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ON LOCAL EXISTENCE OF SOLUTIONS OF THE FREE

BOUNDARY PROBLEM FOR AN INCOMPRESSIBLE

VISCOUS SELF-GRAVITATING FLUID MOTION

Abstract. The local-in-time existence of solutions of the free boundary
problem for an incompressible viscous self-gravitating fluid motion is proved.
We show the existence of solutions with lowest possible regularity for this
problem such that u ∈W 2,1

r (Ω̃T ) with r > 3. The existence is proved by the
method of successive approximations where the solvability of the Cauchy–
Neumann problem for the Stokes system is applied. We have to underline
that in the Lp-approach the Lagrangian coordinates must be used. We are
looking for solutions with lowest possible regularity because this simplifies
the proof and decreases the number of compatibility conditions.

1. Introduction. In this paper we consider the motion of a viscous
incompressible fluid in a bounded domain Ωt ⊂ R

3 with a free boundary St

which is under the self-gravitational force. Let v = v(x, t) be the velocity
of the fluid, p = p(x, t) the pressure, ν the constant viscosity coefficient and
p0 the external pressure. Then the problem is described by the following
system:

(1.1)

vt + v · ∇v − divT(v, p) = ∇U in Ω̃T ,

div v = 0 in Ω̃T ,

T(u, p) · n = −p0n on S̃T ,

v|t=0 = v0 in Ω,

Ωt|t=0 = Ω, St|t=0 = S,

v · n = −ϕt/|∇ϕ| on S̃T ,
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where Ω̃T =
⋃

t≤T Ωt×{t}, S̃T =
⋃

t≤T St×{t}, ϕ(x, t) = 0 describes St at
least locally, n is the unit outward vector normal to St, n = ∇ϕ/|∇ϕ|, Ωt

is the domain at time t, St = ∂Ωt, t ≤ T . Moreover, the dot · denotes the
scalar product in R

3.

By T = T(v, p) we denote the stress tensor of the form

(1.2) T(v, p) = {Tij}i,j=1,2,3 = {−pδij +Dij(v)}i,j=1,2,3

where

(1.3) D(v) = {Dij(v)}i,j=1,2,3 = {ν(vi,xj
+ vj,xi

)}i,j=1,2,3

is the velocity deformation tensor.
Moreover, U(Ωt, x, t) is the self-gravitational potential

(1.4) U(Ωt, x, t) = k
\
Ωt

dy

|x− y|
,

where k is the gravitation constant and some arguments of U are omitted
in evident cases.

In view of the equation (1.1)2 and the kinematic condition (1.1)6 the
total volume is conserved:

(1.5) |Ωt| =
\
Ωt

dx =
\
Ω

dx = |Ω|.

Let Ω be given. Then we introduce the Lagrangian coordinates ξ as the
initial data for the following Cauchy problem:

(1.6)
∂x

∂t
= v(x, t), x|t=0 = ξ, ξ = (ξ1, ξ2, ξ3).

Integrating (1.6), we obtain a transformation which connects the Eulerian
x and the Lagrangian ξ coordinates,

(1.7) x = x(ξ, t) ≡ ξ +

t\
0

u(ξ, t′) dt′ ≡ xu(ξ, t),

where u(ξ, t) = v(xu(ξ, t), t) and the index u in xu(ξ, t) will be omitted when
no confusion can arise.

Then from (1.1)6 we have Ωt = {x ∈ R
3 : x = x(ξ, t), ξ ∈ Ω} and

St = {x ∈ R
3 : x = x(ξ, t), ξ ∈ S = S0 = ∂Ω}.

Our aim is to prove the local-in-time existence of solutions to problem
(1.1) with lowest possible regularity. Therefore we apply the Lp-approach.
The result of the paper is the following theorem.

Theorem 1.1. Let r > 3, v0 ∈ W
2−2/r
r (Ω), S ∈ W

2−1/r
r . Then there

exists T0 > 0 such that for all T ≤ T0 there exists a unique solution (u, p)

of (1.1) such that u ∈ W 2,1
r (Ω̃T ), p ∈ W 1,0

r (Ω̃T ) ∩W
1−1/r,1/2−1/(2r)
r (S̃T )
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and the following estimate holds:

(1.8) ‖u‖W 2,1
r (Ω̃T ) + ‖p‖W 1,0

r (Ω̃T ) + ‖p‖
W

1−1/r,1/2−1/(2r)
r (S̃T )

≤ c(T )‖v0‖W 2−2/r
r (Ω)

.

To prove Theorem 1.1 we need solvability of the Cauchy–Neumann prob-
lem for the Stokes system from [3]. To recall the result we formulate the
problem

(1.9)

ut − divT(u, p) = F in ΩT ,

div u = G in ΩT ,

n · T(u, p) = H on ST ,

u|t=0 = u0 in Ω,

where ΩT = Ω × [0, T ] and ST = S × [0, T ].

Theorem 1.2 (see [3]). Let r > 3, F ∈ Lr(Ω
T ), G ∈W 1,0

r (ΩT ),

Gt − divF = divB +A, A,B ∈ Lr(Ω
T ),

H ∈W 1−1/r,1/2−1/(2r)
r (ST ), u0 ∈W 2−2/r

r (Ω), S ∈W 2−2/r
r ,

and assume the compatibility conditions

(1.10) div u0 = G(x, 0), n · T(u0, p0)|S = H(x, 0),

where p0 = p|t=0. Then there exists a unique solution (u, p) to problem (1.9)
such that

u ∈W 2,1
r (ΩT ), p ∈W 1,0

r (ΩT ) ∩W 1−1/r,1/2−1/(2r)
r (ST )

and the following estimate holds:

(1.11) ‖u‖W 2,1
r (ΩT ) + ‖p‖W 1,0

r (ΩT ) + ‖p‖
W

1−1/r,1/2−1/(2r)
r (ST )

≤ C(T )[‖F‖Lr(ΩT )+‖G‖W 1,0
r (ΩT )+‖B‖Lr(ΩT ) + ‖A‖Lr(ΩT )

+ ‖H‖
W

1−1/r,1/2−1/(2r)
r (ST )

+ ‖u0‖W 2−2/r
r (Ω)

],

where C(T ) is a constant increasing with T which does not depend on the

solution (u, p).

Problem (1.1) without the self-gravitation force is considered in [4].
Moreover we recall that the local existence of solutions to problem (1.1)
with surface tension is shown in [5].

2. Notation. We need the anisotropic Sobolev spacesWm,n
r (QT ) where

m,n ∈ R+ ∪ {0}, r ≥ 1 and QT = Q× (0, T ), with the norm
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(2.1) ‖u‖rWm,n
r (QT )

=

T\
0

\
Q

|u(x, t)|r dx dt

+
∑

0≤|m′|≤[|m|]

T\
0

\
Q

|Dm′

x u(x, t)|r dx dt

+
∑

|m′|=[|m|]

T\
0

dt
\
Q

\
Q

|Dm′

x u(x, t)−Dm′

x u(x′, t)|r

|x− x′|s+r(|m|−[|m|])
dx dx′

+
∑

0≤|n′|≤[|n|]

T\
0

\
Q

|Dn′

t u(x, t)|
r dx dt

+
\
Q

dx

T\
0

T\
0

|D
[n]
t u(x, t)−D

[n]
t (x, t′)|r

|t− t′|1+r(n−[n])
dt dt′,

where s = dimQ, [α] is the integral part of α, Dl
x = ∂l1x1

. . . ∂lsxs
where

l = (l1, . . . , ls) is a multiindex.
In the proof we will use the following results.

Proposition 2.1 (see [1]). Let u ∈ Wm,n
r (ΩT ), m,n ∈ R+. If q ≥ r

and

κ =

3∑

i=1

(
αi +

1

r
−

1

q

)
1

m
+

(
β +

1

r
−

1

q

)
1

n
< 1

then

‖Dβ
t D

α
xu‖Lq(ΩT ) ≤ ε1−κ‖u‖Wm,n

r (ΩT ) + cε−κ‖u‖Lr(ΩT )

for all ε ∈ (0, 1).

Proposition 2.2 (see [1, 2]). Let u ∈ W 2m,m
r (ΩT ), m ∈ R+. If 2m −

1/r > 0 then u = u|ST
is well defined as a function in W

2m−1/r,m−1/(2r)
r (ST )

and

‖u‖
W

2m−1/r,m−1/(2r)
r (ST )

≤ c‖u‖W 2m,m
r (ΩT ).

Proposition 2.3 (see [1, 2]). Let u ∈ W
2m−1/r,m−1/(2r)
r (ST ), m ∈ R+.

If 2m − 1/r > 0 then there exists a function ũ ∈ W 2m,m
r (ΩT ) such that

ũ|ST
= u and the following estimate holds:

‖ũ‖W 2m,m
r (ΩT ) ≤ c‖u‖

W
2m−1/r,m−1/(2r)
r (ST )

.

In our considerations we will use well known imbedding theorems for
Sobolev spaces. All constants are denoted by the same letter c.
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3. Proof of Theorem 1.1. To prove local existence of solutions to
problem (1.1) we write it in the Lagrangian coordinates:

(3.1)

ut − divu Tu(u, q) = ∇uUu in ΩT ,

divu u = 0 in ΩT ,

nu · Tu(u, q) = −p0nu on ST ,

u|t=0 = v0 on Ω,

where u(ξ, t) = v(x(ξ, t), t), q(ξ, t) = p(x(ξ, t), t), ∇u = ξi,x∇ξi , Tu(u, q) =
Du(u)− qI,Du(u) = ν{ξk,xi

uj,ξk + ξk,xj
ui,ξk}i,j=1,2,3,

Uu(ξ, t) =
\
Ω

kJy(ξ′,t) dξ
′

|x(ξ, t)− y(ξ′, t)|
,

where Jx(ξ,t) is the Jacobian of the transformation x = x(ξ, t), divu u =
ξk,xi

ui,xk
, nu(ξ, t) = n(x(ξ, t), t), I is the unit matrix and the summation

convention over repeated indices is used.

To prove the existence of solutions to (3.1) we use the following method
of successive approximations:

(3.2)

um+1,t − divum
Tum

(um+1, qm+1) = ∇um
Uum

in ΩT ,

divum
um+1 = 0 in ΩT ,

num
· Tum

(um+1, qm+1) = −p0num
on ST ,

um+1|t=0 = v0 on Ω,

where m = 0, 1, 2, . . . and um is treated as a given function. Assume u0 = 0
and q0 = 0.

To apply Theorem 1.2 we write (3.2) in the form

(3.3)

um+1,t − divT(um+1, qm+1)

= divum
Tum

(um+1, qm+1)

− divT(um+1, qm+1) +∇um
Uum

in ΩT ,

div um+1 = div um+1 − divum
um+1 in ΩT ,

n0 · T(um+1, qm+1)

= n0 · T(um+1, qm+1)

− num
· Tum

(um+1, qm+1)− p0num
on ST ,

um+1|t=0 = v0 on Ω,

where the operators without index contain derivatives with respect to ξ and
n0 is the unit outward vector normal to S.
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First we obtain a uniform bound for the sequence {um}∞m=0 determined
by (3.3).

Lemma 3.1. Assume that S ∈W
2−1/r
r , v0 ∈W

2−2/r
r (Ω). Then

(3.4) ‖um‖W 2,1
r (ΩT ) + ‖qm‖W 1,0

r (ΩT ) + ‖qm‖
W

1−1/r,1/2−1/(2r)
r (ST )

≤ c(‖v0‖W 2−2/r
r (Ω)

, ‖S‖
W

2−2/r
r

)

if T is small enough.

P r o o f. Applying Theorem 1.2 to problem (3.3) yields

(3.5) ‖um+1‖W 2,1
r (ΩT ) + ‖qm+1‖W 1,0

r (ΩT ) + ‖qm+1‖W 1−1/r,1/2−1/(2r)
r (ST )

≤ c‖divT(um+1, qm+1)− divum
Tum

(um+1, qm+1)‖Lr(ΩT )

+ c‖∇um
Uum

‖Lr(ΩT ) + c‖div um+1 − divum
um+1‖W 1,0

r (ΩT )

+ c‖n0 · T(um+1, qm+1)

− num
· Tum

(um+1, qm+1)‖W 1−1/r,1/2−1/(2r)
r (ST )

+ c‖num
‖
W

1−1/r,1/2−1/(2r)
r (ST )

+ c‖v0‖W 2−2/r
r (Ω)

+ c‖((I −A∗(um))um+1)t‖Lr(ΩT ),

where ((I −A∗(um))um+1)t is treated as B̃ from Theorem 1.2 (Ã = 0) and

Aij(um) = δij +
Tt
0
umi,ξj dτ , A

∗
kl(um) = A−1

lk (um). Here we note that

divum
um+1 = A−1

kl ∂ξlu
l
m+1 = divξ(A

∗um+1),

which follows from
∑3

k=1
∂

∂ξk
Alk(um)(ξ, t) = 0. All the above relations hold

under the assumption that divum−1
um = 0.

To continue the induction we need to have divum
um+1 = 0, but this is

given by (3.3)2.

Now we estimate the particular terms from the r.h.s. of (3.5). Define

am = T (r−1)/r‖um‖W 2,1
r (ΩT ), αm(t) = {αij(um)} = {

Tt
0
umi,ξj dτ}.

For r > 3 we have ‖αm‖L∞(Ω) ≤ cam.

To estimate the first term on the r.h.s. of (3.5) we calculate

divum
Tum

(um+1, qm+1)− divT(um+1, qm+1)

= {ν(ξlxj
ξkxjxs

xsξlδσi + ξlxj
ξkxixs

xsξlδσj)um+1σ,ξk

+ ν(ξlxi
ξkxj

− δjkδjl)um+1i,ξlξk + ν(ξlxj
ξkξi − δljδki)um+1j,ξlξk

− (ξlxj
− δljqm+1,ξl)},

where the matrix ξ,x depends on um.



Free boundary problem 325

Since xiξj = δij +
Tt
0
uiξj (τ) dτ = δij + αij and ξjxi

is the inverse matrix
to xiξj , we have

ξjxi
= δij + φij(α),

where φij is a polynomial matrix-valued function which contains terms of α
and α2 (α = {αij}). Then ξj,xixk

= φij,αrs
αrs,ξσξσ,xk

, where αrs,ξσ =Tt
0
ur,ξsξσ (τ) dτ .

Then we write the first term of the r.h.s. of (3.5) in the form

‖ψ1(αm)(I −A(um))(um+1,ξξ + qm+1,ξ) + ψ2(αm)A(um),ξum+1,ξ‖Lr(ΩT )

≤ φ(am)am(‖um+1‖W 2,1
r (ΩT ) + ‖qm+1‖W 1,0

r (ΩT )),

where ψi are some functions with ψi(0) 6= 0 and φ always denotes an in-
creasing positive function.

We estimate the third term by the same quantity.

The fourth term can be expressed in the form

‖ψ3(αm)αmum+1,ξ + ψ4(αm)αmqm+1‖W 1−1/r,1/2−1/(2r)
r (ST )

≤ ‖ψ3(αm)αmum+1,ξ‖W 1−1/r,1/2−1/(2r)
r (ST )

+ ‖ψ4(αm)αmqm+1‖W 1−1/r,1/2−1/(2r)
r (ST )

≡ I + J,

where

I ≤
( T\

0

‖ψ3(αm)αmum+1,ξ‖
r
W 1

r (Ω) dτ
)1/r

+
( \

Ω

‖ψ3(αm)αmum+1,ξ‖
r

W
1/2
r (0,T )

)1/r

≡ L+K.

Next we have

L ≤
( T\

0

‖ψ3(αm)αmum+1,ξ‖
r
Lr(Ω) dτ

)1/r

+
( T\

0

∥∥∥ψ3,αm
(αm)

t\
0

um,ξξ dτ αmum+1,ξ

∥∥∥
r

Lr(Ω)
dt
)1/r

+
( T\

0

∥∥∥ψ3(αm)

t\
0

um,ξξ dτ um+1,ξ

∥∥∥
r

Lr(Ω)
dt
)1/r

+
( T\

0

‖ψ3(αm)αmum+1,ξξ‖
r
Lr(Ω) dτ

)1/r

≡ L1 + L2 + L3 + L4.
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Continuing, we have

L1 ≤ φ(am(T ))am(T )‖um+1‖W 2,1
r (ΩT ),

L2 + L3 ≤ φ(am(T ))am(T )
( T\

0

∥∥∥
t\
0

um,ξξ dτ um+1,ξ

∥∥∥
r

Lr(Ω)
dt
)1/r

≤ φ(am(T ))am(T )a2m(T )‖um+1‖W 2,1
r (ΩT ),

L4 ≤ φ(am(T ))am(T )‖um+1‖W 2,1
r (ΩT ).

Next we examine

K≤

( \
Ω

dξ

T\
0

dt

T\
0

dt′
|ψ3(αm(t))− ψ3(αm(t′))|r|αm(t)|r|um+1,ξ(t)|

r

|t− t′|1+r/2

)1/r

+

( \
Ω

dξ

T\
0

dt

T\
0

dt′
|ψ3(αm(t′))|r|αm(t)− αm(t′)|r|um+1,ξ(t)|

r

|t− t′|1+r/2

)1/r

+

(\
Ω

dξ

T\
0

dt

T\
0

dt′
|ψ3(αm(t))|r |αm(t)|r|um+1,ξ(t)−um+1,ξ(t

′)|r

|t− t′|1+r/2

)1/r

≡ K1 +K2 +K3.

Using the formula

(3.6) ψ3(αm(t))− ψ3(αm(αm(t′))

= (αm(t)− αm(t′))

1\
0

ψ3,αm(t′)(αm(t′) + s(αm(t)− αm(t′)) ds

we obtain

K1 +K2

≤ φ(am(T ))

( \
Ω

dξ

T\
0

dt

T\
0

dt′
|
Tt
t′
um,ξ dτ |

r|um+1,ξ(t)|
r

|t− t′|1+r/2

)1/r

≤ φ(am(T ))
( \

Ω

dξ

T\
0

dt

T\
0

dt′ |t− t′|r/2−2
t\
t′

|um,ξ|
r dτ |um+1,ξ(t)|

r
)1/r

≤ φ(am(T ))‖um‖W 2,1
r (ΩT )

( \
Ω

dξ

T\
0

dt

T\
0

dt′ |t− t′|r/2−2|um+1,ξ|
r
)1/r

≡ K4.

Integrating with respect to t′ we get (r/2 > 1)

K4 ≤ φ(am(T ))T r/2−1‖um‖W 2,1
r (ΩT )‖um+1‖W 2,1

r (ΩT ).
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Finally

K3 ≤ φ(am(T ))am(T )‖um+1‖W 2,1
r (ΩT ).

Summarizing the above considerations we obtain

I ≤ φ(am(T ))am(T )‖um+1‖W 2,1
r (ΩT )

+ φ(am(T ))T r/2−1‖um‖W 2,1
r (ΩT )‖um+1‖W 2,1

r (ΩT ).

Similarly, we obtain

J ≤ φ(am(T ))am(T )‖q̃m+1‖W 1,1/2
r (ΩT )

+ φ(am(T ))T r/2−1‖um‖W 2,1
r (ΩT )‖q̃m+1‖W 1,1/2

r (ΩT )
,

where q̃m+1 is an extension of qm+1 ∈W
1−1/r,1/2−1/(2r)
r (ST ).

The fifth term on the r.h.s. of (3.5) is estimated by

‖ψ5(αm)‖
W

1−1/r,1/2−1/(2r)
r (ST )

≤
( T\

0

‖ψ5(αm(t))‖
W

1−1/r
r (S)

dt
)1/r

+
(\

S

‖ψ5(αm(t))‖
W

1/2−1/(2r)
r (0,T )

dξ
)1/r

≡M1 +M2,

where

M1 ≤ φ(am(T ))
( T\

0

dt
∥∥∥

t\
0

um,ξ dτ
∥∥∥
r

W 1
r (Ω)

)1/r

≤ φ(am(T ))T 1/ram(T ),

M2 ≤

(\
S

dξ

T\
0

dt

T\
0

dt′
|ψ5(αm(t))− ψ5(αm(t′))|r

|t− t′|1+r(1/2−1/(2r))

)1/r

;

using (3.6) we have

φ(am(T ))

(\
S

dξ

T\
0

dt

T\
0

dt′
|
Tt
t′
um,ξ(ξ, τ) dτ |

r

|t− t′|1+r(1/2−1/(2r))

)1/r

≤
(\

S

dξ

T\
0

|um,ξ(ξ, τ)|
r dτ

)1/r( T\
0

dt

T\
0

|t− t′|r/2−3/2 dt′
)1/r

≤ φ(am(T ))T 1/2+r/2‖um‖W 2,1
r (ΩT ).

The seventh term of the r.h.s. of (3.5) will be considered in the from

‖((I −A∗(um))um+1)t‖Lr(ΩT ) ≤ ‖ψ6(αm)αmum+1,t‖Lr(ΩT )

+ ‖ψ7(αm)um,ξum+1‖Lr(ΩT ) ≡ N1 +N2
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and we have

N1 ≤ φ(am(T ))|αm| ‖um+1‖W 2,1
r (ΩT ),

N2 ≤ φ(am(T ))
∥∥∥(um,ξ − v0,ξ + v0,ξ)

(
v0 +

t\
0

um+1,t dt
)∥∥∥

Lr(ΩT )

(3.7)

≤ φ(am(T ))T 1/r‖v0‖
2

W
2−2/r
r (Ω)

+ φ(am(T ))‖um‖W 2,1
r (ΩT )am+1

+ φ(am(T ))‖v0‖W 2−2/r
r (Ω)

T β

× (‖um‖W 2,1
r (ΩT ) + ‖v0‖W 2−2/r

r (Ω)
).

In the last term of the r.h.s. of (3.7)2 we have applied the imbedding

W
1,1/2
r (ΩT ) ⊂ Cβ(0, T ;Lr(Ω)) with 0 < β < 1/2 − 1/r. This enables

us to get

‖um,ξ − v0,ξ‖Lr
≤ T β(‖um‖W 2,1

r (ΩT ) + ‖v0‖W 2−2/r
r (Ω)

).

Finally we consider the second term of the r.h.s. of (3.5). We have

∇um
Uum

= ∇um

\
Ω

Jxum (ξ′,t)

|xum
(ξ, t)− xum

(ξ′, t)|
dξ′

= −
\
Ω

∇um
xum

(ξ, t) · (xum
(ξ, t)− xum

(ξ′, t))

|xum
(ξ, t)− xum

(ξ′, t)|3
Jxum (ξ′,t) dξ

′

= −
\
Ω

∇um
xum

(ξ, t) · (ξ−ξ′)(1+
T1
0
ds
Tt
0
∂sum(ξ′+s(ξ − ξ′), τ) dτ)

|ξ−ξ′|3|1 +
T1
0
ds
Tt
0
∂sum(ξ′ + s(ξ − ξ′), τ) dτ |3

× Jxum (ξ′,t) dξ
′.

Assuming that
t\
0

‖umξ(·, τ)‖L∞(Ω) dτ < 1,

we obtain

‖∇um
Uum

‖Lr(ΩT ) ≤ φ(am(T ))T 1/r

∥∥∥∥
\
Ω

dξ′

|ξ − ξ′|2

∥∥∥∥
Lr(Ω)

≤ φ(am(T ))T 1/r.

For simplicity we introduce

Xk = ‖uk‖W 2,1
r (ΩT ) + ‖qk‖W 1,0

r (ΩT ) + ‖qm‖
W

1−1/r,1/2−1/(2r)
r (ST )

.
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Summing up the estimates for all terms of the r.h.s. of (3.5) we get

Xm+1 ≤ amφ(am)Xm+1 + φ(am)T r/2−1XmXm+1

+ φ(am)amT
1/r + φ(am)T 1/2+r/2Xm + φ(am)Xmam+1(T )

+ (T 1/r + T β)φ(am) + φ(am(T ))T βXm.

Putting

a = min

{
r − 1

r
,
r − 2

2
,
1

r
,
1

2
+
r

2
, β

}

we have

Xm+1 ≤ T aφ(am)XmXm+1 + T aφ(am)Xm(3.8)

+ φ(am)T aXmXm+1 + T aφ(am).

By induction we prove that Xk ≤ 1 (X0 = 0). Taking T such that T ≤ 1
and T aφ(1) ≤ 1/4, inserting Xm ≤ 1 in (3.8), we obtain

Xm+1 ≤
1

4
Xm+1 +

1

4
+

1

4
Xm+1 +

1

4
,

which gives Xm+1 ≤ 1.

The proof of the lemma is complete.

Lemma 3.2. Assume that S ∈ W
2−1/r
r , v0 ∈ W

2−2/r
r (Ω). Then there

exist u ∈ W 2,1
r (ΩT ) and p ∈ W 1,0

r (ΩT ) ∩W
1−1/r,1/2−1/(2r)
r (ST ) such that

um → u in W 2,1
r (ΩT ) and qm → p in W 1,0

r (ΩT ) ∩W
1−1/r,1/2−1/(2r)
r (ST )

as m→ ∞ for T small enough.

P r o o f. We show that {(um, qm)}∞n=1 is convergent. For this purpose
we consider vm = um+1 − um, rm = qm+1 − qm which satisfy the system

(3.9)

vm,t − divT(vm, rm) = divum
Tum

(um+1, qm+1)

− divum−1
Tum−1

(um, qm)− divT(vm, qm)

+∇um
Uum

−∇um−1
Uum−1

≡ I in ΩT ,

div vm = div vm − divum
um+1 + divum−1

um ≡ J in ΩT ,

n0 · T(vm, rm) = n0T(vm, rm)− num
T(um+1, qm+1)

+num−1
(um, qm)− p0num

+ p0num−1
≡ K on ST ,

vm|t=0 = 0 on Ω.

By Theorem 1.2 we obtain an estimate on solutions of (3.9):

(3.10) ‖vm‖W 2,1
r (ΩT ) + ‖rm‖W 1,0

r (ΩT ) + ‖rm‖
W

1−1/r,1/2−1/(2r)
r (ST )

≤ c(‖I‖Lr(ΩT ) + ‖J‖W 1,0
r (ΩT ) + ‖K‖

W
1−1/r,1/2−1/(2r)
r (ST )

+ ‖B‖Lr(ΩT )),

where B is defined by the relation Jt = divB.
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First we estimate the terms of the r.h.s. of (3.9)1 in Lr(Ω
T ). Let I =

I1 + I2. We examine

I1 = divum
Tum

(um+1, qm+1)− divum−1
Tum−1

(um, qm)− divT(vm, qm)

= (divum
Tum

− divT)(vm, rm)

+ (divum
Tum

− divum−1
Tum−1

)(um, qm) ≡ I11 + I12.

I11 is estimated in the same way as the first term of the r.h.s. of (3.5):

‖I11‖Lr(ΩT ) ≤ φ(am)am(‖v‖W 2,1
r (ΩT ) + ‖rm‖W 1,0

r (ΩT )).

For the second term we have

‖I12‖Lr(ΩT ) = ‖(divum
(Tum

− Tum−1
)

+ (divum
− divum−1

)Tum−1
)(um, qm)‖Lr(ΩT )

≤ φ(am)T (r−1)/r‖vm−1‖W 2,1
r (ΩT ).

Next we consider

I2 = ∇um
Uum

−∇um−1
Uum−1

= ∇um
(Uum

− Uum−1
) + (∇um

−∇um−1
)Uum−1

≡ I21 + I22.

The first term is

I21 = −A(um)
\
Ω

(
xm(ξ, t)− ym(ξ′, t)

|xm(ξ, t)− ym(ξ′, t)|3
Jym(ξ′,t)

−
xm−1(ξ, t)− ym−1(ξ

′, t)

|xm−1(ξ, t)− ym−1(ξ′, t)|3
Jym−1(ξ′,t)

)
dξ′

= −A(um)
\
Ω

xm(ξ, t)− ym(ξ′, t)

|xm(ξ, t)− ym(ξ′, t)|3
(Jym(ξ′,t) − Jym−1(ξ′,t)) dξ

′

−A(um)
\
Ω

(
xm(ξ, t)− ym(ξ′, t)

|xm(ξ, t)− ym(ξ′, t)|3

−
xm−1(ξ, t)− ym−1(ξ

′, t)

|xm−1(ξ, t)− ym−1(ξ′, t)|3

)
Jym−1(ξ′,t) dξ

′

≡ I211 + I212,

where xk(ξ, t) = ξ +
Tt
0
uk(ξ, t

′) dt′ and yk(ξ
′, t) = ξ′ +

Tt
0
uk(ξ

′, t′) dt′. Since

|Jym(ξ′,t) − Jym−1(ξ′,t)| ≤ c‖um − um−1‖W 2,1
r (ΩT ),

we have

‖I211‖Lr(ΩT ) ≤ φ(am)T 1/r‖vm−1‖W 2,1
r (ΩT ).

The same holds for I212. Since



Free boundary problem 331\∣∣∣∣ xm(ξ, t)− ym(ξ′, t)

|xm(ξ, t)− ym(ξ′, t)|3
−

xm−1(ξ, t)− ym−1(ξ
′, t)

|xm−1(ξ, t)− ym−1(ξ′, t)|3

∣∣∣∣ dξ
′

≤ c‖um − um−1‖W 2,1
r (ΩT ),

we obtain

‖I212‖Lr(ΩT ) ≤ φ(am)T 1/r‖vm−1‖W 2,1
r (ΩT ).

We estimate J in W 1,0
r (ΩT ) by the same quantity.

Let K = K1 +K2, where

K1 = n0T(vm, rm)− num
T(um+1, qm+1) + num−1

(um, qm)

= (n0T(vm, rm)− num
T(vm, rm))

+ (num
Tum

− num−1
Tum−1

)(um, qm) ≡ K11 +K12

and

K2 = −p0(num
− num−1

).

The term K11 is estimated just as the fourth term of the r.h.s. of (3.5):

‖K11‖W 1−1/r,1/2−1/(2r)
r (ST )

≤ φ(am(T ))am(T )‖vm‖W 2,1
r (ΩT )

+ φ(am(T ))T r/2−1‖um‖W 2,1
r (ΩT )‖vm‖W 2,1

r (ΩT ).

The second term is

K12 = (num
(Tum

−Tum−1
)+(num

−num−1)Tum−1
)(um, qm) ≡ K121+K122.

For K121 we have

‖K121‖W 1−1/r,1/2−1/(2r)
r (ST )

≤ φ(am(T ))T (r−1)/r‖vm−1‖W 2,1
r (ΩT ).

Since

‖num
− num−1

‖
W

1−1/r,1/2−1/(2r)
r (ST )

≤ φ(am(T ))T (r−1)/r‖vm−1‖W 2,1
r (ΩT ),

we conclude that

‖K122‖W 1−1/r,1/2−1/(2r)
r (ST )

+ ‖K2‖W 1−1/r,1/2−1/(2r)
r (ST )

≤ φ(am(T ))T (r−1)/r‖vm−1‖W 2,1
r (ΩT ).

Finally we have to examine B which is defined by Jt = divB. We have

J = div vm − divum
um−1 + divum−1

um

= (div vm − divum
vm) + (divum−1

um − divum
um) ≡ J1 + J2.

To examine J1 we proceed as in the case of the seventh term of the r.h.s.
of (3.5). By the same argument as in Lemma 3.1 we have

J2 = (divum−1
− divum

)um = div ·((A∗
m−1 −A∗

m)um).

Hence we put B2 = ((A∗
m−1 − A∗

m)um)t and we get, just as for N2 in the
proof of Lemma 3.1, the following estimate:
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‖B2‖Lr(ΩT ) ≤ φ(am(T ))(T (r−1)/r + T β)‖vm−1‖W 2,1
r (ΩT ),

where 0 < β < 1/2 − 1/r.

Define

Ym = ‖vm‖W 2,1
r (ΩT ) + ‖rm‖W 1,0

r (ΩT ) + ‖rm‖
W

1−1/r,1/2−1/(2r)
r (ST )

.

Summing up the estimates for all terms of the r.h.s. of (3.10) we obtain

Ym ≤ φ(am(T ))(T (r−1)/r+T r/2−1+T β)Ym+φ(am(T ))(T (r−1)/r+T β)Ym−1.

Taking T so small that φ(am(T ))(T (r−1)/r + T r/2−1 + T β) ≤ 1/2 we get

Ym ≤ φ(am(T ))(T (r−1)/r + T β)Ym−1.

Thus if φ(am(T ))(T (r−1)/r + T β) < 1 we have a contraction, hence Ym → 0
as m → ∞. This yields the existence of u ∈W 2,1

r (ΩT ) and p ∈W 1,0
r (ΩT )∩

W
1−1/r,1/2−1/(2r)
r (ST ) such that

um → u in W 2,1
r (ΩT ),

qm → p in W 1,0
r (ΩT ) ∩W 1−1/r,1/2−1/(2r)

r (ST ).

The proof of the lemma is complete.

By Lemma 3.2 we see that system (3.1) has a unique solution (u, q) in

W 2,1
r (ΩT )×W 1,0

r (ΩT ) ∩W
1−1/r,1/2−1/(2r)
r (ST ). By Lemma 3.1 we get the

estimate

(3.11) ‖u‖W 2,1
r (ΩT ) + ‖q‖W 1,0

r (ΩT ) + ‖q‖
W

1−1/r,1/2−1/(2r)
r (ST )

≤ c(‖v0‖W 2−2/r
r (Ω)

, ‖S‖
W

2−2/r
r

).

Since for u ∈ W 2,1
r (ΩT ) the transformation (1.7) is invertible, from (3.11)

we obtain estimate (1.8). Theorem 1.1 is proved.
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