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Abstract. Smooth functions f : G→ E from a topological group G to a locally convex space E

were considered by Riss (1953), Boseck, Czichowski and Rudolph (1981), Beltiţă and Nicolae
(2015), and others, in varying degrees of generality. A notion of Cr,s-functions on products
G × H of topological groups was introduced by Nikitin (2016). We recall this concept and an
exponential law of the form Cr,s(G ×H, E) ∼= Cr(G, Cs(H, E)) (under suitable hypotheses on
G and H). Furthermore, we show that in the case where G is a locally exponential Lie group
or a certain direct limit Lie group our calculus of Cr-functions coincides with the differential
calculus on G as a locally convex manifold.

1. Introduction. Let f : G→ E be a function on an infinite-dimensional Lie group G

with values in a locally convex space E. One possible concept of differentiability of such
functions goes back to Milnor [10], where G is considered as a differentiable infinite-
dimensional manifold and the differential calculus arises from the calculus of functions
between locally convex spaces, the so-called Keller’s Ckc -calculus [9] (we will call such
functions Crmfd-functions). On the other hand, considering G as a topological group, we
can use the differential calculus along one-parameter subgroups, as by Boseck, Czichowski
and Rudolph [2], Beltiţă and Nicolae [1], Nikitin [14].

In the first part of this article, we will recall the latter concept of differentiable func-
tions on topological groups (called Crgp-functions) as well as of functions on products
of topological groups with different degrees of differentiability (called Cr,sgp -functions)
from [14]. We will further recall the Exponential Law of the form Cr,s(G × H,E) ∼=
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Cr(G,Cs(H,E)) [14, Theorem (B)], which holds (among other situations) if both the
topological groups G and H are locally compact or if both are metrizable.

The other part of the article is devoted to the question under which conditions both
the concepts of differentiability of vector-valued functions on infinite-dimensional Lie
groups coincide. We obtain the result that Crmfd(G,E) = Crgp(G,E) as topological vector
spaces if the Lie group G is locally exponential or G = lim−→ Gn is the direct limit Lie
group of an ascending sequence G1 ⊆ G2 ⊆ . . . of finite-dimensional Lie groups such that
the inclusions Gn → Gn+1 are continuous (Theorem 4.9).

The interplay of differentiability along one-parameter subgroups and differentiability
on a Lie group G as a manifold plays a role, for example, in the study of spaces of smooth
vectors, cf [12], [13].

All topological spaces are assumed Hausdorff, all vector spaces are real vector spaces.

2. Differentiability along one-parameter subgroups on products of topological
groups and the Exponential Law. In this section, we recall the concept of differen-
tiability along one-parameter subgroups for functions defined on topological groups and
on products of topological groups, and the corresponding Exponential Law.

Definition 2.1. Let G be a topological group, a one-parameter subgroup γ is a group
homomorphism γ : R → G. We denote by L(G) the set of all continuous one-parameter
subgroups and endow it with the compact-open topology.

Note that the space L(G) does not have a topological vector space structure in general.

Definition 2.2. Let U ⊆ G, V ⊆ H be open subsets of topological groups G and H, let
E be a locally convex space and r, s ∈ N0 ∪ {∞}.

(i) We call a continuous function f : U → E a C0
gp-function and write d(0)

gp f := f . We
call f a Crgp-function if for each k ∈ N, k ≤ r the differential

d(k)
gp f : U × L(G)k → E, d(k)

gp f(x, γ1, . . . , γk) := (Dγk
· · ·Dγ1f)(x)

is defined and continuous, where dgpf(x, γ) := Dγf(x) := limt→0
1
t (f(x · γ(t))− f(x)).

(ii) We call a continuous function f : U × V → E a Cr,sgp -function if for all k, l ∈ N0
with k ≤ r, l ≤ s the differentials

d(k,l)
gp f : U × V × L(G)k × L(H)l → E

(x, y, γ1, . . . , γk, η1, . . . , ηl) 7→ (D(γk,0) · · ·D(γ1,0)D(0,ηl) · · ·D(0,η1)f)(x, y).

are defined and continuous, where D(γ,0)f(x, y) := limt→0
1
t (f(x · γ(t), y)− f(x, y)) and

D(0,η)f(x, y) := limt→0
1
t (f(x, y · η(t))− f(x, y)).

(iii) We denote the space of all Crgp-functions f : U → E by Crgp(U,E) and endow it
with the initial topology with respect to the family (d(k)

gp )k∈N0,k≤r of maps

d(k)
gp : Crgp(U,E)→ C(U × L(G)k, E)c.o, f 7→ d(k)

gp f

(the right-hand side is equipped with the compact-open topology) turning Crgp(U,E)
into a Hausdorff locally convex space. (This topology is known as the compact-open Crgp-
topology.) The space of all Cr,sgp -functions f : U×V → E will be denoted by Cr,sgp (U×V,E)
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and we endow it with the Hausdorff locally convex initial topology with respect to the
family (d(k,l)

gp )k,l∈N0,k≤r,l≤s of maps

d(k,l)
gp : Cr,sgp (U × V,E)→ C(U × V × L(G)k × L(H)l, E)c.o, f 7→ d(k,l)

gp f,

where the right-hand side is equipped with the compact-open topology. (The so obtained
topology on Cr,sgp (U × V,E) is called the compact-open Cr,sgp -topology.)

Theorem 2.3 (Exponential Law, [14, Theorem 3.3 and Theorem (B)]). Let U ⊆ G,
V ⊆ H be open subsets of topological groups G and H, let E be a locally convex space
and r, s ∈ N0 ∪ {∞}. If f : U × V → E is a Cr,sgp -map, then f∨(x) := f(x, •) ∈ Csgp(V,E)
for each x ∈ U and f∨ ∈ Crgp(U,Csgp(V,E)).

Further, the map

Φ : Cr,sgp (U × V,E)→ Crgp(U,Csgp(V,E)), f 7→ f∨

is a linear topological embedding. If U×V ×L(G)k×L(H)l is a kR-space1 for all k, l ∈ N0
with k ≤ r, l ≤ s, then Φ is an isomorphism of topological vector spaces.

Corollary 2.4 ([14, Corollary 3.5]). The function Φ in the Exponential Law 2.3 is an
isomorphism of topological vector spaces if at least one of the following conditions is
satisfied:

(i) G and H are metrizable,
(ii) G and H are locally compact.

3. Differentiability on locally convex spaces and manifolds. Now, let us recall
the concepts of differentiability for functions between locally convex spaces and functions
between manifolds modeled on locally convex spaces.

Definition 3.1.
(i) Let E, F be locally convex spaces and f : U → F be a continuous function on

an open subset U ⊆ E. For r ∈ N, we call f a Crlcx-function if for each 1 ≤ k ≤ r the
differential

d
(k)
lcxf : U × Ek → F, d

(k)
lcxf(x, y1, . . . , yk) := (Dyk

· · ·Dy1f)(x)

is defined and continuous, where dlcxf(x, y) := Dyf(x) := limt→0
1
t (f(x+ ty)− f(x)). If

f is Crlcx for each r ∈ N, then f is called C∞lcx. We put d(0)
lcxf := f .

(This concept can be understood as a special case of the concept in Definition 2.2 (i),
as E is, in particular, a topological group and E ∼= L(E) via y 7→ γy, where γy denotes
the one-parameter subgroup of E of the form t 7→ ty.)

In the case E = R, we write f ′ : U → F , f ′(s) := limt→0
1
t (f(s+ t)− f(s)).

(ii) Let M , N be manifolds modeled on locally convex spaces and f : M → N be
a continuous function. For r ∈ N ∪ {∞}, we call f a Crmfd-function if for each x ∈ M
there are charts ϕ for M around x and ψ for N around f(x) such that the composition

1A Hausdorff topological space X is called a kR-space if real-valued functions f : X → R are
continuous if and only if the restrictions f

∣∣
K

are continuous for all compact subsets K ⊆ X.
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ψ ◦ f ◦ ϕ−1 is Crlcx. In this case, if N is a locally convex space, then we write

dmfdf : TM → N, [γ] 7→ (f ◦ γ)′(0)

for the second component of the tangent map Tf : TM → N × N . Further, we define
f ′ : R→ TN , f ′(t) := Tf(t, 1) for a C1

mfd-curve f : R→ N into a manifold N .
We denote by Crmfd(M,E) the space of all Crmfd-functions f : M → E (where E is

a locally convex space) and endow this space with the initial Hausdorff locally convex
topology with respect to the family (d(k)

lcx)k∈N0,k≤r of mappings

d
(k)
lcx : Crmfd(M,E)→ C(Vϕ × F k, E)c.o, f 7→ d

(k)
lcx(f ◦ ϕ−1),

for charts ϕ : Uϕ → Vϕ of the maximal atlas of M , where F is the modeling space of M .

We will often use the following facts without further mention:

Remark 3.2.
(i) Assume that L(G) carries a topological vector space structure. If a function

f : G→ E is C1
gp and the differential dgpf is Cr−1

gp on the topological group G × L(G),
then f is Crgp with derivatives

d(k)
gp f(x, γ1, . . . , γk) = d(k−1)

gp (dgpf)((x, γ1), (γ2, γ̄0), . . . , (γk, γ̄0)), (1)

where γ̄0 ∈ L(L(G)) denotes the one-parameter subgroup t 7→ γ0, where γ0 ∈ L(G) is the
trivial one-parameter subgroup of G.

On the other hand, if f is Crgp and dgpf is linear in the second argument then dgpf

is Cr−1
gp with derivatives

d(k)
gp (dgpf)((x, α), (γ1, η1), . . . , (γk, ηk))

= d(k+1)
gp f(x, α, γ1, . . . , γk) +

k∑
j=1

d(k)
gp f(x, ηj(1), γ1, . . . , γj−1, γj+1, . . . , γk). (2)

A function f : E → F is Crlcx if and only if f is C1
lcx and dlcxf : E × E → F is Cr−1

lcx . If
f : M → E is Crmfd, then dmfdf : TM → E is Cr−1

mfd .
(ii) Compositions of composable Crmfd- (resp. Crlcx-) functions are Crmfd (resp. Crlcx).

Each continuous linear function between locally convex spaces is C∞lcx.
(iii) A function between locally convex spaces is Crmfd if and only if it is Crlcx.

4. Differentiability on locally exponential Lie groups and on direct limit Lie
groups. In the following, we will always assume that E is a locally convex topological
vector space and that G is a smooth Lie group modeled on a locally convex space F .
We will prove that the concepts of differentiability on G as a topological group and as a
manifold coincide if G is locally exponential or if G is a direct limit Lie group G = lim−→Gn
of certain Lie groups Gn. We denote by g := TeG the Lie algebra of G, where TeG is the
tangent space of G at the identity element e. We write σ : G×TG→ TG, (x, v) 7→ x.v :=
Tλx(v) for the C∞mfd-multiplication in the tangent group TG, where Tλx is the tangent
map of the left translation λx : y 7→ x · y on G.



DIFFERENTIABILITY ON GROUPS AND MANIFOLDS 367

Remark 4.1.
(i) Recall that G is called locally exponential if G has a C∞mfd-exponential function

exp : g→ G and there exists an open 0-neighborhood U ⊆ g such that exp
∣∣
U

is a diffeo-
morphism onto an open e-neighborhood V ⊆ G; we denote its inverse by log : V → U . In
this case, if γ is a continuous one-parameter subgroup, then γ is C∞mfd and there exists
a unique v ∈ g such that γ(t) = exp(tv) =: γv(t). Moreover, the function Γ : g → L(G),
v 7→ γv, is a homeomorphism with the inverse Γ−1 : L(G)→ g, γ 7→ [γ] = γ′(0). We equip
L(G) with the locally convex topological vector space structure making Γ an isomorphism
of locally convex spaces (hence C∞lcx). (Details on locally exponential Lie groups can be
found, for example, in [11] or [7].)

(ii) Consider an ascending sequence of finite-dimensional Lie groups G1 ⊆ G2 ⊆ . . .

such that the inclusions Gn → Gn+1 are continuous (hence C∞mfd, being homomorphisms
between finite-dimensional Lie groups). Then G :=

⋃
n∈NGn admits a Lie group structure

such that G = lim−→ Gn in the category of Lie groups modeled on locally convex vector
spaces (we call G a direct limit Lie group), for the Lie algebra g of G we have g = lim−→ gn
in the category of topological Lie algebras, where each gn denotes the Lie algebra of Gn
(by [4, Theorem 4.3(a)]). (Note that G always has a C∞mfd-exponential function, but
is not necessarily locally exponential [3, Example 5.5].) Further, in this case we have
L(G) =

⋃
n∈N L(Gn) ([3, 5.3]), that is, each γ ∈ L(G) is a continuous one-parameter

subgroup of some Gn, hence C∞mfd; moreover, each of the functions Γn : gn → L(Gn)
(as defined above) is a homeomorphism (each Gn being locally exponential). Hence so
is the function lim−→ Γn : g → L(G) (where L(G) = lim−→ L(Gn) is the direct limit in the
category of topological spaces). But by [5, Theorem 4.4] the function Γ : g → L(G) is
a homeomorphism (where L(G) is equipped with the compact-open topology), thus the
direct limit topology and the compact-open topology on L(G) coincide. Since each finite-
dimensional Gn and each L(Gn) ∼= gn ∼= Rdim(Gn) is locally compact, we conclude that
G×L(G)k = lim−→(Gn×L(Gn)k), for each k ∈ N (see [6, Proposition 3.2], [8, Theorem 4.1]).
As in (i), we can equip L(G) with the locally convex topological vector space structure
making Γ an isomorphism of locally convex spaces.

The following properties of differentiable functions on direct limit Lie groups will
enable us to reduce the case of direct limit Lie groups to the case of locally exponential
Lie groups.

Lemma 4.2. Let G be a direct limit Lie group as in Remark 4.1(ii) and f : G → E be
a continuous function. For r ∈ N ∪ {∞} the following holds:

(i) f is Crgp if and only if f
∣∣
Gn

: Gn → E is Crgp for each n ∈ N,
(ii) f is Crmfd if and only if f

∣∣
Gn

: Gn → E is Crmfd for each n ∈ N.

Proof. (i) First, assume that f is Crgp. Fix n ∈ N, k ≤ r and let x ∈ Gn, γ1, . . . , γk ∈
L(Gn). Then d(k)

gp f(x, γ1, . . . , γk) exists, whence d(k)
gp (f

∣∣
Gn

) : Gn×L(Gn)k → E is defined.
Further, d(k)

gp f : G×L(G)k → E is continuous. We have G×L(G)k = lim−→ (Gn×L(Gn)k),
hence d(k)

gp (f
∣∣
Gn

) = d
(k)
gp f

∣∣
Gn×L(Gn)k is continuous, whence f

∣∣
Gn

is Crgp.
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Conversely, let x ∈ G and γ1, . . . , γk ∈ L(G) for some k ≤ r. Since G and L(G)
are ascending unions of Gn and L(Gn), respectively, there exists some N ∈ N such
that (x, γ1, . . . , γk) ∈ GN × L(GN )k. Hence d

(k)
gp f : G × L(G)k → E is defined (with

d
(k)
gp f(x, γ1, . . . , γk) := d

(k)
gp (f

∣∣
GN

)(x, γ1, . . . , γk)). This differential is continuous if and
only if d(k)

gp f
∣∣
Gn×L(Gn)k = d

(k)
gp (f

∣∣
Gn

) is continuous (see above) and this is satisfied by the
assumption.

(ii) See [3, Proposition 4.2].

Proposition 4.3. If G is a locally exponential Lie group and f : G→ E is a Crmfd-map
for some r ∈ N0 ∪ {∞}, then f is Crgp.

Proof. For r = 0 the assertion is clear. For r ≥ 1, we may assume that r < ∞ and
proceed by induction.

Induction start: For x ∈ G we put λx : y 7→ x · y, which is a C∞mfd-function. For
γ ∈ L(G) and t 6= 0 we have

f(x · γ(t))− f(x)
t

= (f ◦ λx ◦ γ)(t)− (f ◦ λx ◦ γ)(0)
t

→ (f ◦ λx ◦ γ)′(0),

as t→ 0, because the composition f ◦ λx ◦ γ : R→ E is a C1
lcx-curve. We rewrite

dgpf(x, γ) = (f ◦ λx ◦ γ)′(0) = dmfdf(σ(x,Γ−1(γ))) (3)

and see that the differential dgpf := dmfdf ◦σ◦(idG×Γ−1) : G×L(G)→ E is continuous,
hence the function f is C1

gp.
Induction step: Assume that f is Crmfd for r ≥ 2. Then f is C1

gp, by the induction
start. Using (3), we see that the differential dgpf can be written as a composition of Cr−1

mfd -
functions, hence it is Cr−1

mfd on the locally exponential Lie group G×L(G). Therefore, the
differential is Cr−1

gp , by the induction hypothesis, whence f is Crgp.

Lemma 4.4. Let G be a locally exponential Lie group, f : G → E be a C1
gp-map and

γ : R → G be a C1
mfd-curve. Then (f ◦ γ)′(0) = dgpf(γ(0), κ) for some one-parameter

subgroup κ ∈ L(G).

Proof. First, we recall from [14, Lemma A.3] that the function f [1] : G× L(G)×R→ E

such that f [1](x, η, t) = 1
t (f(x · η(t)) − f(x)), for t 6= 0, is continuous on G × L(G) × R,

since f is assumed C1
gp, and we have dgpf(x, η) = f [1](x, η, 0). Now, for ε > 0 small

enough consider the continuous curve

η : ]−ε, ε[→ g, η(t) :=
{

1
t log(γ(0)−1 · γ(t)) if t 6= 0
γ(0)−1.γ′(0) if t = 0.

Note that the continuity of η in t = 0 follows from

lim
t→0

log(γ(0)−1 · γ(t))
t

= lim
t→0

log(γ(0)−1 · γ(t))− log(γ(0)−1 · γ(0))
t

= (log ◦λγ(0)−1 ◦ γ)′(0) = (dmfd(log) ◦ Tλγ(0)−1)(γ′(0)) = γ(0)−1.γ′(0),

since dmfd(log) is a restriction of idg in this case. Now, for 0 6= t ∈ ]−ε, ε[ we have
f(γ(t))− f(γ(0))

t
= f(γ(0) · κt(t))− f(γ(0))

t
= f [1](γ(0), κt, t)



DIFFERENTIABILITY ON GROUPS AND MANIFOLDS 369

with the one-parameter subgroup κt : R→ G, κt(s) := exp(sη(t)). Then

(f ◦ γ)′(0) = lim
t→0

f [1](γ(0), κt, t) = f [1](γ(0), κ0, 0) = dgpf(γ(0), κ0),

and the proof is finished.

Proposition 4.5. If G is a locally exponential Lie group and f : G → E is a Crgp-map
for some r ∈ N0 ∪ {∞}, then f is Crmfd.

Proof. For r = 0 the assertion is clearly true. Now, we assume that 1 ≤ r <∞ and prove
the assertion by induction.

Induction start: Fix g ∈ G and let ϕ : Uϕ → Vϕ ⊆ F be a chart for G around g, where
F be the modeling space of G. To show that f is C1

mfd we need to prove that f ◦ ϕ−1 :
Vϕ → E is C1

lcx. To this end, let x ∈ Vϕ, y ∈ F and define the C1
mfd-curve γ : ]−ε, ε[→ G,

t 7→ ϕ−1(x + ty) for suitable ε > 0. (Note that Tϕ−1(x, y) = [t 7→ ϕ−1(x+ ty)] = [γ] =
γ′(0).) Then we have

dlcx(f ◦ ϕ−1)(x, y) = lim
t→0

f(γ(t))− f(γ(0))
t

= (f ◦ γ)′(0) = dgpf(γ(0), κ)

with the one-parameter subgroup κ := κ0 : R → G, t 7→ exp(t(γ(0)−1.γ′(0))) from
Lemma 4.4. Using the C∞mfd-function ω : TG → g, v 7→ πTG(v)−1.v (where πTG denotes
the bundle projection, which is C∞mfd) we rewrite

dlcx(f ◦ ϕ−1)(x, y) = dgpf (πTG([γ]), (Γ ◦ ω)([γ])) ,

hence the differential

dlcx(f ◦ ϕ−1) := dgpf ◦ (πTG,Γ ◦ ω) ◦ Tϕ−1 : Vϕ × F → E (4)

is continuous and consequently f ◦ϕ−1 is a C1
lcx-function, as required. Note that we found

dmfdf([γ]) = dgpf (πTG([γ]), (Γ ◦ ω)([γ])) , (5)

for each [γ] ∈ TG.
Induction step: Now, let f be a Crgp-map for r ≥ 2 and ϕ be as above. By the induction

start, we know that f is C1
mfd (that is, f ◦ ϕ−1 is C1

lcx). To show that dlcx(f ◦ ϕ−1) is
Cr−1

lcx , consider the formula in (4). The function (πTG,Γ◦ω)◦Tϕ−1 : Vϕ×F → G×L(G)
is C∞mfd. Further, using (3) we see that dgpf is linear in the second argument, hence Cr−1

gp
(see Remark 3.2), Thus dgpf is Cr−1

mfd on the locally exponential Lie group G× L(G), by
the induction hypothesis. Therefore, the differential dlcx(f ◦ϕ−1) is Cr−1

lcx , being Cr−1
mfd .

Proposition 4.6. Let G be a direct limit Lie group as in Remark 4.1(ii), then a function
f : G→ E is Crgp if and only if f is Crmfd, for each r ∈ N0 ∪ {∞}.

Proof. Since each Lie group Gn is locally exponential (being finite dimensional), each of
the restrictions f

∣∣
Gn

is Crgp if and only if it is Crmfd, by Propositions 4.3 and 4.5. The
remainder follows from Lemma 4.2.
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Using the fact that the differential dgpf of each Crgp-function f defined on a locally
exponential Lie group G or on a direct limit Lie group G (as in Remark 4.1) is Cr−1

gp , we
show that in these cases the compact-open Crgp-topology on Crgp(G,E) can be described
in the following way (for finite r):

Lemma 4.7. The compact-open Crgp-topology O1 on the function space Crgp(G,E) coin-
cides with the initial topology O2 with respect to the functions

i : Crgp(G,E)→ C(G,E)c.o, f 7→ f,

Dgp : Crgp(G,E)→ (Cr−1
gp (G× L(G), E),O1), f 7→ dgpf,

for each r ∈ N if G is a Lie group as in Remark 4.1.

Proof. First, we show that O2 ⊆ O1. This will hold if both the functions

i : (Crgp(G,E),O1)→ C(G,E)c.o, f 7→ f, (6)
Dgp : (Crgp(G,E),O1)→ (Cr−1

gp (G× L(G), E),O1), f 7→ dgpf, (7)

are continuous. The first function (6) is continuous by the definition of the topology O1,
since we have i = d

(0)
gp . The continuity of the second function (7) will follow from the

continuity of the compositions
d(k)

gp ◦Dgp : (Crgp(G,E),O1)→ C(G× L(G)× L(G× L(G))k, E)c.o,

f 7→ d(k)
gp (dgpf),

(8)

where d
(k)
gp : (Cr−1

gp (G × L(G), E),O1) → C(G × L(G) × L(G × L(G))k, E)c.o for all
0 ≤ k ≤ r − 1. Using two continuous functions

ρk : G× L(G)× L(G× L(G))k → G× L(G)k+1,

(x, α, (γ1, η1), . . . , (γk, ηk)) 7→ (x, α, γ1, . . . , γk),
ρj,k : G× L(G)× L(G× L(G))k → G× L(G)k,

(x, α, (γ1, η1), . . . , (γk, ηk)) 7→ (x, ηj(1), γ1, . . . , γj−1, γj+1, . . . , γk),
for 1 ≤ j ≤ k, and equation (2) from Remark 3.2(i), we obtain

d(k)
gp (dgpf) = (d(k+1)

gp f ◦ ρk) +
k∑
j=1

(d(k)
gp f ◦ ρj,k)

for each f ∈ Crgp(G,E). Hence, using the continuous pullbacks ρ∗k : g 7→ g ◦ ρk and
ρ∗j,k : g 7→ g ◦ ρj,k we can write each of the maps from (8) as

d(k)
gp ◦Dgp = (ρ∗k ◦ d(k+1)

gp ) +
k∑
j=1

(ρ∗j,k ◦ d(k)
gp ).

(Note that the functions d(k+1)
gp , d(k)

gp on the right-hand side are the differential opera-
tors on (Crgp(G,E),O1).) From the definition of the compact-open Crgp-topology O1 we
conclude that the composition is continuous, as required.

Now, we show that O1 ⊆ O2, which will be the case if for all 0 ≤ k ≤ r the functions

d(k)
gp : (Crgp(G,E),O2)→ C(G× L(G)k, E)c.o, f 7→ d(k)

gp f, (9)
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are continuous. For k = 0 we have d(0)
gp = i, hence the continuity follows from the definition

of the topology O2. Now, using the continuous functions

ξk : G× L(G)k → G× L(G)× L(G× L(G))k−1,

(x, γ1, . . . , γk) 7→ ((x, γ1), (γ2, γ̄0), . . . , (γk, γ̄0)),

where γ̄0 ∈ L(L(G)) denotes the one-parameter subgroup t 7→ γ0, where γ0 ∈ L(G) is
the trivial one-parameter subgroup of G, and equation (1) from Remark 3.2(i) we can
express the functions in (9) as

d(k)
gp = ξ∗k ◦ d(k−1)

gp ◦Dgp,

with the continuous differential operators d
(k−1)
gp on (Cr−1

gp (G × L(G), E),O1) on the
right-hand side and the continuous pullbacks ξ∗k : g 7→ g ◦ ξk. From the definition of
the topology O2 on Crgp(G,E) we conclude that the composition above is continuous for
each k, as required.

Analogously, we can prove:

Lemma 4.8. The compact-open Crmfd-topology O1 on the function space Crmfd(G,E) co-
incides with the initial topology O2 with respect to the functions

i : Crmfd(G,E)→ C(G,E)c.o, f 7→ f,

dmfd : Crmfd(G,E)→ (Cr−1
mfd (TG,E),O1), f 7→ dmfdf,

for each r ∈ N if G is a Lie group as in Remark 4.1.

Using these descriptions of the topologies on the function spaces, we finally get the
main result:

Theorem 4.9. If G is a locally exponential Lie group or a direct limit Lie group (as in
Remark 4.1), E is a locally convex space and r ∈ N0∪{∞}, then Crgp(G,E) = Crmfd(G,E)
as topological vector spaces.

Proof. From Propositions 4.3, 4.5 and 4.6 it follows that the function spaces coincide as
sets, it remains to show that also the topologies coincide.

The topologies on C∞gp(G,E) and C∞mfd(G,E) are initial with respect to the inclusion
maps C∞gp(G,E) → Crgp(G,E) and C∞mfd(G,E) → Crmfd(G,E) for r ∈ N0, respectively
(this is easy to verify using the definitions). Hence it suffices to prove the continuity of
both inclusion maps inclr : Crgp(G,E)→ Crmfd(G,E) and inclr : Crmfd(G,E)→ Crgp(G,E)
by induction on r.

Induction start: The inclusion maps incl0 and incl0 coincide with the functions i from
Lemma 4.7 and Lemma 4.8, respectively, hence they are continuous.

Induction step: By Lemma 4.8, the continuity of the inclusion map inclr will follow
from the continuity of the compositions

i ◦ inclr : Crgp(G,E)→ C(G,E)c.o, f 7→ f, (10)
dmfd ◦ inclr : Crgp(G,E)→ Cr−1

mfd (TG,E), f 7→ dmfdf. (11)
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The first composition (10) is continuous, by Lemma 4.7. Now, for f ∈ Crgp(G,E) and
v ∈ TG we have

dmfdf(v) = dgpf(πTG(v), (Γ ◦ ω)(v)),
using (5). Recall from Lemma 4.7 that Dgp : Crgp(G,E)→ Cr−1

gp (G×L(G), E), f 7→ dgpf ,
is continuous. Using the induction hypothesis, we conclude that Dgp is continuous as
a function to Cr−1

mfd (G× L(G), E). Further, the operator
(πTG,Γ ◦ ω)∗ : Cr−1

mfd (G× L(G), E)→ Cr−1
mfd (TG,E), f 7→ f ◦ (πTG,Γ ◦ ω)

is continuous (see [7]) and we have
dmfd = (πTG,Γ ◦ ω)∗ ◦Dgp,

by the above. Therefore, also the composition in (11) is continuous and the first assertion
is proved.

Now, by Lemma 4.7 the continuity of the inclusion map inclr will follow from the
continuity of the functions

i ◦ inclr : Crmfd(G,E)→ C(G,E)c.o, f 7→ f (12)
Dgp ◦ inclr : Crmfd(G,E)→ Cr−1

gp (G× L(G), E), f 7→ dgpf. (13)
The first composition (12) is continuous by Lemma 4.8. Further, for f ∈ Crmfd(G,E) we
have

dgpf = dmfdf ◦ σ ◦ (idG×Γ−1),
by (3). The function dmfd : Crmfd(G,E)→ Cr−1

mfd (TG,E) is continuous by Lemma 4.8, and
also the operator

(σ ◦ (idG×Γ−1))∗ : Cr−1
mfd (TG,E)→ Cr−1

mfd (G× L(G), E), f 7→ f ◦ σ ◦ (idG×Γ−1)
is continuous (see [7]), hence so is the composition

Dgp = (σ ◦ (idG×Γ−1))∗ ◦ dmfd : Crmfd(G,E)→ Cr−1
mfd (G× L(G), E).

But by the induction hypothesis, it is continuous as a function into Cr−1
gp (G× L(G), E),

hence the composition in (13) is continuous and the proof is finished.
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[7] H. Glöckner, K.-H. Neeb, Infinite-Dimensional Lie Groups, book in preparation.
[8] T. Hirai, H. Shimomura, N. Tatsuuma, E. Hirai, Inductive limits of topologies, their direct

products, and problems related to algebraic structures, J. Math. Kyoto Univ. 41 (2001),
475–505.

[9] H. H. Keller, Differential Calculus in Locally Convex Spaces, Lecture Notes in Math. 417,
Springer, Berlin, 1974.

[10] J. Milnor, Remarks on infinite dimensional Lie groups, in: Relativité, groupes et topolo-
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