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Hodge numbers of a double octic with
non-isolated singularities

by StAWOMIR CYNK (Krakéw)

Abstract. If B is a surface in P of degree 8 which is the union of two smooth
surfaces intersecting transversally then the double covering of P3 branched along B has a
non-singular model which is a Calabi—Yau manifold. The aim of this note is to compute
the Hodge numbers of this manifold.

1. Introduction. Let B be a surface of degree 8 in P3. Assume that B is
the union of two smooth surfaces By and B> of degrees d and e respectively
intersecting transversally along a smooth curve C'. Denote by o : P3 — IE3
the blow-up of P3 with center C and consider the double covering m : X — P3
of P3 branched along the strict transform B of B.

From [5] it follows that in this situation X is a Calabi—Yau manifold and
e(X) = 8—(d®—4d*+6d)— (e* —4e?+6e) —8de. However it is of great interest
to calculate not only the Euler characteristic but also the cohomology groups
or equivalently the Hodge numbers of X. For a Calabi—Yau variety only two
Hodge numbers are interesting: h''! and h'?>—the others are obvious. We
have moreover the following formula:

e(X) =2(ht — Ab?).
These Hodge numbers have deep topological characterizations:

e b1 is equal to the rank of the Picard group Pic X,
e 112 is equal to the number of deformations of X.

In general it is very difficult to calculate the Hodge numbers of a double
solid. Some methods are known only in very special cases (see [2,6]). In [3] we
gave an elementary proof of the Clemens formula for the Hodge numbers of a
nodal double solid. We shall apply the method introduced there. This shows
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that it may be of use also in the case of a double octic with non-isolated
singularities in the branch locus.

2. Conormal bundle of 7*B in X. Denote by E the exceptional
divisor of ¢ and by éz the strict transform of B;. Clearly 0|§i — B; is an
isomorphism. Since B is an even element of Pic(]?’?’) we can define the line
bundle £ = Oz, (%E) The aim of this section is to study the line bundle
(O ® L) which is dual to the normal bundle of 7B in X.

From the definition of £ we have £L7! = 6*Opa(—4) ® Oz, (E) and so
HY (L '@ 0p) = H (Ops(e —4) ® Op,) & H (Ops(d — 4) ® Op,). Using the
last formula we easily get

LEMMA 2.1.

C* ifd=3, e=5,

cf qd:Le:z
HO(£_1®O§)§ C Zfd:2,€:6,
C? ifd=4, e=4,
0

C¥ ifd=1, e=7,
C* ifd=2, e=6,
C% ifd=3, e=5,
C? ifd=4, e=4.

3. Cohomology of w*Q%}S

LEMMA 3.1.
0 if 1=0,3,
HW%Q%{(? if i =1,
C9 if i =2,

where the genus g of C is 2de + 1.

Proof. Consider the following long exact sequence:

(1) 0 — o* s — 9%3 — 9%3/]?3 — 0.

Following [7, Thm. I1.8.24] we can identify E with the projectivization
P(N¢ps) of the conormal bundle ¢, 55 of C' in P?. Since in this situation
~ ~ k(N2
QI%F?’/W = Q}E/C and (by [7, Ex. II1.8.4]) Q}E/C = o*(A\ Néupg,) ® Op(—2),
using the projection formula and again [7, Ex. II1.8.4] we get
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and
R'o. 2%, o = (N°NYps) ® R'0,0p(-2)

P3/p3
2 2
(NN Eyps) ® (0:08)" @ (NN &ypa)”
(O’ * O E)V = Oc.
The direct image functor applied to the short exact sequence (1) yields

1 1 1 1
0*0@3 = ps and R 0*0@3 ~ O¢.

12

12

The Leray spectral sequence HP (R4 (0*9%3)) has the following terms:

q

where g = 2de + 1 is the genus of C. The above sequence degenerates and
the lemma follows. =

LEMMA 3.2.

ClY ifd=1, e=71,
C* ifd=2, e=6,
C* ifd=3,e=5,
C? ifd=4, e=4.

Proof. Tensoring the exact sequence (1) with £71 we get
(2) 0— 0" s @ L1 —>Q%)3®£71 _’0%3/1[»3 @ Lt —0.
In this situation
(0" $2p3) @ L7 2 (071255 (—4)) ® Oppa(E)
and
5 ps ® L7 = Q0 ® 0" Opa(—4) © Opa (B)
= 0" (N° N ¥yps) ® Op(—2) @ 0" Ops (—4) ® O (E) ® Op

= 0™ (N* N ps ® Ops(—4)) @ Op(—3)
because O3, (E) ® Op = /\/E@;g >~ Og(—1) by [7, Thm. I1.8.24].
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By the projection formula,
o (0" 2pa) ® L71) 2 243 (—4) ® 0,05, (E) = Qs (—4),
R'o.((0"2pa) ® L71) 2 243 (—4) ® R'0.05 (E) = 0.
Using again [7, Ex. II1.8.4] and the projection formula we obtain
0 (255p5) @ L7) = NN jps ® Ops (—4) ® 0.0p(=3) =0,
Rlo’*((QI%)Q,/Pg) ® L1
= N’Njps @ Ops(—4) © R'0.Op(-3)
2 NN s ® Ops(—4) © (0.05(1))" ® (AN*N &ps)”
~ Ops(—4) ® (Ops (d) ® Ops(e)) @ O¢
= (Ops(d—4) ® Ops(e —4)) ® Oc.
The exact sequence (2) yields therefore
7.(2L @ L) = 0L (~a),
Rla*((zﬁ};3 @ L) = (Ops(d—4) @ Ops(e —4)) @ Oc.
Calculating cohomologies of the right-hand sides of the above equations
we can write the Leray spectral sequence:

q q
cto C38 0 0 Co (o 0 0
[ ) [ ] [ ] [ ] [ ) [ [ ) [ )
L0 0 0 C15 L0 0 0 Cl5
D D
(d=1,e=7) (d=2, e =06)
q q
ct Co4 0 0 C2 66 0 0
[ ) [ ] ® [ ] o [ ) [ ) [ )
0 0 0 _CI 0 0 0 _CP
- - - D - - - P
(d=3, e=5) (d=4, e=4)

We can calculate H? and H' even if the sequence does not degenerate.
This proves the lemma. =



Hodge numbers of double octic 225

We end this section with the following proposition:

PROPOSITION 3.3.
HO(m*2%,) =0
C? ifd=1,e=T,
CY if d=2, e=6,
C¢ ifd=3, e=5,
C* ifd=4, e=4.
Proof. Since 7 is a double covering,
m.Ox 2 O ® L7 and Hi(ﬂ*()%{,’) = Hi(ﬂ'*(ﬂ*géi,’)).

By the projection formula 7T*7T*Q%3 = Qfl@?» Rm.Ox = Q%B <) Q%B ® L~ and
consequently

1

H'(7* 0%3)

Hi(m*23,) = H'(24,) @ H(23, © L71).

The proposition now follows from Lemmas 3.1 and 3.2. =

4. Main result. Now we can formulate and prove our main result.

THEOREM 4.1.

hH(X) =2,

122 ifd=1, e=7,
102 if d=2, e =6,
90 ifd=3, e=5,
8 ifd=4, e=4.

The proof of this theorem is based on the following proposition:

h2(X) =

PROPOSITION 4.2 ([3]). The following sequence of O g-modules is exact:
(3) 0— 7" L, — 2% -7 (050 L") =0,

Proof of Theorem 4.1. By Lemma 2.1 the group H'(O5®L~!) vanishes.
Since X is a Calabi—Yau manifold, H°(£2*(X)) = 0. Consequently, the long
exact sequence derived from the short sequence (3) splits and its first part
together with Lemma 2.1 and Proposition 3.3 gives h! = 2.

From the relation e(X) = 2(h'! — h12) and the formula for e(X) we
compute h12(X). m
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