ANNALES
POLONICI MATHEMATICI
LXXIII.2 (2000)

Generic properties of learning systems

by TomAsz SzZAREK (Katowice)

Abstract. It is shown that the set of learning systems having a singular stationary
distribution is generic in the family of all systems satisfying the average contractivity
condition.

0. Introduction. Generic properties of Markov operators have been
studied in [1, 4-6, 8]. Lasota and Myjak [6] have proved that for most nonex-
pansive iterated function systems the corresponding stationary distribution
is in fact singular.

In this paper we investigate iterated function systems with place depen-
dent probabilities, so called learning systems. We prove results analogous to
those obtained by Lasota and Myjak. Namely, in the family of all learning
systems (5,p) satisfying the condition A(g,) = max,ecx Zf\ilpi(:n)Li <1,
most have a singular stationary distribution. The proof of the main theorem
is similar in spirit to the proof of Lasota and Myjak. The important differ-
ence is that the iterated function systems we study are not nonexpansive
in the same norm. In the case examined by Lasota and Myjak all iterated
function systems are nonexpansive in the Hutchinson norm (see [6]).

The organization of the paper is as follows. In Section 1 we introduce
definitions and notation. Section 2 contains auxiliary lemmas and theorems
which are used in proving the main result of the paper. The main theorem
is proved in Section 3.

1. Definitions and notation. Let X C R* be a compact convex set of
positive (Lebesgue) measure m(X). Let B(X) denote the o-algebra of Borel
subsets of X and let M denote the family of all finite Borel measures on

B(X). We denote by M; the set of all u € M such that u(X) = 1. The
elements of My are called distributions.
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A measure u € M is called absolutely continuous if u(A) = 0 for every
A € B(X) such that m(A) = 0, and it is called singular if thereis Y € B(X)
with m(Y) = 0 such that u(Y) = u(X). By the Lebesgue Decomposition
Theorem every measure p € M can be written in the form p = p, + ps,
where u, is absolutely continuous and g is singular.

Let

Mg = {p1 — p2 = pa, 2 € M}

be the space of all signed finite (Borel) measures on X. For every [ > 1 we
introduce the Fortet-Mourier norm (see [2, 3])

[vlle = sup{[(f, )] : f € Fi},
where (f,v) = { f(x)v(dz) and Fj is the space of all continuous functions
f X — R such that sup,cx | f(z)] <1 and |f(z) — f(y)| < ||z —y|| (here
|| - || denotes a norm in R¥).
It can be proved (see [2]) that the convergence

lim ||pn — pli =0  for p,,pu e My, 1 >1

is equivalent to the condition
i (o) = (o) for f € C(X),

i.e. to the weak convergence of the sequence (i, )n>1 to i (here C'(X) stands
for the space of all continuous functions f : X — R). Hence the norms || [|;,
and | - ||, for l1,l2 > 1 are equivalent.

An operator P : M — M is called a Markov operator if it satisfies the
following two conditions:

(i) positive linearity:

P(A\p1 4 Aap2) = M Py + Ao Ppo

for A1, A2 > 0 and p1, s € M,

(i) preservation of the norm:

Pu(X)=uwX) forpe M.
A Markov operator P : M — M is called nonexpansive in the norm || - ||,
1>1,if
[Ppa — Ppalli < [l — p2lli - for pi, p2 € M.
A measure € M is called stationary or invariant if Pu = p. A Markov

operator P is called asymptotically stable if there exists a stationary distri-
bution w4 such that

im (f, P"p) = (f, ) for pe My, feC(X).
Fix an integer N > 1. By a learning system
(Svp) = (‘917' e aSN7p17 s 7pN)
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we mean a finite sequence of continuous transformations S; : X — X and
continuous functions p; : X — [0,1],% = 1,..., N, such that Zi\il pi(x) = 1.
The sequence (Pi)£i1 as above is called a probability vector. We assume that
S; is Lipschitzian with Lipschitz constant L; for ¢ =1,..., N.

For a learning system (.59, p) the value

N
As.p) = max > pi(w)Li
=1

plays an important role.
We denote by F the set of all learning systems (.5, p) such that A(g ) < 1.
In F we introduce a metric d defined by

N N
d((S,p), (T, q)) = Zgle% pi(2) — qi(x)] + Zgle% 19i(x) = Ti ()|

for (S,p),(T,q) € F. It is easy to prove that F endowed with the metric d
is a complete metric space.
For a given learning system (.S,p) we define the corresponding Markov
operator Pg ) : M — M by
N
Pispyn(A) =Y | pi(z)pu(de) for A€ B(X)
i=1 Si_l(A)

and its adjoint Ug py : C(X) — C(X) by

N
U(S,p)f(x) = sz($)f(sz(x))

We say that the learning system (.S, p) has a stationary distribution (resp.
is asymptotically stable) if the corresponding Markov operator Pg ;) has a
stationary distribution (resp. is asymptotically stable).

Finally recall that a subset of a complete metric space X is called residual
if its complement is a set of first Baire category.

2. Preliminary results. In this section we recall some auxiliary facts
and prove an easy lemma.
From Lemmas 2.1 and 2.2 of [6] one can deduce the following lemma:

LEMMA 2.1. If a learning system (S,p) has a unique stationary distribu-
tion ., then either p, is absolutely continuous or . is singular.

LEMMA 2.2. Let S : X — X be a Lipschitz transformation with Lipschitz
constant Lg. Then for every € > 0 and x¢g € X there exists r > 0 and a
Lipschitz transformation T : X — X with Lipschitz constant Lt such that:
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(i) LT < Lg + ¢,
(i) maxzex |[|S(x) — T(z)|| <e,
(iii) T(x) = S(xo) for ||z — ol < 7.

The proof can be found in [6, Lemma 3.5].

LEMMA 2.3. Let (p1,...,pN) be a probability vector such that p; : X —
[0,1] are continuous. Then for every e > 0 there exists a probability vector
(q1,---,qN) such that q; : X — [0,1] are Lipschitzian and

(2.1) qgi(x) >0 and |pi(z)—q(x)| <e
fori=1,...,N and x € X.

Proof. Fix € > 0. Choose § > 0 such that 40N < e. By the Stone
Theorem we find a sequence (71, ...,7y) of Lipschitzian functions satisfying

Iglg}{dpl(:n) —7i(x))|<d fori=1,...,N.
We set r;(x) = max(7;(x),d) and

) = =

—— forzxeX,i=1,...,N.
Ej:1rj($)

Then

N N
> i) = ri(a)] < 3 Ipile) ~ o) \+Zm )~ rila

<N + 6N = 26N

and consequently

‘1_ ” ‘—‘sz f: ‘ lez — ()] < 26N.
=1

Hence

N N N
Z ‘pz(x) - QZ(-Z')‘ < Z \pz(a:) — Tz(x)‘ + Z
1= = N
< 20N + Y ria)|1 - (
i=1

i) - o) (S rs)) |
Tj(fb"))_l‘

N
< 25N+‘Zri(x)—1‘ < 4GN <e.

i

Jj=1

Since the r; are Lipschitzian and X is compact, the functions ¢; are Lip-
schitzian. m

Let Fy be the set of all (S,p) € F with the following properties:
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(2.2) )\(S,p) < 1,
(2.3)  p; is Lipschitzian and p;(z) >0 fori € {1,...,N} and z € X,
(2.4)  the stationary distribution s(g ) corresponding to (S, p) is singular.

We are now in a position to recall the following theorem.

PROPOSITION 2.1. Let P be a Markov operator nonexpansive in the norm
Il -1l; for somel > 1. Assume that for every e > 0 there is a Borel set A with
diam A < e, a real number o > 0 and an integer m such that

(2.6) P'u(A)>a  forp€ M.

Then P is asymptotically stable and for every € > 0 there exists an integer
n such that

(2.7) [Py — P oy <& for pu, pp € M.

For details see the proof of Theorem 3.1 in [9]. In fact Theorem 3.1 was
proved for [ = 1 but the same argument works for every [ > 1.

REMARK 2.1. If a learning system (S,p) € F satisfies conditions (2.2)
and (2.3), then the assumptions of Proposition 2.1 are satisfied. For details
see the proof of Theorem 4.2 in [10].

3. Generic singularity of learning systems
LEMMA 3.1. The set Fy is dense in the space (F,d).

Proof. Fix (S,p) € F and € > 0. Let z € X. Since X is convex we can
define for i € {1,..., N} new transformations S; : X — X by

Si(r) =az+ (1 —a)S;(z) forxecX,
where a = (4N diam X)~!. Tt follows immediately that

(3.1) d((S,p), (S,p)) < e/4
and
(3.2) )‘(§,p) <1l-oa.

Thus there exists i € {1,..., N} such that L;, = Lip Si, <1. Let m9 € X
be a fixed point of S;,. By Lemma 2.2 we find 7" : X — X with Lipschitz
constant Lz and with the following properties:

(3.3) Lz < Li, +,
(3.4 mae [T(x) ~ 5, ()] < </
(3.5) T(z) =z for ||z — x| <,

where 7,7 > 0 and 7 < min[l — /\(§ p)’ 1— L)
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By Lemma 2.3 there exists a probability vector (q,...,qn) such that
q; + X — [0,1] is Lipschitzian for i € {1,..., N} and

(3.6) qi(x) > 0,
(3.7) gé%%(\pz(az)—ql(x)\ < % fori=1,...,N.
Consider now the learning system (T1,...,Tn;q1,--.,qn), where T; = S;

fori € {1,...,N}, i # ig and T;, = T. Tt follows immediately from (3.1),
(3.4) and (3.7) that
d((S,p), (T, q)) <e.
From (3.3), (3.6) and the fact that ¢; is Lipschitzian for i € {1,...,N},
according to Remark 2.1, (T, q) is asymptotically stable. On the other hand,
from (3.3) and (3.5) it follows that there exists an integer n such that
Tiy (X) = {xo}-

Let P be the Markov operator corresponding to (7, q) and let u, € M,
be its unique invariant measure. We have

px({wo}) = (P" o) ({20 })

N
= Z SQil(‘T)"'(Qinoﬂn—lO“'Oj—%l)(‘r)
i1 ein=1 X

X 1z} (T3, 0 ... 0 Ty ) () ps (dix)
> i . n — i . n
> (mi g, ()" 22 (X) = (min g, ()"
By Lemma 2.1, pu, is singular. Consequently, (T,q) € Fy. =

REMARK 3.1. Suppose that (S,p) € Fy. Then there exists [ > 1 such
that the adjoint Us p) of P(g,) satisfies the condition

(3.8) U(S’p)f e F; for f e .

Proof. Let r = max;<;<ny Lipp;. A simple calculation shows that (3.8)
holds for

-
l=max |——,1|. =
[1 — A(S.p) ]
LEMMA 3.2. Let (S,p) € Fo. Then for alle > 0,1 > 1 and n € N there
exists § > 0 such that for each (T,q) € F,
d((S,p), (T7 q)) <d= Sup X ’U&m)f(l') - U(nT,q)f(‘r)’ <e.

fEFl,IG

Proof. Fixe >0, n € N and (5,p) € Fy. From Remark 3.1 we have
Us,p) f € Fy for f € Fy, for some t > 1. Obviously Fy C Fy. Let f € Fy and
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z € X. Then
(3.9)  |Ugspyf(x) = Ur,q) f ()]

N N
= | @) (i) = 3 au(a)f(Ti(a))
N N
<2 Iple) — el + @IS (S:() ~ ST )

<2 Ipi(@) —aix !+Z 15 (= )|l < d((S,p), (T, q)).

For m > 1 we have

!U(’Z,p)f(x) (Tq)f( z)|

IN

‘U(Tq)(U(Sp)f)( ) U(Tq)(U(Tq)f)( )‘
+ Uiz U1 ) (@) = Ugs py (U1 F) ()]

< su U, un
> fEth ‘ (sp)f( y) — (Tq)f( y)|

+ U (Uls ) (@) = Us ) (U5 ) (@)

Since U("sﬁ )1f € F;, we have U("Sﬁz)lf/t € F; and the last inequality can be

written as

m m m—1 m—1
VS @) = Ul Il < s (1U35,15(@) = Ui 1))

+t  sup  {|Uwsp) f(@) = Um,g f(x)]}

fGFl,IG

This and the inequality (3.9) yield
(3.10) SUP {‘U(Sp)f( z) — U(”iq)f(a;)]}

feFr,

< _swp I35, 1)~ UG S F@)I) +1d(8,p), (T, 0)

and consequently

sup  {|Ufs ) f(@) = Ulp o) f(@)|} < tnd((S, p), (T',q)).-
feF ,zeX

If fe F,forl>1,then f/l € F} and we get

s {U(s.p) [ (@) = Ul oy f ()|} < tnld((S, p), (T’ q))-

Set § = £(tnl)~! to complete the proof. m
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REMARK 3.2. For all ¢ > 0,1 > 1 and f € C'(X) there exists 6 > 0 such
that for any pq, uo € My,
[ = palle <6 = [(f, 1) = (f,m2)| <e.
Proof. Let ¢ > 0 and f € C(X). By Stone’s Theorem there exists a
Lipschitz function f : X — R satisfying
max | f(z) — f(z)| <e/3.

Without any loss of generality, we can assume that its Lipschitz constant L
satisfies L > 1. Let 6 = ¢(3L)~*. Since [ > 1, we have f/L € Fj. Therefore,

[(f/L,pa) — (f/L, p2)| < llpa — palls < 6
and we obtain

[(f,p1) = (Fop2)| < e/3.

Consequently, we get

‘(faﬂ1> - <f7:u'2>‘ < ’<f7ﬂ1> - <f7ﬂ2>’ + ’<f - f7N1>’
+(f—fim) <e/3+e/3+¢e/3=c.m
We are now in a position to prove the main result of our paper.

THEOREM 3.1. The set Fqy of all (S,p) € F which are asymptotically
stable and have a singular stationary distribution is residual in F.

Proof. Let (f;)i>1 be a sequence dense in C(X). Fix neN and (S5,p) €
Fo. Let Pg,) be the Markov operator corresponding to (S, p) and j(g p) its
stationary distribution. Since p (g ) is singular, we can consider a compact
set F(g p),n C X such that

1
(3.11) s Espn) 21— o~ and m(Fsp),.) =0.

Further, due to regularity of the Lebesgue measure we can find a positive
number r(g ) , such that

m(X

(312) m(B(Fis e 5.00) < 2,

where B(F(sp).n,7(s,p),n) 15 the r(g ) n-neighbourhood of Fig ) . Define
Aspyn = X\B(F($,p),n:T(S,p),n)- From (3.12) the set A(g ), is nonempty
and we can consider the Tietze function h(g ), : X — Ry given by the
formula

. H‘/EvA(S,p),nH

H‘/Ev A(S,p),n” + H‘/Ev F(S,p),nH’
where ||z, A|| stands for the distance of the point z from the set A for
A C X. It is easy to check that h(g ), (z) = 0 for & B(F(sp)n,7(S,p)n)
and h(gp)n(z) = 1 for x € Fgp) . For every (S,p) € Fo and n € N we

h(S,p)m
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will define the values [ > 1, k € N, ¢ > 0 and J(g,p),, > 0. Namely, by
Remark 3.1 there exists [ > 1 such that

(3.13) 1 P(spy1 — Prspyballe < o — p2lli for pa, p2 € My,

Using Remark 3.2 we can find € > 0 such that for all py, us € My,
1

(3.14) 11 — palli < e = [(f, 1) — (fp2)| < on

for f € {f1,..., fu,h(s,p),n}- It follows from Proposition 2.1 and Remark 2.1
that there is an integer k£ such that

(3.15) \\P&p)ul — P(gp)ugﬂl <g/3 for py,pus € Mj.

It follows from Lemma 3.2 that there is d(g,),, > 0 such that for all
(T,q) € F,

(3.16)  d((S,p), (T, ) < d(sp)m

=  sup |U(1“57p)f(:17) - U(]“T7q)f(:17)| <e/3.
fGFl,mGX

Define

o0
F= ﬂ U B]:((Sap)’é(s,p),n)’
where Br((S,p),0(s,p),n) is the open ball in (F,d) with centre (S,p) and
radius d(g ). Obviously F as an intersection of countably many open
dense sets is residual. We are going to show that F C F.

Fix (T,q) € F. Let P1,4) denote the Markov operator corresponding to
(T, q). Since X is compact, the operator Py 4) has a stationary distribution
(T,q) [7], and to prove the asymptotic stability of Pz g, is enough to check
the weak convergence of the sequence (P("Tg),u)nzl to p(r,q), i-e.

(317) T (£, By pp) = (foperg)  for f € C(X) and p € My,

Assume for contradiction that the formula does not hold. Then there
exist f;, € C(X), p € My, and an increasing sequence (n,,)mn>1 of integers
such that

(3.18) [(Fios Pl i) = (fios gl = 1

for some 1 > 0 and all m > 1.

Choose ng € N so large that 1/ng < 7 and ng > ig. Since (T, q) € F it
follows that (T',q) € B#((S,p),d(s,p),n,) for some (S,p) € Fo. Assume that
I > 1,k € Nande > 0 are such that conditions (3.13)-(3.15) hold for Pg )
and n =ng € N.
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Fix n > k and set 1 := Pg}_qk)u. By the definition of d(g p) n, We get

1Pl gyt — gy e = |1 Pep gy = Pl gy ezl < 1 Ps .y (B — gyl
+ H(P(Ifg,p) - P(’?r,q))ﬂnl + H(P(Ifg,p) - P(’?r,q))M(T,q)Hz

<g/3+4+2 sup ]U(k&p)f(x) - U(kqu)f(m)\ <e.
felﬁ,IGX'

Hence for n > k we have

n 1
’<f7 P(T,q):u‘> - <f7:u'(T,q)>‘ < % for f € {fla cee 7fn07h(S,p),no}'

Since ng > ig it follows that for n.,, > k we have
" 1
‘(fiovp(TTq)N> - <fi07:u(T,q)>’ < 2—710 <.

This contradicts condition (3.18).
We only need to show that pp 4 € M; is singular. Let ((S,p)n)n>1 be
a sequence of learning systems of Fy such that

(T, q) S Bj:((S,p)n, 5(5’;0)”7”) for n € N.

Denote by (s p), the stationary distribution of the operator Pg ) . Assume
that [,, > 1, k, € N and ¢, > 0 are such that (3.13)-(3.15) hold for P(g ),
and n € N. Hence

k

n k:’VL
lir,q) = 1spynllin = 1P g0y — Bis py, HS,p)n i
kn, kn kn kn
< ||P(5,p)n,u(T,q) - P(S,p)nﬂ(s,p)nHln + ||(P(T,q) - P(S’p)n)lu’(T,q)Hln'
By the definitions of /,, and k,,, and the above estimate,

2
(3.20) lia(r,q) — H(s,p)n ll, < 3En for n € N,

where €, > 0 is such that for all uy, uo € M; the implication
1
1 — palli < en = [(f, 1) — (f, p2)| < on

holds for f € {f1,..., fn, h(s,p), n}- It follows that for every n € N,

1
(s ) ir.)) = s )0 s )| < 5
and by the definition of h(g ), » We get

1

wra) (BES )0 T(Sp)nin)) > Hisp)n (Fisp)n) = 5
111

- 2n  2n n

Since (3.12) holds, by Lemma 2.1 we conclude that (7 q) is singular. m
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