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Abstract. We give a sufficient condition for the construction of Markov fibred systems
using countable Markov partitions with locally bounded distortion.

0. Introduction. Let X be a compact metric space with metric d and
T : X — X be a noninvertible piecewise C°-invertible map, i.e. there exists
a finite or countable partition X = J;c; X; such that J,.; int X; is dense
in X and

(1)  For each ¢ € I with int X; # 0, Tlintx, : int X; — T(int X;) is a
homeomorphism and (7T'|ins x,) ! extends to a homeomorphism v; on
cl(T'(int X;)).

(2) T(Uine x,20 Xi) © Usne x, =0 Xi-

(3)  {X.}ier generates F with respect to T', where F is the o-algebra of
Borel subsets of X.

We set A = cl(int A) (A C X) and define @ = {X;};c;. Then « is a
finite or countable partition of a dense subset of X which is not necessarily
a disjoint family. We impose the Markov property on «:

(4)  int(X; NTX;) # 0 implies TX; D X;.

Let A denote the set of all admissible sequences with respect to (7', a),
ie. Vi=(i1...1,) € A int(v;, 0...0v; (TX;)) # 0. We write v;,0...00; =
vi,.i, and v;, o...ov; (TX; )= X, for i € A. Finally we let |i| = n.

A measure m on X is called locally nonsingular if it is nonsingular with
respect to the maps v; 1. X, - TX, for each X; € a and if the boundary
of a has measure 0. If m is finite, the system (X,F,T,m,«a) is called a
Markov map (Markov fibred system) (cf. [2] or [4]). There are some canon-
ical examples for this notion: Markov shifts and maps of the interval (e.g.
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continued fraction algorithm, Jacobi’s algorithm [8]), maps originating from
higher dimensional flows (e.g. [3]), parabolic rational functions ([4], [5]) or
real piecewise differentiable maps of R? (see [11]-[14]). In many cases, the
measurem is Lebesgue measure. More general examples are obtained in [7]
when the partition a is Bernoulli (i.e. TX;=X for all X; €«). Considering
this system as an iterated function system one can show that the Hausdorff
measure is a good candidate for such a measure.

No general method seems to be known to construct Markov maps as
described above. Here we show that for piecewise C%-invertible maps there
exist such measures in quite general situations. In fact, for every Holder con-
tinuous function ¢ : X — R satisfying some regularity condition (see §1)
we construct a measure with the property that the Jacobian d(m o T)/dm
of the measure is exp[P(¢)—¢], where P(¢) denotes the topological pressure
of ¢ (as defined in §1). In [6] these measures were called conformal. It may
be more convenient to call them (non-invariant) Gibbs measures. In addi-
tion, we shall prove that these measures have the local bounded distortion
property (which is sometimes called the Schweiger property) in case T is con-
servative. Let v, = d(mow;)/dm. Then (X,F,T,m,«) has the Schweiger
property if for some constant C' > 1 the system of sets

R={X;:i€ A vj(z)/vi(y) <C mxmae. zyeTlX,}

has the strong playback property and generation property (see [1], pp. 143
ff., [8] or [4]).

1. Main Theorem. In this section we assume in addition to (1)—(4)
that the Markov partition « is irreducible and that

(5)  {wi}ier is an equicontinuous family of partially defined uniformly con-
tinuous maps.

For A € a with int A # (), let ) denote the first return time to A, i.e.
inf{n > 1:T"(x) € A} if exists,
o) = {02 1T € )

. T € A.
00 otherwise,

Let T4 = TY denote the induced transformation on {¢) < oo} C A. By the
Markov property there exists a partition of the set Ay = {x € A: ¢¥(x) =k}
for each k > 1 so that T, restricted to the interior of each element of the
partition, is a homeomorphism onto its image int A. Let I 4 denote the set of
all indices corresponding to such elements of the partition of | J,~; Ax. Then
{vj : j € I4} is a family of extensions of local inverses of T4. We shall iden-
tify j € I’} with elements of A. The next condition can be easily verified for
some parabolic examples (e.g., inhomogeneous diophantine transformation
[14], Brun’s map [13], parabolic rational maps [5], and complex continued
fractions (see §3)):
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(6)  there are 0 <~y < 1,0 < I' < oo such that sup dlamX < Iy™.
Jjel’y

For a given piecewise Holder continuous potential ¢ : X — R (with
exponent 6) with respect to «, define the topological pressure for ¢ by

Piop(¢p) = lim 1 log Z sup exp {Z A(Vigy ... (m))]

n—oo N
(il...in)EAIGX

For s € R, j € I4, and x € A define
lil-1
(S) Z¢vjzﬂo...ovj‘l‘(m))—su\.

Then the topological pressure for (]554) is

Ptop((bfj)) = lim l log Z sSup exp [Z¢(S) Ujps. Jn( ))]

n—oo 71 = €A
(J1---gn)El} z

The next condition gives a weak Holder type condition on QSS)Z

(7)  (Local bounded distortion with respect to o) For all j = (j1...jj;|) €
I4 and all 0 <4 < |j] there is 0 < Lg(j,7) < oo satisfying

|¢(vji+1---ji(x)) - ¢(vji+l~~~jl(y))| < L(Z?(.l" Z)d(x, y)e (V:C, RS A),
l7l—1
sup Z Ly(j,1) < oo.
i€la =0
Define
T¢f Zf (vi(x)) exp[p(vi(x))], z€ X,
iel
whenever the series converges for f : X — R and define

Tywg(@) = Y g(vj(@) exploy (v; (@), w € A,

JEIA

whenever the series converges for g : A — R.
We shall prove the following theorem.

THEOREM. Let T : X — X be a piecewise C°-invertible map on a
compact metric space satisfying (1)—(5). Suppose that the Markov parti-
tion « s irreducible. Let ¢ : X — R be a piecewise Hélder continuous
potential (with exponent §) with respect to a such that Pyop(¢) < 0o. Sup-
pose that there is A € « satisfying (6) and (7). Then for all s € R with

T:ﬁ(s)l € C(A) and Piop( (:)) = 0 there exists a o-finite measure m on X
A
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with the Schweiger property such that T\(;‘m = (exp s)m. In particular, if m
is finite, (X, B,T,m,a) is a Markov map with the Schweiger property, and

if Piop( (Ptop(d)))) =0, then T\(;‘m = (exp Piop(¢))m.

REMARKS. (1) If m is a probability measure and inf{m(TA) : A € a}
> 0, then there exists an absolutely continuous invariant measure.

(2) m is exact (see [4]).

2. Proof of the main theorem

LEMMA (cf. [13]). There exists 0 < D < oo such that for all z,y € A
and j € Ia,

65 (03() = 63 (13 (v))] < Dd(z,y)".
Proof. A direct computation shows that it suffices to choose

l71—1
D = sup Z Ly(j,1) < oo.
VAS -
Proof of Theorem. It follows from the Lemma that there exists C' > 1
such that

—1
exp[Yi e 0% (V1. 4 (2))]
sup  sup sup

n—1 ,(s) <C.
n i gn€lj zyeA eXp[ k= 0¢ (]k+1ln(y))]

Therefore {qﬁ a4 ovj:j € I} forms a strong Holder family of order —log~y

(cf. (6)) in the sense of [7]. Now T 4 acts on all continuous functions on A
A
and so T © acts on C'(A)*. Hence there is an eigenvalue A and a probability
won {¢ < oo} satisfying
T;;Asw = A

and by Lemma 2.4 of [7] we have log A = Piop( S)). Then our assumption
gives A = 1.

Applying [10], Lemma 9, we obtain u(int A) = 1 (alternatively use
Lemma 2.1 of [4]). Since p is nonsingular, it follows that the boundary
of AN af is a null set with respect to p.

Let o denote the shift, i.e., o(iy...i,) = (iz...i,) and o*(iy ... 0y,)
(iks1...in) for k = 1,...,n — 1. For k = n we define o*(iy...i,) =
Let A* be the subset of A defined by A* = {i € A : ANuvu;(A) =
(k=0,...,]il = 1)}. For i € A, we define

li|—1

(Z S) Z (b U1k+1 lu )) - ms

== |
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In particular, if |i| is the empty word, we put ¢**) = 0. We define a measure
m (which may be infinite, but o-finite) on X via p as follows:

Vf@)ym(dz) = > | f(vs(@)) explp®) (@)] u(dw) + | f () p(de)
i€ A* A A

where f is a continuous function on X.

The Perron—Frobenius operator for T" and m is defined by

T¢f Z f(y)exp(o Zf vi(z)) exp(p(vi(x)) — 8) gz, ().

T(y)=z lel

In fact we shall show that ST¢ fdm = 7§ fdm so that

d(TZ;w) (x) = exp[o(vi(z)) — s] for ae. z € X.
We have
\Tof(@)dm(z) = Y [ Tof(vi(x)) exp[o®) (@)] p(da) + | Ty f () p(da)
1€ A* A A
= > U Fulvi(@)) explo(v(vi(2))) — 5]
i€A* A lel
X 17, vi(x ))eXpW(Z s)( )] u(d)
+ 13 Fu@) explp(ui() - slzx(2) p(da)
Alel
= | Y Flv;(@) expl6F (v ()] p(da)
Ajela
+ 3 Flui(@) explo@) (2)] u(dz).
1€ A* A
Since
| > F(@)) explof (v; ()] plda) = (T, fdp = § f dp,
Ajely A A
we have
Tor@) dm(z) = { fau+ > | Flui(@)) expl¢@) (2)] du(x)
cA* A

The Schweiger property follows from irreducibility and (6) and (7).
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3. Examples

EXAMPLE 1 (A real two-dimensional map which is related to a complex
continued fraction expansion defined in [9]). Let a = 1+ i. We set X =
{z = mya+ 2z : —1/2 < z1,29 < 1/2} and define T : X — X by
Tz=1/z—[1/z]1, where [z]; denotes [z1+1/2]a+ [x2+ 1/2]a@ for a complex
number z = xja + zoa. (Here [x] = max{n € Z : n < 2} (x € N) and
[] = max{n € Z : n < z} (z € Z\N).) The index set is I = {na + ma :
m,n € Z}\{0}. For each nao + ma € I, we define

Xnatma ={z € X : [1/z]1 = na + ma}.

Then we have a countable partition o = {X, },er of X which is a topologi-
cally mixing Markov partition. The map T induces a continued fraction like

expansion of z € X,
1

a4 ...
where each a; is contained in I. Now T has indifferent fixed points 44 and

indifferent periodic points +1 of periodic 2. All conditions (1)—(5) were es-
tablished in [9], [11], and [12].

Put
pP-1=0C, po= 07 Pn = QpPn—1 + Pn—2 (n > 1)
qg—1 = O, qo = Q, Qqpn = apQn—1+ Gn—2 (n > 1)
Then
v (2) = Pn T+ 2Pn—1
o Gn + 2qn—1

Let A be a cylinder away from the indifferent periodic points. Then (6) can
be verified by observing the following facts.

(1) Ve, ap () = lgn + 2Gn—1| 7%

(2) |gn-1/qn| <1 for all n > 0.

(3) For X,, ., such that X, does not contain the indifferent periodic
pOiDtS, |Qn—1/Qn| < 2/3

Thus our theorem applies to T.

EXAMPLE 2. Let T : S? — S? be a parabolic rational map of the Rie-
mann sphere (see e.g. [5] for a definition). We restrict the action of T' to
its Julia set J. Then by [5] there is a finite Markov partition « satisfying
A C cl(int A) for every A € a. Moreover, for each A € «, away from the ra-
tionally indifferent periodic points, the Koebe distortion theorem applies to
balls centred in A and all analytic inverse branches (since the forward orbits
of critical points only accumulate at parabolic periodic points). It follows
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that (6) and (7) are satisfied (see [5]). The main theorem shows that one can
obtain conformal measures in more general situations that those previously
known: These known results are concerned with potentials ¢ satisfying

P(¢) > sup ¢(z),
zeJ

where P(¢) denotes the pressure of ¢ as in [10], or with the potential ¢ =
hlog|T’|, where h denotes the Hausdorff dimension of J.
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