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Abstract. We investigate the properties of the entropy and conditional entropy of
measurable partitions of unity in the space of essentially bounded functions defined on a
Lebesgue probability space.

Introduction. The entropy theory of dynamical systems has been en-
riched by introducing in [1] the concept of the entropy of a doubly stochastic
(DS) operator acting on the Banach space of essentially bounded functions
defined on a Lebesgue probability space. It is shown there that this entropy
is an extension of the Kolmogorov—Sinai (KS) entropy, i.e. the entropy de-
fined in [1] of any Koopman operator associated with a measure-preserving
transformation is equal to the entropy of this transformation. It seems that
the theory of the former entropy will be more difficult than that of the
KS-entropy.

In this note we investigate the properties of the entropy and conditional
entropy of measurable partitions of unity which form the basis of the entropy
theory of DS-operators. Interesting definitions of these concepts with some
properties are given in [1]. Among other things, we sharpen and generalize
these results.

First, we observe that the entropy of a partition of unity is subinvariant
with respect to any DS-operator and that its invariance for all partitions
forces the DS-operator to be a Koopman operator. The subinvariance allows
us to define the mean entropy of a partition of unity with respect to any
DS-operator and we show that it coincides with the definition given in [1]
for Koopman operators.

Applying natural absolutely continuous measures associated with a mea-
surable partition of unity, we give a definition of the conditional entropy
which is simpler than that given in [1] and reduces to it under natural
assumptions. Our definition allows us to obtain new properties of the condi-
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tional entropy. Among our properties there are generalizations of properties
(a), (d)—(f) of Lemma 1 of [1] to arbitrary partitions of unity.

Applying a result of A. Iwanik ([2]) we show that the entropy of a DS-
operator is an invariant with respect to a natural conjugacy relation for
DS-operators.

The first author would like to acknowledge his debt to A. Iwanik for
fruitful discussions concerning DS-operators.

Result. Let (X,B,u) be a Lebesgue probability space. For any f €

LY(X, ) we put
Ef =\ fdu.
X

Let P denote the set of all finite measurable partitions of unity in
L>(X,p), ie. @={p1,...,om} € Piff p; € L®(X,p), p; > 0,1 <i<m
and 1 + ...+ @, = 1.

o0 eP,®={pv1, ..., 0m}, ¥ ={t1,...,%,} then the join of & and
¥ is the following partition of unity:

VY ={p;:1<i<m, 1<j<n}
Let Pt denote the subset of P consisting of @ = {¢1,...,p,} with all
p; strictly positive.
We say that @ = {¢1,...,0mn} is induced by a measurable partition P =
{P1,...,Pn} of X if o =xp,, 1 <i<m.
For & € P we denote by |®| the number of elements of &.

First we recall the definition of the entropy of @ € P (cf. [1]) expressing
it by the well known function

| —tlogt, te(0,00),
n(t) = {0, t=0.

We have

(1) n(st) = sn(t) +tn(s), st €[0,00).
The entropy of & € P is the number

(@) =) elp) where e(p) =cu(p) =n(Ep) — E(nop).

Now we introduce the definition of the conditional entropy of one parti-
tion of unity with respect to another. Our definition is simpler than that in
[1] and reduces to it under natural assumptions.

Let ¢» € L*™(X,p) be such that 0 < ¢ < 1 and ¢ # 0. Let py be
the measure absolutely continuous with respect to pu, defined by du, =
(Ev)~tpdu. We denote by Ey, the integration operator with respect to j,.
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Let ey (¢) = €u,, (v), and let

(o) = {OE’(¢)5¢(%0), z ig,

Now for @, € P we define, in the same way as in [1], the conditional
entropy of @ with respect to ¥ by

e@0) =)D elplv).
pedYel

An easy calculation shows that

E(¢y)
E()

i.e. one obtains the definition of the conditional entropy in [1].

e(p ) = —E(py)log + E(pplogy), ¢ePt, veP™,

Properties of entropy and conditional entropy
PROPOSITION 1. For any ® € P we have
0 < <(®) < log |2,
The equality £(P) = 0 holds iff every ¢ € @ is a constant, and (P) = log |P|
iff @ is induced by a partition of X and Ep = |®|71,p € ®.

Proof. The inequality €(®) >0 has been shown in [1]. It is an immediate
consequence of the Jensen inequality. Let now e(®) = 0 and ¢ € @, i.e.
n(Ey) = E(no ). For a € R we define A, = {¢ < a} and

c=inf{a € R: u(A,) =1}

Let € > 0 be arbitrary. It is enough to show that
(2) we—e<p<c+e) =1
Obviously p(Acye) =1 and p(p > ¢ —¢e) > 0. Now we check that the strict
concavity of n implies that u(p > c—e¢) =1, i.e. (2) is satisfied.

Define A=A..,B=X\Aand Ep=FE,,,D € B.

Suppose, on the contrary, that u(A) > 0. Since u(B) > 0 we have

n(Ee) = n(u(A)Eap + n(B)Epy)
> p(A)n(Eap) + p(B)n(Epy) = E(n 0 ¢),

which is a contradiction, i.e. (2) is satisfied.

The inequality (@) < log|®P| easily follows from the Jensen inequality:

1 1
D) < |D —n(Ep) <|P|n| — | = log |P|.
o)< 103 o) <| ((1g7) = roule
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If e(?) = log |®| then
E(an) =Y n(By) —log|®| <0,
ped ped

ie. E(noy) =0, ¢ € ®. Hence, every ¢ € ¢ admits only the values 0 or 1,
i.e. @ is induced by a partition of X and so

(@) =) n(Eyp).
wED
Therefore, the equality £(®) = log|®| and the strict concavity of n imply
Ep=|0]"", pcd. m

From Proposition 1 we get at once the following

COROLLARY. For every ®,¥ € P we have e(®|¥) > 0, and (P |¥) =0
iff for any ¢ € @, € ¥ the function ¢ is constant on the set {1) > 0}.

It follows quite easily that if & = {¢1,..., ¢, } then e(® | @) = 0 iff there
exists a measurable partition {By, ..., B} of X and a partition {Jy, ..., Ji}
of {1,...,n} such that for any 1 < < k there exists i € J; such that

w; = ciXp, Wwith Z ¢ =1.
e Jy
DEFINITION 1. An operator D : L®(X,u) — L% (X, p) is said to be
doubly stochastic (DS) if it is linear, positive, D1 =1 and Eo D = FE.

The well known examples of doubly stochastic operators are the Koop-
man operators and the conditional expectation operators.
For @ = {¢1,...,om} € P we put, as in [1],
D® ={D¢y;,...,Dpn}.
We shall use the following inequality of Jensen type for DS-operators.

JENSEN INEQUALITY. If D is a DS-operator in L= (X, ) andn: R — R
is concave then for any f € L (X, u) we have

n(Df) = Do f).

This can be proved in exactly the same way as the corresponding in-
equality for conditional expectations (cf. for example [3], IT 47).

PROPOSITION 2. For any ¢ € P we have e(DP) < (D). If the equality
e(DP) = &(P) holds for every & € P then D is a Koopman operator.

Proof. The above inequality is an immediate consequence of the Jensen
inequality for DS-operators.
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Now suppose that e(D®) = £(P) for every @ € P. Since e(p) > e(Dy),
p € @, the above equality implies that

(3) e(p) =e(Dy), ¢ed.

Substituting in (3) ¢ = x4, A € B, one obtains E(n(Dxa)) = 0. Hence,
Dx 4 admits only two values 0 or 1, i.e. it is a characteristic function and
so D is a Koopman operator. m

PROPOSITION 3. For every @,¥ € P we have

e@|w) =" nE = nEY) =Y Enle))

PED YEW Yew pED

Proof. Applying (1), we get

e(p|Y) = E(¥)ey(v)
_ (ev)\  E(e)y)
_EW’)["< E<w>) E($) }
a L B _ Em)y)
‘E“’”)[E(w) (Bled) ””(m)E ()
— n(E(gw)) - (E“")(j; ) Bio))

for any ¢ € @, ¢ € ¥. Summing over all p € & and ) € ¥ one obtains the
desired result. m

A connection between the entropies e(D® | D¥) and (@ |¥), &,V € P,
is very important in developing the entropy theory for DS-operators.

It is well known that if D is a Koopman operator induced by a transfor-
mation of X which preserves p then these entropies are equal.

Now we want to give examples which show that, in general, there is no
connection between them.

ExAMPLE 1. Let D be the integration operator £ and let ®,¥ € P be
such that (@ |¥) > 0. Then ¢(DP|D¥) =0 < £(P|¥).

EXAMPLE 2. Let T be an ergodic transformation of a Lebesgue space and
let P = {A, B} be a measurable partition of X. Let D = (I +Ur) where I
is the identity operator and let @ = {xa,x5}. Then D® = {1)1,12} where
Y1 = 3(xa+xr-14) and ¢ = 5(xB+Xx7-15). Applying Proposition 3, one
has (@ |®) = 0 while e(D® | D®) > 0 except in the trivial case when 1); is
constant on the set ¥; > 0,1 =1,2.

PROPOSITION 4. For every &,W, A € P we have
e(@VU|A)=¢e(P|A)+e(W|AVY).
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Proof. It follows from Proposition 3 that

@) e(@vEla)= > n(EpyN) Zn ZE (1)),

P,

(5) (@A) = Zn )—277( ZE
(6) e(sﬂAv@):Z E(pp))) Zn —ZEW))
P

b
where the summations are taken over all ped PYeW and A € A.
Combining (4)—(6) and applying (1) one obtains the desired result. m

Substituting, in Proposition 4, A consisting of the function A\ = 1 one
gets at once the following

COROLLARY. For every ®,¥ € P,

e(@VY) =¢e(P)+e(¥|P).

As we have seen, in general ¢(@ | @) > 0, i.e. e(PVP) > £(P) by the above
Corollary. The asymptotic behaviour of the sequence €,, = £(®1 V...V ®,),
&, = @, n > 1, is not clear from the definition. However, we have ¢,, = o(n),
n > 1 (see below).

The fact that e(®|®) > 0 for some & € P implies that one cannot
equip P with a metric analogous to the Rokhlin metric and so one has no
useful approximation results as in the classical entropy theory (cf. [4]). An

interesting approximation result for the conditional entropy is contained in
the proof of the main theorem of [1].

PROPOSITION 5. For every @ € P and § > 0 there exists ¥ € P induced
by a partition of X such that e(®|¥) < 0.

An idea of the proof is given in [1]. It seemed to us that some details of
it could be useful to the reader and therefore we give the proof.
Proof. Let ® = {¢1,...,0,} and let A > 0 be such that
0
o=/ <A, w1’ € [0,1] = In(a) —n(a)| < 5
n
Let Q@ = {Qo,...,Q.—1} be a partition of [0,1) where Q; = [i/r, (i +1)/r),
0<i<r—1,r>1/X. We consider the partition P of X defined by
P=p'(QV...V¢, ' (Q)
and we denote by ¥ € P the partition induced by P. We claim that for any
AeP,

(7) exalpi) =n(Bapi) — Ea(n(pi)) <d/n, 1<i<mn,

where E4 has the same meaning as in the proof of Proposition 1.
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We have
A:{ik/rgapk<(ik+1)/r, 1§k§n}
where 0 < i, <r—1, 1 <k <n. Hence,
0< EAQDk —ik/T < 1/7" <A
and so
(8) n(Eapk) —n(ic/r)| < 6/(2n).
In the same way, for € A one has
[n(er(x)) —nli/7)] < 5/(2n)
and therefore
9) |[Ea(n(er)) —nlix/r)] < 0/(2n).
Combining (9) with (10) one obtains
In(Eapr) — Ean(er)| < d/n.

By the Jensen inequality the last difference is non-negative, i.e. one gets (8).
Thus,

e(P|V¥) = ZZ Jexa(pi) < 0. m

i=1 AeP
PROPOSITION 6. For every &,W, A € P we have

e(@|UVA) <e(@|A).
Proof. We have
e@|wVA) =D E@Nepaly)

RUIPA

= Y E@N0(Epa(9)) — Epa(n(e))
RUIPA

Y B Y %m%(@)) -3 En(y)).
Y P s

Applying the Jensen inequality and (1) one obtains

ZE Z E1/1>\ (Eya(y ZE ( %K);)wa(SD))
_ Z ( <P>;)>
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= ZA E()) [ﬁn@(@)) + n(ﬁ)]ﬂ(m)}

= > n(EpX) = > n(EN)).

A
Applying now Proposition 3 we have
e(@|wVA) <D n(E(eN) =Y n(EQN) =D E(n(e) =e(@|A).
) A ¥

COROLLARY 1. For every ®,¥ € P we have e(® |¥) < £(P), and equality
holds iff @ and ¥ are uncorrelated, i.e.

E(py) = E(p)E(Y)
forallp € ® and Y € V.

Proof. The above inequality is an obvious consequence of Proposition 6.

If @ and ¥ are uncorrelated then we obtain at once the desired equality
by Proposition 3 and (1).

Now suppose that (@ | W) =¢(P). Using the inequality and the concavity
of n, it follows from a straightforward computation that

e(p) =D E@Weyp(p), ¢e?,
Ppewr

l.e.

_ E(e)
n(B() = %ﬂ@n( o)

and so

E
(X BwiEe) = X swn( 500,
hew pey
Applying the strict concavity of n one obtains

E(py) = E(0)EW), ¢e®, Yev,

i.e. @ and ¥ are uncorrelated. m
Hence and by the Corollary to Proposition 4, one gets
COROLLARY 2. For every @ and ¥ we have
(VYY) <e(P)+e(W),
and equality holds iff ® and ¥ are uncorrelated.

Let now D be a doubly stochastic operator and let ¢ € P.
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DEFINITION 3. The quantity

1 n—1
e(D,®) = limsup —a( \/ Dké)
n—oo N =0

is said to be the mean entropy of D with respect to @.

It would be interesting to know whether the above sequence is conver-
gent.

If D is a Koopman operator then we obtain Definition 4 of [1].

Corollary 2 and Proposition 2 yield at once the following

COROLLARY 4. ¢(D,®) < ().
DEFINITION 4. The quantity
e(D) =sup{e(D,®) : ¢ € P}
is said to be the entropy of D.

The entropy of a DS-operator is an invariant with respect to the following
natural relation of conjugacy.

Let (X, B, u) and (Y,C,v) be Lebesgue probability spaces and let D and
D’ be doubly stochastic operators on the spaces L (X, u) and L>®(Y,v),
respectively. Then D and D’ are said to be conjugate if there exists a bijective
linear transformation V : L (Y,v) — L°(X, i) such that V and V1 are
positive, VD' = DV and

{vidu=1fdv
X Y
for every f € L>(Y,v).

It follows from Lemma 6 of [2] that V is induced by a point transfor-
mation ¢ : X — Y, ie. (Vf)(z) = f(px). Of course ¢ is bijective a.e.
and measure-preserving. Therefore, the fact that the entropy is an invariant
easily follows from the definition.

It is shown in [1] that for every Koopman operator Ur induced by a
measure-preserving transformation 7" one obtains

e(Ur) = n(T)

where h(7T) is the Kolmogorov—Sinai entropy of T'.
In particular, if T is the identity transformation, then h(T") = 0 and
therefore

e(P1V...VP,)=o0(n), =P, 1<k<n, n>1Ll
We further obtain immediately

REMARK 1. If D is a DS-operator such that D* = D for some positive
integer k then (D) = 0.
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In particular the entropy of a conditional expectation operator equals 0.

CONJECTURE. Let G be a compact abelian group equipped with a nor-
malized Haar measure A and let p be a Borel probability measure on G.
The operator D, on L*°(G, \) defined by

(Duf)(x) =\ f(z — y) u(dy)
G
is said to be the convolution operator determined by pu.

If 41 is a Dirac measure concentrated at some zo € G then D, is, of
course, the Koopman operator induced by the rotation 7x = x — ¢ on G.
It is well known that the entropy of 7 equals 0, i.e. £(D,,) = 0.

On the other hand, if p is a Haar measure then D, = F and, therefore,
e(D,) =0.

It would be interesting to know whether ¢(D,,) = 0 for any pu.
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