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DISCRETE TIME ARBITRAGE
UNDER TRANSACTION COSTS

Abstract. Conditions for the absence of arbitrage in discrete time markets
with various kinds of transaction costs are shown.

1. Introduction. Let ({2, F,F;, P) be a complete probability space
endowed with an increasing family {F; : t = 0,1,...,T} of sub-o-fields of
F. Assume we are given a price of asset process (S;)~_,, which is adapted
to F}, and satisfies the following equation:

Sir1 = (14 &)S:

where (&)1, is a sequence of square integrable, F},i-measurable random
variables representing a random rate of return at time t¢.

Furthermore, assume that there are two possible investments: in non-
risky assets (bank account with a deterministic rate of return r) and risky
assets with price S; at time . We are interested in characterizing the absence
of the so-called arbitrage opportunity which is equivalent to the possibility
of a nonrisky gain.

The problem has been intensively studied in the case without transaction
costs (see [1]-[2], [7], [9], [10]), where the equivalence of the absence of
arbitrage and the existence of a martingale measure was shown. The case
with proportional transaction costs was studied in [5], [6], [8].

In this paper conditions for the absence of arbitrage are given for four
kinds of transaction costs:

e proportional costs,

e proportional + fixed costs,
® concave costs,

e concave + fixed costs.
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We first study the condition for the absence of arbitrage in one step and
then extend our result to the T-step horizon case.

The main result holds under the additional assumption that the random
rate of return (&) is a sequence of independent random variables.

In what follows we denote by (X¢,Y;) the amounts of money invested at
time ¢ (before a possible transaction) in the bank account and in the risky
assets respectively.

2. Absence of arbitrage with proportional transaction costs.
Consider first the case with proportional transaction costs. Let A be the
transaction cost rate for purchasing the asset and p be the transaction cost
rate for selling the asset.

We say that our portfolio (X, Yy) at time 0 is equal to zero if
(2 1) Xo + (1 + )\O)YO =0 whenever Yy < 0,

' Xo+ (1 —po)Yo =0 whenever Yy > 0.

Similarly we can say that our portfolio (Xo,Yy) is nonnegative when
Xo + (1 + )\O)YO >0 whenever Yy < 0,
Xo+ (1 —po)Yo >0 whenever Yy > 0.

The set of nonnegative portfolios (Xo,Y)) forms a cone denoted by Cp,, and
illustrated below.

Fig. 1

Let m; be the stock value of assets sold at time ¢, and [; be the stock
value of assets purchased at time t. Our portfolio (Xyy1, Yi41) at time ¢t + 1
can then be described as follows:

Xiy1 = Xe + (1= p)my — (L + Ny,
Yig1 = (1 +&)(Ye —my +1).

The sequence of nonnegative, Fi-adapted, square integrable pairs (l;,m;)
will be called a trading strategy.

(2.2)
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We say that a trading strategy (I, m;) is self-financing if possible pur-
chases are financed by sales. Moreover we say that a self-financing trading
strategy (l;,m;) admits an arbitrage opportunity if for (Xo,Yp) € 0C, we
have

(XT,YT) S Cp and P{(XT, YT) € int Cp} > 0.

In other words we have the absence of arbitrage if for any (X, Yy) € 9C,
and self-financing strategy (lz, m;) the following implication holds:

(XT,YT) < Cp = (XT,YT) c 8Cp P-a.s.

In what follows we shall use the following spaces of square integrable
random variables:

LY(F) = L*(2,F,K), LY(F)=L*FK),
LY(Fy) = L*(2, F;,0K)
where by K we denote the domain in which the portfolio is nonnegative ( in

the case of proportional transaction costs K = C},). Moreover, let T'(X,Y)
and 77,,,(X,Y’) be the operators defined by

T(X,Y) = (X, (1 +yY),
T (X, Y) = (X =m2(1) +m(m),Y +1—m),
where 7;(m) is the amount of money obtained from selling assets of stock
value m, and 7y(l) is the amount of money needed to purchase assets of

stock value [. For proportional transaction costs we have n;(m) = (1 — u)m
and n2(l) = (1 + A)l. Let

Kto = U U Tﬂtvmt(X’ Y)
l,mi€L2(2,Fy,R3) (X,Y)ELY (Fy)

(2.3)

(2.4)

Denote by Kto P the set K? corresponding to proportional transaction costs.
We are now in a position to define the arbitrage opportunity for one unit
of time.

DEFINITION 2.1. A one-step arbitrage opportunity exists at time ¢ if
X, Y) € LUF,), y,my € L*(2,F,R2),  TTh, m,(X,Y) € LY (Fi11)
and
Plw :TT}, 1y, (X, Y)(w) € int Cp} > 0.
We have:

THEOREM 2.1. Assume that P[§ = 0| Fy] = 0 and & is independent of
F, for a time t. If K?® N LY (F;) = {(0,0)} then there exists an equivalent
measure (Q ~ P called a martingale measure such that

EQ[ft ’Ft] = 0.
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Without the assumption that & is independent of Fy, if there exists a mar-
tingale measure Q ~ P such that

EQ[&‘/ ’Ft] = 07
then KP N LY. (Fy) = {(0,0)}.
In the proof we shall need the following auxiliary lemma.

LEMMA 2.2. Assume that & is independent of Fy. Then Ep|z& | Fy] # 0
for each bounded z € L}r(P) if and only if

& >0 and P& > 0] >0, or
& <0 and P& < 0] > 0.

Proof. We show the implication = only.

Assume that Epz& | Fy] # 0 for any z € LY (P) and P[& < 0] > 0
and P[¢ > 0] > 0. Choosing z € L% (P) independent of F; we see that

Eplz&] # 0.
Put Ep[¢] = m* and Ep[¢; ] = m™. Assume that m*,m~ > 0. Let

1/m*  for & > 0,
z=11 for & =0,
1/m~ for & < 0.

Then z is 0(§;)-measurable and therefore independent of F;. Moreover

1 1
Bpl[e&] = Ep[2&1e,>0 + 28 1e <ol = — El&1e,>0] + ——El&1e, <o) =0,
which contradicts the fact that Ep[z&] # 0. m

Proof of Theorem 2.1. We first prove that the existence of a martingale
measure implies the absence of arbitrage. Namely we shall prove that if
(X,Y) € 3C, and (X;,Y1) € K{*NLY(Fy), then (X1,Y;) = (0,0). Suppose
that Eq[& | Fi] = 0 and P[§ = 0| F] = 0. For simplicity let ¢ = 1. Consider
the pair (X,Y) € 9C,, that is, we have

(1-p)Y+X=0 whenY >0,
(I1+AN)Y+X=0 whenY <0.
Assume that (X;,Y;) € K{® N LY (F1), where
(X1, Y1) = (X + (1 = p)mo — (1 + N)lo, (1 + &)Y — mo + 1))

To simplify notations put lg = [ and mg = m. Notice first that it suffices to
consider the cases:

(l>0and m=0) or (I=0andm>0),

which correspond to the fact that there is no simultaneous buying and sell-
ing.
In fact, if m > 0 and [ > 0 we obtain:
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1) For m < I, we put I’ =1 —m and m’ = 0. Then
(X1.Y]) = (X =1+ —m), A+ &)Y +1-m)).
It is clear that Y7 = Y] and X{ > X;. From this we have (X;,Y;) € C}, =
(X1, Y{) € Gy
2) For m > I, we put m’ =m — [l and I’ = 0. Then
It is easily seen that ¥; = Y{ and X| > X;. Hence (X1,Y7) € C, =
(X1,Y{) € Cp. Then we get (X1,Y{) € 0C, = (X;,Y1) € 0C,.
We continue the proof.
The proof falls naturally into 5 cases.
1. Assume that m > 0 and (1 — )Y + X = 0. Then
(X1,Y1) € KPP n LS (F)
o [ (@)Y —m) 4 X (1
I+MNA+&)Y —m)+ X + (1 —p)m
To simplify notation we write
Zi= (1= @)1+ &)Y —m)+ X + (1 — p)m,
Zo=(14+N1+&)Y —m)+ X + (1 —p)m.
Since Eg[&1 | Fi] = 0, taking the conditional expectation with respect to Fy
we get
Eqlzi|Fil=(1—-p)Y —(1—p)m+X+(1-pm 0.

As Z1 > 0 and Eq[Z, | F1] = 0 we get Z; = 0. Since Z; = (1 — p)& (Y —m)
we conclude that either & = 0 or Y = m. In view of the assumption
P[¢&1 = 0| F1] = 0 we have Y = m. Therefore Zo = X 4+ (1 — p)Y =0, and
finally (X1,Y7) = (0,0).

2. Assume that m >0 and (1 + A\)Y + X = 0. Then

(X1,Y1) € KPP n LS (F)

@{(1—u)(1+§1)(Y—m)+X+(1—M)m20,
1+N)1+&)Y —m)+X +(1—pu)m >0.
We define Z; and Z, as in case 1. Since Eg[¢; | F1] = 0, taking the expec-
tation with respect to Fy we get Eg[Zs | F1] = —m(p + A). From Zy > 0 it
follows that —m(u + A) > 0. Hence m < 0, but m > 0 by assumption, a
contradiction.

3. Assume that { > 0 and (1 — ¢)Y + X = 0. The same arguments as in
the proof of case 2 yield a contradiction.

4. Assume that [ > 0 and (1 + A\)Y + X = 0. Similarly to the proof in
case 1 we obtain (Z1, Z2) = (0,0), which implies that (X1, Y7) = (0,0).

(1=p)Y +X=0
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5. Assume that m =1 = 0. Then

(1—p)(1+&)Y +X >0,
I+NI+&)Y +X >0.

Taking the conditional expectation with respect to £} we get

{E[(l — A+ &)Y +X | Al=(01-pY + X,
E[1+MN1+&)Y +X|F]=1+MNY +X.

a) For (1 —p)Y +X = 0 we obtain E[(1 — p)(1+ &)Y + X |Fi] = 0.
This implies that (1 — p)(1+ &)Y + X =0, thus Y = 0, and consequently
X =0and we get (1+\)(1+&)Y + X = 0. Finally, (X1,Y7) = (0,0).

b) For (1+A)Y + X = 0, similarly to case a), we deduce that (X;,Y7) =
(0,0).

(X1,Y1) e KPNLY(F) & {

Now, we prove that the absence of arbitrage implies the existence of a
martingale measure. The proof is by contradiction. Assume that there are
no martingale measures, which means that

By Bayes’ formula we have

7EP (6| 1] for z = @
Eplz| Fy] dP’

Lemma 2.2 shows that the fact that Ep[z&; | F}] # 0 for any bounded z €
L% (P) can be written equivalently in the form

(2-6) EQ [ft ’Ft] =

& >0 and P[§ >0]>0, or

(2.7)
& <0 and Pl& < 0] > 0.

Consequently,

e if £, >0 and P[> 0] >0 we have an arbitrage opportunity for Y >0.
e if £, <0 and P[¢; < 0] >0 an arbitrage opportunity exists for Y <0. m

In the case of proportional transaction costs we proved that the existence
of a martingale measure is equivalent to the absence of arbitrage in one unit
of time. Now, we formulate the theorem which shows the equivalence of
the existence of a martingale measure and the absence of arbitrage in any
time period [0,7]. The transaction costs in the proof of this theorem will
be described using general functions 7y (x) and n2(z). Let 1y : RT U {0} —
RT U {0} and o : Rt U{0} — R*T U {0} satisfy the following conditions:

1) m(z) and n2(x) are increasing functions,
2) 71(0) = 0 and 72(0) = 0.
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The function 7;(x) is the amount of money obtained for selling assets of
stock value x and 72(x) is the amount of money needed to purchase assets
of stock value x. Following the arguments of [9] we can show the following
theorem with general transaction costs.

THEOREM 2.3. If the random variables & are i.i.d., the following condi-
tions are equivalent:

(i) there exists an arbitrage opportunity in T steps,
(i) there exists an arbitrage opportunity in one step.

Proof. (ii)=(i). If an arbitrage opportunity exists in one step at a time
t, then we liquidate the stock account, put all money to the bank and do
nothing. We obtain an arbitrage in any time 7'

(i)=(ii). Assume that an arbitrage opportunity exists in a period [0, T].
We first show that there must exist a time ¢ at which an arbitrage exists.
An arbitrage at time T means that

Xr+m(Y7)—n(Yy)>0 as.,
P[X7 +m(Yy) —n(Yy) > 0] >0,
where Y;f , Y denote the positive and negative parts of the random variable
Yr. Assume that our initial capital is 0. Let
t=inf{n: X, +m(Y,") —n2(Y,7) >0 a.s. and
P[X,, + (V7)) —ma(Y,7) > 0] > 0}.
Clearly t > 1. Consider two cases:
1) X +m (VL) —m(Y,2)) =0 as.
2) PIX;1 +m (Y5 —m(Y,D,) <0]>0.
If 1) holds, then
Xe+mYy) —m(Yy) — (X +m(YiEy) = m2(Y,20))
=X +mY;) —m(;) 20 as.
and
PXe +m(Y") = m2(Yr) = (Xemr +m(VEy) = n2(Yi2y)) > 0]
= P[X; +m(Y;") —n2(Y;) > 0] > 0,

which means that an arbitrage exists at time ¢.
Consider now case 2). Let

A={Xi1 +m(VL) —m(Y,D,) <0}
be such that P(A) > 0. On the set A we have
Xe+mYy") = ne(Yy) = (X +m (V) = m2(Y,20))
> —(Xpm +m (V) —m(Y,2)) >0 as.
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and
PIX; +m(Y) = n2(Y7) — (Xemr +m (Y5 —m2(Y, 1)) > 0] = P(A) > 0.

Therefore we also have an arbitrage at time t.

Consequently, if an arbitrage exists in the time interval [0, 7], there must
exist a time t defined as above. By Theorem 2.1 there is no martingale
measure at time t. Consequently, by Lemma 2.2 we have

& >0 and P& >0]>0, or
& <0 and P[§ <0]>0.

Since the random variables &, are i.i.d., for any t = 1,...,T we have

(&, >0and P[& > 0] >0) or (& <0and P[¢ <0]>0)

(2.8)

and a martingale measure does not exist at any time ¢t = 1,...,7T. Therefore
we have an arbitrage at any timet=1,...,7. =

3. No arbitrage with concave transaction costs. We define two
functions: ¢ : RT U {0} - RT U{0} and d : R U {0} — R U {0}, which
satisfy the following conditions:

1) ¢(x) is a convex increasing function,
2) ¢(0) =0and (1 — p)zr < c¢(z) <=,
3) lim, oo () =1, d(z) <1 and (0) =1 — p,
4) d(x) is a concave increasing function,
5) d(0) =0 and z < d(z) < (14 Nz,
6) lim, oo d'(x) =1, d'(z) > 1 and d'(0) =1+ A.

The graphs of ¢ and d are shown in Figure 2.

Fig. 2

The function ¢(z) characterizes the amount of money obtained by selling
assets of value z, and d(x) the amount of money needed to purchase assets
of value x. It will be convenient to introduce the inverse functions C(x) =
¢ }(x) and D(x) = d=!(z). Consider two cases:
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1) For Y; > 0 and X; < 0 we have X; 4+ ¢(Y;) > 0. From this

(3.1) Y: > C(—Xy).
2) For Y; <0 and X; > 0 we have X; — d(—Y;) > 0. Hence
(3.2) Y: > —D(Xy).

This is illustrated in Figure 2.
Our portfolio evolves according to

Xip1 = X +c(my) — d(ly),
(3.3) {Ytjl = (1 +&) (Ve —my +1p).

Letting ¢(m¢) = M, and d(l;) = L; we obtain

Xip1 = Xi + My — Ly,
(34) {Yt:1 = (1+&)(Y; — C(My) 4+ D(Ly)).

y=C(-z)
Yy
N
AN
N Co
N
N
AN
\
N
N
N
0 \\ x
N
N
N
N y=—D(z)
y=—\
Fig. 3

Denote by Cy the domain of nonnegative portfolios (see Figure 3), i.e.
the set of pairs (X,Y") such that

(3.5) Y+ DX)>0 for X >0,
' Y -C(—X)>0 for X <0.

A self-financing trading strategy (l;, m;) admits an arbitrage opportunity if
for (Xo,Yp) € 0Cy we have

(XT,YT) € Cy and P{(XT,YT) € int Cg} > 0.

From this we see that there exists no arbitrage opportunity if for any
(Xo,Yy) € 0Cy and self-financing strategy (I, m;) we have

(XT,YT) < Co = (XT,YT) < 80@ P-a.s.
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Following the notations of Section 2 for K = Cy we define the operator
Tl?m(X,Y) as Tp.,,(X,Y) with n1(m) = ¢(m) and n2 (1) = d(l). Let

(3.6) K= U U 77 (X)),
le,m¢€L2(02,F R2) (X,Y)ELY(Fy)

THEOREM 3.1. Assume that for any time t, & is independent of F;. If
KP*NLY(F;) ={(0,0)}, then there exists a martingale measure Q ~ P such
that Eql& | Fy] = 0, and without the assumption that & is independent of
F,, if there exists a martingale measure QQ ~ P such that Eql& | Fi] = 0,
then KN LY. (F;) = {(0,0)}.

Proof. For simplicity we let ¢ = 1. As in the proof of Theorem 2.1 we
need only consider the cases

(l>0and m=0) or (I=0andm>0).
In fact, for m > 0,1 >0, m <[ we put I’ =1 —m and m’ = 0. Then
(X1,Y) = (X —d(l—m),(1+ &)Y —m+1)).

It is clear that Y{ = Y;. Since by Lagrange’s theorem for any [ > m there
exists 6 € (I —m, () such that

(3.7 d(l) —d(l —m) =d'(0)m > m > c¢(m)
(because d’'(z) > 1), we obtain X| > Xi, so that (X;,Y7) € Cp = (X1,YY)

€ Cy.
Form >0,1>0,l<m weput m'" =m — 1 and I’ = 0. Thus

(X1.Y]) = (X +¢(m = 1), (1 + &)Y = m+1)).

It is easily seen that Y] = Yj. Since by Lagrange’s theorem there exists
6 € (m —1,m) such that

(3.8) c(m) —ce(m —1)=d0) <1 <d(l)

(because ¢/(x) < 1), we obtain X{ > X; and it follows that (X7{,Y{) €
0Cy = (Xl,Yl) € 0Cy.

We return to the proof of our theorem.

The proof that the absence of arbitrage implies the existence of a mar-
tingale measure is the same as in the proof of Theorem 2.1, because it does
not depend on the kind of transaction costs considered.

Now we prove that the existence of a martingale measure implies the
absence of arbitrage. Assume that Eg[¢; | F;] =0 and (X,Y) € 0C.

1) Let X >0 and Y + D(X) = 0.

a) We consider the case when 0 < L < X. By the assumption ¥ =
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—D(X) we have
(X0, Y1) = (X — L, (1+&)(Y + D(L)
— (X — L,(1+&)(~D(X) + D(L)).
Notice first that
(3.9) D(X) - D(L) > D(X — L).
In fact, if L > X/2, then by Lagrange’s theorem there exist § € (L, X) and
0" € (0,X — L), § < 6, such that
D(X) - D(L) = D'(6)(X — L) > D'(6')(X — L)
— D(X — L) — D(0) = D(X L).
If L < X/2 we consider the inequality
(3.10) D(L) < D(X) — D(X — L).
By Lagrange’s theorem there exist 61 € (0,L) and 63 € (X — L, L), 01 < 62,
such that
D(L) = D(L) — D(0) = D'(01)L < D'(62)L = D(X) — D(X — L).

Consequently, the inequality (3.9) holds for any L < X.

Since Eo[Yi + D(X1)| Fi] = —D(X) + D(L) + D(X — L) and —D(X) +
D(L) < —D(X — L) we get (X1,Y1) € int Cy with a positive probability.

b) Assume that L > X. Notice first that
(3.11) -D(X)+D(L)< L-X.

In fact by Lagrange’s theorem there exists 6 € (X, L) such that

D(L)— D(X)=D'(0)(L — X) < L — X.

Since Eg[Y1 +C(—X3) | Fi] = -D(X)+D(L)+C(—(X—-L))and L - X <
C(L—X)and —D(X)+D(L) < L — X we get (X1,Y1) ¢ int Cy with a
positive probability.

c¢) For L = X we obtain (X1,Y7) = (0,0).

d) For M > 0 we have

(X1, Y1) = (X + M, (1+6)(Y — C(M))).
Notice first that
(3.12) DX+ M)—-D(X) <C(M).
In fact by Lagrange’s theorem there exists 6 € (X, X + M) such that
DX +M)—-D(X)=D'(0)M < M < C(M).

Since Eo[Yy + D(X1)| Fi] = —D(X) — C(M) + D(X + M) and D(X) +
C(M) > D(X + M) we obtain (X7,Y7) ¢ int Cjy with a positive probability.

Summarizing, if we start from Y = —D(X) we have (X;,Y7) € int Cy
with a positive probability.
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2) Let X <0and Y =C(—X).
a) Consider 0 < m < Y. Then
(X1, Y1) = (X +¢(m), (1 + &)Y —m)).
Notice first that

(3.13) C(—X) - C(—X —¢(m)) < m.
We show that
(3.14) VX <ZeR™ C(—(X-2))>C(—X)-C(-Z2).

For Z < X/2, by Lagrange’s theorem, there exist § € (X — Z,0) and ¢’ €
(X,Z), 0 >0, such that
C(-(X=2))=C"(=0)- (X - 2)
>C(-0)- (X -2)=C(-X)-C(-2).

For Z > X /2 we show the equivalent inequality
(3.15) C(-2)>C(-X)-C(—(X - 2)).

Again by Lagrange’s theorem there exist 61 € (Z,0) and 6, € (X, X —2),
61 > 05, such that

C(—2)=C(-2)—-C(0)=C"(-61)Z > C'(—03)Z
=C0(=X) - C(=(X = 2)).

Thus, for any X < Z € R~ the inequality (3.14) holds. Consequently,

C(=X) = C(=X —¢(m)) = C(=X) = C(=(X + ¢(m)))

<C(—(X =X —c(m))) = C(c(m)) = m.

Since Eg[Y1 —C(—X3) | Fi] =C(—X) — C(—(X+4c(m))) and C(—X) —
m < C(—(X 4+ ¢(m))) we get (X1,Y7) ¢ int C() with a positive probability.

b) Let m > Y. Notice first that since the function y = ¢(x) increases
more slowly than y =z, and m > Y and Y = C(—X), we have

(3.16) m—Y >c¢(m) —e(C(—=X)) = c¢(m) + X.
Therefore taking into account that D(x) + ¢(m)) < X 4 ¢(m) we obtain
EQ[Yl + D(Xl) |F1] =Y -m —|—D(X + C(m)) < 0 so that (Xl,Yl) ¢ int Cy
with a positive probability.

c) For m =Y we have (X;,Y7) = (0,0).

d) For I > 0 we get

(X1, Y1) = (X = d(l), 1+ &)Y +1).

Notice that by Lagrange’s theorem there exists 6 € (X — d(l), X) such that

(3.17) O(X) — C(—(X — d(1))) = C'(=0)d(l) < —d(l) < —L.
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Since EglY1 — C(—X3)|Fi] = C(—=X) + 1 — C(—(X —d(l))) we have
(X1,Y1) € int Cy with a positive probability. m

Using Theorem 2.3 we now have the equivalence of the absence of arbi-
trage and the existence of a martingale measure () at any time t.

4. No arbitrage with fixed + proportional transaction costs.
Let ¢ be fixed costs of selling assets, d fixed costs of purchasing assets and
¢,d >0, d > c. Then C, is the domain where our nonnegative portfolio is
characterized by the system of inequalities:

without limits for X >0,Y >0,
(4.1) X+(1-p)Y—-c>0 forY>0,X <0,
X+(1+N)Y —-d>0 forY <0, X >0.

Yy
1 c C
=——2x+ c
y - - P
c Y
1—p
H
0 c d x
1 d
=———z+—
TSRS
Fig. 4

The boundary 0C.,,, that is, the set of portfolios with zero value consists
of the point (0,0) and halflines I; : 2+ (1 —p)y —c=0and I : = + (1 +
A)y —d = 0. The portfolio evolves according to
Xt+1 = Xt + (1 — M)mt — (1 + )\)lt — 17/,Lt>[)c — ].lt>0d7
Yigr = (L +&)(Ye —me + 1y).
A self-financing trading strategy (I, m;) admits an arbitrage opportunity if
for (Xo,Yy) € 0C.p, we have

(XT,YT) S Ccp and P{(XT,YT) € int Ccp} > 0.

Consequently, we have no arbitrage opportunity if for any (Xo,Yy) € 0C.p
and self-financing strategy (¢, m;) the following implication holds:

(XT,YT) € Ccp = (XT,YT) € aCcp P-a.s.
Similarly to Section 2 define K)” by the formula (2.5) with K = Cqp

and the operator 17 ,,(X,Y) defined with n;(m) = (1 — g)m — 1,,50c and
ng(l) = (1 + )\)l + ].l>0d.

(4.2)
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THEOREM 4.1. Assume that for any time t, the random variables & are
independent of Fy. If K} NLY.(F;) = {(0,0)}, then there exists a martingale
measure Q ~ P such that Eg[¢; | F;] = 0. Without the assumption that &
is independent of Fy, if there exists a martingale measure Q ~ P such that
Eql& | Fy] = 0, then K;® N LY. (F;) = {(0,0)}.

Proof. The proof of the implication that the absence of arbitrage im-
plies the existence of a martingale measure is the same as in the proof of
Theorem 2.1.

Now we prove that the existence of a martingale measure implies the
absence of arbitrage. For simplicity we put ¢ = 1. Similarly to the proof of
Theorem 2.1 we can show that it suffices to restrict ourselves to the cases

(l>0and m=0) or (I=0andm>0).

We want to prove that if (X,Y) € dC, and (X1,V;) € K7 N LY. (F) and
Eqlé | F1] =0, then (X3,Y7) € 0C.p, and moreover (X1,Y7) = (0,0).

By considerations similar to those in the proof of Theorem 2.1 notice
that if (X,Y) € 0C;, and (1 — p)Y + X — ¢ = 0 the only situation when
(X1,Y7) € Ccp is when m =Y and then (X;,Y7) = (0,0). Similarly, if
(X,Y) € 0C.p and X —d+ (1+N)Y = 0, we have (X1,Y7) € Cp, only when
l=(X —d)/(1+ X) and in this case (X1,Y7) = (0,0). m

Using Theorem 2.3 we have the equivalence between the absence of ar-
bitrage in T steps and the existence of a martingale measure Q).

5. No arbitrage with concave + fixed transaction costs. Let
functions ¢(z) and d(x) be defined as in Section 3. Let ¢ be fixed costs for
selling assets, d be fixed costs for purchasing assets, and ¢, d>0and ¢ < d.
Similarly to Section 3 we introduce the inverse functions C'(z) = ¢~!(z) and
D(z) = d7!(z). The domain where our capital is nonnegative is described
by the inequalities

Xi+e(Yy)—¢c>0 for X; <0, Y; >0,
(5.1) X, —d(-Y)—d>0 for X; >0,Y, <0,

no limits for X; >0, Y; > 0.
Using inverse functions we get

Y; >C(—X;+¢) for X; <0,Y; >0,
(5.2) Y, > -D(X; —d) for X; >0,Y; <0,
no limits for X; >0, Y; >0.
The domain of the nonnegative portfolios will be denoted by Ccg.

Our portfolio evolves according to

(5.3) { Xip1 = Xy + c(my) = d(lt) = Ln,50¢ — 1,50,
Yigr = (L+&)(Ye —my + ).
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Fig. 5
We put ¢(my) = My and d(l;) = L. Then

(5.4) { X1 =Xy + My — Ly — 1pp,50C — 1Lt>06z

Yipr = (14 &) (Y — C(My) + D(Ly)).

A self-financing trading strategy (I, m;) admits an arbitrage opportunity if
for (Xo,Yy) € 9C.o, where as before the boundary is considered as the set
of portfolios with zero value, we have

(XT, YT) c Cc(] and P{(XT, YT) € int CC(]} > 0.

From this we obtain the absence of arbitrage if for any (Xy, Yy) € 0C.o and
self-financing strategy (I, m;) we have

(XT,YT) € Cyo = (XT,YT) € 0C P-a.s.

Following the notations of Section 2 define K¢ as in (2.5) with K =
Ceo and the operator T ,,(X,Y) with n(m) = ¢(m) — 1,,50¢ and na(l) =
d(l) + 1;50d. We have

THEOREM 5.1. Assume that for any time t, the random variables & are
independent of Fy. If KP°°NLY(F;) ={(0,0)} then there exists a martingale
measure QQ ~ P such that Eq[& | F;] = 0, and without the assumption that
& is independent of Fy, if there exists a martingale measure QQ ~ P such
that Egl&: | Fy] = 0, then KP°“ N LY (F;) = {(0,0)}.

Proof. The proof of the implication that the absence of arbitrage im-
plies the existence of a martingale measure is the same as in the proof of
Theorem 2.1.

We now show that the existence of a martingale measure implies the
absence of arbitrage. For simplicity we put ¢ = 1. As in the proof of
Theorem 2.1 we can restrict ourselves to the cases

(l>0and m=0) or (I=0andm>0).
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We prove below that if (X,Y) € 0C¢ and (X;,Y;) € K{°°N LY (F,) and
Eglé&i | Fi] = 0, then (X3,Y7) € 0C, and moreover (X1,Y7) = (0,0). We
consider the following two cases:

1. Assume that Y + D(X —d) = 0.
a) For 0 < L +d < X we have

(X1,Y1) = (X = L—d,(1+&)(Y + D(L)))
= (X - L—d. (1+&)(-D(X —d) + D(L))).

Notice that from (3.9), taking into account that D is increasing we have
(5.5) D(X — L —2d) < D(X —d) — D(L).
Since

EolYy + D(X, —d)|Fi] = —D(X —d) + D(L) + D(X — L — 2d) < 0
we obtain (X1,Y7) ¢~8C’C0 with a positive probability.
b) Let L > X — d. Notice that from (3.11),
(5.6) D(L)-D(X —d) < —X +L+d+¢
Since
EqlY1 —C(—(X1+8)|F] = —D(X —d) + D(L) — C(=X + L+ d +©)

and C(—X +L+d+¢) > —X + L+d+7¢, we have (X1,Y;) € 0C, with a
positive probability.

c) For L = X — d we have (X1,Y7) = (0,0).

d) For M > 0 we have

(X1,Y1) = (X + M —¢,(1+&)(Y - C(M)))
= (X 4+ M —¢ (1+&)(-=D(X —d) — C(M))).
Notice that
(5.7) DX +M—d—7¢) —D(X —d) < C(M)

since when M < ¢ the left side is negative, and for M > ¢ we use (3.12)
together with the fact that C' is nondecreasing.
Therefore

EoVi+ DX, —d)|Fi]=-D(X —d)— C(M)+D(X + M —d—72) <0
and we get (X1,Y1) € 0C.o with a positive probability.
2. Assume that Y = C(—X +¢).
a) Consider 0 < m < Y. Then
(X17 Yl) - (X + c(m) - Ea (1 + 51)(Y - m))
= (X +c(m)—¢, (1 +&)(C(=X +¢) —m)).
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Notice that using (3.14) we obtain

(5.8) C(—X+¢)—C(=X —c(m)+2¢) <m.

Since

EQlV1 —C(-X1+¢)|F]=C(-X +¢) —m—C(=X —c(m)+¢c+¢) <0

we have (X1,Y1) € 0C.o with a positive probability.
b) Let m > Y. Notice that from (3.16) we have

(5.9) C(—X+0)+ X —c<m—c(m)+d.
Since Eg[Y1 4+ D(X, —d) | F1] = C(=X +¢) —m+ D(X +¢(m) — ¢ —d) and
D(X +c¢(m)—¢—d) < X 4+ ¢(m) —¢ —d, we have (X1,Y]) &€ 0Co with a
positive probability.

c) For m =Y we have (X;,Y7) = (0,0).

d) For I > 0 we get
(X1, Y1) = (X —d(l) —d, (1 + &) (Y +1))
= (X —d(l) — &, (1+&)(C(-X +7) + 1)),
Notice that by (3.17),
(5.10) C(—X +d(l)+d+0) —C(=X +¢) > 1.
Therefore
EQlY1 —C(=X140) | R =C(—X +0) +1—-C(=X +d(l) +¢+d) <0

and (X1,Y1) € 0Co with a positive probability. m

By Theorem 2.3, as in the previous sections we have the equivalence

between the absence of arbitrage in 7" steps and the existence of a martingale
measure Q).
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