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Abstract. Smooth functions f : G — E from a topological group G to a locally convex space E
were considered by Riss (1953), Boseck, Czichowski and Rudolph (1981), Beltitd and Nicolae
(2015), and others, in varying degrees of generality. A notion of C"°-functions on products
G X H of topological groups was introduced by Nikitin (2016). We recall this concept and an
exponential law of the form C™°(G x H,E) = C"(G,C*(H, E)) (under suitable hypotheses on
G and H). Furthermore, we show that in the case where G is a locally exponential Lie group
or a certain direct limit Lie group our calculus of C"-functions coincides with the differential
calculus on G as a locally convex manifold.

1. Introduction. Let f: G — E be a function on an infinite-dimensional Lie group G
with values in a locally convex space E. One possible concept of differentiability of such
functions goes back to Milnor [I0], where G is considered as a differentiable infinite-
dimensional manifold and the differential calculus arises from the calculus of functions
between locally convex spaces, the so-called Keller’'s C¥-calculus [9] (we will call such
functions C7 ;,-functions). On the other hand, considering G as a topological group, we
can use the differential calculus along one-parameter subgroups, as by Boseck, Czichowski
and Rudolph [2], Beltitd and Nicolae [1], Nikitin [14].

In the first part of this article, we will recall the latter concept of differentiable func-
tions on topological groups (called Cgp—functions) as well as of functions on products
of topological groups with different degrees of differentiability (called Cg;-functions)
from [14]. We will further recall the Exponential Law of the form C™*(G x H,E) &
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C"(G,C*(H,E)) [14, Theorem (B)], which holds (among other situations) if both the
topological groups G and H are locally compact or if both are metrizable.

The other part of the article is devoted to the question under which conditions both
the concepts of differentiability of vector-valued functions on infinite-dimensional Lie
groups coincide. We obtain the result that Cf ¢ (G, E) = Cg (G, E) as topological vector
spaces if the Lie group G is locally exponential or G = hgn G, is the direct limit Lie
group of an ascending sequence G; C G5 C ... of finite-dimensional Lie groups such that
the inclusions G,, — G, 41 are continuous (Theorem .

The interplay of differentiability along one-parameter subgroups and differentiability
on a Lie group G as a manifold plays a role, for example, in the study of spaces of smooth
vectors, cf [12], [13].

All topological spaces are assumed Hausdorff, all vector spaces are real vector spaces.

2. Differentiability along one-parameter subgroups on products of topological
groups and the Exponential Law. In this section, we recall the concept of differen-
tiability along one-parameter subgroups for functions defined on topological groups and
on products of topological groups, and the corresponding Exponential Law.

DEFINITION 2.1. Let G be a topological group, a one-parameter subgroup 7y is a group
homomorphism v : R — G. We denote by £(G) the set of all continuous one-parameter
subgroups and endow it with the compact-open topology.

Note that the space £(G) does not have a topological vector space structure in general.

DEFINITION 2.2. Let U C G, V C H be open subsets of topological groups G and H, let
E be a locally convex space and r, s € Ng U {o0}.

(i) We call a continuous function f: U — E a C’gp—functz'on and write dé%)f = f. We
call f a Cg-function if for each k € N, k <r the differential

dPf UG = E, d¥)f(@,1,..., %) = (Dy, Dy, f)(@)
is defined and continuous, where dg, f(z,7) := D, f(z) == limy_o $(f(z - y(t)) — f(2)).
(ii) We call a continuous function f : U x V' — E a Cgy'-function if for all k,1 € Ny
with k£ < r, [ < s the differentials
dEDf UV x &G x &H) - E
(@, 9,71 YoM ) = (Diyp 0y Dy, 00 Do) == Do) ) (@, 9).
are defined and continuous, where Dy, o) f(z,y) := lim¢_o +(f(x - ¥(t),y) — f(z,y)) and

Do,p f(,y) := limeo 1 (f(z,y - 0(t) — flz,y)).
(iii) We denote the space of all Cg -functions f : U — E by Cg (U, E) and endow it

with the initial topology with respect to the family (dg;))keNO,kgr of maps
d¥) . Cp (U, E) = C(U x &(G)*, E)co, frsdW)f

(the right-hand side is equipped with the compact-open topology) turning Cy (U, E)
into a Hausdorff locally convex space. (This topology is known as the compact-open Cep-
topology.) The space of all Cg’-functions f : UxV — E will be denoted by Cyg:* (U x V, E)
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and we endow it with the Hausdorff locally convex initial topology with respect to the
. k1
family (451 senty ki< of maps

dED  CrA(U x V,E) —» C(U x V x £(G)* x &H), E)co, frrdEDf,

where the right-hand side is equipped with the compact-open topology. (The so obtained
topology on Cg’(U x V, E) is called the compact-open Cg;’-topology.)

THEOREM 2.3 (Exponential Law, [I4, Theorem 3.3 and Theorem (B)]). Let U C G,
V' C H be open subsets of topological groups G and H, let E be a locally convex space
and r,5 € NgU{oo}. If f: U XV — E is a Cg-map, then f¥(x) := f(x,8) € C5 (V, E)
for each x € U and f¥ € Cy (U,C3,(V, E)).

Further, the map

©: Cr¥(U x V,E) — CL(U,C5,(V.E)),  frs [

is a linear topological embedding. If U xV x £(G)*¥ x £(H)! is a k‘R—spaceﬂ forallk,l € Ny
with k <r, [ <s, then ® is an isomorphism of topological vector spaces.

COROLLARY 2.4 ([14, Corollary 3.5]). The function ® in the Exponential Law is an
isomorphism of topological vector spaces if at least one of the following conditions is
satisfied:

(i) G and H are metrizable,
(ii) G and H are locally compact.

3. Differentiability on locally convex spaces and manifolds. Now, let us recall
the concepts of differentiability for functions between locally convex spaces and functions
between manifolds modeled on locally convex spaces.

DEFINITION 3.1.

(i) Let E, F be locally convex spaces and f : U — F be a continuous function on
an open subset U C E. For r € N, we call f a CJ, -function if for each 1 < k < r the
differential

d(k)f :U x EF 5 F, d(k)f(x,yl,...,yk) = (Dy, -+ Dy, /)(z)

lex lex
is defined and continuous, where diex f(z,y) := Dy f(z) := limy_o +(f(z + ty) — f()). If
fis C}, for each r € N, then f is called Cy5.. We put dl(g)Zf = f.

(This concept can be understood as a special case of the concept in Definition (i),
as E is, in particular, a topological group and E = £(F) via y — v,, where v, denotes
the one-parameter subgroup of E of the form t — ty.)

In the case E =R, we write f': U — F, f'(s) := limy_,0 +(f(s +t) — f(s)).

(ii) Let M, N be manifolds modeled on locally convex spaces and f : M — N be
a continuous function. For r € NU {oo}, we call f a CI ,-function if for each z € M
there are charts ¢ for M around x and ¢ for N around f(z) such that the composition

1A Hausdorff topological space X is called a kg-space if real-valued functions f : X — R are
continuous if and only if the restrictions f |K are continuous for all compact subsets K C X.
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o fop tisCr

1. In this case, if N is a locally convex space, then we write

dwtaf : TM — N, [y] = (f27)'(0)
for the second component of the tangent map T'f : TM — N x N. Further, we define
J'":R—=TN, f'(t) :=Tf(t1) for a C} 4-curve f: R — N into a manifold N.
We denote by C7 (M, E) the space of all C] ¢-functions f : M — E (where E is
a locally convex space) and endow this space with the initial Hausdorff locally convex
topology with respect to the family (dl(c)z) keNg,k<r Of mappings

d®) . Cr (M E) = C(Vy x F¥ B)eo,  frrd®(fop™b),

lex lex

for charts ¢ : U, — V,, of the maximal atlas of M, where F' is the modeling space of M.
We will often use the following facts without further mention:

REMARK 3.2.

(i) Assume that £(G) carries a topological vector space structure. If a function
f:G—=FE is Cl and the differential dgp, f is Cgp’l on the topological group G x £(G),
then f is C Wlth derivatives

dg;))f(ma/yl’ oo 7’71@) = dé];_l)(dgpf)((x771)v (’7275’0)7 L) (’714375/0))’ (1)

where 7y € £(£(G)) denotes the one-parameter subgroup ¢ — 7y, where v € £(G) is the
trivial one-parameter subgroup of G.

On the other hand, if f is Cg, and dgp f is linear in the second argument then dgp, f
is Cgpy ! with derivatives

i) (dgp f) (2, @), (1, m),5 - ('Yk»nk))
ngffl)f(x,a,’hww% +Zd(k)f (@,n5(1), 715+ V=15 Vit s - -5 V). (2)

A function f: E — Fis C_ if and only if f is CL, and diexf : E x E — F is C’f‘;l. If
fiM— Eis Cpy, then dgaf : TM — E is C 1.

(if) Compositions of composable C] - (resp. CJ..-) functions are C7 ; (resp. C[..).
Each continuous linear function between locally convex spaces is C,.

(iii) A function between locally convex spaces is C ¢y if and only if it is C].,

4. Differentiability on locally exponential Lie groups and on direct limit Lie
groups. In the following, we will always assume that E is a locally convex topological
vector space and that G is a smooth Lie group modeled on a locally convex space F'.
We will prove that the concepts of differentiability on G as a topological group and as a
manifold coincide if G is locally exponential or if G is a direct limit Lie group G = li_H}Gn
of certain Lie groups G,,. We denote by g := T.G the Lie algebra of G, where TG is the
tangent space of G at the identity element e. We write o : G x TG — TG, (x,v) — z.v =
TA;(v) for the Cog -multiplication in the tangent group T'G, where T'\; is the tangent
map of the left translation A\, : y — -y on G.
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REMARK 4.1.

(i) Recall that G is called locally exponential if G has a CSG4-exponential function
exp : g — G and there exists an open 0-neighborhood U C g such that exp }U is a diffeo-
morphism onto an open e-neighborhood V' C GG; we denote its inverse by log : V' — U. In
this case, if v is a continuous one-parameter subgroup, then v is C5, and there exists
a unique v € g such that vy(t) = exp(tv) =: v,(t). Moreover, the function I" : g — £(G),
v > vy, is @ homeomorphism with the inverse I ~! : £(G) — g, v — [v] = 7/ (0). We equip
£(G) with the locally convex topological vector space structure making I" an isomorphism
of locally convex spaces (hence C22). (Details on locally exponential Lie groups can be
found, for example, in [I1] or [7].)

(ii) Consider an ascending sequence of finite-dimensional Lie groups G; C G2 C ...
such that the inclusions G,, — G,,11 are continuous (hence C5%,, being homomorphisms

between finite-dimensional Lie groups). Then G := |, . G admits a Lie group structure

neN
such that G = h_rr; G, in the category of Lie groups emodeled on locally convex vector
spaces (we call G a direct limit Lie group), for the Lie algebra g of G we have g = hﬂ On
in the category of topological Lie algebras, where each g,, denotes the Lie algebra of G,
(by [, Theorem 4.3(a)]). (Note that G always has a C%4-exponential function, but
is not necessarily locally exponential [3, Example 5.5].) Further, in this case we have
L£(G) = Upen £(Gr) ([8) 5.3]), that is, each v € £(G) is a continuous one-parameter
subgroup of some Gy, hence CS%4; moreover, each of the functions 'y, : g, — £(G,)
(as defined above) is a homeomorphism (each G,, being locally exponential). Hence so
is the function lim I, : g — £(G) (where £(G) = lim £(G,,) is the direct limit in the
category of topological spaces). But by [0, Theorem 4.4] the function T' : g — £(G) is
a homeomorphism (where £(G) is equipped with the compact-open topology), thus the
direct limit topology and the compact-open topology on £(G) coincide. Since each finite-
dimensional G,, and each £(G,,) = g, = R¥™(Gn) is locally compact, we conclude that
GxL(G)F = lim (G x £(G,)F), for each k € N (see [6, Proposition 3.2], [8, Theorem 4.1]).
As in (i), we can equip £(G) with the locally convex topological vector space structure
making I" an isomorphism of locally convex spaces.

The following properties of differentiable functions on direct limit Lie groups will
enable us to reduce the case of direct limit Lie groups to the case of locally exponential
Lie groups.

LEMMA 4.2. Let G be a direct limit Lie group as in Remark ii) and f : G — FE be
a continuous function. For r € NU {co} the following holds:

(i) f is Cg, if and only if f|G :Gp — B is Cy, for eachn €N,

(i) f is Cl¢q if and only if f’G : Gy, — E is Cl g4 for each n € N.

Proof. (i) First, assume that f is Cg,. Fix n € N, k < r and let z € Gy, 71,...,7% €
£(G,). Then dgf,)f(x,'yl, ...,k exists, whence dgf,)(ﬂG ) : G x £(G)F — E is defined.
Further, dg;)f : G x £(G)* — E is continuous. We have G x £(G)* = lim (G, x £(Gn)h),

hence dgf))(ﬂGn) = dgl?ﬂ(;nx):(Gn)k is continuous, whence f|Gn is Cy-
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Conversely, let x € G and 71,...,7% € £(G) for some k < r. Since G and £(G)
are ascending unions of G, and £(G,), respectively, there exists some N € N such
that (z,71,...,7) € Gy x £(Gn)F. Hence dgf))f 1 G x £(Q)* — FE is defined (with
dgf))f(x, Viyees Vi) = déﬁ)(f’GN)(x, Y1,--+,7k))- This differential is continuous if and
only if dgf,)f‘anﬂ(Gn)k
assumption.

(ii) See [3, Proposition 4.2]. m

= dg;,) (f ’ ¢, ) 1s continuous (see above) and this is satisfied by the

PROPOSITION 4.3. If G is a locally exponential Lie group and f : G — E is a C} ;y-map
for some r € Nog U {oo}, then f is Cy,.

Proof. For r = 0 the assertion is clear. For » > 1, we may assume that r < oo and
proceed by induction.

Induction start: For x € G we put A\; : y — =z -y, which is a C5,-function. For
v € £(G) and t # 0 we have

fla-A({) = fl) _ (fodson)(t) = (f oA 07)(0) S

t - fo A 07)(0),
as t — 0, because the composition fo X, 0v:R — E is a CL_-curve. We rewrite

dgp f(2,7) = (f 0 Xz 09)'(0) = dintaf (o (2, T~} (7))) (3)

and see that the differential dgp, f := dmfafooo(idg xI'™1) : G x £(G) — E is continuous,
hence the function f is Cy,.

Induction step: Assume that f is Cl ¢y for r > 2. Then f is Cy,, by the induction
start. Using (3)), we see that the differential dyp, f can be written as a composition of C7¢ -
functions, hence it is C" | on the locally exponential Lie group G x £(G). Therefore, the

differential is Cg L by the induction hypothesis, whence f is Cop- ®

LEMMA 4.4. Let G be a locally exponential Lie group, f : G — E be a Cép—map and
v :R = G be a CLy-curve. Then (f o) (0) = dgpf(v(0), k) for some one-parameter
subgroup k € £(G).

Proof. First, we recall from [14) Lemma A.3] that the function fl! : G x £(G) xR — E
such that fl(z,n,t) = 1(f(x - n(t)) — f(x)), for t # 0, is continuous on G x £(G) x R,
since f is assumed Cy,, and we have dgp,f(z,7) = fM(z,n,0). Now, for £ > 0 small
enough consider the continuous curve

- _Jilog(v(0)7t4(1) ift#0
iled e = {W(O)W’(O) ift = 0.

Note that the continuity of n in t = 0 follows from

o 801 A(0) _ 1 10g(3(0) - 4(8) ~ log(1(0) " 5(0))

t—0 t t—0 t
= (log oA, (0)-1 ©7)'(0) = (dmmta(log) 0 TA,(0)-1) (7' (0)) = 7(0)~*.+/(0),
since dmq(log) is a restriction of idg in this case. Now, for 0 # ¢ € |—¢, €[ we have

Fa) ~ 160D _ S0 0 = £ _ ),




DIFFERENTIABILITY ON GROUPS AND MANIFOLDS 369

with the one-parameter subgroup «: : R — G, k¢(s) := exp(sn(t)). Then
(f ©7)'(0) = lim fH(7(0), we, 1) = f1(7(0), ko, 0) = dip f (7(0), o),

t—0

and the proof is finished. =

PROPOSITION 4.5. If G is a locally exponential Lie group and f : G — E is a Cg,-map
for some r € Ng U {oo}, then f is CJ 4

Proof. For r = 0 the assertion is clearly true. Now, we assume that 1 < r < co and prove
the assertion by induction.

Induction start: Fix g € G and let ¢ : U, — V,, C F be a chart for G around g, where
F be the modeling space of G. To show that f is C} ., we need to prove that fo ™! :
V, — Fis CL. To this end, let x € V,,, y € F and define the C} ;-curve v : |—¢,¢[ = G,
t — @ 1(x + ty) for suitable ¢ > 0. (Note that Tp~1(z,y) = [t — oz +ty)] = [y] =
7'(0).) Then we have

diex(f 0 71 (x,y) = lim = t

= (f27)'(0) = dgp f((0), K)

with the one-parameter subgroup x := ko : R — G, t — exp(t(v(0)~1.4/(0))) from
Lemma (4.4l Using the C5y-function w : TG — g, v — mrg(v) Lo (Where mra denotes
the bundle projection, which is C2%4) we rewrite

diex(f 0 97" (@,y) = dgpf (tr6([7]), (T o w)([A]) ,

hence the differential
diex(fop™!) i=dgpf o (nrg,Tow)oTp iV, x F > FE (4)
is continuous and consequently foo~! is a CL. -function, as required. Note that we found

dwsa f(V]) = dgp f (mra([7]), (T o w)([7])) 5 (5)

for each [y] € TG.
Induction step: Now, let f be a Cg -map for 7 > 2 and ¢ be as above. By the induction
start, we know that f is C} g, (that is, fop tis CL,). To show that djex(f o 1) is

lex

Cfcxl, consider the formula in (). The function (77¢,Tow)oTp™t : V, x F = G x £(G)
is C5%y- Further, using (3) we see that dgp f is linear in the second argument, hence Cg - !
(see Remark [3 -D Thus dgp fis CI1 on the locally exponential Lie group G x £(G), by

the induction hypothesis. Therefore, the differential diex(f 0 =) is CT', being C’r;l;dl

lex

PROPOSITION 4.6. Let G be a direct limit Lie group as in Remark(ii), then a function
f[:G — Eis Cy, if and only if f is CJ 4y, for each r € No U {oo}.

Proof. Since each Lie group G, is locally exponential (being finite dimensional), each of
the restrictions f| c. 1s Cgy if and only if it is Cf ¢, by Propositions and ﬁ The
remainder follows from Lemma .
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Using the fact that the differential dgp, f of each Cg,-function f defined on a locally

exponential Lie group G or on a direct limit Lie group G (as in Remark ) is Cgp 1w

show that in these cases the compact-open Cg,-topology on Cgp(G, E) can be descrlbed
in the following way (for finite r):

LeMMA 4.7. The compact-open Cg,-topology O1 on the function space Cq,(G, E) coin-
cides with the initial topology Oy with respect to the functions

i:C(G.E) = C(G.B)eor [ f,
Dygp : Cgp (G, E) — (C;})_I(G x &(G), E),01), [ dgf,
for each v € N if G is a Lie group as in Remark [£1]
Proof. First, we show that Oy C ;. This will hold if both the functions
i: (Cep(G E),01) = C(G, E)eo, [, (6)
e ¢ (Cgp(GLE),01) = (Cip (G x £(G), E),01),  f > dgpf, (7)
are continuous. The first function @ is continuous by the definition of the topology O1,

since we have i = dgg,). The continuity of the second function will follow from the
continuity of the compositions

d®) o Dy, : (C1, (G, E),01) = C(G x £(G) x £(G x £(G))*, E)c.o,
[ dg;) (dgpf)s
where dyy : (C751(G x £(G),E),01) — C(G x £(G) x £(G x &(G))*, E)c, for all
0 < k <r—1. Using two continuous functions
pr: G x £(G) x £(G x £(G)F = G x &(G)*1,
(@, 0, (y1,m)s -+ oy (Vs k) = (T 059155 Yk,
pik G x £(G) x £(G x £(G))F — G x £(G)F,
(@, 0, (v m)s - (V) = (@5 (1), 71,5 =15 Vit 1o+ -+ Ve )
for 1 < j <k, and equation from Remark |3 n(i we obtain

(8)

k
A (dgp f) = (dET f o pr) Z (d®) fopjr)

for each f € Cg,(G,E). Hence, using the continuous pullbacks p; : g + g o pr and
Pir:grrgo ka we can write each of the maps from (8] as

x>

dgf)) o Dy, = (pf o dgffl) )+ Z pj kO d
j=1

(Note that the functions d(kﬂ) d(p) on the right-hand side are the differential opera-
tors on (Cg, (G, E),01).) From the definition of the compact-open Cg,-topology O1 we
conclude that the composition is continuous, as required.

Now, we show that O; C O, which will be the case if for all 0 < k < r the functions

d) - (CL (G, E),03) — C(G x &G)*, E)co, [ dPF, (9)
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are continuous. For k = 0 we have dg}? = 4, hence the continuity follows from the definition
of the topology Os. Now, using the continuous functions

&G x LG = G x L£(G) x £(G x £(G))* 1,
(I7713'--37k) = ((SC,")/l),(’)/2,7}/0),...,("}/]@,7}/0)),

where 79 € £(£(G)) denotes the one-parameter subgroup ¢ — vy, where 7o € £(G) is
the trivial one-parameter subgroup of G, and equation (1)) from Remark [3.2{i) we can
express the functions in @D as

diy) = & 0 dgg™") o D,

with the continuous differential operators dgf,_l) on (Ci-Y(G x £(G),E),0,) on the
right-hand side and the continuous pullbacks & : g — g o &. From the definition of
the topology Oz on Oy, (G, E) we conclude that the composition above is continuous for
each k, as required. m

Analogously, we can prove:

LEMMA 4.8. The compact-open CJq4-topology O1 on the function space Cl (G, E) co-
incides with the initial topology Oy with respect to the functions

i CIZ]fd(G7E) — C(G7E)C.Oa f = f7
dmfd : Crrnfd(Gv E) — (C:n;il (TG, E)v Ol)a f — dmfdf,
for each r € N if G is a Lie group as in Remark [£.1]

Using these descriptions of the topologies on the function spaces, we finally get the
main result:

THEOREM 4.9. If G is a locally exponential Lie group or a direct limit Lie group (as in
Remark|d.1), E is a locally convex space and r € NoU{oo}, then Cy (G, E) = CJ (G, E)
as topological vector spaces.

Proof. From Propositions [1.3] [£.5] and [4.6] it follows that the function spaces coincide as
sets, it remains to show that also the topologies coincide.

The topologies on Cgp (G, E) and Cigy (G, E) are initial with respect to the inclusion
maps Cgy (G, E) — Cg,(G, E) and C35,(G, E) — Cl(G, E) for v € Ny, respectively
(this is easy to verify using the definitions). Hence it suffices to prove the continuity of
both inclusion maps incl, : Cg,(G, E) — Cf¢ (G, E) and incl” : CF ¢ (G, E) — Cq (G, E)
by induction on 7.

Induction start: The inclusion maps incly and incl® coincide with the functions i from
Lemma [£.7] and Lemma [£.8] respectively, hence they are continuous.

Induction step: By Lemma [£.8 the continuity of the inclusion map incl, will follow
from the continuity of the compositions

ioincl, : Cp,(G, E) = C(G,E)co, [+ 1, (10)
dma © incl, : Cf (G, E) = Chil (TGLE), [~ dmgaf. (11)
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The first composition is continuous, by Lemma Now, for f € C (G E) and
v € TG we have

dmfdf(v) = dgpf(ﬂ-TG(vL (F o LO)(’U)),
using (). Recall from Lemmathat Dgp - Cp (G, E) = Ci Y (G x L(G), E), = dgpf,
is continuous. Using the induction hypothesis, we conclude that D, is continuous as
a function to C" 1 (G x £(G), E). Further, the operator
(WTg,FOoJ) Omfd (GX S(G) ) Hcmfd (TG E) foo(ng,Fow)
is continuous (see [7]) and we have
dmfd = (TrTGv o CU)* o Dgp7

by the above. Therefore, also the composition in is continuous and the first assertion
is proved.

Now, by Lemma the continuity of the inclusion map incl” will follow from the
continuity of the functions

ioincl” : Cp (G, E) = C(G,E)co, frf (12)
Dgp oincl” : Cpq(G, E) = Con M (G x £(G), E), [+ dgpf. (13)

The first composition is continuous by Lemma Further, for f € C} (G, E) we
have

dgpf = dmgaf © 0 0 (idg xI'™1),
by (3). The function difa : Clhq (G, E) — Cr (TG, E) is continuous by Lemma and
also the operator

(oo (idg xI™1)*: C" - HTG,E) — C'.1 (G x £(G),E), f+ fooo(idgxI")
is continuous (see [7]), hence so is the composition
Dgp = (070 (idg xT™1))* 0 dinta : Ciya(G, E) = Crogg (G x £(G), E).

But by the induction hypothesis, it is continuous as a function into Ci, (G x £(G), E),
hence the composition in is continuous and the proof is finished. m
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