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Abstract. We prove a series of “going-up” theorems contrasting the structure of
semiprime algebras and their subalgebras of invariants under the actions of Lie color
algebras.

1. Introduction and terminology. Over the last 25 years, there have
been many papers analyzing the invariants and actions of groups and Lie
algebras. Actions of groups and Lie algebras correspond, respectively, to
actions of group algebras and enveloping algebras, both of which are co-
commutative Hopf algebras. However, recent work on quantum groups has
increased the interest in Hopf algebras which are neither commutative nor
cocommutative.

In a recent paper [BG1], we examined Lie superalgebras L and their
actions on associative algebras R and proved a series of “going-up” theorems
relating the structure of the subalgebra of invariants R* to the original
algebra R. Actions of Lie superalgebras L on Z,-graded algebras correspond
to actions of Hopf algebras H = U(L) % G, where U(L) is the enveloping
algebra of L and G is a group of order two. Hopf algebras of this form are of
particular interest as they provide a large class of examples of Hopf algebras
which are neither commutative nor cocommutative.

Lie superalgebras can be considered as part of a larger class of nonasso-
ciative algebras known as Lie color algebras. Lie color algebras L are graded
by abelian groups G and the homogeneous elements of L act on G-graded
algebras as skew derivations. Lie color algebras L also have an enveloping
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algebra U(L) on which the group G acts. Actions of L then correspond to
actions of H = U(L) * G and H is once again a noncommutative, nonco-
commutative Hopf algebra. Therefore, in an attempt to better understand
the actions of noncommutative, noncocommutative Hopf algebras, it is rea-
sonable to look at the actions of Lie color algebras.

In [Sc], Scheunert shows that if L is a Lie color algebra and G is finitely
generated, then the multiplication in L can be twisted by a 2-cocycle to
obtain a new algebra L which is actually a Lie superalgebra. Motivated by
Scheunert’s work, we show in Theorem 3 that whenever a Lie color algebra L
acts on a G-graded algebra A, then A can be twisted to obtain a new algebra
A on which the Lie superalgebra L acts. By contrasting the structure of the
algebras A and A and their subalgebras of invariants, we are in a position
to extend our results of [BG1] from Lie superalgebras to Lie color algebras.

Our main result in this direction, which we prove in Section 4, is

THEOREM 16. Let R = @geG R, be a semiprime K-algebra graded
by a finitely generated abelian group G and suppose R is acted on by a
finite-dimensional nilpotent Lie color algebra L = @geG L, such that if
char K =p (the characteristic of K) then L is restricted and if char K = 0
then L acts by algebraic transformations.

(i) If R* is right Noetherian, then R is a Noetherian right R*-module.
In particular, R is Noetherian and finitely generated as a right R*-module.

(i) If R¥ is right Artinian, then R is an Artinian right R*-module. In
particular, R is Artinian and finitely generated as a right R*-module.

(iii) If R is finite-dimensional over K, then R is finite-dimensional
over K.

(iv) If RF has finite Goldie dimension as a right R*-module, then R
has finite Goldie dimension as a right R-module.

(v) If RY has Krull dimension o as a right RY-module, then R has
Krull dimension « as a right R¥-module. Thus R has Krull dimension at
most o as a right R-module.

We begin by defining many of the terms we will use throughout this pa-
per. L will be a vector space over a field K of characteristic different from 2.
G will be an abelian group and we call a map € : G x G — K* a bichar-
acter if (g, hk) = e(g,h)e(g, k) and (g, h) = e(h,g)~" for all g,h,k € G.
L is said to be a G-graded algebra if there exist K-subspaces L, such that
L=@,cc Ly and L has a K-linear multiplication [, | such that [Ly, Ls] C
Lgy for all g,h € G.

L is a Lie color algebra over the field K if L is a G-graded algebra and
there exists a bicharacter ¢ : G x G — K™ such that

['Ia y] = —6(9, h)[y,l‘] and [[:E,y], Z] = [l‘, [y’ ZH - 8(93 h)[y’ [l‘, ZH
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forall z € Ly, y € Ly, and z € L. Observe that if G = Zy and ¢ is the
bicharacter given by eq(i,5) = (—1)¥ then L = Ly @ L, is an ordinary Lie
superalgebra.

The elements of Ug€G L, are known as the homogeneous elements of L.
If g € G, then it is easy to check that either e(g,g) = 1 or —1. If we let
Gy ={9€G|e(g,9) =1} and G_ = {g € G | e(g,9) = —1}, then we can
let Ly =Ucq, Ly and Lo = Uy Ly In addition, if char K = 3, then
we also require that [z, [x,z]] =0 for all z € L_.

If char K = p > 2, there is one additional structure we can add. We say
that L is a restricted Lie color algebra over a field K of characteristic p > 2
if L is a Lie color algebra with a pth power map L, — Ly, denoted by [Pl
satisfying

(i) (ax)lP! = aP2lP! for all « € K and z € L;
(ii) [z, y] = (ad,)P(y) for all z € L and y € L;
(iii) (z 4 y)P! = 2Pl 4 ylp) 4 Zf:_ll si(x,y) for all z,y € Ly;

where ad; (y) = [x,y] and is;(z,y) is the coefficient of t*~! in (adyz 1, )P~ ().
We now give several important examples of Lie color algebras.

1. Let R = @geG R, be an associative G-graded algebra and let ¢ :
G x G — K* be a bicharacter. Putting

[z, y] = zy — (g, h)yx

for all x € Ry, y € Ry, we obtain a Lie color algebra R and call it the
adjoint Lie color algebra.

2. Let V = D,cqVy be a G-graded vector space over a field K. For
any g € G, consider a subspace E; C Endg (V') consisting of all linear
endomorphisms of degree g (i.e., endomorphisms mapping every V}, into
Vo). Then @, Ey has a natural structure of an associative G-graded
algebra. If € is a bicharacter on G, then we call the adjoint Lie color algebra
(D,ecc E,)® the general Lie color algebra and denote it by gl(V, G, ¢).

3. Let A = @,cq Ay be an arbitrary G-graded algebra over K (not
necessarily associative), and let ¢ be a bicharacter. It is easy to see that
¢ induces an action @ : G — Autg(A) as K-linear automorphisms of A.
Indeed, the mapping ®(g) : A — A given by &(g)(xn) = (g, h)z}, for all
xp € Ap, is an automorphism of A and it is easy to verify that @ is a group
homomorphism. Consider the subspace Der(4,¢) = P, Dy in gl(4, G, ),
where D, C E; is the set of all $(g)-derivations of A of degree g. Recall
that if o is an automorphism of A, then a K-linear endomorphism ¢ is said
to be a o-derivation if §(xy) = §(z)y + x70(y) for all z,y € A. Tt is easy to
check that Der(A4,¢) is a Lie color subalgebra of gl(A, G, ¢). Furthermore, if
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K has a positive characteristic p > 2, then the pth power map
PDer(A )y — Der(A,e) 4

gives Der(A, ) the structure of a restricted Lie color algebra.

Now we are able to define the action of a Lie color algebra on a graded
algebra. If L = @geG L, is a Lie color algebra, we say that L acts on
A = P, g Ag if there is a homomorphism of Lie color algebras ¥ : L —
Der(A,e). In the characteristic p > 2 case, we additionally assume that L is
restricted and that ¥ also satisfies ¥ (I[P)) = ¥(1)P, where P! is the pth power
map and | € L. When L acts on A, we define the subalgebra of invariants
Af tobe {a€ A|d(a) =0 for all § € ¥(L)}.

Note that if L = @ .o Ly acts on A =€P, .5 Ay , then we can assume
that L is faithfully graded by G, i.e., the subgroup H = {g € G | e(9,G) = 1}
is trivial. Indeed, the grading of L and A by G induces a grading by the quo-
tient group G/H and no information about the structure of L and Det(A, )
is lost when we consider L and A as G/H-graded algebras. Moreover, if the
characteristic of K is p > 0 and L is faithfully G-graded, then the group
G has no elements of order p. Indeed, if g? = 1, then for any z € G we
have €(g,z)P = e(g”,x) = e(1,z) =1, so e(g,z) = 1. Consequently, we can
always assume that when the characteristic of K is positive, then the orders
of all the elements of G are relatively prime to the characteristic.

2. Twisted algebras. Let G be an abelian group and let A = e A,
be a G-graded algebra over a field K. Let f € Z?(G,K*) be a 2-cocycle
with respect to the trivial action of G on K*, thatis, f : G x G — K*
is a function such that f(zy,z)f(z,y) = f(z,y2)f(y,2) for all z,y,z € G.
From A we obtain a new algebra A which is identical to A as a K-vector
space but whose multiplication * is defined as

zxy = f(g, h)zy,
where v € Ag, y € Ap. If 6 : A — A is a linear endomorphism of degree g,
we define § to be the endomorphism

3(x) = f(g,h)d(x)
where € Ay,.
For any g € G and n > 1, let

Ag,n) = l:[ f(g,9).
j=1

Next, we define the function 4 : G x G — K* by

on-3e3
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LEMMA 1. Under the above notation,

(i) For any g,h € G and n > 1, [}= f(g,9°h) = A(g,n)f(g", D).
(ii) The function p is a bicharacter on G.

Proof. (i) If 7 > 1, we have

flg?t,n)f(g,97)
f(g7,h)

flg,g°h) =

and it therefore follows that

7=0 7=0
n—1
7j=1

as required.
(ii) Since G is abelian, for a,b,c € G,
flab,c) _ fa,be)f(b,c) — fla,b) — _ flab,c) f(bo)
fle,ab) — f(a,b) flea,b)f(c,a) — f(ac,b) f(c,a)
f(a,be) f(a, c) f(b,c)
Flar cb) (e ) fle,a) — B D)

Clearly, pu(a,b) = pu(b,a)™!, thus u is a bicharacter. m

p(ab, ¢) =

Now we will examine properties of the functor ~ for a large class of
algebras including associative, alternative, Lie and Lie color algebras. Fol-
lowing [BG2], recall that an algebra A over a field K is said to be a left
(a, B,7)-algebra if there exists a multiplicatively closed set S = S(A) which
generates A as a vector space and there exist functions o, 3,7 : 5 x S — k
such that

r(yz) = a(z,y)y(zz) + Bz, y)(xy)z + y(z,y)(yx)2

for all x,y € S and z € A.
Analogously, A is a right (a, 3,7)-algebra if it satisfies the identity

(z2)y = oz, y)(zy)z + Bz, y)z(zy) + v(z,y)z(yz)
for all z,y € S and z € A.
Algebras which are both left and right (v, 3, v)-algebras are simply called

(a, B,7v)-algebras.

We will say that an («a, 3,7)-algebra A is G-graded if A = @geG A,
is graded in the ordinary sense and additionally S(A) = U,cq Sy, Where
Sy =S(A)NA,.
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Observe that:

1. Associative algebras are (a, 3,7)-algebras with S = A and a = 0,
=1, v=0.

2. Antiassociative algebras are («, 3, v)-algebras with S = A and a = 0,
=-1,v=0.

3. Left alternative algebras are left («, 3, )-algebras with S = A and
a= -1, =1,y = 1. Analogously, right alternative algebras are right
(a, B,7v)-algebras with S = Aand a= -1, =1,y = 1.

4. Lie algebras are (o, 3,7)-algebras with S = A and o = 1, § = 1,
0.

5. Lie color algebras are («, 3, 7)-algebras with S = |
p=1,~v=0.

PROPOSITION 2. Let A = ®g€G A, be a G-graded K-algebra and let
f € Z?(G,K*) be a 2-cocycle. Then

(i) If A is a G-graded («v, B,7y)-algebra, then Aisa G-graded (&, 3,7)-

algebra, where a(z,y) = p(g, h)a(z,y) and y(z,y) = p(g, h)y(z,y) for all
T € Sg, y € Sp. In particular, if L = @geG g 18 an e-Lie color algebra,

v

e Ly and o = ¢,

then L is an £-Lie color algebra, where € = pe. If char K = p > 2 and
L is restricted, then L is also restricted with respect to the pth power map
Pl . L, — L, given by zlPl~ = = g, p)z!P!, where x € L,,.

(ii) If 0q,0p : A — A are K-linear endomorphisms of degrees a and b
respectively, then

040y = gagb, hence ;5‘[3:

b
f(a,b)

(iii) If § : A — A is a K-linear algebraic endomorphism of degree g, then
0 is also an algebraic endomorphism of degree g.
(iv) Let o be an automorphism of A such that 0(Ap) € Ay, for all h € G

and let 6 be a o-derivation of A of degree g. Then § is a o-derivation of A
of degree g, where 6(x) = (g, h)o(x) for all € A, and h € G.

Proof. (i) Let a,b,c € G, x € Sy, y € Sy, z € S and let a = a(z,y),
/B - 6(51373/)7 Y= 7($,y) Note that

F.0)fabe) = (a0 f(ab.e) = 8 f(ba,0)f(b.a)
= p(a,b) f(b,ac) f(a,c) = p(a,b) f(ba, c) f(b,a).

Hence
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z* (y*z) = f(b,c)f(a,be) - x(yz)
= f(b,c) f(a,be)(a - y(zz) + B - (zy)z + 7 - (yz)z)
e " Fanana
iy e AR
;EZ”2§a~y*(:c*z)+ﬁ~(a:*y)*z—l— ;EZ:Z;V-(Z/”)*Z

=ula,b)a-yx(xxz)+ - (x*xy)*xz+ p(a,b)y- (y*x)x*z.

Consequently, Ais a left (@, B8,7)-algebra, with the same spanning set S as
A. Analogously one can check the right condition.

We will prove that if char K = p > 2 and L is a restricted Lie color
algebra, then L is also restricted. Let [, ], denote the Lie color bracket in L
and let x,y € Ly,z € Ly, where g € G, h € G. It is also easy to check that
(-)IPl+ satisfies the first axiom of a restricted Lie color algebra.

Since zlPl+ € Lg», it follows from Lemma 1 that

[z 2], = F(gP h)N(g, p) 2, 2] = F(g7, h)A(g, p)(ads )P (2)
_ F@PMANGD) oy VP (),
T G ) = Gy

Next note that

(adtac+y H flg, g’ )(adig4y)P “Ha) = /\(gap)(adtwry)pil(w)-
j=1
Therefore the coefficient is;(z,y) of =1 in (ady,)P *(z) is equal to
Mg, p)isi(z,y) and consequently
p—1
(z+ ) = Ag,p) @ + 1) = A(g,p) (217 + ¢+ si(a,1))
i=1

p—1
o x[p]* + y[p]* + Z é‘;(x’ y)
=1
Thus L is indeed a restricted Lie color algebra.
(ii) Let = € L, ¢ € G} since 6,0} is of degree ab, we have

f(ab,c)

Sab(x) = f(ab, ¢)dady(x) = ?@;ﬁ@@5@&w>
B f(ab,c) 2) = 1 ~~ .
= Fab, 7@ p) ") = Fa gy e

as required.



114 J. BERGEN AND P. GRZESZCZUK

(iii) We will consider separately the cases where ¢ is of finite and infinite
order. If g" =1 then, for any z € Ay, h € G,

5(2) = [ £(9 ' W)6" (&) = Agon) (g™, )" ()

= Xg,n)f(1,h)0"(z) = A(g,n) f(1,1)6"(x).

This means that there exists a scalar § € K such that, for any z € A, g”(af) =
00™ (). Thus § is an algebraic endomorphism, provided § is algebraic.
Now suppose that g is of infinite order and J satisfies an identity

Qo+ a0+ .t a1 6™ 6™ = 0.
For any € A, h € G, and j > 0, we have §’(z) € Ay, so 6™(x) €
Agmp N (Ag®...® Agm-13) = 0. Hence 6 must be a nilpotent transformation
and clearly é must also be nilpotent.

Note that in both cases, 5 is algebraic provided ¢ is algebraic.
(iv) Let x € Ay, y € Ap, a,b € G; then z xy € Ay and

d(z*xy) = f(g,ab)f(a,b)d(xy) = f(g,ab)f(a,b)(d(x)y + o(x)i(y))
o f(gvab)f(a7b)~$ % f(gaab)f(avb)o_$ *~
= T @) gab) YT Fla,gh) flg,5) 7 O

= 0(z) xy + 5 (x) * ().
Hence § is a o-derivation of A. m
We can summarize our above considerations in the following
THEOREM 3. Let A = @gea Ay be a G-graded algebra acted on by a

Lie color algebra L = @ cq Ly and let f € Z%(G,K*). Then the action

Wi L — Der(A,e) induces a unique action ¥ : L — Der(A, &) such that the
diagram

L—Y>9et(A¢)

4, f

ELQet(g,g)

1s commutative. In this situation, the subalgebras of invariants AL and AL
are equal as sets. More precisely, A¥ = @gEG Ag is G-graded and A" can

be obtained from AT by deformation using [, de. AL = AL, _Furthermore,
if L acts by algebraic transformations, then L also acts on A by algebraic
transformations. In the positive characteristic case, if L acts as a restricted
Lie color algebra, then L also acts as a restricted Lie color algebra.
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Proof. It suffices to put ¥(z) = ﬂ;) Indeed, if x € L,, y € L, where
a,b € G then

B (lr.y).) = Fla)0((ay]) = Fab)(0()(y) — =(a. )P () (x))
=f(a,b)<@@($)@(y)5(a’b)~ 7 )
= G (2)F(y) — a, ) ()T (2)

If L is restricted then, by Proposition 2,

]
5
3
=L
N
¥

P (xl+) = Ma,p)P (@) = Ma, p)P (@) = (P(2))” = F(x)"
The equalities AL = AL (as sets) and AL = AL (as algebras) follow immedi-
ately since both A and 4L _can be computed as invariants of homogeneous
elements from ¥ (L) and ¥ (L), respectively. m

Now assume that the group G is finitely generated. We can then consider
the bicharacter £ : G x G — K* such that £(g, h) = (—1)*", where i, = 0 if
g € Gy and iy, = 1if g € G_. By [Sc] there exists a 2-cocycle f € Z2(G, K*)
such that € = pe. Then ;Iv/ = EO EBEl becomes an ordinary Lie superalgebra,
where Lo = @ e, Ly, L1 = @Dyeq Lg- We now have

COROLLARY 4. Let A = @geG Ay be a G-graded algebra acted on by

a Lie color algebra L = @gEG Ly, where G is finitely generated, and let
Ao = Byeq, Ay A1~ = D, cc_ Ag- Then there exists a 2-cocycle f €
Z3(G,K*) such that L is a Lie superalgebra acting on the Za-graded algebra
A=Ay @ A1. Moreover, the subalgebras of invariants ANL and AL are equal
as sets. If L acts by algebraic transformations, then L also acts on A by

algebraic transformations. In the positive characteristic case, if L acts as
a restricted Lie color algebra, then L acts as a restricted Lie superalgebra.

3. Actions of nilpotent Lie color algebras. In this section we
begin our investigation of the invariants of the actions of nilpotent Lie color
algebras on algebras which are not necessarily associative.

PROPOSITION 5. Let L = Lo & Ly be a finite-dimensional nilpotent Lie

superalgebra acting on an algebra A = Ag® Ay. Then A* # 0 if and only if
Alo £ 0,

Proof. It is clear that if AY # 0, then A% # 0. Suppose that AXo £ 0;
since L is nilpotent we can choose a chain of subalgebras L(0) C L(1) C ...
... € L(m) = L such that L(0) = Lo, dim L(j + 1) = dim L(j) + 1, and
[L(5), L(5)] € L(j—1). We will prove, by induction on j, that A*() #£ 0. To
this end, let x € Ly be homogeneous such that L(j) = L(j—1)® Kz, and let
§ = ¥(z). Thus 6% = 1¥([z,2]) € ¥(Lo) and §(§(AFU=D)) = §2(ALU-D) C
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W(Lo)(ALU=1) = 0. This means that §(ALU~1) C AKX, However, for any
0€W(L(j—1)), we have [0,0] € L(j — 1) and

95(ALG-D) = 59(ALU-D) 4 [9,8](ALGV) = 0,

hence §(AXU—1) C ALG),
On the other hand, if §(AXU~1)) = 0 then clearly A*() = ALG-1) o

We now extend Proposition 5 from Lie superalgebras to Lie color alge-
bras.

COROLLARY 6. Let L = @, Ly be a finite-dimensional nilpotent Lie
color algebra acting on an algebra A = EBgeG Ay . Then AL =0 if and only
if Ab+ £0.

Proof. Since L is finite-dimensional, the subgroup of G generated by the
support of L is finitely generated. Therefore there exists a finitely generated
subgroup H of G which contains the support of L and AL+ NPBrcy An # 0.
Consequently, we may assume that G is finitely generated. By Corollary
4, we may assume without loss of generality that L is a nilpotent Lie su-
peralgebra acting on the Zs-graded algebra A = Ag & A;1. The result now
immediately follows from Proposition 5. =

In [J], Jacobson showed that if D is a nilpotent Lie algebra of derivations
of a finite-dimensional Lie algebra of characteristic 0 such that LY = 0,
then L is nilpotent. In [BG2, Corollary 3.3], we generalized this result to
Lie color algebras of arbitrary dimension. More precisely, we proved that
if L =6&p gec Lg is a Lie color algebra over a field K of characteristic 0
acted on by a finite-dimensional nilpotent Lie algebra D of homogeneous
derivations of L which are algebraic as K-linear transformations of L such
that LP” = 0, then L is nilpotent with the index of nilpotency depending
only on the dimension of the action. We can now extend that result.

THEOREM 7. Let L = ®g€G L, be a Lie color algebra over a field K of
characteristic zero and let D C Dev(L,¢) be a finite-dimensional nilpotent
Lie color algebra of skew derivations of L which are algebraic as K -linear
transformations of L. If LP =0, then L is nilpotent.

Proof. Let Gp denote the subgroup of G generated by the support
of D. Clearly, Gp is finitely generated. Let H be any finitely generated
subgroup of G containing Gp and let Ly = @he g Ln. Clearly, Ly is a
Lie color subalgebra of L (with the same bicharacter) and D can be viewed
as a subalgebra of Dev(Ly,e). By Corollary 4, there exists a 2-cocycle f €
Z%(H, K*) such that D = Dy & D; becomes an ordinary Lie superalgebra,
where 150 = @heH+ Dy, Dy = @Dcn Dn. Fuarthermore, D acts on Ly by

algebraic transformations. From Proposition 5 it follows that EZ‘):O. Hence,



INVARIANTS OF LIE COLOR ALGEBRAS 117

by Corollary 3.3 from [BG2], the algebra Ly is nilpotent and the index of
nilpotency of L g is bounded by some integer N which does not depend on H.
Note that Ly must also be nilpotent with the same index of nilpotency < N.
If z1,...,zx are homogeneous elements of L then there exits a finitely
generated subgroup H which contains Gp such that {z1,...,2nx} C Lpy.
This implies that

[1,‘1, [(172, [ .. [fol,.fEN] .. H] = 0.
Thus L is nilpotent. =

If L if finite-dimensional, we can prove a characteristic p version of the
previous result.

PROPOSITION 8. Let L = @geG Ly be a restricted Lie color algebra
finite-dimensional over a field K of characteristic p > 0 and let D C
Der(L,e) be a nilpotent restricted Lie color algebra of skew derivations of
L. If LP =0, then L is nilpotent.

Proof. Since L is finite-dimensional, we may assume that G is finitely
generated. Using Corollaries 4 and 6 we can reduce the problem to the case
when L is a restricted Lie superalgebra acted on by a restricted nilpotent
Lie algebra D of homogeneous derivations. As in the proof of Lemma 3.2
in [BG1], for any n > 0, let Z(,) denote the K-linear span of the set
{zIP"]'| 2 € D and [2IP"], D] = 0}. If we take N such that Z(Ny = Z(N+1),
then clearly I = Z ) is an abelian restricted ideal of D. Moreover, it is easy

to see that if {z1,..., 2, } is a basis of I, then {zgp], cee zL’;]} is also a basis

of I. Therefore, by Hochschild’s theorem (see [M, Theorem 2.3.3]) on the
semisimplicity of restricted enveloping algebras, the restricted enveloping
algebra u([) is semisimple. By [M, Corollary 2.3.5], there exists a finite sep-
arable extension E O K such that u(I)® g E is isomorphic to the dual of the
group algebra E[(Z,)"]. Let L' = L@ E, D' =D ®k E and I' = I Qg E.
The K-linear action of D on L extends to an E-linear action of D’ on L’ with
(L)P"=LP®g E. By the construction of I, the restriction of any derivation
of D to L is nilpotent. Indeed, since D is nilpotent, there exists a k > 1 such
that z[P"] is central for all z € D. Therefore 2" is in I, for all z € D, and
D acts nilpotently on L. Now it is easy to see that L’ = 0. Consequently,
we may assume that D = I, and L can be viewed as a (Z,)"-graded algebra
with zero identity component. Now if x € Lg is a homogeneous element
with respect to the (Z,)"-grading, then (ad,)? is a mapping preserving the
(Z,)™-grading of L and from the identity (ad,)? = ad,um it follows that
z?l belongs to the center of L. Thus (ad,)? = 0. On the other hand, if x
is a homogeneous element of Lq, then from the Jacobi identity it follows
that (ad,)? = %ad[m’z} and clearly [z, z] € Ly. Consequently, in this case
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(ad,)? = 0. Applying the Engel-Jacobson theorem on weakly nil sets, we
deduce that L must be nilpotent. m

In light of Theorem 7 and Proposition 8, it is natural to ask:

QUESTION. Does the conclusion of Proposition 8 still hold if we no longer
assume that L is finite-dimensional?

4. Actions on associative algebras. Let R = @gec R, be an associa-
tive G-graded K-algebra, where G is a finitely generated abelian group (de-
noted multiplicatively), and let f : G x G — K* be a 2-cocycle. In addition,
suppose that G acts on R by K-linear homogeneous automorphisms, that is,
we have a group homomorphism o : G — Aut(R) such that RZ(Q ) ¢ Ry, for
all g,h € G. We let R(G, o, f) denote the G-graded ring which is identical
to R as a K-vector space but whose multiplication o is defined as

zgoxy = f(g, h)xg(h)xh,

where x4 € Ry, x5, € Ry,. In particular, R = R(G,1,f). Welet Rx(, 5 G
denote the crossed product of G over R, i.e. each element r € R *(, ;) G
is uniquely expressed as the finite sum r = 9eG ITg where the elements
{g | g € G} are generators of R *(, ) G as a free left and right R-module
satisfying the conditions

gh =ghf(g,h), rg=gr’¥
for all g,h € G and r € R.
Since G is abelian, it can be easily checked that we have a homogeneous
action ¢ : G — Aut(R(G, 0, f)) given by
a(9) f(hag) a(g)
r = ry .
P flgh) "

Thus we can form a skew group ring R(G,o, f) * G with respect to the
action 7.

PROPOSITION 9. The crossed product R*(, ) G and the skew group ring
R(G, 0, f) * G are isomorphic.

Proof. The mapping >  q7g F > ,cq grg Provides an embedding

of R(G,o, f) into R *(, ) G. Thus we can identify R(G,o, f) with R =
D,cc IRy € R*(o,1) G- In order to show that R*(, ) G is a free right (left)

R-module, suppose that dechg =0, where 7y = > & 7r? € R and
9) € R,. Then

=Y (S #) = X e = S R(S e w2,

geG e g,2€G heG geG
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Hence ) g f(g,g_lh)rég,)lh =0 for all h € G. As a result, r'¥) = 0 for all
x,9 € G, and consequently r, = 0.
Now let = > 7. € R; therefore if g € G, we have
gr = Z gr=1Zr, flgzt x)"t € @ ZR.
e z€eG

Thus R *, 5 G = P geGyﬁ as a right R-module. Furthermore, for any
g,z € G and 7, € R, (G is abelian),

f(x7g) 7aa(g) _
flg,x) *

If G is finite, then the above proposition shows that for the rings R and
R(G, o, f), there exists a common overring S which can be viewed as a free
finite normalizing extension of both R and R(G, o, f). Thus we have

COROLLARY 10. Let R = @QEG Ry be a G-graded K-algebra, where G
is a finite abelian group. Let f € Z*(G,K*) and suppose there is a homo-
geneous action o : G — Aut(R). Then

(i) R is right Artinian if and only if R(G, o, f) is right Artinian.
(ii) R is right Noetherian if and only if R(G,o, f) is right Noetherian.
(iii) R has finite Goldie dimension if and only if R(G,o, f) has finite
Goldie dimension.
(iv) R has right Krull dimension o if and only if R(G,o, f) has right
Krull dimension .

(Tr.)g =z -gr]'? =79 (2, 9)r]) =g-7 g(@r;)"9.

The next proposition will allow us to consider separately the cases where
our groups are finite and torsion free. First, note that if G = A @ B then
R has a natural structure as an A-graded ring (and clearly as a B-graded
ring). To this end, it suffices to let S, = @5 Rap and R = P, 4 Sa-
If we let fa, fB,04,0p denote the restrictions of f and o to A and B
respectively, then we can form the ring R(A,04, fa). On the other hand,
the ring R(A, 04, fa) is both G-graded and B-graded, therefore we can form
the ring R(A, 04, fa)(B,oB, fB), where

oo@) _ J(0:%) op@)
r = r :
= )
We have the following
PROPOSITION 11. The rings R(G, o, f) and R(A,o4, fa)(B,opB, fB) are
isomorphic.

Proof. First note that if the 2-cocycles f, f’ determine the same element
in the second cohomology group H?(G, K*), then the rings R(G, 0, f) and
R(G, o, f') are isomorphic. Indeed, we have a 2-coboundary 8 : GXG — K*

such that f/ = [f. In this case B(g,h) = &(g9)p(h)/d(gh) for some
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¢: G — K*. Consider the K-linear mapping « : R(G, 0, f) — R(G,0o, ')
given by a(ry) = (1/¢(g))ry. Therefore

a(ry o) = LR oy, _ 99)0(h)
97T ghy e T T g(gh)
= a(rg)"™ o a(rn)

and « is a ring isomorphism.

(g, ma(rg™)a(ry)

Now let a1,as2 € A and by,bs € B. Applying the 2-cocycle rule we have

f(a1by,asby) = f(alblb?(Z;)i(?lbl’ ba)
_ f(bibg,a1a2) f(ar,az)  f(a1,biba) f(b1,b2)
B f(b1ba2,a1) fla1,b1) f (b2, az)
_ f(biby,ara)f(ar, a2)f (b1, b2) f(a1,b1)f (a1, b2)
B f(a1,b1)f(b2,az) f(b1,a1) f(b2,a1)
f(b1b27a1a2) f(al,bQ)
= f(al’a2)f(b1’b2)f(b1,a1)f(b2,a2) : F(ba 1)

Letting ¢(ab) = f(b,a), we have a 2-coboundary [ connected with ¢ such
that

f(ab b2)

f(va al) .

By the foregoing we have an isomorphism of rings R(G, 0, f) ~ R(G, 0, f),
where

f(a1b17a2b2) = 5(a151,azbz)fA(al,az)fB(bh b2)

flarby, azba) = fa(a1, az)fp (b1, bz)m'

Next we need to prove that

R(G, o, f) = R(A,UA, fA)(B,ﬁB, fB)

To this end, let og, oa, op denote the multiplications in R(G, o, f),
R(A,04, fa) and R(A,04, fa)(B,oB, fB), respectively. If rq 5, ,Tasp, € R,
we have

7 (bz2)
ralbl OB rang = fB (blﬂ b2)ra1b1 OA TCLQbQ

f(a17b2) o (b2
= fB(th)m a1(b1) OA Tasby

f(ai,b2) a(b2)yo(asz)
— b b 2 o(asz o
fB( 1’ 2)fA(a’1’a2)f(b2,a1) (ra1b1 ) T 2b2

T 0’((121)2)
= f(albla a2b2)ra1bl Tasby = Tai1by ©G Tazby- W

We now contrast the structure of our algebras R to their twisted coun-
terparts R.
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COROLLARY 12. Let R = @geG R, be a G-graded K-algebra, where G
is a finitely generated abelian group, and let f € Z*(G, K*). Then

(i) If the orders of all the elements of G are either infinite or invertible
m K and R is semiprime, then R is semiprime.
(ii) R is right Noetherian if and only if R is right Noetherian.
(iii) R has finite right Goldie dimension if and only if R has finite right
Goldie dimension.

Proof. Since G is finitely generated, G = T'@ F, where T is the torsion
part of G and F'is a torsion-free finitely generated subgroup of G. By Propo-
sition 11, the ring R = R(G, 1, f) is isomorphic to R(T, 1, fr)(F,oF, fr). To
prove part (i), note that the order |T'| is invertible in K, hence the crossed
product Rx*(q 7,7 is semiprime. Proposition 9 now implies that R(T' 1, fr)
is semiprime. Therefore we can continue the proof with the same arguments
for a torsion-free group F'.

For parts (ii) and (iii), we note that Corollary 10 implies that if R
either is right Noetherian or has finite right Goldie dimension, then the
same properties hold for the ring R(T,1, fr). The result now follows by
the Hilbert basis theorem and the well known fact that a skew polynomial
ring of automorphism type has the same Goldie dimension as the ring of
coefficients. m

REMARK. It is not true that if R is prime then R is prime. Clearly,
the field C of complex numbers is Zs-graded, where Cy = R and C; = Ri.
Consider the 2-cocycle f given by f(k,1) = (=1)* for k,l € Zy. Tt is
easy to see that C is isomorphic to the group algebra R[Zs], which is not
prime.

For a subset X of G, let Lx = @,y L,. Clearly, if H is a subgroup
of G, then Ly can be viewed as a H-graded Lie color algebra with respect to
the bicharacter g, the restriction of € to H x H. We will need the following

LEMMA 13. Let L = @geG Ly be a nilpotent G-graded Lie color algebra
and H a subgroup of G such that Lg\y # 0. Then L contains an ideal
M containing Ly and a homogeneous element v € Lg\y such that L =
Me& Kx.

Proof. We claim that if Lg\g C [L, L], then Lgy\ g = 0. To see this,
note that L = Ly + L\, [Lu, Lu] € Ly and [Ly, Lg\g] € Lg\g- Hence
if LG\H - [L, L], then

Lovu € [Lo\m, Lul + [Lovu, Lenm) € [Lavm, L-
By iterating the above formula, we see that

Leve €[ [[Lenm, L], L), ..., L] =0,
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as claimed. Since L/[L, L] is abelian, any graded subspace is automatically
an ideal, thus we can find a subspace N of codimension one containing Ly +
[L,L]/[L, L] and complementary to a homogeneous element T € L\ g +
[L,L]/[L, L]. Therefore if we let M be the inverse image of N, then M is an
ideal with the desired property. =

In the main result of this section, we will generalize the following result,
which was proved in [BG1].

THEOREM 14. Let R be a semiprime K-algebra acted on by a finite-
dimensional nilpotent Lie superalgebra L such that if char K = p then L is
restricted and if char K =0 then L acts on R as algebraic derivations and
algebraic superderivations.

(i) If R* is right Noetherian, then R is a Noetherian right R*-module.
In particular, R is right Noetherian and is a finitely generated right
RE-module.

(i) If R* is right Artinian, then R is an Artinian right R*-module. In
particular, R is right Artinian and is a finitely generated right R*-module.

(iii) If RE is finite-dimensional over K then R is also finite-dimensional
over K.

(iv) If RY has finite Goldie dimension as a right R*-module, then R
has finite Goldie dimension as a right R-module.

(v) If R* has Krull dimension o as a right RY-module, then R has
Krull dimension o as a right RV -module. Thus R has Krull dimension at
most a as a right R-module.

Before proving our main result, we first need a lemma which is actually
part of Proposition 2.2 from [BG1].

LEMMA 15. Suppose § is a nilpotent skew derivation of a K-algebra R
and let R = {r € R|4(r) = 0}.

(i) If R is right Artinian, then R is an Artinian right R®)-module. In
particular, R is right Artinian and is a finitely generated right R®)-module.

(ii) If A is a subring of R©) such that R has Krull dimension « as a
right A-module, then R has Krull dimension « as a right A-module.

We can now prove the main result of this section.

THEOREM 16. Let R = EBgeG R, be a semiprime K-algebra graded
by a finitely generated abelian group G and suppose R is acted on by a
finite-dimensional nilpotent Lie color algebra L = @gEG L, such that if
char K = p then L is restricted and if char K = 0 then L acts by algebraic
transformations.

(i) If R is right Noetherian, then R is a Noetherian right RY-module.
In particular, R is Noetherian and finitely generated as a right R*-module.
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(ii) If RL is right Artinian, then R is an Artinian right RE-module. In
particular, R is Artinian and finitely generated as a right R*-module.

(iii) If RY is finite-dimensional over K, then R is finite-dimensional
over K.

(iv) If RT has finite Goldie dimension as a right R*-module, then R
has finite Goldie dimension as a right R-module.

(v) If R* has Krull dimension « as a right RY-module, then R has
Krull dimension o as a right R¥-module. Thus R has Krull dimension at
most a as a right R-module.

Proof. Inlight of Corollary 12, we can immediately generalize parts (i),
(iii), and (iv) of Theorem 14 from the action of Lie superalgebras to Lie color
algebras. Therefore it remains to prove parts (ii) and (v). To this end, we
have a decomposition G =T & F, where T is the torsion part of G and F' a
torsion-free subgroup of G. If n is the order of T', let F™ = {¢" | g € F'} and
H =T & F". Clearly, H is a subgroup of G of finite index, therefore G/H
is finite. Now we consider the action of Ly on Ry. By Lemmas 13 and 15,
it follows that if R is Artinian (or has Krull dimension), then R“# has the
same property. (Recall that every homogeneous = € L¢\ i acts as a nilpotent
skew derivation.) Note that RY# is G-graded and RéH = Ry N RY# | thus
RE7 is also Artinian (or has Krull dimension). We now claim that Ry has
the same property. Observe that the subgroups 7" and F" are orthogonal
with respect to e, that is, ¢(T, F™) = 1. This implies that Ly acts on Ry
viewed as a T-graded algebra. Moreover, we can again apply Lemmas 13
and 15 to see that R is Artinian (or has Krull dimension). By Theorem 14
and Corollary 15, we deduce that Ry is semiprime Artinian (or with Krull
dimension). On the other hand, R can be viewed as a semiprime G/H-
graded algebra with identity component Rj. Therefore, by the result of
Cohen—Rowen [CR, Theorem 1.7], R is a finitely generated Ry-module, and
so R is Artinian (or has Krull dimension). m
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