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RELATIVELY MINIMAL EXTENSIONS OF TOPOLOGICAL FLOWS

BY

MIECZYSLAW K. MENTZEN (TORUN)

Abstract. The concept of relatively minimal (rel. min.) extensions of topological flows
is introduced. Several generalizations of properties of minimal extensions are shown. In
particular the following extensions are rel. min.: distal point transitive, inverse limits of
rel. min., superpositions of rel. min. Any proximal extension of a flow Y with a dense set
of almost periodic (a.p.) points contains a unique subflow which is a relatively minimal
extension of Y. All proximal and distal factors of a point transitive flow with a dense set of
a.p. points are rel. min. In the class of point transitive flows with a dense set of a.p. points,
distal open extensions are disjoint from all proximal extensions. An example of a relatively
minimal point transitive extension determined by a cocycle which is a coboundary in the
measure-theoretic sense is given.

1. Introduction. The theory of minimal flows and their minimal exten-
sion has a long history and it enjoys a great collection of useful tools and
valuable results. It was developed by J. Auslander, I. U. Bronshtein, R. Ellis,
H. Furstenberg, E. Glasner and others. However, many natural examples of
flows are not minimal, e.g. the full shift. The purpose of the present paper is
to relativize the notion of minimality with respect to a given factor. We will
study several analogies of the notion of minimality in topological dynamics.
The definitions and facts below can be found in [2] and [6].

Throughout we will denote by T some fixed discrete group. If a contin-
uous action of T' is defined on a Hausdorff space X, then the pair (X,T)
will be called a flow. Except in Section 3 we will assume X to be com-
pact. To simplify notation, we will refer to (X,T) as X. If x € X, the
orbit {tx : t € T} is denoted by O(z) and the orbit closure {tx :t € T} by
O(z). The flow X is point transitive if there is an o € X with dense orbit:
O(z0) = X. In this case we will write (X, x¢) instead of (X, T). A nonempty
subset Xo C X is minimal if it is closed, invariant (tXo = Xo, t € T) and
contains no proper subset with these properties. In particular, the flow X
is minimal iff O(z) = X for each z € X. If z € X is such that its orbit
closure is a minimal set, then we call x an almost periodic point. For open
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sets U,V C X the dwelling set D(U,V') C T is defined by
DU, V)=A{teT: tUNV #0}.

By definition, X is topologically ergodic if for any nonempty open sets U, V' C
X, D(U,V) # (. Equivalently, X is topologically ergodic iff each nonempty
open invariant subset of X is dense. One can define the dwelling set for an
x € X and an open set U C X by

D(z,U)={teT:zctU}.

Clearly X is point transitive iff there exists an o € X such that D(xq,U)
# () for every nonempty open U C X. Each point transitive flow is topo-
logically ergodic, but not wvice versa. Both notions coincide for instance on
second countable Baire spaces. A point x € X is almost periodic iff for any
open () # U C X the dwelling set D(x,U) is syndetic, i.e. there exists a com-
pact subset K of T such that KD(z,U) ={kt: k€ K, t € D(z,U)} =T.

Given two flows X and Y we say that Y is a factor of X, or that X is
an extension of Y, if there exists a continuous map ¢ : X — Y such that
#(X) =Y and ¢ is equivariant, i.e. ¢p(tx) =t¢(z) forallz € X and t € T
The function ¢ is called a factor map or an extension. If the surjectivity
assumption is dropped we will speak about homomorphisms. If X is point
transitive, O(xg) = X, then Y is also point transitive and yo = ¢(z¢) has
dense orbit in Y. In such a situation we will write ¢ : (X,z0) = (Y, 0).
Writing (X, z9) — (Y, y0) we will understand that (X, z¢) is an extension
of (Y, yp) via some factor map ¢ : (X, zo) — (Y, y0) with yo = ¢(xp).

If  : X — Y is a factor map, we can define a closed invariant equivalence
relation Ry C X x X by (x,y) € Ry iff ¢(z) = ¢(y). Obviously, the quotient
space Xr, = X/Rg with the quotient topology is a compact Hausdorff
space which is isomorphic to Y. This allows us to picture factors of X as
invariant, closed equivalence relations on X, also called factor relations.
Conversely, given such a relation R we can define a factor map ¢ : X — Xp
by ¢(x) = [z]r (here [x]r denotes the equivalence class of ). Note that if
we have two factor relations R;, Ry and a factor map 7 : Xr, — Xg, with
TRy, = TOTR,, then Ry C Rs.

Ifop: X - Z and ¢ : Y — Z are extensions of the flow Z, then by the
relative product of ¢ and ¢ we understand the subflow (R, T) of (X XY, T),
where Ryy = {(z,y) € X xY : ¢(x) = ¥(y)}. The relative product of ¢
and 1) is an extension of Z having both ¢ and ¢ as factors via the projections
Tx, Ty, i.e. such that ¥ o mx = ¢ omy. In general this extension is not the
smallest one with this property.

Two extensions ¢ : X — Z and ¢ : Y — Z are said to be disjoint,
¢ L 1, whenever each extension 0 : Z* — Z of which ¢ and 1 are factors
also has Ry, the relative product of ¢ and 1, as a factor. More precisely,
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if * 1 Z* — X, ¢* : Z* — Y are extensions such that ¢ o ¢* = 1) o 9)* then
the map

Z* 32" = (¢7(x), " (27)) € Ry

is onto. To illustrate this definition we give the following commutative dia-

gram of factor maps.
x\

Z*
¢*

Y
\
Rey zZ
/
X
Observe that ¢ L 1 iff for every closed invariant set D C Rgy the
conditions 7x (D) = X, my (D) =Y imply D = Ryy. If Z is the trivial flow,
i.e. Z = x is a one-point set, and ¢ : X — *, ¥ : Y — x are disjoint, then
we say that the flows X and Y are disjoint and write X | Y. It turns out
that if X 1 Y then at least one of X, Y is minimal.
By AT we denote the Cech-Stone compactification of the discrete group
T. One can define an action of T on ST by extending the map T 3 s —
ts e T C BT toamap BT > p — tp € fT. Thus BT becomes a T-flow.
There is a unique natural structure of a semigroup on 571" such that for each
p € BT the map ¢ — gp is continuous. Then ST acts on any flow X and
for z € X we have 8Tz = O(z). If (X,x¢) is a point transitive flow, then
BTzo = O(zg) = X. Thus we can see X as a factor of BT
Now fix zyp € X. The (closed) set {p € BT : pxry = x¢} contains an
idempotent u (uu = u) and the principal ideal ST is a closed subset of ST
satisfying STuzg = fTxo = O(zg). The point zg is almost periodic iff there
exists an idempotent » in some minimal ideal in 8T such that uxg = z¢.
Let X be a flow and z,y € X. We say that the pair (z,y) is prozimal if
there exists a p € ST such that pxr = py. If either z = y or the pair (z,y)
is not proximal, we call it distal. Assume now that ¢ : X — Y is a factor
map. Then ¢ is called prozimal if each pair (z,y) from the factor relation
Ry is proximal. If each (x,y) € Ry is distal, then we call ¢ distal.
An extension ¢ : X — Y is called a group extension if there is a topo-
logical compact Hausdorff group G acting continuously and equivariantly

on X as a group of homeomorphisms such that the fibers of ¢ are precisely
the G-orbits in X: V1,20 € X (¢(x1) = ¢(x2) iff 3g € G (x2 = 719))
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iff ;G = 22G). Equivalently, Vz € G (¢~ (¢(x)) = zG). Note that group
extensions are open (i.e. the factor map is open) and not necessarily distal.

2. Relatively minimal extensions. Assume (X,7T) to be a flow. Let
R be a factor relation on X. Put

Ar ={D C X : D is closed, invariant and Yz € X ([z]g N D # 0)}.

Thus an invariant closed D is in Apg iff the map D > x — [z]g € Xg is
onto.

Clearly Ap is nonempty and is partially ordered by inclusion. If {D,, :
o € A} is a chain and 2 € X, then (.4 Do N [2]r # 0 by compactness.
Now, by the Zorn lemma, each member of Ag is a superset of some minimal
element of this family.

DEFINITION 2.1. The minimal (with respect to inclusion) elements of
Apr will be called relatively minimal with respect to R. The family of all
subsets of X which are relatively minimal with respect to R will be denoted
by M(X,R) or M(R). If ¢ : X — Y is a factor map, then we will often
write M(X,Y) instead of M(Ry).

Let us write down the following observations.

PROPOSITION 2.1. (i) Assume that Xo € M(X,R). Then X is point
transitive if and only if Xgr is point transitive.

(ii) If Xg is point transitive and O([xo]r) = Xg, then for each X, €
M(X, R) and for each x € [xo]r N Xo we have O(x) = X.

(iii) If Xgr is minimal then the family M(X, R) consists of all minimal
subsets of X.

Proof. (i) If Xg is point transitive, then there is an xg € X such that
O([ro]r) = Xgr. Then D = O(xg) C Xj is a closed invariant set. Since X
is point transitive, we have D € Agr. Hence D = Xj.

(i) Set D = O(x). Clearly D C Xo. If [y]g € Xg then [y|r = pla]r =
[px]r for some p € BT. Since pzr € D, the set D meets [y|g. Consequently,
D = X,.

(iii) is obvious.

The following proposition indicates a situation in which the almost pe-
riodic points are contained in each relatively minimal set.

ProrosiTION 2.2. If the extension X — Xpg is proximal and Q) de-
notes the closure of the set of all almost periodic points from X, then
Q@ Cc M(R).

Proof. Let D € M(R) and choose any almost periodic point z € X.
Then there is an 2’ € [x]gND and, by proximality of the extension X — Xg,
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there is a p € ST such that px = pz’ € D. Thus O(z) C D, so x € D and
the result follows. m

DEFINITION 2.2. Call X relatively minimal with respect to its factor
Y (¢ : X — Y), or equivalently a relatively minimal extension of Y, if
M(Y) = {X}. If this is the case, then we call ¢ a relatively minimal map.
We then write ¢ : X — Y rel. min. or X — Y rel. min.

From Proposition 2.1(iii) and Definition 2.2 we have the following corol-
lary.

COROLLARY 2.1. If Y is a minimal flow and X is relatively minimal
with respect to Y, then X is minimal as well.

PROPOSITION 2.3. Assume that we are given the following commuting
diagram of factor maps.

X2y

AW
Z
Then x is relatively minimal if and only if so are ¢ and .

Proof. First assume that x is relatively minimal. Let Xy C X be an in-
variant, closed set satisfying ¢(Xo) =Y. Then x(Xo) = vo(Xo) = ¢(Y) =
Z and therefore Xg = X, so ¢ is relatively minimal. If Yy C Y is invari-
ant, closed and satisfies (Yy) = Z, then putting X = ¢~*(Y,) we obtain
X(Xo) = Yop(Xo) = ¥(Yo) = Z. Thus Xy = X, hence Yy =Y. This implies
that ¢ is relatively minimal.

The opposite implication is obvious. m

PROPOSITION 2.4. Let ¢ : X — Y be relatively minimal. Then Y is
topologically ergodic iff so is X.

Proof. Assume that Y is topologically ergodic. Let U C X be an open
nonempty invariant set. Then ¢(U€)¢ is open invariant, hence by the topo-
logical ergodicity, dense in Y. Since ¢(U°)¢ C ¢(U) C ¢(U), it follows that
#(U) is dense in Y, thus ¢(U) =Y. Because ¢ is rel. min., U = X. m

PROPOSITION 2.5. Let (A, <) be a directed set and let (X, (¢a)aca) be
the limit of an inverse system Y = ((Ys)gea, (6ap)a<p) of flows, where
Gap : Yg = Yy for a < B. If all ¢op’s are relatively minimal, then all ¢ ’s
are relatively minimal as well.

Proof. Given a € A we find a relatively minimal extension X, C X of
Y, via ¢. First we show that ¢3(X,) = Y3 for each 5 € A. If 5 < a, then

98(Xa) = ¢pada(Xa) = ¢pa(Ya) = Yp. If a < B, then ¢ap(dp(Xa)) =
¢a(Xa) = Y,. Since ¢qp is rel. min., ¢g(X,) = Y. Finally, if 5 and «
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are not comparable, then we find a v € A such that a < v, § < 7. Now
¢+(Xa) =Y, and therefore ¢g(Xa) = gy 0~ (Xa) = ¢p,(Yy) = V3.

Now we prove that X, = X. Let x € X. For each § € A we have
#5(Xo) = Yz, therefore there is an z” € X, such that ¢g(z”) = ¢g(x).
We intend to prove that limz” = 2. To do this fix a 7 € A and an open
U C Y, satisfying = € qﬁ;l(U), equivalently, ¢,(x) € U. If B > ~ then
¢y (2P) = ¢ypd5(2°) = dpypd(x) = ¢y(x) € U. Thus 2P € ¢! (U), which
proves that lim2” = z. Since X, is closed, z € X,,.

We have proved that X, = X, hence ¢, : X — Y, is relatively minimal
forallae A. =

PROPOSITION 2.6. Let ¢ : X — 'Y be a factor map. Then there exist a
flow X, factor maps ¢ : X — X, ¢ : X =Y and a one-to-one homomor-
phism 0 : Y — X such that:

(i) p =1 o @, i.e. the diagram

X—2-%

\N 5
Y
commutes;
(i) ¥ 0 0 = idy;
(iii) @ is relatively minimal.
Proof. Define R = R, = {(z1,22) € X x X : p(x1) = ¢(x2)}. Find an
Xo € M(X,Y) and define an equivalence relation Ry on X by setting
Ry = [Rﬁ (XO X Xo)] UAx.
The equivalence classes of Ry are of the form
(w]p, = {z} if x ¢ Xo,
Ro [.T]RQXO if z € Xg.
Then Ax C Ry C R. Let)N(:XRO,@:X—))Zand@b:f(—)Ybethe
natural quotient maps. Clearly ¢ = ¢ and ¥p(Xo) =Y. Let : Y — X
be defined by 9([LU]R) = {QZ]R NnXy= [JE]RO, xz € Xy. Then Q(Y) = @(Xo)
and
YO0([z]r) = Y([z]r N Xo) = [[z]r N Xo]|r = [z]r = idy ([z]R).

Since 1 restricted to ¢(Xp) is one-to-one, 6 is continuous.

Finally we show that ¢ is rel. min. Assume that W C X is a closed
invariant set with (W) = X. Since [z]r, = {2z} for z & X,, we have
X\ Xo c W. Now (W\ Xo) =Y \§(Xo) and p(XoNW) = pp(XoNW) =
Yp(Xo) = ¢(Xo) =Y. Thus Xg C W. We have shown that W = X. n
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Let (X, zo) be point transitive. Since the system (57T, e) is an extension
of (X, xzg), there exists a compact invariant subset A C 7 and an a € A
such that (A4,a) — (X, z¢) rel. min. Actually we have more:

LEMMA 2.1. For any point transitive flow (X, xo) there exists an idem-
potent u € BT such that (fTu,u) — (X, xo) rel. min. Moreover, each closed
invariant A C BT satisfying A — (X, xg) rel. min. is of the form A = Tu
for some idempotent u € ST.

Proof. Take any closed invariant A C ST such that (A,a) — (X, zo)
rel. min. Let B = {p € A : pxrg = x9}. The set B is nonempty (a € B),
compact and BB C B. By Lemma 2.9 of [2], there exists an idempotent u in
B. Since A is invariant, fTu C A. On the other hand STu(zo) = BT (uzo) =
BTxo = X. This forces fTu = A because the extension (A,u) — (X, xg) is
relatively minimal. m

LEMMA 2.2. Let ¢ : X — Y be a factor map and Y = O(yo). If u € BT
is an idempotent such that (fTu,u) — (Y,yo) rel. min., then M(X,Y) =
{BTuz : =€ ¢ (yo)}-

Proof. If v € ¢~ 1(yo), then by Proposition 2.3, fTuz € M(X,Y). On
the other hand, if Xo € M(X,Y), then Xy = O(x) for some z € ¢~ ()N X

(Proposition 2.1) and Xy = O(z) = O(ux) = fTux. m
From Lemma 2.2 and Proposition 2.3 we get the following proposition.

PROPOSITION 2.7. Let (Y, yo) be a point transitive flow. Assume that u €
BT is an idempotent such that the extension (BTu,u) — (Y,yo) is relatively
minimal. Then for any extension ¢ : X — Y, ¢ is relatively minimal iff
there exists an xg € ¢~ (yo) such that BTury = X.

ProrosITION 2.8. If X is point transitive and ¢ : X — Y is distal then
¢ 1is relatively minimal.

Proof. Let Y = O(yo) and fix Xg € M(X,Y). Choose xg € ¢~ 1(yo) N
Xo, where ¢ : X — Y is distal. Choose an idempotent v € ST such that
(BTu,u) — (Y,y0) rel. min. Then ¢(uwg) = up(wo) = uyo = yo = ¢(wo)
and, by distality of ¢, uxg = xg. We have X = O(z¢) = Tzo = ST (uzg) =
BTuxg and by Lemma 2.2, ¢ : X — Y is relatively minimal. =

PROPOSITION 2.9. Let ¢ : X — Y be a group extension and Xg C X be a
point transitive subflow such that (Xo) =Y. Then the extension ¢ : Xo —

Y is relatively minimal. In particular, each point transitive group extension
is rel. man.

Proof. Let ¢ : X — Y be a G-extension and X = O(x¢). Then yg =
¢(xo) has dense orbit in Y. Let u € T be an idempotent such that 5Tu —
(Y, y0) is rel. min. Then the extension (5T uxg, uxg)— (Y, yo) is also rel. min.
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Because uyy = yo, we have ¢(uxg) = yo and therefore there is a g € G
such that uzg = xog. We also have (uxg)g = u(zog) = u(uxg) = uzg, so
(uzp)g = xog. Since g acts on X as a homeomorphism, uxg = ¢, which
finishes the proof. =

DEFINITION 2.3. Let (X,T) be a flow. A closed invariant set ) # D C X
will be called almost minimal if the set of almost periodic points of D is
dense in D. The flow (X,T) is an almost minimal flow if X is an almost
minimal set.

Usually the above property is referred to by writing that D or X is a B-
set. However there is also the notion of B-flows, which is different (stronger)
than the notion of B-set and may be ambiguous. To omit difficulties in
formulating statements we will use the new name.

Clearly, each factor of an almost minimal flow is again almost minimal.
The converse is not true, but we have the following lemma.

LEMMA 2.3. If Xg is almost minimal and Xo € M(X, R), then X is
also almost minimal.

Proof. Denote by ¢ the factor map X — Xy and by @ the set of all
almost periodic points of Xy. Then (b(Q) is the set of all almost periodic

points of Xg. Also Xg = ¢(Q) = ¢(Q) because Xg is almost minimal.
Since @ is invariant and projects via ¢ onto Xg, we get Q = Xp. =

As a conclusion we have

COROLLARY 2.2. A relatively minimal extension of an almost minimal
flow is almost minimal.

It is well known that any proximal extension of a minimal flow contains
a unique minimal subset. The relative version of this theorem in the class
of almost minimal flows is given by the following proposition.

ProrosITION 2.10. Assume that ¢ : X — Y is a proximal extension
and 'Y is an almost minimal flow. Then M(X,Y') consists of exactly one

element. More precisely, if Q denotes the closure of the set of all almost
periodic points from X, then M(Y) = {Q}.

Proof. Since the set of all almost periodic points in Y is dense, we have
#(Q) =Y. Now, take any Xy € M(Y') and any almost periodic point z € X.
There is an almost periodic 79 € X such that ¢(z) = ¢(x). We can find a
p € BT (¢ is proximal) such that pr = prg. Then pr € O(x¢) and, because
x is almost periodic, O(x) = O(xg). Therefore z € Xy and Xg = Q. =

From Proposition 2.10 we get the following fact.

ProrosiTIiON 2.11. If X is almost minimal and X — Xg is proximal
then it is relatively minimal.



RELATIVELY MINIMAL EXTENSIONS 59

From Propositions 2.8 and 2.11 we get the following conclusion.

COROLLARY 2.3. If X is a point transitive almost minimal flow, then
all proximal factors and all distal factors of X are relatively minimal.

In the class of minimal flows two extensions ¢ and v are disjoint iff the
relative product Ry, is minimal. This is not true in the general situation.
Nevertheless we have the following obvious fact.

PROPOSITION 2.12. Let ¢ : X — Z and ¢ : Y — Z be two extensions
such that at least one of the projections mx : Rgy — X, my : Rgyy — Y is
relatively minimal. Then ¢ 1 .

If we add some natural assumptions then the converse is true.

THEOREM 1. Assume that ¢ : X — Z and p : Y — Z are factor maps of
point transitive flows and ¢ is relatively minimal. Then ¢ L ¢ if and only
if the projection Ty : Rgy — Y is relatively minimal.

Proof. The sufficiency is always true (Proposition 2.12). To prove the
necessity assume that ¢ L ¢ and choose A € M(Ryy, X), B € M(Ryy,Y).
Then 7x(AUB) =X, ny(AUB) =Y. From ¢ L ¢ we get AU B = Ryy.
Now, because ¢ is rel. min., we can find xg € X, yg € Y such that X =
O(z0), Y = O(w0), ¢(z0) = ¢(yo) (xo is an arbitrary element of ¢~ (1 (yo)),
where O(yo) = Y). Thus (29,90) € AU B. Assume that (zo,y0) € A.
This forces my (A) = Y and the disjointness of ¢ and 1 gives A = Ry,
so mx : Rgy — X rel. min. The case (z9,y0) € B is similar and gives
Ty @ Rgy — Y rel. min. We have proved that at least one of 7mx, my is
rel. min. If wx is rel. min., then, by Proposition 2.3, ¢ o mx is rel. min.,
hence ¥ o 7y is rel. min. and applying again Proposition 2.3 we conclude
that ¢ and my are rel. min. m

We note that in general mx is not rel. min. (see Example 2.1).

EXAMPLE 2.1. Let X = {0,1}2, Y = {0,1,2}Z be full shifts. Set Z = X
and let ¢ : X — X be the identity map, ¢ = idx. Define ¢ : Y — X by the
code 0 +— 0,1+ 1,2+ 1. Then

Ryy
not rel. V &min.
X Ty
X Y
¢ P
rel. min. not rel. min.
X

Proof. Clearly ¢ is rel. min., and % is not rel. min. because X — Y as
a subshift and v restricted to X is equal to ¢ = idx. Also 7wx is not rel. min.
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since the set D = {(z,z) : © € X} C Ryy is closed, invariant and projects
onto the whole X via mx. To end the proof observe that R4y C X XY is
just the graph of ¢ : Y — X, so my is rel. min. =

In the class of minimal flows each distal extension is necessarily open.
This is not true in general, even for point transitive almost minimal exten-
sions. Therefore in the next theorem we assume that the distal extension ¢
is open.

THEOREM 2. Let X,Y be two almost minimal point transitive flows.
Assume that ¢ : X — Z is distal and open, and v : Y — Z is proximal.
Then ¢ and v are disjoint.

Proof. Define Ryy = {(z,y) € X XY : ¢(x) = ¥(y)}. We have the
diagram

/ Rw\
X Y
A
7
Clearly, the projection mx : Rgy — X is proximal. By Theorem 1, it suffices
to show that mx : R4y — X is rel. min. To do this we will show that the
flow Rgy is almost minimal.

Since 1) is proximal, mx : Rgy — X is proximal, and since ¢ is distal,
sois my : Rgy — Y. Now let U C X, V C Y be open sets such that
(U X V)N Ryy # 0. Then ¢ 1¢p(U) C Y is open and (U x V) N Ryy =
Ux (@ 1o(U)NV)N Ryy. Changing V to ¢~ 1¢(U)NV we can assume that
(V) C ¢(U). Because Y is almost minimal, there is an almost periodic
y € V. Then ¢(y) € ¢(U) and we can find an = € U such that ¢(z) = ¥(y).
Since y is almost periodic, so is ¢(z) = ¥(y). If v is an idempotent from
some minimal ideal in BT such that uy = y, then uy(y) = ¥ (uy) = ¥(y)
and ¢(z) = ¥(y) = u(y) = up(z) = ¢(ux). The distality of ¢ gives uzr = x.
Thus u(z,y) = (z,y) and (z,y) is almost periodic. We have proved that
R4y is almost minimal.

Now we can apply Proposition 2.11 to find that 7x : Rgy — X is
relatively minimal. Theorem 1 gives ¢ 1 7). m

COROLLARY 2.4. All point transitive distal group extensions of an al-
most minimal flow Z are disjoint from all prorimal point transitive almost
minimal extensions of Z.

Unlike the case of minimal extensions, in general a distal extension need
not be open. An example is given below.
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EXAMPLE 2.2. Let X = {0,1}2 be a full shift. Denote by 0 and 1 the
fixed sequences from X: O[n] = 0, 1[n] = 1, n € Z. Denote by Ax the
diagonal in the Cartesian square X x X, ie. Ax = {(z,z) : € X}. Let
D = {0,1} and let Y be the factor of X given by the relation Ax U(D x D).
Then X is a point transitive almost minimal flow, the extension X — Y is
distal and not open, because the image of the set [0] = {z € X : z][0] = 0}
is not open in Y.

3. Flows defined by Z-cocycles. Let X be a compact Hausdorff space
and 7 : X — X a homeomorphism; then we define a flow (X, Z), where the
action of Z on X is given by (z,n) — 7"x. In what follows, for a Z-flow
given by a homeomorphism 7, we will write (X, 7) rather than (X,Z). The
more traditional notation has an obvious advantage: it describes the action
of the group Z on X.

Let G be a topological group with unit element e. For a given continuous
map ¢ : X — G one can define a Z-cocycle o™ by

p(r"x) (T 2x) L p(Ta)e(T), n>1,
" () =1 e n=0,
o(t7mx) to(rT )" (v ia) T, n < —1.

Then the cocycle condition (") (2) = o™ (7F) ") (z) is satisfied. Thus
a continuous map ¢ defines a Z-cocycle p(™). Conversely, each Z-cocycle
¥ :7Zx X — G is of the form ¥(n,z) = ¢ (z), where ¢(z) = ¥(1,z).
Therefore we will call a continuous function ¢ : X — G a Z-cocycle. For
such a cocycle ¢ define 7, : X x G — X x G by setting

Tw(l‘,g) = (TI‘, 90(‘/1").9)
The (not necessarily compact) flow (X x G, 7,) is called a cocycle extension

of (X, 7). Since X is compact, X x G is compact (locally compact) iff so
is G. Clearly

o (x,9) = ("2, ¢ (2)g).
There is a natural action of G on X x G defined by (X xG)xG > ((x,g), h) —
(x,gh) € X x G.
Schmidt’s theory of essential values for measurable cocycles ([5]) is easily
adapted to the case of a topological flow (see e.g. [4]).

DEFINITION 3.1. Let (X,7) be a Z-flow, G a topological group and
¢ : X — G a (continuous) cocycle. A go € G is an essential value of ¢ if
for each nonempty open U C X, go € V C G there exists an integer N such
that

UntNUn (e™)=1(v) £ 0.

The set of all essential values of ¢ will be denoted by E(¢p).
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LEMMA 3.1 ([4]). The set E(y) is a closed subgroup of G.

PROPOSITION 3.1 ([4]). Assume that (X, T) is topologically ergodic. Then
(X x G, 1,) is topologically ergodic if and only if E(p) = G.

Let (X, 7) be a compact Z-flow and Y a compact Hausdorff space. As-
sume that G is a topological group and G C Aut(Y) a representation of
G. We will denote the action of G on Y by (g,y) — S,(y). Additionally
assume that Sgz = idx = x for some x implies g = e, the unit element of
G. Thus we have got a flow (Y,G). Let ¢ : X — G be a Z-cocycle. Define
To: X XY = X xY by

EP(‘/E’ y) = (Txa Sga(w) (y))

This class of topological flows has been introduced by Glasner and Weiss [3].
We now show a basic property of such kind of extensions.

THEOREM 3. Assume that the flow (Y,G) is minimal and T, is point
transitive. Then the extension (X x Y,7,) — (X, 1) is relatively minimal.
In particular T, is point transitive.

Proof. By Proposition 2.1(ii) it suffices to show that there is an xg € X
such that for each y € Y the point (xg,y) € X x Y has dense orbit via
T,. First observe that if (20, 90) € X x G has dense orbit, then for each p,
(TPx0, ) has dense orbit as well. Choose x¢ € X such that (x¢, e) has dense
orbit in X X G. Fixyg €Y. Let U C X and V C Y be two nonempty open
sets. Find p € Z such that 7Pzq € U. Define 70 (z0,y0) = (v1,41), W =
{g€ G: Sy(y1) € V}. Then W is a nonempty ((Y, G) is minimal) open set.
There is n € Z with 7 (T?x¢,e) € UxW. Then 727 (20,y0) = 75 (21,91) =
(7721, Sy (2,)(y1)) € U X V because oM (x1) = M (7P2g) € W. =

EXAMPLE 3.1. Let X = {-1,1}%, 7 : X — X be the shift, G = Z.
Define ¢ : X — Z by ¢(z) = z[0]. We will prove that 7, is topologically
ergodic. By Proposition 3.1 it suffices to show that E(p) = Z. Fix n € Z.
Let B = [a—k,a—k+1,...,00,01,...,a;] be a block of —1’s and 1’s and put
U={x € X: z[—k, k] = B}. We now show that there is an integer NV such
that U N7~ NU N (e™))"1({n}) # 0. To do this define a sequence z¢ € X
in the following way. Set xo[—k, k] = B. Define s = —(ag + a1 + ...+ ar +
a_p+a_g1+...+a—1)+n. If s <0 then add |s| times the symbol —1 to
the right of zo[—k, k]. If s > 0 then add s times the symbol 1 to the right
of xg[—k, k]. Next add the block B. Put 1’s at the other positions of x.
Now xg, 7TF*lsI+k(3) € U and p*+151+%)(25) = n. Thus 7, is topologically
ergodic, thus point transitive.

Let Y ={y € C: |y| =1} and let zp € Y be such that {z§ : n € Z}
is dense in Y. Define a minimal action of G = Z on Y by S,(y) = zjy.



RELATIVELY MINIMAL EXTENSIONS 63

By Theorem 3, the homeomorphism 7, : X xY — X x Y, 7,(z,y) =

(T, 28 (x)y), is point transitive and the extension 7, — 7 is rel. min.

In [1] there is given a construction of so called cocycles of product
type. Example 1.7 in [1] presents such a cocycle which is continuous and a
coboundary in measure-theoretic sense, so nonergodic. We will show that
this cocycle is point transitive.

EXAMPLE 3.2. Let (a,)n>1 be a sequence of positive integers. Set

0= ﬁ{(),l,...,an—l}.
n=1

Equip {2 with the product discrete topology to get a compact Abelian group
with addition defined by

(z + y)[n] = z[n] + y[n] + &, mod ay,
where €; = 0 and

- 0, :C[TL] + y[n] +en < an,
" 1, z[n]+yn|+en > an.

Let 29 = (1,0,0,0,...) be the unit element of the group (2. Define 7: 2 —
Q2 by Tz = 29 + 2. Then O(zg) = {kxo: k € Z} = 2. Actually the flow
(£2,7) is minimal. Let ¢ : 2\ {—z9} — R be of the form

oo

p(@) =Y (bu(rz) — bu(2)),

n=1
where b, (z) = B, (z[n]), Bn : {0,1,...,a, — 1} — R. Since for x # —xg =
(a1 — 1l,a2 — 1,a3 — 1,...), Tz differs from x only in finitely many places,
the summation above is in fact finite. In measure-theoretic ergodic theory
the cocycle ¢ is called a cocycle of product type. Actually the definition of
such cocycles works if we replace R by any Abelian topological group ([1]).
Now assume additionally that

1. a,>3,n>1,
2. >, 1/a, < oo,
3. Bory1 =0,k >1,
1/n, k=1,

4. BQn(k) = {07 k 7& 1.

Then ¢ is continuous on 2 \ {—zo} and |p(x)| < 2/4(z), where {(z) =
min{n > 1: z[n| < a, — 1} < oo for z # —z (see [1]). Now, if z,, — —x¢
then ¢(z,,) — oo, hence ¢(x,,) — 0. Setting ¢(—x¢) = 0 we get a continuous
cocycle ¢ : 2 — R.

We will prove that E(p) = R. It suffices to show that 1/m € E(yp) for
each negative integer m.
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Fixm <0ande > 0. Let V= (1/m —¢,1/m+¢). Let U C 2 be an

open set. We can assume that U = [aq,...,q¢]. Find t < ny < ... < ng
such that

1 1 1

—_— ...+ —+ —| <e

ny ng M

Let x = (aq,...,04,1,1,...). Put ¢t =1, ¢, = a1...an, n > 1, N =
a2n,q2n, + - -+ G2n,G2n, . By [1],

ag, k<t
@ = o e B
2, k=2n; + 1.
Clearly z € UNn 7Y (U). Now
N-1 N—-1 oo
pM(@) =Y p(r'z) = > (bu(r'*'a) — b(r'z))
i=0 i=0 k=1

= > (be(TVa) = bp()) = D (Bar (TN [2k]) — Bax(w[2K)))

Bon, (TNx[in]) — Ban, (z[2n1]) + ...
+ Bon, (Y 2[2n5]) = Ban, (2[2n5])

= - — - — — .—— eV

i
—
B
Il

—

Thus E(¢) = R and by Proposition 3.1, 7, is point transitive. Now, by
Theorem 3, for each compact minimal flow (Y,R) the extension 7, — 7
is relatively minimal, hence 7, is minimal. It is shown in [1] that from the
measure-theoretic point of view, ¢ is a coboundary, i.e. there is a measurable
function f : 2 — R such that p(z) = f(rz) — f(x). Therefore the sets
Ay ={(z,S¢@m)(y)) 1z € X} C X x T, where y € Y, are T, -invariant and
hence 7, is strongly nonergodic. Thus we have obtained a minimal flow
for which the product measure decomposes into measures concentrated on
graphs of functions 2>z — Sy, (y) €Y,y €Y.

REFERENCES

[1] J.Aaronson, M. Lemanczyk, C. Mauduit and H. Nakada, Koksma’s inequality
and group extensions of Kronecker transformations, in: Algorithms, Fractals, and
Dynamics, Plenum Press, New York, 1995, 27-50.

[2] R. Ellis, Lectures on Topological Dynamics, Benjamin, New York, 1969.

[3] S.Glasner and B. Weiss, On the construction of minimal skew products, Israel J.
Math. 34 (1979), 321-336.



RELATIVELY MINIMAL EXTENSIONS 65

[4] M. Lemariczyk and K. K. Mentzen, Topological ergodicity of real cocycles over
minimal rotations, preprint.

[6] K. Schmidt, Cocycles of Ergodic Transformation Groups, Lecture Notes in Math.
1, MacMillan of India, 1977.

[6] J.de Vries, Elements of Topological Dynamics, Kluwer Acad. Publ., 1993.

Faculty of Mathematics and Computer Science
Nicholas Copernicus University

Chopina 12/18

87-100 Torun, Poland

E-mail: mentzen@mat.uni.torun.pl

Received 4 May 1999; (3748)
revised 20 August 1999



