ANNALES
POLONICI MATHEMATICI
LXXV.2 (2000)

Existence and multiplicity results for nonlinear
eigenvalue problems with discontinuities

by NIKOLAOS S. PAPAGEORGIOU (Athens) and
FRANCESCA PAPALINI (Ancona)

Abstract. We study eigenvalue problems with discontinuous terms. In particular we
consider two problems: a nonlinear problem and a semilinear problem for elliptic equations.
In order to study the existence of solutions we replace these two problems with their
multivalued approximations and, for the first problem, we estabilish an existence result
while for the second problem we prove the existence of multiple nontrivial solutions. The
approach used is variational.

1. Introduction. The aim of this paper is to study nonlinear and semi-
linear eigenvalue problems with discontinuous terms. So let Z C RY be a
bounded domain with a C' boundary I". We start with the following eigen-
value problem:

—div(||Dx(2)||P72Dx(2)) = Mz (2)|P~22(2) = f(2,2(2)) a.e. on Z,
(1) {:17|p:0, 2<p< 0.

Here f : Z x R — R is a function such that for all z € Z, f(z,-) is locally
bounded but not necessarily continuous and this implies that the problem
(1) may not have any solutions. So in order to develop a reasonable exis-
tence theory, we need to pass to a multivalued extension of problem (1) by,
roughly speaking, filling in the gaps at the discontinuity points of f(z,-).
More precisely, we introduce the following two functions:
fo(z,x) =liminf f(2,2),  fi(z,2) = limsup f(z,2").
' —x

' —z

Note that when the one-sided limits f(z,27) and f(z,2") exist then
fo(z,x) = min{f(z,27), f(z,2%)} and fi(z,2) = max{f(z,27), f(z,21)}.
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Instead of (1) we consider the following multivalued version:

— div([|Dz(2)|[P72 Dx(2)) — Al (2)[P~2x(2)
(2) € [fo(z,2(2)), fi(z,2(2))] a.e. on Z,

zlp=0, 2<p<oc.

Using a variational approach (for nonsmooth, locally Lipschitz energy
functionals) we show that problem (2) has a solution.
We will also study the semilinear problem

—Ax(z) = Ax(z) = f(z,2(2)) a.e. on Z,

In this case f(z,-) need not be continuous either. So after introducing
the functions fy(z,x) and fi1(z,x), we replace (3) with its multivalued coun-
terpart

() {—Ax(z) —Az(z2) € [fo(z,2(2)), f1(z,2(2))] a.e. on Z,

JZ‘F =0.

For problem (4), using a result for locally Lipschitz functionals due to
D. Goeleven, D. Motreanu and P. D. Panagiotopoulos [9], we prove the
existence of multiple nontrivial solutions.

Similar eigenvalue problems were studied by K. J. Brown and H. Budin
[3], P. Hess [10], P. Rabinowitz [14], D. G. De Figueiredo [8], C. Lefter
and D. Motreanu [12], M. Ramos [15]. All these works deal with semilin-
ear equations (i.e. p = 2) and with exception of [12], assume f(-,-) to be
continuous. The approaches vary although all use some aspects of the varia-
tional method. More specifically P. Rabinowitz [14], D. G. De Figueiredo [§],
C. Lefter and D. Motreanu [12], M. Ramos [15] follow the variational ap-
proach. P. Hess [10] has a proof which combines variational and topological
degree arguments, while K. J. Brown and H. Budin [3] employ a combination
of variational and monotone iteration methods.

In this paper our approach is solely variational. We use the critical point
theory for nonsmooth local energy functionals (see K. C. Chang [5]).

2. Mathematical preliminaries. Let X be a reflexive Banach space
and X™* its topological dual. A function @ : X — R is said to be locally
Lipschitz if for every x € X, there exists a neighbourhood U of z and a
constant k£ > 0 depending on U such that |®(z) — @(y)| < k||z — y|| for all
z,y € U. For this kind of functions the generalized directional derivative
@O(x;h) at € X in the direction h € X is defined by

d(a! — o
@%(z;h) = limsup (2 + Ah) (z )
x’—x, A0 A
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It is known that the function h +— @°(z;h) is sublinear, continuous and
it is the support function of the nonempty convex w*-compact set

0b(x) = {z* € X : (2*,h) < D°(a;h) for all h € X}.

The set 09(x) is called the generalized or Clarke subdifferential of ¢ at x.
If &,¥ : X — R are locally Lipschitz functions, then 9(®+V¥)(z) C 0P(x) +
0¥ (z), while for any A € R we have d(A@(x)) = \OP(z). Moreover, if ¢ :
X — R is convex, then this subdifferential coincides with the subdifferential
in the sense of convex analysis. If @ : X — R is strictly differentiable then
0P(x) ={P'(x)}. A point x € X is a critical point of @ if 0 € 0P(x), while a
critical value is the value assumed by @ at a critical point. For more details
we refer to the monograph of Clarke [6].

The compactness conditions for locally Lipschitz functionals @ : X — R
that we consider are the following:

e & satisfies the (PS)-condition if any sequence {x,},>1 C X such
that {&(z,,)}n>1 is bounded and m(z,) — 0 as n — oo has a convergent
subsequence (where m(z,) = Ming«cpa(x,) [|[2*| x+; the existence of such an
element follows from the fact that 0®(x,,) is weakly compact and the norm
functional on X* is weakly semicontinuous);

e & satisfies the C-(PS)-condition if any sequence {x,},>1 C X such
that {&(z,,)}n>1 is bounded and (1 + ||z, |)m(z,) — 0 as n — oo has a
convergent subsequence.

REMARK 1. The (PS)-condition is a generalization of the well known
Palais—Smale condition proposed by Chang [5] in his nonsmooth critical
point theory in order to obtain various minimax principles concerning the
existence and characterization of critical points for locally Lipschitz func-
tionals. The C-(PS)-condition is a weaker form of the (PS)-condition and
it is the nonsmooth version of the condition introduced by Cerami in [4].
In a recent paper N. C. Kourogenis and N. S. Papageorgiou [11], using the
C-(PS)-condition, derive minimax principles. For the convenience of the
reader, we recall the following version of the Mountain Pass Theorem
(cf. [11], Theorem 6).

THEOREM 1. If X is a reflexive Banach space, @ : X — R is a locally
Lipschitz functional satisfying the C-(PS)-condition and there are o > 0,
a,8 € R and z1 € X such that ||z1|| > 0 and max[®(0),P(x1)] <a < f <
inf |, =, P(x) then @ has a critical value ¢ > [ characterized by

= inf 2
°= s 00

where I' = {y € C([0,1], X) : v(0) =0, v(1) = z1}.
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Moreover we recall the abstract multiplicity result due to Goeleven—
Motreanu—Panagiotopoulos (cf. [9], Theorem 2.1) that we will use to prove
the existence of multiple nontrivial solutions for the problem (4).

THEOREM 2. Let X be a reflerive Banach space. Suppose that @ : X — R
is an even, locally Lipschitz functional satisfying the (PS)-condition and the
conditions:

(i) 2(0) =0,
(ii) there exists a subspace X1 of X of finite codimension and numbers
B,0 > 0 such that ®(x) > 3 for all x € Xy such that ||x| = o,
(iii) there is a finite-dimensional subspace Xo of X, with dim X, >
codim Xy, such that ®(u) — —o0 as ||ul| — oo, u € Xs.

Then @ has at least dim X9 —codim X pairs of nontrivial critical points.
Finally, we recall the following definitions for an operator A : X — X*:

e A is said to be monotone if (Axy — Axg, x1 —x2) > 0 for all z1, x5 € X;

e A is said to be pseudomonotone if for any sequence {z,, },>1 C X such
that z,, — = weakly in X and limsup,, , . (Ax,,x, —x) < 0 it follows that
(Az,z — w) < liminf, . (Az,,x, —w) for all w € X;

o A is said to be demicontinuous if for any sequence {z,, },>1 C X such
that x,, — x in X it follows that Ax,, — Ax weakly in X.

3. Existence result. We start with the quasilinear problem. Let A; be
the first eigenvalue of the p-Laplacian —A,x = —div(||Dz|P~2Dx) on Z
with zero Dirichlet boundary condition, which is the least real number A for
which the problem

—div(||Dz(2)||P72Dz(2)) = M|z (2)[P~2z(2) a.e. on Z,
l‘| r = 0,
has a nontrivial solution. It is known (cf. [13]) that this first eigenvalue
A1 is positive, isolated and simple (i.e. the associated eigenfunctions are
constant multiples of each other). Moreover we have the following variational
characterization of A\; via the Rayleigh quotient:
M = minl|[ D/ |l2] = € W3P(2), @ > 0],

where || - ||, denotes the norm in the space LP(Z).
One can prove that the corresponding eigenfunction wu; is almost every-
where nonzero on Z. Let

Ao = inf{\ > 0: X is an eigenvalue of —A, on W, ?(Z) and A > A, }.

Note that since A; is isolated, Ay > A;. Moreover, if p = 2, then Ay is the
second eigenvalue of the Laplacian.
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In what follows let F'(z,z) = Sg f(z,7)dr, x € R, be the potential func-

tion corresponding to f and ¥ : Wol’p(Z) — R be the energy functional
defined as ¥ (z) = {, F(z,2(2)) dz.
We introduce the following hypotheses on the function f:

H(f)1: f:Z xR — R is a Borel measurable function such that for all
z € Z, f(z,-) is locally bounded and

(i) fo, f1 are both N-measurable (i.e. for every measurable function
x: Z — R the functions z — f;(z,x(z)), i = 0, 1, are measurable);
(ii) there are a € L>°(Z,R*) and ¢; > 0 such that

If(z,2)| < a(z) +c1]zP~!  ae. on Z, Vo € R;
(iii) there are co > 0 and p such that 1 < u < p and

i\~ — pF )
lim sup 745 8)T ~PF(z,2)
|z|—o00 |3§‘|/J‘

< —co uniformly for a.e. z € Z,i=0,1;

(iv) there are ¢3 € R and § > p such that § —p < p if 1 < N < p, while
N(G@—p)/p<pandg< Np/(N —p) if N > p, with the property that

F
lim sup ’(2‘,_33) <c3 uniformly for a.e. z € Z;
|z|—o0 T
F
(v) l‘1r|n inf % >0 uniformly for a.e. z € Z;
r|—o00 xr
(vi) lim sup |;z|;x) <—-X forae z€Z.
|z|—0

REMARK 2. Condition H(f); (iii) was first introduced by D. G. Costa
and C. A. Magalhaes [7]. Note that this condition follows from the well
known Ambrosetti-Rabinowitz condition (see [1], when p = 2) which says:
there are §# > 2 and { > 0 such that 0 < 0F(z,z) < 2 f(z,z) for a.e. z€ Z
and all = such that |z| > &.

We now present an example of a function f that satisfies hypotheses
H(f),. For simplicity we drop the z-dependence and we assume p > 2. Fix
M > 1 and n,€ > 0 such that pnp + Ay — 1 < & Let k € L] (R) be the
function defined by

e, o] <1,
k(z) =< x4, 1<l|z| <M,
x, |z| > M.
We define f: Z x R — R by
I
|z|P + 1

f(z,2) = pnlzPz + k().
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Then the corresponding potential function is

1
Fz,z) = nlzl” = “log(le]” +1) + 0(x),

where
22/2 —€&/p+ MB/5— M?/2—-1/5, < —M,
@ —&/p+2°/5+1/5, -M<z< -1,
0(x) =\ k(r)dr = § =(&/p)l[", =] <1,
0 —¢/p+2°/5—1/5, l<z<M,

22/2 —€&/p+ MP)5— M?/2+1/5, x> M.
Evidently hypothesis H (f)q(ii) is satisfied. Also for i = 1,2 we have
fim,v)z —pFz2) _ |el? log(jzlP +1)  pb(z)
|x|2 |zt 4 a2 x2 x2
as x| — oco. So H(f)1(iii) is satisfied with ¢ = 2 < p. Moreover for any
q > p we have F(z,2)/|z|? — 0 as |z| — oo and so H(f);(iv) holds. Now
we deduce that

F(z,x log(|xz|P + 1 0(x
PG, gl ) 20y,

b
1-=<0
N 5

jzlp [P

while
pF(z,x) _ log(lz[" +1)  pf(x)
el T el ki
So recalling the choice of  and £ we see that H(f)1(v) and H(f);(vi) are
satisfied.

—pn—1—-¢ as|z|—0.

Now we start to study the problem (2). We introduce, for every A > 0,
the functional Ry : Wy'*(Z) — R defined by

1 A 1 A
Ry(z) = =||Dz||? — —||z||2 — \ F(z,2(2))dz = =||Dz||? — —||z||Z — ¥(x).
A(z) = 2Dl = el ; (2,2(2)) Pzl = el = 7 (@)
It is well known (cf. [5]) that ¥ is locally Lipschitz. Hence so is R).

PROPOSITION 3. If hypotheses H(f); hold, then Ry satisfies the C-
(PS)-condition.

Proof. Let {zy}n>1 C Wol’p(Z) be a sequence such that {Ry(zy)}n>1
is bounded and (1 + ||z, |)m(z,) — 0 as n — oco. Let z € W~14(2)
(I/p+1/q =1), x € ORx(z,), n > 1, be such that |z} | = m(z,). We
have
xy = Azn) — N (zp) —uy,,

n

where A : Wy P(Z) — W~14(Z) is defined by

(Ax),y) = | |D2(2)|IP"*(Da(2), Dy(2)) dz,  Va,y € Wy"(Z)
Z
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(here (-,-) denotes the duality brackets for the pair (Wy?(Z), W~24(Z))),
and J : Wy P(Z) — L9(Z) € W—14(Z) is given by
J(@)() = [2()["~2a()
and u’ € OV (x,). From [5] we know that fo(z,2,(2)) < ul < fi(z,2,(2))
a.e. on Z. Moreover let M > 0 be such that |Ry(z,)| < M for all n > 1;
we have
(5) =Dz} + Al|zallh + SpF(z,xn(z)) dz <pM, Vn>1.
Z
Also since (1 + ||z,]|)]|z)]] — 0 as n — oo, there exists @ € N such that
(A(xn), zn) — MJ(z0n), Tn)p,q — Su;;(z)xn(z) dz<1, Vn>n
z

(here (), 4 denotes the duality brackets for the pair (L?(Z), L(Z))). So
we have

©  IDaallg— Alallp — Jul(an(2)dz <1, Vnzm
z
Adding (5) and (6) above we obtain
(7) S(pF(z,a:n(z)) —uy(2)xn(2))dz <pM+1, VYn>n.
z

From H(f):(iii) we find that there exist ¢ > 0 and M; > 1 such that
for almost all z € Z, all |x| > My and all u* € [fo(z, ), fi(2, 2)], we have

U*$_pF(Z7x) -~
8 —— < —0.
( ) |3§‘|/J‘ > —C2

Also using the growth hypothesis H(f)1(ii), we see that there exists 51 > 0
such that

u'r —pF(z,x) < By for almost all z € Z and all |z| < M,
hence, from (8), setting B2 = (31 + 2| M;|*, we obtain
u'r —pF(z,x) < —co|z|t 4+ B2 for almost all z € Z and all z € R.
Using this in (7), we obtain
pM +1 > \@lon(2)" — B2)dz,  Yn >,

z
which implies that there exists §3 > 0 such that
(9) ”xﬂHM < ﬂ?n Vn > 17

that is, the sequence {z,, },>1 is bounded in L*(Z).
Now let 0 < 6 < 1 be such that

1 1-6 0
::—"1'—*
q n p
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where p* = Np/(N —p) if p < N, otherwise any p* such that 1 < pu <p <
g < p*. Using the interpolation inequality (cf. [2], p. 57) and (9) we have

[Znllg < lwnlly Clznllye < G~ llanly.,  ¥n>1,
14 P D
and so, from the Sobolev embedding theorem, there exists 84 > 0 with the
property
(10) |znllg < Ballznllf,, Vn>1

(Il |l denotes the norm in W, *(Z)). By H(f)1(ii), (iv), for fixed & > ¢,
there exists ¢4 > 0 such that

(11) F(z,2) <e3lz|?+cy for almost all 2 € Z and all x € R.

From the choice of the sequence {z,, },>1, we find that Ry (z,) < M for all
n > 1, and so, using (11) we obtain

1 A - g

where 5 = c4|Z| + M; hence, as p < 7 it follows that there exists Fg > 0
such that

1 A - 3
CID < S olleally + Eallealf + B Wn2 L

Now Young’s inequality and (10) show that there exist two positive numbers
depending on \: f3;(A\) and f[s(A), with the property

1 _
]—QHD%HZ < BrWllzalli% + Bs (V) Yn>1.

From our assumptions we can assume that #q¢ < p, in fact if p < N, then
(N/p)(@ — p) < p is equivalent to #G < p, while if p > N, then we can
always choose p* large and then # in the interpolation inequality small so
that 6G < p. Therefore, recalling that from Poincaré’s inequality (cf. [2],
p. 174), |Dz||, is an equivalent norm in Wy *(Z), it follows that {z, }n>1
is bounded in VVO1 P(Z). Thus, by passing to a subsequence if necessary, we
may assume that

T, —x weakly in Wy P(Z), x,—z inLP(Z),

and so z,,(z) —x(z) a.e. on Z and there exists n € LP(Z) such that |z, (2)] <
n(z) a.e. on Z for all n > 1. Hence we have
MNJ(zp), Tp —X)pg — 0  asn — oo,
(up,zp —x)pq—0 asn— oo,

(xy,xp —x) — 0 asn— oo.
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Since (z7,, Tn — @) = (A(n), Tn — ) = AM(J(@n), Tn — @)p,qg — (U}, Tn — T)p g
for all n > 1, we infer that

(12) limsup(A(xy,), x, — ) = lim (A(x,), 2, —x) = 0.

n— oo n—oo

It is simple to see that A : W, *(Z) — W~14(Z) is monotone and
demicontinuous and so (cf. [16], p. 596) it is pseudomonotone; therefore
from (12) we obtain

lim (A(z,), z,) = (A(z), x),

n—oo

which implies that
|Daally — [ Dxll, asn — oc.

But we also have Dzx,, — Dx weakly in LP(Z), thus, since LP(Z) is a uni-
formly convex space, we deduce that x,, — z in VVO1 P(Z) as n — o0o. So Ry
satisfies the C-(PS)-condition. m

Using the previous proposition and the above-mentioned mountain pass
theorem, we can prove the existence of nontrivial solutions for the prob-
lem (2).

THEOREM 4. If hypotheses H(f)1 hold, then for every A € (A1, A2) the
problem (2) has a nontrivial solution.

Proof. From H(f)1(v), given € > 0 we can find My > 0 such that
F(x,z) > —;|:17|p for a.e. z € Z and all x such that |z| > Mo;
also from H (f);(ii), there exists v > 0 with
F(xz,z) > —v for a.e. z € Z and all x such that 0 < |z| < Ms.

Thus we deduce that
F(z,x) > —;]az\p —v forae z€ZandallxeR.

Hence, for all u; € Wol’p(Z),ul # 0, and all t € R, it follows that

_ kP p M e
Rx(tur) = == Duq |5 — A== Jus |5 — | F(z,tu1(2)) dz
p p pa
L A eltP
< (1— )| Dui||P + =——||Du1|?
<5 N | u1\|p+A1p [Dua [l + 7

t|P A—c¢
o o (B [LI A

where v; = v|Z|. Take € > 0 so that Ay < A —¢e. Then
(13) Ry(tuy) — —oc0  as [t| — oo.
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Next using H(f)1(vi), given € > 0 we can find 0 < § < 1 such that
1
F(z,z) < =(=Xy+¢)|z|P for a.e. z € Z and all = such that |z| < 4.
p

From (11) we know that
F(z,2) <¢lz|9+c4 forae z€ Zandall z € R,

so we have
F(z,z) < <53 + %) |z|?  for a.e. 2 € Z and all x such that § < |z| <1,

while
F(z,2) < (¢34 c4)|z|? for a.e. z € Z and all z such that |z| > 1.

Thus finally we can find > 0 such that
1 _
F(z,z) < =(=Xa +¢)|z|P +njz|? fora.e. z € Z and all x € R.
p
Therefore, taking € > 0 such that A < Ay —¢, for all z € Wol’p(Z) we obtain

1 A
R(z) = EIIDw\IZ - Ellw\li — | P(z,2(2)) dz
Z
1

—_

A _
= S IPzlly = Zlllly + 2 (e = ellzll; - nll(l3

_3

> =||Dz||y — m | Dx|]]

1 .
L~ 1Dl ) |Da],

S

where 77 is a positive constant found by using the Rayleigh quotient and
the Sobolev embedding theorem because p < § < p*. Since || Dzl|, is an
equivalent norm in VVO1 P(Z), from this last inequality we deduce that there
are ¢ > 0 and «a, 8 € R such that
0<a<pf< inf Ry(x).
llzll=e

Now we observe that Ry(0) = 0 and from (13) it is possible to find

x1 € WyP(Z) with ||z1]| > ¢ and Ry (z1) < 0, therefore
max[Rx(0), Rx(z1)] Sa< < ”irlllf Ry (x).
zll=eo

So, from Proposition 3, we can apply Theorem 1 to find T € VVO1 P(Z) such
that 0 € OR\(T) and Rx(T) > # > 0. Hence T # 0.
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Also, since 0 € OR(T), there exists u* € O¥(T) such that 0 = A(T) —

AJ(T) — u*, hence
(A(@), ) = AMJ(T), P)pg + (u", @)pq  forall p € C5°(2).

Thus

V IDZ(2)|[P~*(DZ(2), D (=) d2

z

= S(/\|:f(z)|p*2:f(z)<p(z) +u*(2)p(z))dz for all p € C5°(Z).
z

From the definition of the distributional derivative, we infer that

—div(||DZ(2)||IP"2DZ(2)) = NZ(2)|P2Z(2) + u*(2) a.e. on Z.

Since u*(z) € 0¥ (T)(z) C [fo(z,T(2)), f1(2,T(2))] a.e. on Z (cf. [5]), we
deduce that Z € W, "P(Z) is a nontrivial solution of problem (2). m

4. Semilinear problem. Now we pass to the semilinear eigenvalue prob-
lem with discontinuous right hand side

—Ax(z) = Mx(z) = f(z,2(2)) a.e. on Z,

Again the discontinuity of f(z,-) in (3) forces us to pass to the multival-
ued variant of (3). Namely we pass to the elliptic eigenvalue inclusion

W —Au(z) = Aa(2) € [folz 2(), fi(2,2(2))] 2. on Z,
:E|p =0.
Also in this case we denote by F(z,z) the function F(z,z) = | f(z,r)dr,
x € R, which is the potential function corresponding to f.

In order to prove the existence of multiple nontrivial solutions we make
the following hypotheses on f:

H(f)2: f:Z xR — Ris a Borel measurable function such that for all
z € Z, f(z,-) is locally bounded and

(i) fo, f1 are both N-measurable;
(ii) there are a; € L>°(Z,R") and ¢ > 0 such that

|f(z,2)] <ai(z) +cz]® ae on Z,VreR,
where 0 < s < (N +2)/(N —2) and N > 2;
(iii) there are 6 > 2 and & > 0 such that
0<O0F(z,x) <zf(z,z) fora.e. z€ Z and all x such that |z| > &;

2F(z,x)

5 >0  uniformly for a.e. z € Z.

v lim inf
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REMARK 3. Condition H(f)(iil) forces the s in H(f)2(ii) to satisfy
1<s<(N+2)/(N—2) (see [14], p. 9).
Again we introduce, for every A > 0, the locally Lipschitz functional
Ry : H}(Z) — R defined by
1 A
Rae) = g1Dall3 — Sl ~ (o),

where ¥ : Hj(Z) — R is defined by ¥(z) =, F(z,z(z)) d=.

PROPOSITION 5. If hypotheses H(f)s hold, then Ry satisfies the (PS)-
condition.

Z

Proof. Let {x,}n>1 C H}(Z) be a sequence with the property that
there exists M3 > 0 such that |Ry(z,)| < Ms for all n > 1 and m(x,) — 0
as n — oo. As before let x* € H-1(Z), 2% € ORx(x,), n > 1, be such that
|zt || = m(zy,). We know that

xy = Alxy) — Azy, — up,,

where A : Hj(Z) — H~(Z) is defined by (A(z),y) = {,(Dxz(z), Dy(2)) dz
for z,y € H}(Z) (here (-,-) denotes the duality brackets for the pair
(HY(Z),H=Y(Z))) and u}, € 0¥ (x,,). From [5] we know that fo(z,7,(2)) <

*

uf(z) < fi(z,zn(2)) a.e. on Z. It is simple to see that A is linear and

monotone and so (cf. [16], p. 596) it is pseudomonotone.
Let n € (1/6,1/2) and observe that there exists 7 > 1 such that

n>1,

=@y, n) S nllznllie, YRz,
which implies that
—(A(2n), T5) + 77)‘”%1”% + (g, Tn)2 < 77”an1,27 Vn >,

where (-, )2 denotes the inner product in the Hilbert space L?(Z). So from
the definition of R) and since 2 < 6, we deduce that there exists (; such
that

(14) Mz +nlzalz > (1/2 = n)| Danll5 = A(1/2 = 0)B1 a3

~(Fz,20(2) = nu ()2 (2)) dz,  ¥n >
Z

Using H(f)2(iii), we have
0<0F(z,x2) <xzfi(z,z) forae. zeZandallx with |z|>¢, i=0,1,
and so, for all n > 1, we obtain

(15)  0<OF(z,2,(2)) <wuy(2)zn(z) forae. z € Z with |x,(2)] > &.
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Now, passing to integrals, we have

V(s (2)an (2) = F(z,20(2))) d2

Z

= V(i ()2 (2) = F(z,20(2))) dz + |, ()2 (2) d
A B

- S F(z,x,(z))dz, Vn>1,

sy

where A={z€ Z:|z,(2)] >&} and B={z € Z: |x,(z)| < &}. Note that,

from H(f)a (1), [nu,(2)n(2)] < nar(2) + elen(2)|")|ea(2)] < B2 ae. on B,
where (5 = N(||a1]|eo + c£%)€. Hence, using (15) we obtain
B

(16)  {(nuy,(2)an(2) = F(z,20(2))) d

z
> 8(779 —1D)F(z,2,(2))dz — S F(z,x,(2))dz — By, Vn>1,
A B

where (3 = 32|
Hypothesis H(f)2(iii) implies (cf. [14], p. 9) that there exist ¢3,¢4 > 0
such that F(z,x) > ¢3]z|’ — ¢, a.e. on Z and for all z € R. So we have

(17) S(n@ —1)F(z,2,(2))dz
A

> (00 — D\ @lea(2)" = E) dz = (0 — 1) | @z (2))° — &) dz

z B
> (10 — 1)(@sl|znll§ — 1l Z]) — (6 — 1)e3¢°|Z|
+ (nf — 1)c4|B|, Vn>1.
Also, by H(f)a(ii) there exists 3; > 0 such that

(18) SF(z,mn(z)) dz < By, Vn>1.
B

Using (17) and (18) in (16) we find that there exists 35 > 0 such that

(19) §(nul (2)20(2) — F(z,20(2))) dz > (06 = Vaallenll) — B, ¥ > 1.
Z

Now, using (19) in (14), we have
M +1llznll2 > (1/2 = n)l|Daall3 — A1/2 = n)B1llzall3
+ (?’]9 — 1)53”.’1'”“2 — Bs, Vn > 7.

Since by hypothesis 2 < 6, from Young’s inequality, for fixed £ > 0, there
exists d(g) > 0 such that ||xn||2 < §(e) +¢l|xn||§ for all n > 1; so we deduce
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that
Ms +1l|an|l1,2 > (1/2 = n)|[Dzall5 — A(1/2 — n)Brcllznllg
+ (0 — 1)Cs]|lzallg — Bs(e),  Vn >,

where 56(52 = Bs 4+ A(1/2 — 1)B16(¢). Choose £ > 0 so that (nf — 1)é; —
A(1/2 —n)B1e > 0. Then

Mg +nnlli2 > (1/2 = n)|Danll3 = Bele),  Vn > 7.

Since 77 < 1/2 and using Poincaré’s inequality, we infer that {z,},>1 is
bounded in H}(Z); thus we may assume that x,, — z weakly in Hg(Z) and
T, — x in L?(Z) as n — oo. Since by hypothesis s < (N +2)/(N — 2),
we have s + 1 < p* = 2N/(N — 2) and so H}(Z) is compactly embedded in
L**Y(Z). Hence x, — x in L¥1(Z) as n — oo.

Moreover from Theorem 2.1 of [5] we find that v} € 0¥(x,) C L"(Z)
for all n > 1 where 1/v +1/(s+ 1) = 1, and since fo(z,z,(2)) < ul(z) <
fi(z,z,(2)) ae. on Z and for all n > 1, from H(f)3(ii) we deduce that
{u} }n>1 is bounded in L"(Z).

Now, from our assumptions, we know that

xy = Alxy) — Azp —uy, n>1,

n n?

and so
<A($n)’ Ty — $> = <337*w Ty — 33> =+ )\(ﬂjn, Ly — 517)2 + (uv*w Ty — 33)1/,5-1-1, n > 1.

Therefore
lim sup(A(x,), x, — z) =0,
and so from the pseudomonotonicity of A : H}(Z) — H=1(Z) we deduce
|Dzy|l2 — ||Dx|2  as n — oc.

But we also have Dx,, — Dz weakly in L?(Z), thus, since L?(Z) is a uni-
formly convex space, we deduce that z, — x in H}(Z) as n — 0o. So Ry
satisfies the (PS)-condition. m

In what follows we denote by (\,,),>1 the increasing sequence of positive
numbers which are distinct eigenvalues of —A with the Dirichlet boundary
condition (cf. [2], p. 192). Using the previous proposition we can prove our
multiplicity result:

THEOREM 6. If hypotheses H(f)a hold, if for a.e. z € Z, f(z,-) is odd
and if there exists k > 1 such that

2F(z,x)

lim sup 5
x

z—0

< —Ag+1 uniformly for a.e. z € Z,

then for every A € (Apt1, i) the problem (4) has k pairs of nontrivial
solutions.
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Proof. From H(f)2(iv), given € > 0, we can find M, > 0 such that

F(z,x) > —%mz for a.e. z € Z and all  such that |z| > M,.
Also from the growth hypothesis H(f)2(il) we know that there exists By
such that
|F(z,z)] < B, for a.e. z € Z and all x such that |x| < My.
Hence we infer that
(20) F(z,x) > —%xz —Br forae. z€Zandall z€R.
Let V = span{u,,}*,_,, where uy,... u; are the eigenfunctions corre-

sponding to the first k& eigenvalues of the Laplacian. Recall that for all x € V'
we have ||Dzx||3 < A\g||lz||3, so, using (20), we obtain

1 A
Ri(z) = §IID$H§ - §H<L"||§ ~\F(z,2(2) dz
Z

IN

1 A € ~
S1Dal3 = Sl + S )3 + By

1 A—¢ 5 5
< Z _
<3 (1-25) Ipalg + i

where B\g = BﬂZ\. Take € > 0 so that A\, < A —e. Then we see that

(21) Ry(z) — —oc0  as ||z|[1,2 — oo.

Next using our assumption, given ¢ > 0 we can find 0 < § < 1 such that

2
F(z,x) < (=Agg1 + E)% for a.e. z € Z and all = such that |z| < 4.

Also from H(f),(ii) we have
F(z,z) <~slx|® for a.e. z € Z and all x such that 6 < |z| <1,

where v5 = (||la1]loo/0° + ¢). Moreover, there exists ¥ > 0 such that for
almost all z € Z and all = such that |z| > 1 we have
F(z,x) <Al <Alal",

with 2 <7 <2N/(N —2) and r > s + 1. Therefore we can find 7 > 0 large
enough such that

72
2
Hence, for all z € H}(Z), taking € > 0 such that A +¢& < A1, it follows

F(z,2) < (=Xg+1+¢e) =— +7lz|" forae z€ Zandall z €R.
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that ) \
Ra(@) = 51Dzl = Slel - | F(z,0(2)) dz
Z

Akt1— € ~
23 - Al

V

1 A
SI1Dal3 = Slel +

v

1 * T
S1Dz] =1 Dal

1 . _
— (5 - Ipalg ) Dl

where v* is a positive constant found by using Poincaré’s inequality.
Since || Dz||2 is an equivalent norm in H}(Z), from this last inequality
we deduce that there are o, 3 > 0 such that

Rx(z) > B for all z € Hj(Z) such that |z[/12 = o.

Now, since Ry is even and R)(0) = 0, by Proposition 5 and (21), we can
apply Theorem 2 with X; = H}(Z) and X5 = V to deduce the existence
of k pairs of nontrivial critical points for Ry. As in the proof of Theorem
4 we can verify that these pairs of nontrivial critical points are nontrivial
solutions of problem (4). m

We conclude by presenting an example of a function f that satisfies
hypotheses H(f)2 and the conditions of our Theorem 6. Again we drop the
z-dependence and we suppose for simplicity that N =3. Let f : ZxR — R
be defined by

e ={58" FIsy

Evidently f(z,-) is odd and

_ 3/ A <

{9 2t
Note that if s = 5 = (N + 2) /(NN — 2), then f satisfies the growth hypothesis
H(f)2(ii). Also, assuming § = 6 and £ = 2, for |z| > £ we obtain
0<0F(z,2) = 6(2® —7/4) < 62° = xf(2,2).

So H(f)2(iii) is satisfied . Moreover if |z| > 1 then

%:2%"—%%—%0@ as |z| — oo;
while if |z| < 1 then
2F(z,x 3 _
% = 2am
Therefore the function f satisfies hypotheses H(f)2 and the conditions of
Theorem 6.

— —oo as |z| — 0.
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