"9~1) which
is most simply represented by ~yv, .

EXAMPLE 5.16 (cf. Example . In the one-dimensional Minkowski space R, the order
intervals are represented by the open interval (—1,1) transformed by the Cayley map
c(z) := £ to (0,00) = V4 and the involution o(z) := z~! maps (—1,1) to its (confor-
mal) complement. These are the geometric transformations corresponding to the modular
operators on the double cone algebra M(O; _4) for d = 1.

EXAMPLE 5.17. Interesting examples of nets of von Neumann algebras with (CGMA)
arise from [BDFS00, Thm. 4.3.9], where the index set is the set W of wedges in R13. Un-
der suitable continuity assumptions, one obtains a continuous antiunitary representation
of P(4)4 with

UTW = JW and j = UP(4)+.
Here a key point is that P(4)4 is generated by the conjugacy class of the wedge reflection
rwy (Lemma [5.10)).

REMARK 5.18. A key observation in the work of Borchers and Wiesbrock is that von
Neumann algebras of local observables corresponding to two wedges having a light ray
in common define modular intersections ([Wi98l, Prop. 7]). That one can deal with them
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as pairs without any direct reference to the intersection (cf. Theorem is crucial
because the modular group of the intersection need not be implemented geometrically
[Bo96]. This is of particular interest for QFT on de Sitter space dS? whose isometry group
01,4(R) has no positive energy representations for d > 2.

6. Second quantization and modular localization. In this section we explain how
Second Quantization, i.e., the passage from a (one-particle) Hilbert space H to the corre-
sponding Fock spaces F4 (H) (bosonic and fermionic) provides for each standard subspace
V C H pairs (RT(V), ), where R*(V) is a von Neumann algebra on Fi(H) and the
vacuum vector Q € Fy(H) is cyclic.

Let H be a complex Hilbert space and let

FOH) = @TZOH@”

be the full Fock space over H. We write F (#) for the subspace of symmetric tensors, the
bosonic Fock space, and F_(H) for the subspace of skew-symmetric tensors, the fermionic
Fock space. Both spaces carry a natural representation

I'y: AU(H) — AU(fi(H))
of the antiunitary group AU(H) given by
Fi(U) (1 V...Vop):=Un V...VUv,, T_(U)(viA...ANvp) :=Uvi A... AUv,.

Moreover, the bosonic Fock space carries a unitary representation of the Heisenberg group
Heis(H) (§6.1) and its subgroups can be used to derive a net of von Neumann algebras on
F(H). A similar construction can be carried out for the fermionic Fock space in terms
of the natural representation of the C*-algebra CAR(H), a C*-algebra defined by the
canonical anticommutation operators. Both constructions are functorial and associate to
every antiunitary representation (U, H) of (G,e¢) on H a covariant family (M) er of
von Neumann algebras on Fi(#H), where I is as in Proposition

6.1. Bosonic Fock space. We start with the construction of the von Neumann algebras
on the bosonic Fock space. For vy,...,v, € H, we define

1
V1 Up =01 V... VU, ::ﬁ Z Vo(1) @ .. @ Vg(n)
To€eS,

and v™ := vV", so that

(V1 V...Vug,wi V...Vwy,) = Z (Vo(1), w1) (Vo (n), Wrn)- (24)
S

For every v € H, the series Exp(v) := }_°° 20" defines an element in F(#) and the

scalar product of two such elements is given by

oo

(Exp(v), Exp(w)) = )

n=0

n!
(nl)?
These elements span a dense subspace of F (#), and therefore we have for each z € H

a unitary operator on F, (#H) determined by the relation
U, Exp(v) = e~ (@) =ll=ll*/2 Exp(v+z) for z,v e H. (25)

(v, w)" = V),
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A direct calculation then shows that
UU, = e /Mm@y, for z,y € H. (26)

To obtain a unitary representation, we have to replace the additive group of H by the
Heisenberg group

Heis(H) ;=T x H with (z,0)(z',v') 1= (22/e ™) o4 0).
For this group, we obtain with a unitary representation
U: Heis(H) — U(Fy(H)) by Ug) = 2U,.
In this physics literature, all this is expressed in terms of the so-called Weyl operators

W():=U,, 3 veEH

7

satisfying the Weyl relations
W)W (w) = e O 20 (y 4 w)),  v,w e H. (27)

DEFINITION 6.1. To each real subspace V' C H, we assign the von Neumann algebra
R(V):=RT(V):=W (V)" C B(F+(H)) on the bosonic Fock space of H.

LEMMA 6.2. We have

) = B(F4+(H)), resp., the representation of Heis(H) on F(H) is irreducible.
R(V) CRW) if and only if VC W' (locality).

)= R(V).

Q =Exp(0) € Fr(H) is cyclic for R(V) if and only if V + iV is dense in H.

Q € F.(H) is separating for R(V) if and only if V NiV = {0}.

(vi) Q € es(R(V)) if and only if V is standard.

Proof. (i) is well-known ([BR96| Prop. 5.2.4(3)]).

(ii) follows directly from the Weyl relations (27).

(iii) follows from the fact that H — B(Fi(H)), v — W, is strongly continuous and
R(V) is closed in the weak operator topology.

(iv) Assume that K := V +4V ## H. Then R(V)Q C F(K), so that © cannot be
cyclic.

Suppose, conversely, that K = H and that f € (R(V)Q)L. Then the holomorphic
function f(v) := (f, Exp(v)) on H vanishes on V, hence also on V + iV, and since this
subspace is dense in H, we obtain f = 0 because Exp(#) is total in F (H). We conclude
that Q is cyclic.

(v) In view of (iii), we may assume that V is closed. Let 0 # w € V NiV. To see that
Q is not separating for R(V), it suffices to show that, for the one-dimensional Hilbert
space Ho := Cw, the vector  is not separating for R(Cw) = B(F4(Cw)) (which follows
from the irreducibility of the representation of Heis(Cw) on Fy(Cw)). This is obviously
the case because dim F (Cw) > 1.

Suppose that K = {0}. As K = V" n (V") = (V' +iV’), it follows that V' + iV’
is dense in H. By (ii), 2 is cyclic for R(V’) which commutes with R(V). Therefore © is
separating for R(V).

(vi) follows from (iv) and (v). m
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REMARK 6.3.

(a) R(V) is commutative if and only if V' C V. For a standard subspace V the relation
V' = JV shows that this is equivalent to V' = V’| respectively to A =1 (Lemma .

(b) The imaginary part w(&,n) := Im(£,n) turns H into a symplectic manifold (H,w).
From this perspective, we may consider the algebras R(V) as “quantizations” of the
algebra of measurable functions on the Lagrangian subspace E = H’. If V = V/,
then F, (H) = L?(E*,~v), where 7 is a Gaussian probability measure on the algebraic
dual space E* of E, endowed with the smallest o-algebra for which all evaluation maps
are measurable. Then the commutative von Neumann algebra R(V') is isomorphic to
L (E*,7). In general, if V€ V' then R(V) is non-commutative and the degree of non-
commutativity depends on the non-degeneracy of w on V. It is “maximal” if VNV’ = {0},
which implies that R(V) is a factor by the following theorem.

THEOREM 6.4 ([Ar63, Thm. 1]). For closed real subspaces V,W,V; of H, the following
assertions hold:

(i) R(V) CR(W) if and only if V.C W (isotony).
(if) R(vjeJ V) = Ve R(V;), where \/ ;. ; V; denotes the closed subspace generated by
the Vi and \/ ;c ; R(V;) denotes the von Neumann algebra generated by the R(Vj).
(iif) R(njeJ Vj) = Njes R(Vj).
(iv) R(V) =R(V') (duality).
(v) RV)NR(V') =R(VNV'). In particular, the algebra R(V) is a factor if and only
if VNV ={0}.

6.2. Fermionic Fock space. On the fermionic Fock space, the construction of the von
Neumann algebras is slightly different but similar in spirit.
For vq,...,v, € H, we define

VIA ... \Nvp 1= \/—177' U;ﬂ sgN(0)Vg(1) ® -+« @ Vo (n),
so that
(Vi A v oA wr A A wy) = Z sgN(0) (Vo (1), W1) (Vo (n)s Win)- (28)
oESK
In F2(H) = C we pick a unit vector , called the vacuum.

DEFINITION 6.5. The CAR-algebra CAR(H) of H is a C*-algebra, together with a contin-
uous antilinear map a: H— CAR(H) satisfying the canonical anticommutation relations

{a(f),a(9)'} = (f,9)1  and  {a(f),a(g)} =0 for fgeH (29)

and which has the universal property that, for any C*-algebra A and any antilinear
map a': H — A satisfying the above anticommutation relations, there exists a unique
homomorphism ¢: CAR(H) — A with poa = a’. This determines the pair (CAR(H), a)
up to isomorphism ([BR96, Thm. 5.2.8]). We write a*(f) := a(f)* and observe that this
defines a complex linear map a*: H — CAR(H).

REMARK 6.6. The C*-algebra CAR(#) has an irreducible representation (my, F_(#))
on the fermionic Fock space F_(H) ([BR96L Prop. 5.2.2(3)]). The image c(f) := mo(a(f))
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acts by ¢(f)Q2 =0 and

n

(F)Fr A Afa) =D (VTN A A fia A i Ao A

j=1
Accordingly, we have
CNN=f and  EDAAAF) = FAFA A

Consider the hermitian operators
b(f) := c(f) + ¢*(f) € CAR(H) (30)
and note that

{6(f):0(9)} = {e(f), " (9)} +{c*(f),clg)} = (f, 9)1 + (g9, )1 = 2B(f. 9)1, (31)
where

B(f,g9) =R(f,g) for f,geH

is the real scalar product on .

DEFINITION 6.7. Let H = Hy ® Hy be a 2-graded Hilbert space. Accordingly, B(H)
inherits a grading and therefore a Lie superbracket which on homogeneous elements is
given by
[A, B], := AB — (—1)I4151BA,

where |A| denotes the degree of a homogeneous element A. For a subset E C B(H), we
accordingly define the super-commutant by

E*:={A€ B(H): (YM € E)[A, M], = 0}.

For each homogeneous M € B(H), the operator Dys(A) := [M, A], is a superderiva-

tion of the Zs-graded associative algebra B(H) in the sense that

Dar(AB) = Dy (A)B + (=1)MIAIAD,(B). (32)

It follows in particular that, if E is spanned by homogeneous elements, then E* is a von
Neumann algebra adapted to the 2-grading of B(H). Let Zv = (=1)I?lv (Jo| € {0,1})

denote the parity operator on H and Zv = (=i)l*lv (also known as the Klein twist
Z = ﬁ"_{_f ) which satisfies Z2 = Z. For A and M odd we then have

[ZEYAZTY M) = +iZ{A, M} = —iZ[A, M],.
This leads to o N N
E'=ZF'7'=77'F'Z (33)
for any graded subspace E C B(H).
As in [Fo83], we associated to every real linear subspace V' C H a von Neumann
subalgebra
R(V):=R™(V):=b(V)" C B(F_(H)).
We list some properties of this assignment (cf. [Fo83 Prop. 2.5] for (iv) and (v)):
LEMMA 6.8. We have
(i) R(H) = B(F-(H)), resp., the representation of CAR(H) on F_(H) is irreducible.
(i) R(V)=R(V).



ANTIUNITARY REPRESENTATIONS 351

(i) R(V) and R(W) super-commute if and only if VLgW (twisted duality).
(iv) The vacuum § is cyclic for R(V) if and only if V + iV is dense in H.
(v) The vacuum ) is separating for R(V) if and only if V. NiV = {0}.

(vi) Q € es(R(V)) if and only if V is standard.

Proof. (i) is well-known ([BR96, Prop. 5.2.2(3)]).

(ii) follows from the fact that b: H — B(F_(H)) is continuous.

(iii) follows immediately from (31)).

(iv) We explain how this can be derived from [BJLO2, Prop. 3.4], where a different
setting is used: Consider a conjugation I" on a complex Hilbert space K and a corre-
sponding basis projection P, i.e., TPT' =1 — P. For v € K we then have the orthogonal
decomposition v = Pv+ (1 — P)v, where both summands are exchanged by T', hence have
the same length. Therefore the map

®: KT = PK, ®(v) = V2P,

is an isometry between the real Hilbert space K and the complex Hilbert space H := PK.
The antilinear map

a: K — CAR(H), a(f) :=c*(PTf)+c(Pf)
then satisfies
a(Tf)y=a(f)* for fek

and a is the unique antilinear extension of the map alcr =bo P: KI' — CAR(H).
For any I'-invariant subspace V C K, we therefore have

a(V) = b(PV")c = b(@(V"))c (34)
and thus, for the real subspace V := ®(V') = P(V') C H,
aVY = a(V)" = &))" = R(V)'. (39)

As V +iV = P(VL) = P(V), [BIL02, Prop. 3.4] implies that P(V) is dense in P(H) if
and only if Q is R(V)-cyclic, and (iv) follows.

(v) In view of (ii), we may assume that V is closed. Let 0 # w € W := V NiV. To see
that €2 is not separating for R(V), it suffices to show that, for the one-dimensional Hilbert
space Ho := Cw, the vector € is not separating for R(Cw) = B(F_(Cw)). This follows
from the irreducibility of the representation of CAR(Cw) = M,(C) on F_(Cw) = C?
which has no separating vector (see (i)).

Suppose, conversely, that W = {0}. As W = (VL +iV+)L) the subspace V4 +iV+
is dense in H. By (iii), 2 is cyclic for R(V+) which anticommutes with R(V). Therefore
2 is separating for R(V). m

The following theorem is the fermionic version of the duality result in Theorem (iii)
(IBJLO2, Thm. 7.1], [Fo83, Thm. 2.4(v)]).

THEOREM 6.9 (Fermionic Duality Theorem).

RV =R(V) = {A e B(F_(H)): (Vv e V)[A,b0)], =0} = Z'R(V)Z

for every real linear subspace V. C H.
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To match our notation with Foit’s in [Fo83], we note that Foit’s operator
V.= %(1 —iZ) satisfies V. = e ™/4Z71 so that Z7'AZ = VAV* for every opera-
tor A on F_(H).

6.3. From antiunitary representations to local nets. For a closed real subspace V'
of the Hilbert space H, we write R (V) C B(F4(H)) for the associated von Neumann
algebras on the bosonic and fermionic Fock space.

PROPOSITION 6.10. For a closed real subspace V. C H, the vacuum 2 is cyclic and
separating for the von Neumann algebras RT(V) C B(Fi(H)) if and only if V is a
standard subspace of H. The corresponding modular objects (A‘%,J‘j,:) on F+(H) are
obtained by second quantization from the modular objects (Av,Jy) associated to V, in
the sense that

AL =Ti(Ay), JF=Ty(Jv) and Jy =2ZT_(iJy). (36)

Proof. The first assertion follows from Lemmas [6.2] and For the identification of the
modular objects, we refer to [FG89, Thm. 1.4] (see also [EOQT73|) in the bosonic case and to
[Fo83l, Prop. 2.8] for the fermionic case (see also [BJLO02, Cor. 5.4], [LIe09, Thm. 4.13]). m

REMARK 6.11.

(a) The twists arising in Theorem and Proposition arise from the fact that
the fermionic situation has to take the 2-grading on F_(H) into account. In particular
Theorem takes its most natural form R(V+#) = R(V)*¥ if the commutant is defined
in terms of the super bracket.

(b) If M is a Zs-graded von Neumann algebra on the Zs-graded Hilbert space H =
Ho @ Hp and Q € Hy is a cyclic separating vector, then the theory of Lie superalgebras
suggests to consider the antilinear involution (zo+41)* := x} —iz} instead of the operator
adjoint. Then the corresponding unitary Lie superalgebra is

uM)={zeM:2* =z} ={r =20+, € M: 2}, = —x0, T} = —iz}.

Accordingly, modular theory can be based on the unbounded antilinear operator defined
by S(MQ) := M*Q = ZS(MSQ) for M € M. The polar decomposition S = JAY/2 results
in the pair (j ,A) of modular objects, where A is unchanged, but J = ZJ. This leads to
the relation

JMJ = ZM' Z7' = MY,
which is a super version of JMJ = M’.
We also obtain with
J5 = Z2T_(idy) = ZT_(idy) = T (=iJy).

To obtain a situation where the modular objects on F~(H) are simply given by sec-
ond quantization, one may consider the von Neumann algebras R~ (V) := R~ (¢V) for
¢ := €™/ instead. The standard subspace V := (V satisfies Ay = Ay and J; =iJy, so

that the modular conjugation corresponding to ﬁ_(V) is

JA{; =T_(—iJev) =T-(Jv).
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REMARK 6.12. Let (U,H) be an antiunitary representation of (G,eg) on H and
v: R* — G be a graded homomorphism, so that it specifies a standard subspace V, C H
(Proposition [5.6]). Consider the antiunitary representation

Iy: AUH) —» AU(FL(H))

of the antiunitary group of H on the corresponding Fock spaces. Then 'L o U is an
antiunitary representation of (G, e¢) on Fi (H), so that we also obtain standard subspaces
VE C Fi(H). The pair (RT(V;),€) then satisfies

VoE =RV,

and in the fermionic case the pair (R (V;),) leads to the correct modular operator
A;w, but to the modular conjugation ZI'_(iJy, ).

7. Perspectives. For a detailed exposition of the results mentioned below, we refer to
the forthcoming paper [NO17|.

7.1. The Virasoro group. In Diff(S') we consider the involution on S = T C C, given
by r(z) = z. We consider the group G := Diff(S') = Diff(S')y x {1,7}. One can show
that all projective unitary positive energy representations of Diff(S;)¢ extend naturally
to projective antiunitary representations of G. To obtain antiunitary representations, one
has to replace G by a central extension Vir x{1,r}, where Vir is the simply connected
Virasoro group.

Another closely related “infinite dimensional” group that occurs in the context of
modular localization is the free product PSLy(R)*o¢(r), PSL2(R) of two copies of PSLy(RR)
over the connected affine group ([GLW9S]).

7.2. Euclidean Jordan algebras. Minkowski spaces are particular examples of simple
euclidean Jordan algebras, namely those of rank 2 (cf. [FK94]). Many of the geometric
structures of Minkowski spaces and their conformal completions are also available for
general simple euclidean Jordan algebras, where the role of the lightcone V, is played by
the open cone of invertible squares. There also exists a natural causal compactification
V which carries a causal structure. The corresponding conformal group G := Conf(V)
has an index 2 subgroup G preserving the causal structure on 17; other group elements
reverse it. In V, the set W¢ := {gV,: g € Conf(V)} specializes for Minkowski spaces
to the set of conformal wedge domains, which include in particular the light cone and
double cones (cf. Example . Moreover, the homomorphism

v, R = GL(V), ~(t)v = to,
is naturally specified because vy, (R}) is central in the identity component of the stabi-
lizer Gy, . Therefore any antiunitary positive energy representation of G yields a net of
standard subspaces indexed by W¢€. In [NOI?} we obtain a classification of these repre-

sentations along the lines of The subsemigroups Sy, = {g € G: gV, CV, } C G
also leads to a natural generalization of Borchers pairs in this context.

7.3. Hermitian groups. The conformal group Conf(V') of a euclidean Jordan algebra
can be identified with the group AAut(7y, ) of holomorphic and antiholomorphic auto-
morphisms of the corresponding tube domain Ty, = V, + V. This suggests that some
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of the crucial structure relevant for antiunitary representations can still be obtained for
the groups G := AAut(D) of all holomorphic and antiholomorphic automorphisms of a
bounded symmetric domain D. The irreducible antiunitary positive energy representa-
tions can also be parametrized in a natural way by writing G = G; x {id, o}, where o is
an antiholomorphic involution of D ([NO17]) and Gy = Aut(T v, ). Here there are many
graded homomorphisms : R* — G with v(—1) = o, but one cannot expect y(RY) to
be central in G, which can be achieved for tube type domains (coming from euclidean
Jordan algebras).

7.4. Analytic extension. We have seen that, for antiunitary representations of Aff(R),
the positive energy condition appears quite naturally from the order structure on the set
of standard subspaces. If (U, H) is an antiunitary representation of G' containing copies
of Aff(R) coming from half-sided modular inclusions, it follows that the closed convex
cone

Cy:={xeg: —idU(z) > 0}

is non-trivial. This further leads to an analytic extension of the representation to the
domain Gexp(iCy) (see [NeO0] for details on this process).

On the other hand, antiunitary representations of R* correspond to modular objects
(A, J) and the orbit maps of elements v € V extend to the strip {z € C: 0 <Imz < 7}
(Remark . Composing families of graded homomorphisms ~v: R* — G with an an-
tiunitary representation U, we therefore expect analytic continuation of U to natural
complex domains containing G in their boundary.

It would be very interesting to combine these two types of analytic continuations in
a uniform manner, in the same spirit as the KMS condition is a generalization of the
ground state condition (corresponding to positive energy) ([BR96]). One may further
expect that this leads to “euclidean realizations” of antiunitary representations of G by
unitary representations of a Cartan dual group in the sense of the theory of reflection
positivity developed in in [NO14, [NO16]; see also [Schr06] and [Schl99] for relations with
modular theory. Maybe it can even be combined with the analytic extensions to the crown
of a Riemannian symmetric space (JKS05]).

7.5. Geometric standard subspaces. In QFT, the algebras R(V') are supposed to
correspond to regions in some spacetime M. Therefore one looks for standard subspaces
V(O) that are naturally associated to a domain in some spacetime, such as Hardy spaces
(Example or the standard subspaces K(QO) constructed in [FG89| for free fields.
From the perspective of antiunitary group representations, a natural class of representa-
tions of a graded group (G, e¢) are those realized in spaces Hp C C~>°(M) of distribu-
tions on a manifold M on which G; acts. Here Hp is the Hilbert space completion of
the space C°(M) of test functions with respect to the scalar product given by a positive
definite distribution D on M x M via

€mp = /M €@ty dD(ay)

(cf. [NO14]). We associate to each open subset @ C M a subset Hp(O) generated by
the space C2°(O) of test functions supported in O. In this context it is an interesting
problem to find natural antiunitary extensions of the representation of G; to G such
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that some of the corresponding standard subspaces (Proposition have natural geo-
metric descriptions. In this context the detailed analysis of KMS conditions for unitary
representations of R in [NOIG} should be a crucial tool because one typically expects
standard subspaces to be described in terms of analytic continuations of distributions
on some domain O C M to a complex manifold containing O, which links this problem
to §7.4| (cf. [NO17b)]). As one also wants the modular unitaries to act geometrically on
the manifold M, the case G; = R acting by translations on R considered in [N()IGJ is of
key importance.

Conversely, one may also consider Hilbert spaces H of holomorphic functions on a
complex manifold M on which G acts in such a way that G acts by holomorphic maps
and G_; by antiholomorphic ones. Then any v € Homg, (R*,G) leads to a standard
subspace of H. Many natural examples of this type arise from §§7.2/and [7.3] In particular,
the representation of AU(H) on F,(H) is of this type if we identify F,(H) with the
Hilbert space of holomorphic functions on H with the reproducing kernel K (¢,7) = e{&7)
(cf. [Ne00]).

7.6. Dual pairs in the Heisenberg group. Let H be a complex Hilbert space and
V' C H be a real linear subspace. We consider the corresponding subgroup Heis(V') :=
T x V C Heis(H) (§6.1). The centralizer of this subgroup in Heis(H) coincides with
Heis(V'). If V is closed, we thus obtain a dual pair (Heis(V'), Heis(V')) of subgroups in
Heis(#) in the sense that both subgroups are their mutual centralizers.

REMARK 7.1. For a closed linear subspace V' C H, we have Herm(#) = Heis(V') Heis(V")
if and only if V 4+ V' is dense in M, which is equivalent to (V + V') =V NV’ = {0}
(cf. Lemma [3.7)). If this is the case, then R(V) C B(F(H)) is a factor by Theorem
Accordingly, the restriction of the irreducible Fock representation (U, F (H)) of Heis(H)
to Heis(V) is a factor representation and the same holds for Heis(V’). We thus obtain
many interesting types of factor representations of Heisenberg groups of the type Heis(V)
simply by restricting an irreducible representation of Heis(#). In [vD71] this approach is
used to realize quasi-free representations of Heis(V') in a natural way.

REMARK 7.2.

(a) Suppose that G is a group which is the product G = G1G2 of two subgroups G
and G4 such that G; = Zg(G2) and Go = Zg(G1). Then G1 NGy = Z(G) and every
unitary representation (U, H) of G restricts to factor representations of the subgroups G;.

(b) A typical example arises from a von Neumann algebra M C B(#) in symmetric
form, i.e., there exists a conjugation J with JMJ = M’ (Definition [4.4). Then G :=
U(M)U(M’) is a product of two subgroups G := U(M) and G5 := U(M’) satisfying
this condition. The representation of G on H is multiplicity free because G' = M N M’
is the center of M, hence abelian. It is irreducible if and only if M is a factor, and then
the representations of the subgroups G; and Gy are factor representations. Note that
the representation of G extends to an antiunitary representation of G x {1, j}, where

jlg) = JgJ.

REMARK 7.3. Similar structures also arise for infinite dimensional Lie groups such as
Diff(S'), (doubly extended) loop groups and oscillator groups because modular objects
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provide information on restrictions of irreducible representations to factorial represen-
tations of subgroups (cf. [Wa98] and [Bil2] for loop groups). So one should also try
to develop the theory of modular localization for antiunitary representations of infinite
dimensional Lie groups.

7.7. A representation theoretic perspective on modular localization. The anal-
ysis of ordered families of von Neumann algebras with a common cyclic separating vector
carried out by Borchers in [Bo97] should also have a natural counterpart in the context
of standard subspaces, in the spirit of the translation mechanism described in Subsec-
tion It would be interesting to see if the corresponding results can be formulated
entirely in group theoretic terms, concerning multiplicative graded one-parameter groups
of some graded group (G, e¢) (cf. Proposition [5.6). As we have seen in §§3.4]and [3.5] this
works perfectly well for half-sided modular inclusions and modular intersections.

The same could be said about Wiesbrock’s program, concerning the generation of
Haag—Kastler nets from finite configurations of von Neumann algebras with common
cyclic separating vectors ([Wi93c, Wi97hl [Wid8| [KWO01]).

A. Appendices. In this short appendix we collect some general lemmas used in the
main text.

A.1. A lemma on von Neumann algebras

LEMMA A.1. Let M C H be a von Neumann algebra, a: M — M a real-linear weakly
continuous automorphism and U € U(M) be a unitary element. Then the following
assertions hold:

(a) If « is complex linear and a(U) = U, then there exists a V € U(M) with a(V) =V
and V2 =U.

(b) If a is complex linear and a(U) = U~L with ker(U + 1) = {0}, then there exists a
Ve UWM) witha(V) =Vt and V? =U.

(¢) If a is antilinear and o(U) = U™, then there exists a V € U(M) with a(V) =V !
and V2 =U.

(d) If a is antilinear and o(U) = U with ker(U+1) = {0}, then there ezists a V € U(M)
with «(V) =V and V2 =U.

Proof. (a) Let P be the spectral measure of U on the circle T C C with U = [ zdP(z).
As P is uniquely determined by U and « is complex linear, we obtain o(P(E)) = P(FE) for
every measurable subset £ C T. For every measurable function S: T — T with S(z)? = 2
for z € T, we obtain by V' := [1. S(2) dP(z) a square root of U fixed by a.

(b) Now our assumptions implies that P({—1}) = 0, so that we find a unique spectral
measure P on the open interval (—,7) with U = [7_¢ dP(0). From a(U) = U~" we
derive a(P(E)) = P(—E) for every measurable subset E C (—, ). Therefore V :=
J7_€®/2dP(0) is a square root of U satisfying (V') = V1.

(¢) We consider the von Neumann algebra N' C M generated by U. Then N is abelian
and a-invariant. Therefore 3(N) := a(N*) defines a complex linear automorphism of A/.
It satisfies S(U) = U, so that the existence of V follows from (a).

(d) We argue as in (c), but now (b) applies. m
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EXAMPLE A.2. For M = C, a = id¢ and U = —1 there exists no unitary V € U(M)
with V2 = U and V = «(V) = V~!. This shows that the extra assumption in (b) is
really needed.

A.2. Two lemmas on groups

LEMMA A.3. Let G be a group and G* := (G x G) x {1,7}, where (g, h) = (h,g) is the
flip automorphism. We consider the subset D := {(g,g~'): g € G}. Then the following
assertions hold:

(a) grp(D) = (G’ x {e})D, where G' C G is the commutator subgroup.
(b) The conjugacy class C(c.e,r) of the involution (e,e,T) € G* coincides with D x {1}
and
grp(Cle.r)) = ((G' x {e})D) x {1,7}.
Proof. (a) For g, h € G, the relation

(9:97)(hh™") = (gh,g'h™") = (ghg™"h ™", €)(hg, (hg)™")
implies that G’ x {e} C grp(D). Conversely, it is easy to see that (G’ x {e})D is a subgroup
of G x G.
(b) The first assertion follows from (g,h,1)(e,e,7)(g,h, 1)~ = (gh~', hg~*, 7). The
second assertion follows from (a). m

LEMMA A.4. Let Gi C G be a subgroup of index two, r € G_1, and ¢p: G1 — H be
a group homomorphism. If h € H satisfies h* = ¢(r?) and hp(g)h™! = p(rgr=1) for
g € Gy, then @(gr) := p(g)h and @(g) := p(g) for g € Gy defines an extension of ¢ to a
homomorphism ¢: G — H.

Proof. First we observe that $(gu) = $(g)@(u) obviously holds for g € G; and u € G.
For g € G; we further have
P(rg) = @(rgr='r) = p(rgr™")h = ho(g)h™'h = he(g) = B(r)@(g)-
Finally, we note that, for g € G4,
Prgr) = @(rgr="r?) = o(rgr=)p(r?) = he(g)h™ o(r*) = heo(g)h = G(r)@(gr)-

This implies that ¢ is a group homomorphism. =

A.3. Symmetric spaces

DEFINITION A.5.
(a) Let M be a set and pu: M x M — M, (x,y) — -y =: s,(y) be a map with the
following properties:

(S1) x -z =z forall z € M, ie., sy(z) ==.
(S2) x- (v -y) =y forall m,y € M, ie., s2 =idy.
(S3) s.(y-2) =582(y) - s2(2) for all z,y € M, i.e., s, € Aut(M, ).
Then we call (M, u) a reflection space ([Lo67T]).
(b) If M be a smooth manifold and p: M x M — M is a smooth map turning (M, p)

into a reflection space, then it is called a symmetric space (in the sense of Loos) if, in
addition, each z is an isolated fixed point of s, ([Lo69]).



358 K.-H. NEEB AND G. OLAFSSON

EXAMPLE A.6.
(a) Any group G is a reflection space with respect to the product

geh :=s4(h) = gh™1g.

The subset Inv(G) of involutions in G is a reflection subspace on which the product takes
the form s4(h) := ghg = ghg~!. More generally, the subset

Go:={g€G:¢* € Z(Q)}
is a reflection subspace of G because g2, h? € Z(G) implies
(gh™'9)* = gh™'g’h™ g = g?h g% € Z(Q).
This calculation even shows that the square map Go — Z(G), g — ¢? is a homomorphism
of reflection spaces.
(b) Suppose that G is a Lie group and 7 € Aut(G) an involution. For any open
subgroup H C G™ = Fix(7), we obtain on the coset space M = G/H the structure of

a symmetric space by
rH e yH = z7(x) ' 7(y)H.

Acknowledgments. K.-H. Neeb acknowledges the support by DFG-grant NE 413/9-1.
The research of G. Olafsson was supported by NSF grant DMS-1101337. Both authors
thank Arthur Jaffe for supporting a visit at Harvard University, where some of this work
was done.

References

[Ar63| H. Araki, A lattice of von Neumann algebras associated with the quantum theory of
a free Bose field, J. Mathematical Phys. 4 (1963), 1343-1362.

[Ar64] H. Araki, von Neumann algebras of local observables for free scalar field, J. Mathe-
matical Phys. 5 (1964), 1-13.

[Ar99] H. Araki, Mathematical Theory of Quantum Fields, Internat. Ser. Monogr. Phys.
101, Oxford Univ. Press, Oxford, 1999.

[AW63] H. Araki, E. J. Woods, Representations of the canonical commutation relations

describing a nonrelativistic infinite free Bose gas, J. Mathematical Phys. 4 (1963),
637-662.

[AW68] H. Araki, E. J. Woods, A classification of factors, Publ. Res. Inst. Math. Sci. Ser. A
4 (1968), 51-130.

[AZ05] H. Araki, L. Zsid6, Extension of the structure theorem of Borchers and its applica-
tion to half-sided modular inclusions, Rev. Math. Phys. 17 (2005), 491-543.

[Ban94] U. Bannier, Intrinsic algebraic characterization of space-time structures, Internat.
J. Theoret. Phys. 33 (1994), 1797-1809.

[Ba64] V. Bargmann, Note on Wigner’s theorem on symmetry operations, J. Mathematical

Phys. 5 (1964), 862-868.

[BJLO2] H. Baumgértel, M. Jurke, F. Lledd, Twisted duality of the CAR-algebra, J. Math.
Phys. 43 (2002), 4158-4179.

[BW92] H. Baumgértel, M. Wollenberg, Causal Nets of Operator Algebras, Math. Lehr-
biicher Monogr. IT Abt. Math. Monogr., Akademie Verlag, Berlin, 1992.


http://dx.doi.org/10.1063/1.1703912
http://dx.doi.org/10.1063/1.1704063
http://dx.doi.org/10.1063/1.1704002
http://dx.doi.org/10.2977/prims/1195195263
http://dx.doi.org/10.1142/S0129055X05002388
http://dx.doi.org/10.1007/BF00671024
http://dx.doi.org/10.1063/1.1704188
http://dx.doi.org/10.1063/1.1483376

[BCLI0]

[Be96]
[Bi12]
[BW76]
[Bla06]
[Bol00]
[Bol02]
[Bo68]
[Bo92]
[Bo95]
[Bo96]
[Bo97]

[Bo00]

[BR&7]
[BR96]
[BtD85)
[BGLY3]
[BGLOZ]

[Bu78]

[BDFS00]

[BLS11]

[BS93]

ANTIUNITARY REPRESENTATIONS 359

P. Bertozzini, R. Conti, W. Lewkeeratiyutkul, Modular theory, mnon-commutative
geometry and quantum gravity, SIGMA Symmetry, Integrability Geom. Methods
Appl. 6 (2010), 067, 47 pp..

W. Bertram, Un théoréme de Liouville pour les algébres de Jordan, Bull. Soc. Math.
France 124 (1996), 299-327.

M. Bischoff, Models in boundary quantum field theory associated with lattices and
loop group models, Comm. Math. Phys. 315 (2012), 827-858.

J. J. Bisognano, E. H. Wichmann, On the duality condition for quantum fields,
J. Mathematical Phys. 17 (1976), 303-321.

B. Blackadar, Operator Algebras, Encyclopaedia Math. Sci. 122, Springer, Berlin,
2006.

S. Boller, Characterization of cyclic and separating vectors and application to an
inverse problem in modular theory, II. Semifinite factors,|arXiv: math.OA:0004030.
S. Boller, Spectral Theory of Modular Operators for von Neumann Algebras and
Related Inverse Problems, Dissertation Univ. Leipzig, September 2002.

H.-J. Borchers, On the converse of the Reeh—Schlieder theorem, Comm. Math. Phys.
10 (1968), 269-273.

H.-J. Borchers, The CPT-Theorem in two-dimensional theories of local observables,
Comm. Math. Phys. 143 (1992), 315-332.

H.-J. Borchers, On the use of modular groups in quantum field theory, Ann. Inst.
H. Poincaré Phys. Théor. 63 (1995), 331-382.

H.-J. Borchers, Half-sided modular inclusion and the construction of the Poincaré
group, Comm. Math. Phys. 179 (1996), 703-723.

H.-J. Borchers, On the lattice of subalgebras associated with the principle of half-
sided modular inclusion, Lett. Math. Phys. 40 (1997), 371-390.

H.-J. Borchers, On revolutionizing quantum field theory with Tomita’s modular the-
ory, J. Math. Phys. 41 (2000), 3604-3673. Extended version with proofs, see
ftp://ftp.theorie.physik.uni-goettingen.de/pub/papers/lqp/99,/04 /esi773.ps.gz

O. Bratteli, D. W. Robinson, Operator Algebras and Quantum Statistical Mechan-
ics I, second ed., Texts Monogr. Phys., Springer, New York, 1987.

O. Bratteli, D. W. Robinson, Operator Algebras and Quantum Statistical Mechan-
ics 11, second ed., Texts Monogr. Phys., Springer, Berlin, 1997.

T. Brocker, T. tom Dieck, Representations of Compact Lie Groups, Grad. Texts in
Math. 98, Springer, New York, 1985.

R. Brunetti, D. Guido, R. Longo, Modular structure and duality in conformal quan-
tum field theory, Comm. Math. Phys. 156 (1993), 210-219.

R. Brunetti, D. Guido, R. Longo, Modular localization and Wigner particles, Rev.
Math. Phys. 14 (2002), 759-785.

D. Buchholz, On the structure of local quantum fields with non-trivial interaction,
in: Proceedings of the International Conference on Operator Algebras, Ideals and
their Application in Theoretical Physics, Teubner, Leipzig, 1978, 146-153.

D. Buchholz, O. Dreyer, M. Florig, S. J. Summers, Geometric modular action and
spacetime symmetry groups, Rev. Math. Phys. 12 (2000), 475-560.

D. Buchholz, G. Lechner, S. J. Summers, Warped convolutions, Rieffel deformations
and the construction of quantum field theories, Comm. Math. Phys. 304 (2011),
95-123.

D. Buchholz, S. J. Summers, An algebraic characterization of vacuum states in
Minkowski space, Comm. Math. Phys. 155 (1993), 449-458.


http://dx.doi.org/10.3842/SIGMA.2010.067
http://dx.doi.org/10.24033/bsmf.2282
http://dx.doi.org/10.1007/s00220-012-1511-2
http://dx.doi.org/10.1063/1.522898
http://dx.doi.org/10.1007/3-540-28517-2
http://arXiv.org/abs/math/0004030
http://dx.doi.org/10.1007/BF02099011
http://dx.doi.org/10.1007/BF02100104
http://dx.doi.org/10.1023/A:1007396816791
http://dx.doi.org/10.1063/1.533323
http://dx.doi.org/10.1007/978-3-662-02520-8
http://dx.doi.org/10.1007/978-3-662-03444-6
http://dx.doi.org/10.1007/978-3-662-12918-0
http://dx.doi.org/10.1007/BF02096738
http://dx.doi.org/10.1142/S0129055X02001387
http://dx.doi.org/10.1007/s00220-010-1137-1
http://dx.doi.org/10.1007/BF02096722

360

[CoT3|
[CoT4]

[CRO4]

[VD71]
[Dy62]
[EOT3]
[FK94]
[FG89)

[F198]
[Fo83]

[FM13]

[Gull]

[GLY5]
[GLWYg]
[Ha96]
[HN12]
[HO97)
[HL82]
[IM17]
[KW01]

[Ka97]
[Ke96]

[KcO8]

[K111]
[KS05]

K.-H. NEEB AND G. OLAFSSON

A. Connes, Une classification des facteurs de type III, Ann. Ecole Norm. Sup. (4)
6 (1973), 133-252.

A. Connes, Caractérisation des espaces vectoriels ordonnés sous-jacents auz algébres
de von Neumann, Ann. Inst. Fourier (Grenoble) 24 (1974), 121-155.

A. Connes, C. Rovelli, Von Neumann algebra automorphisms and time-thermody-
namics relation in general covariant quantum theories, Classical Quantum Gravity
11 (1994), 2899-2917.

A. van Daele, Quasi-equivalence of quasi-free states on the Weyl algebra, Comm.
Math. Phys. 21 (1971), 171-191.

F. J. Dyson, The threefold way. Algebraic structure of symmetry groups and ensem-
bles in quantum mechanics, J. Mathematical Phys. 3 (1962), 1199-1215.

J.-P. Eckmann, K. Osterwalder, An application of Tomita’s theory of modular
Hilbert algebras: duality for free Bose fields, J. Functional Analysis 13 (1973), 1-12.
J. Faraut, A. Koranyi, Analysis on Symmetric Cones, Oxford Math. Monogr.,
Clarendon Press, New York, 1994.

F. Figliolini, D. Guido, The Tomita operator for the free scalar field, Ann. Inst.
H. Poincaré, Phys. Théor. 51 (1989), 419-435.

M. Florig, On Borchers’ Theorem, Lett. Math. Phys. 46 (1998), 289-293.

J. Foit, Abstract twisted duality for quantum free Fermi fields, Publ. Res. Inst. Math.
Sci. 19 (1983), 729-741.

D. S. Freed, G. W. Moore, Twisted equivariant matter, Ann. Henri Poincaré 14
(2013), 1927-2023.

D. Guido, Modular theory for the von Neumann algebra of local quantum physics,
in: Aspects of Operator Algebras and Applications, Contemp. Math. 534, Amer.
Math. Soc., Providence, RI, 2011, 97-120.

D. Guido, R. Longo, An algebraic spin and statistics theorem, Comm. Math. Phys.
172 (1995), 517-533.

D. Guido, R. Longo, H.-W. Wiesbrock, Eztensions of conformal nets and superse-
lection structures, Comm. Math. Phys. 192 (1998), 217-244.

R. Haag, Local Quantum Physics. Fields, Particles, Algebras, second ed., Texts
Monogr. Phys., Springer, Berlin, 1996.

J. Hilgert, K.-H. Neeb, Structure and Geometry of Lie Groups, Springer Monogr.
Math., Springer, New York, 2012.

J. Hilgert, G. Olafsson, Causal Symmetric Spaces. Geometry and Harmonic Analy-
sis, Perspect. Math. 18, Academic Press, San Diego, CA, 1997.

P. Hislop, R. Longo, Modular structure of the local algebras associated with the free
massless scalar field theory, Comm. Math. Phys. 84 (1982), 71-85.

C. Jakel, J. Mund, The Haag—Kastler axzioms for the P(p)2 model on the de Sitter
space, arXiv: math-ph:1701.08231.

R. Kéhler, H.-W. Wiesbrock, Modular theory and the reconstruction of four-dimen-
sional quantum field theories, J. Math. Phys. 42 (2001), 74-86.

W. Kaup, On real Cartan factors, Manuscripta Math. 92 (1997), 191-222.

M. Keyl, Causal spaces, causal complements and their relations to quantum field
theory, Rev. Math. Phys. 8 (1996), 229-270.

M. Keyl, How to describe the space-time structure with nets of C*-algebras, Internat.
J. Theor. Phys. 37 (1998), 375-385.

M. Klotz, Banach Symmetric Spaces, arXiv: math.DG:0911.2089.

B. Krotz, R. J. Stanton, Holomorphic extension of representations. 1I. Geometry
and harmonic analysis, Geom. Funct. Anal. 15 (2005), 190-245.


http://dx.doi.org/10.24033/asens.1247
http://dx.doi.org/10.5802/aif.534
http://dx.doi.org/10.1088/0264-9381/11/12/007
http://dx.doi.org/10.1007/BF01647117
http://dx.doi.org/10.1063/1.1703863
http://dx.doi.org/10.1016/0022-1236(73)90062-1
http://dx.doi.org/10.1023/A:1007546507392
http://dx.doi.org/10.2977/prims/1195182448
http://dx.doi.org/10.1007/s00023-013-0236-x
http://dx.doi.org/10.1090/conm/534/10523
http://dx.doi.org/10.1007/BF02101806
http://dx.doi.org/10.1007/s002200050297
http://dx.doi.org/10.1007/978-3-642-61458-3
http://dx.doi.org/10.1007/978-0-387-84794-8
http://dx.doi.org/10.1007/BF01208372
http://arxiv.org/abs/1701.08231
http://dx.doi.org/10.1063/1.1327597
http://dx.doi.org/10.1007/BF02678189
http://dx.doi.org/10.1142/S0129055X96000093
http://dx.doi.org/10.1023/A:1026639423052
http://arxiv.org/abs/0911.2089
http://dx.doi.org/10.1007/s00039-005-0504-0

[Lel5]

[LL14]
[LMWO00]
[L1e09)]

[Lo82]

[Lo08]
[LW11]
[Lo67]
[Lo69)
[MO16]
[Mo17]
[Mu01]
[MSY06]
[Ne00]
[NO14]
[NO15]
INO16]
INO17]
[NO17b]
[Ral7]
[RST73]
[RS61]
[Re00]

[Ru86]

ANTIUNITARY REPRESENTATIONS 361

G. Lechner, Algebraic constructive quantum field theory: Integrable models and de-
formation techniques, in: Advances in Algebraic Quantum Field Theory, Math.
Phys. Stud., Springer, Cham, 2015, 397448, larXiv: math.ph:1503.03822.

G. Lechner, R. Longo, Localization in nets of standard spaces, Comm. Math. Phys.
336 (2015), 27-61.

M. Leitz-Martini, M. Wollenberg, Notes on modular conjugations of von Neumann
algebras, Z. Anal. Anwendungen 19 (2000), 13-22.

F. Lledé, Modular theory by example, in: Aspects of Operator Algebras and Appli-
cations, Contemp. Math. 534, Amer. Math. Soc., Providence, RI, 2011, 73-95.

R. Longo, Algebraic and modular structure of von Neumann algebras of physics, in:
Operator Algebras and Applications, Part 2 (Kingston, Ont., 1980), Proc. Sympos.
Pure Math., 38, Amer. Math. Soc., Providence, RI, 1982, 551-566.

R. Longo, Real Hilbert subspaces, modular theory, SL(2,R) and CFT, in: Von Neu-
mann Algebras in Sibiu, Theta Ser. Adv. Math. 10, Theta, Bucharest, 33-91.

R. Longo, E. Witten, An algebraic construction of boundary quantum field theory,
Comm. Math. Phys. 303 (2011), 213-232.

O. Loos, Reflexion spaces and homogeneous symmetric spaces, Bull. Amer. Math.
Soc. 73 (1967), 250-253.

O. Loos, Symmetric Spaces 1. General Theory, W. A. Benjamin, New York, 1969.
V. Moretti, M. Oppio, Quantum theory in real Hilbert space: How the complex
Hilbert space structure emerges from Poincaré symmetry, Rev. Math. Phys. 29
(2017), 1750021.

V. Morinelli, The Bisognano—Wichmann property on nets of standard subspaces,
some sufficient conditions, arXiv: math-ph:1703.06831.

J. Mund, The Bisognano—Wichmann theorem for massive theories, Ann. Henri
Poincaré 2 (2001), 907-926.

J. Mund, B. Schroer, J. Yngvason, String-localized quantum fields and modular lo-
calization, Comm. Math. Phys. 268 (2006), 621-672.

K.-H. Neeb, Holomorphy and Convexity in Lie Theory, De Gruyter Exp. Math. 28,
de Gruyter, Berlin, 2000.

K.-H. Neeb, G. Olafsson, Reflection positivity and conformal symmetry, J. Funct.
Anal. 266 (2014), 2174-2224.

K.-H. Neeb, G. Olafsson, Reflection positive one-parameter groups and dilations,
Complex Anal. Oper. Theory 9 (2015), 653-721.

K.-H. Neeb, G. Olafsson, KMS conditions, standard subspaces and reflection posi-
tivity on the circle group, arXiv: math-ph:1611.00080, submitted.

K.-H. Neeb, G. Olafsson, Antiunitary representations of hermitian groups, in prepa-
ration.

K.-H. Neeb, G. Olafsson, Reflection positivity on spheres and hyperboloids, in prepa-
ration.

M. Raasakka, Spacetime-free approach to quantum theory and effective spacetime
structure, SIGMA Symmetry, Integrability Geom. Methods Appl. 13 (2017), 006.
S. Reed, B. Simon, Methods of Modern Mathematical Physics. 1. Functional Anal-
ysis, Academic Press, New York, 1972.

H. Reeh, S. Schlieder, Bemerkungen zur Unitirdiquivalenz von Lorentzinvarianten
Feldern, Nuovo Cimento (10) 22 (1961), 1051-1068.

K.-H. Rehren, Local quantum observables in the anti-de-Sitter—conformal QFT cor-
respondence, Phys. Lett. B 493 (2000), 383-388.

W. Rudin, Real and Complex Analysis, McGraw-Hill, New York, 1987.


http://arxiv.org/abs/1503.03822
http://dx.doi.org/10.1007/s00220-014-2199-2
http://dx.doi.org/10.4171/ZAA/935
http://dx.doi.org/10.1090/conm/534/10522
http://dx.doi.org/10.1007/s00220-010-1133-5
http://dx.doi.org/10.1090/S0002-9904-1967-11704-X
http://dx.doi.org/10.1142/S0129055X17500210
http://arXiv.org/abs/1703.06831
http://dx.doi.org/10.1007/s00023-001-8598-x
http://dx.doi.org/10.1007/s00220-006-0067-4
http://dx.doi.org/10.1515/9783110808148
http://dx.doi.org/10.1016/j.jfa.2013.10.030
http://dx.doi.org/10.1007/s11785-014-0402-2
http://arxiv.org/abs/1611.00080
http://dx.doi.org/10.3842/SIGMA.2017.006
http://dx.doi.org/10.1007/BF02787889
http://dx.doi.org/10.1016/S0370-2693(00)01168-0

362

[Sa97]
[Schi99]
[Schr97]
[Schr99]
[Schr06]
[SW00]
[So10]
[StVa02]

[Su05]
[SWO03]

[Tal2]
[Tr97]
[Va85]
[Wa98]
[Wi92]
[Wi93]
[Wi93b)]
[Wi93c]
[Wi97]
[Wi97b]
[Wi98]
[Wig59)
[Wo94]

[Wo98]

K.-H. NEEB AND G. OLAFSSON

H. Salehi, Problems of dynamics in generally covariant quantum field theory, Inter-
nat. J. Theoret. Phys. 36 (1997), 143-155.

D. Schlingemann, Application of Tomita—Takesaki theory in algebraic euclidean field
theories, arXiv: hept-th:9912219.

B. Schroer, Wigner representation theory of the Poincaré group, localization, statis-
tics and the S-matriz, Nuclear Phys. B 499 (1997), 519-546.

B. Schroer, Modular wedge localization and the d = 1+ 1 formfactor program, Ann.
Physics 275 (1999), 190-223.

B. Schroer, Positivity and Integrability (Mathematical Physics at the FU-Berlin),
arXiv: hep-th/0603118|

B. Schroer, H.-W. Wiesbrock, Modular theory and geometry, Rev. Math. Phys. 12
(2000), 139-158.

C. Solveen, The Bisognano-Wichmann Theorem and nets on R*, manuscript from
http://math.mit.edu/~eep/CFTworkshop

Y. Stalder, A. Valette, Le lemme de Schur pour les représentations orthogonales,
Expo. Math. 20 (2002), 279-285.

S. Summers, Tomita—Takesaki modular theory, larXiv: 0511034v1 [math-ph].

S. Summers, R. K. White, On deriving space-time from quantum observables and
states, Comm. Math. Phys. 237 (2003), 203-220.

Y. Tanimoto, Construction of wedge local nets of observables through Longo—Witten
endomorphisms, Comm. Math. Phys. 314 (2012), 443-469.

S. Trebels, Uber die geometrische Wirkung modularer Automorphismen, Ph.D. The-
sis, Univ. Gottingen, 1997.

V. S. Varadarajan, Geometry of Quantum Theory, Springer, New York, 1985.

A. Wassermann, Operator algebras and conformal field theory. I11. Fusion of posi-
tive energy representations of LSU(N) using bounded operators, Invent. Math. 133
(1998), 467-538.

H.-W. Wiesbrock, A comment on a recent work of H.-J. Borchers, Lett. Math. Phys.
25 (1992), 157-1509.

H.-W. Wiesbrock, Half-sided modular inclusions of von Neumann algebras, Comm.
Math. Phys. 157 (1993), 83-92.

H.-W. Wiesbrock, Conformal quantum field theory and half-sided modular inclusions
of von Neumann algebras, Comm. Math. Phys. 158 (1993), 537-543.

H.-W. Wiesbrock, Symmetries and half-sided modular inclusions of von Neumann
algebras, Lett. Math. Phys. 28 (1993), 107-114.

H.-W. Wiesbrock, Erratum: Half-sided modular inclusions of von Neumann algebras,
Comm. Math. Phys. 184 (1997), 683-685.

H.-W. Wiesbrock, Symmetries and modular intersections of von Neumann algebras,
Lett. Math. Phys. 39 (1997), 203-212.

H.-W. Wiesbrock, Modular intersections of von Neumann algebras in quantum field
theory, Comm. Math. Phys. 193 (1998), 269-285.

E. Wigner, Group Theory and its Applications to the Quantum Mechanics of Atomic
Spectra, Academic Press, New York, 1959.

M. Wollenberg, On the relation between a conformal structure in spacetime and nets
of local algebras of observables, Lett. Math. Phys. 31 (1994), 195-203.

M. Wollenberg, On conformal structure in space-time and nets of local algebras of
observables, Math. Nachr. 193 (1998), 235-242.


http://dx.doi.org/10.1007/BF02435777
http://arXiv.org/abs/hep-th/9912219
http://dx.doi.org/10.1016/S0550-3213(97)00358-1
http://dx.doi.org/10.1006/aphy.1999.5921
http://arXiv.org/abs/hep-th/0603118
http://dx.doi.org/10.1142/S0129055X0000006X
http://math.mit.edu/~eep/CFTworkshop
http://dx.doi.org/10.1016/S0723-0869(02)80025-1
http://arXiv.org/abs/math-ph/0511034
http://dx.doi.org/10.1007/s00220-003-0865-x
http://dx.doi.org/10.1007/s00220-012-1462-7
http://dx.doi.org/10.1007/s002220050253
http://dx.doi.org/10.1007/BF00398312
http://dx.doi.org/10.1007/BF02098019
http://dx.doi.org/10.1007/BF02096802
http://dx.doi.org/10.1007/BF00750303
http://dx.doi.org/10.1023/A:1007361114049
http://dx.doi.org/10.1007/s002200050329
http://dx.doi.org/10.1007/BF00761711
http://dx.doi.org/10.1002/mana.19981930115

	Introduction
	Antiunitary representations
	Involutive graded groups
	Extending unitary representations
	One-parameter groups
	Some low-dimensional groups

	Modular objects and standard subspaces
	Standard subspaces
	Symplectic aspects of standard subspaces
	Orthogonal real one-parameter groups
	Half-sided modular inclusions of standard subspaces
	Half-sided modular intersections

	A glimpse of modular theory
	The Tomita–Takesaki Theorem
	Translating between standard subspaces and von Neumann algebras
	Borchers triples
	Modular geometry

	Nets of standard subspaces and von Neumann algebras
	Nets of standard subspaces
	Nets of von Neumann algebras

	Second quantization and modular localization
	Bosonic Fock space
	Fermionic Fock space
	From antiunitary representations to local nets

	Perspectives
	The Virasoro group
	Euclidean Jordan algebras
	Hermitian groups
	Analytic extension
	Geometric standard subspaces
	Dual pairs in the Heisenberg group
	A representation theoretic perspective on modular localization

	Appendices
	A lemma on von Neumann algebras
	Two lemmas on groups
	Symmetric spaces

	References

