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On the generalized Massey—Rolfsen invariant for link maps
by

A. Skopenkov (Moscow)

Abstract. For K = K U...UKs and alink map f : K — R let K = |_|i<j K; x Kj,
define amap f: K — S™ ! by f(z,y) = (f — fy)/|fx — fy| and a (generalized) Massey—
Rolfsen invariant a(f) € ﬂmfl(l%) to be the homotopy class of f. We prove that for a
polyhedron K of dimension < m — 2 under certain (weakened metastable) dimension
restrictions, o is an onto or a 1-1 map from the set of link maps f : K — R™ up to
link concordance to 7rm71(K). If Ky,...,Ks are closed highly homologically connected

manifolds of dimension pi,...,ps (in particular, homology spheres), then W’”—l(z?) =

S
Dicj Tpitp;—m1-

1. Introduction. Fix an s-tuple K = (Kj,...,Ky) of spaces and
define |K| = Ky U...U K. A link map is a map f : |[K| — R™ such that
JK;N fK; =0 for each i # j. This generalization of the usual definition
appeared in [Ko 88, Ko 92]. Two link maps fo, f1 : |[K| — R™ are link
homotopic if there is a link map F': |[K xI| = Ky xIU...UKsxI — R™x I
such that F(z,0) = (fo(z),0), F(z,1) = (fi(z),1) and F(z,t) € R™ x t for
each t. Two link maps fo, f1 : |[K| — R are link concordant if there is a
link map F' as above with the last condition of level-preserving dropped. In
this paper we denote | K| briefly by K (as no confusion can arise).

The problem of classification of link maps up to link concordance and
link homotopy was raised in [Mi 54| in an attempt to get a first rough un-
derstanding of the overwhelming multitude of classical embedded links up
to isotopy. Note that the set of link maps K — R" up to link homotopy
depends only on the homotopy type of Ki,...,K,. An approach to con-
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2 A. Skopenkov

structing invariants of link homotopy [Sc 68, MR 86, Ko 88] is by analogy
to the “deleted product” method in the theory of embeddings (for surveys
see [RS 96, §6, RS 99, §4]). Let K = |_|i<j K; x K; be the deleted product

of the s-tuple K. For a link map f : K — R™ the map f: K — §m=1 g
defined b,
Y - fz—fy

fley) = 7—5 -
(4 |fz = fy

Everywhere in this paper we assume that K is homotopy equivalent to a
polyhedron and dim K’ < m—2 > 1. Then dim K < 2(m—2), hence the set of

maps K — S™~! up to homotopy forms the cohomotopy group 7™~ !(K) =
D, 7™ HK; x Kj). Since m — 1 > 2, it follows that this group does not
depend on the choice of base points. This group also depends only on the
homotopy type of K1, ..., K,. For the classical case when K; = SP* we have

(7 % §7, 87N = xS, MR S6, 53], Let o(f) = [f] € 771 (K)

be the generalized Massey—Rolfsen (link homotopy) invariant of f.

LEMMA 1.0. Let K = (K;,...,K;) be an s-tuple of polyhedra of dimen-
sions at most m — 2 > 1. If link maps fo, f1 : K — R™ are link concordant,
then a(fo) = a(f1) [cf. Ko 88, Proposition 1.10, Ko 92, Theorem C].

Let a : LM% — 7™~ 1(K) be the corresponding map from the set of link
concordance classes. For fixed m and ¢ set

A =2m—2—-2r —q.

THEOREM 1.1. Let K = (Q, P,N) be a triple of polyhedra of dimensions
q,p and n such that n <p<g<m-—22>1.

(a) a: LME — 7™ 1K) is surjective if A, > 1 and either A, > 1 or
q=2m—2p—2¢{2,6 14}.
(b) a: LME — 7™ 1K) is bijective if A, >2 and A, > 1.

By the “singular link concordance implies link homotopy” theorem [Me],
for ¢ < m — 3 in Theorem 1.1(b) LM% can be replaced by the set of link
homotopy classes. In the case s = 2 and A, > 1, Theorem 1.1(a) was
essentially proved in [ST 91, Theorem 3]. Our proof of Theorem 1.1 is based
on an extension of the technique from [We 67, ST 91, Sk 97]. Theorem 1.1,
its proof and all the remarks below are true for K = (Q, P, N1,...,Ny)
where s = 0,1, ... if the dimension restriction on n = dim IV holds for each
dim N;. The extension to more than two components, though not hard, is
interesting because in other situations the “triple” invariants can occur for
many-component links [Ma 90]. In particular, the dimension restrictions of
Theorem 1.1(b) are sharp by [Ma 90, Proposition 8.3]. Theorem 1.1(a) is
not true for ¢ = 2m—2p—2 = 6, 14 [Ki 90, Corollary 4.7, cf. SS 92, SSS 98].
For the controlled versions of Theorem 1.1 and the corresponding results on
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embeddings see [ST 91, RS 98]. We conjecture that Theorem 1.1 is true
even for compacta N, P, Q (cf. [ST 91, Theorem 3, Sk 98, Theorem 1.4]).

Our proof of Theorem 1.1(a) (resp. (b)) with minor modifications works
also for g =m —1 and p < (m —2)/2 (resp. p < (m —3)/2) [ST 91, Theo-
rem 3, RS]. Note that by general position, for this case the set of link maps
K — R™ up to link homotopy is [Q,R™ — (P U N)] (for the only embed-
dings P U N — R™). It would be interesting to know whether this set is
in 1-1 correspondence with 7 1(K) = 7™~ 1(Q x (P LU N)): a counterex-
ample would give an example of link maps which are link concordant but
not link homotopic (cf. [Sa 99]), while a proof would be an extension of
[Ke 59].

For the classical case when K; are spheres Theorem 1.1 is known (but it
is interesting that LMY is the same for homology spheres K; by Proposition
1.2(c). Indeed, for codimension > 3 see [HK 98]. The codimension 2 case
for m even is proved simply using general position, the Hilton theorem on
homotopy groups of wedges and the James Double Suspension Theorem (cf.
[Ki 90, Corollary 4.7]). The codimension 2 case for m odd is reduced, using
general position, to the case s = 2, which is actually proved in [Ko 90,
Proposition E] (since Xmy,_1(S?) = w5 _,; see also [Ne 98]).

Theorem 1.1 together with the following calculations of 7™ (P x Q)
(which easily follow from known results) gives some interesting corollaries.
In particular, Theorem 1.1 and Proposition 1.2(c) give an analogue of the
well-known results on isotopy of highly connected manifolds [We 67, Theo-
rem 4/, RS 96, §6, RS 99, §3]. Denote by h: 7™~ H(P x Q) — H™ (P x Q)
the cohomology analogue of the Hurewicz homomorphism. We assume
77 =0 for [ < 0. We omit Z-coefficients from the notation of (co)homology
groups. A closed manifold N or a pair (N,0N) is called homologically
k-connected (notation: N € HCy or N € OHCy) if H;(N) = 0 for each
i=1,...,k or Hi(N,ON) =0 for each i = 0,..., k, respectively.

PROPOSITION 1.2. Let P and Q be polyhedra of dimensions p,q < m—2.

(@) If p+q<m—2, then 7™ (P x Q) =0.
) If p+gq=m—1, then 7™ 1 (P x Q)= H" (P x Q) & HP(P) ®
HY(Q). If, moreover, both P and Q are connected manifolds, then

Z  if both P and QQ are closed orientable,
Zo if both P and Q) are closed and

Q is non-orientable,
0  if at least one of P and @ is non-closed.

7P x Q) =

(c) If both P and Q are orientable connected manifolds, then 7™~ (PxQ)
s isomorphic to
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7r1;5+q_m+1 if both P,Q) € HCp14—y41 are closed,
Hpiqg-m+1(Q,0Q) if P is closed and @ € OHC,4q—pm,
Hk+1(P, ap) @ Hp+q—m—k(Q7 aQ)

’LfP € aHCk and Q € 6HCP+q_m_k_1.

(d) Suppose that both P and @Q are connected manifolds. If one of them
is non-closed, then h is an isomorphism for p+q = m and an epimorphism
forp+q=m+1. If p+q=m, then h is an epimorphism whose kernel is
either 0 or Zs. If p4+q=m+ 1, then the cokernel of h is either O or Zs.

(e) The kernel and cokernel of h are always finite.

Proof. (a) follows by general position. (b) and (d) follow by [MT
68, §14], since the condition p + ¢ > m implies that m > 4. By [Se 53,
Ch. 5, §2, Proposition 2], 7™~ }(P x Q) =2 H™ (P x Q) modulo the Serre
class of finite abelian groups, and (e) follows. Note that [Se 53, Ch. 5, §2,
Proposition 2] is true for even n when dim K < 2n.

In order to prove (c), observe that the obstructions for homotopy of maps
PxQ— S™ ! arein

H' (P x @Qm(S™ 1) = Hyq (P x Q,0(P x Q);m(S™ )
forl=m—-1,m,...,p+q.
For the three cases of (c), the only non-trivial group among them is

Ho(P x QSWp—i-q(Sm_l)) = 7rp+q(5m_1)a
Hptg-m+1(P X Q, P X 0Q;mp_1(S™ 1)) = Hppg—m4+1(Q,0Q),
Hp+q—m+1(P X Qva(P X Q);T‘—m—l(sm_l))

= Hk—l—l(P’ 8P) & Hp+q—m—k(Q78Q)- n

The group 7™ (P x Q) can also be calculated using the Postnikov
towers, spectral sequences, the Puppe exact sequence for (P x @, P V Q)
(here the formula T¢ A Tn = T(€ x 1) can perhaps be useful) and its dual
[MT 68, §14].

In the rest of the introduction we discuss the idea of proof of Theorem
1.1. First we sketch an elementary proof of Theorem 1.1(b) for m = 3,
p=g¢q=1and N = (). From this sketch one can see that here LM?]’DQ can
be replaced by the set of link homotopy classes. This sketch, though not
used in the formal proof, is illustrative because it allows one to visualize in
dimension 3 the celebrated 4-dimensional Casson’s finger mowves.

Sketch of proof that o : LM}SDQ — m(P x Q) = H{(P) ® Hi(Q) is
injective for graphs P and ). Since both H;(P) ® H;(Q) and the set of
link maps P U @ up to link homotopy depend only on the homotopy type
of P and @), we may assume that P and Q) are disjoint unions of wedges
of circles. So it suffices to prove that the link homotopy class of f depends
only on the pairwise linking coefficients of the circles of P and of ). The
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new point with respect to the classical case when both P and @ are circles
is that even when fP C R3 is unknotted, 71 (R® — fP) is non-commutative
and hence the homotopy class of f|q in 71 (R? — fP) is not uniquely defined
by those linking coefficients. The example when P = S* U S, Q = S* and
f: PUQ — R? is the Borromean rings illustrates this point. It is well
known that in this example we can make a homotopy (not an isotopy!) of
flp: P —TR3— fQ to get amap f': P — R3 — fQ so that fQ is unlinked
to f'P, therefore f is link homotopic to a trivial link. In the general case we
can make an analogous link homotopy which has the effect of multiplication
of the homotopy class of flp: P - R3 — fQor flg: Q — R*— fP by a
commutator. A series of such link homotopies joins our link map f to the
standard link map with the same collection of pairwise linking coefficients. m

The above link homotopy made P and () unlinked at the price of self-
intersections, just as Casson’s finger moves made two proper 2-disks in D*
disjoint at the price of self-intersections (cf. the proof of Disjunction Lemma
2.1 for the case p = ¢ = 2, m = 4). The above link homotopy, completed by
the “return” self-intersection of f’P far away from f’Q and considered as a
map P x I — R3 x I, is obtained from the identical homotopy by Casson’s
finger move.

Formally, Theorem 1.1(a) follows from the case 9K = () of Theorem 1.3
below (the general case 0K # () is used in the proof of Theorem 1.1(b)). In
this paper for a polyhedron K we denote by K some subpolyhedron of K
(it turns out that when K is a manifold, the subpolyhedron 0K coincides
with the boundary of K). Given subpolyhedra 0K; C K;, the s-tuple 0K =

(0K71,...,0K,) is called a sub-s-tuple of K. Set 0K = i< (0K; x K;) U
(K;x0K;). For amap f: K— B™ define X(f)=Cl{zeK :|f~!fz|> 1}.

THEOREM 1.3. Let K = (Q, P, N) be a triple of polyhedra of dimensions
g, p and n such that n < p < qg<m-22>1, 4, >0 and 4, > 1.
Suppose that OK is a subtriple of K and fo : K — B™ a PL map such
that folox is a link map in OB™ and fo(K — 0K) C B™. If there exists a
map P : K — S™ 1 such that & ~ ﬁ) on 8I~(7 then there exists a homotopy
firel OK such that f1 is a link map, f1(K — 0K) C B™, if either A, >1
orq=2m—2p—2¢{2,6,14} thenfvl ~ @, and

(Z)  for A, > 1 we have f; = fo on P; for A, = 0, given a polyhedron
Z C P such that Agimz > 1, we have [X(ft|lp) — X(folp)]|NZ = 0.

The property (Z) is used not in the applications of Theorem 1.3 but in
its proof. The case N # () of Theorem 1.3 follows from the case N = () by
taking (Q, P) = (P, N) and then (@, P) = (Q, P U N). Applying Theorem
1.3 for (@, P) = (Q, PUN) we take Z = N; then by (Z), fi|pun will remain

a link map and the maps f; and @ will remain homotopic on P x N. This
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is the only place where we need (Z) and the homotopy f; (not only the
map f1).

The case s = 2 of Theorem 1.3 is a generalization of a boundary version
of [ST 91, Theorem 3 and 3’, SS 90, Theorem 3] and is also a simplification
(i.e. a non-controlled version) of those results. So the proof of the case s = 2
of Theorem 1.3 is less technical than [ST 91, proof of Theorem 3| and we
present it here.

2. Proof of Theorem 1.3 for s = 2. We use the notation of [RS 72].
The upper index of a polyhedron indicates its dimension. Amap f: M — N
between manifolds is called proper if f~!ON = OM. First we require two
lemmas, which are generalizations of the Whitney trick and, on the other
hand, versions of special cases of Theorem 1.3.

DiSJUNCTION LEMMA 2.1. (a) Suppose that p < q¢ <m—2, A, > 1 and
f:DPUDY— D™ 4s a PL map such that

(2.1.1) flpr is a proper unknotted embedding into D™;
(2.1.2) fD? C D™ and fODIN fDP = {;
(2.1.3) the map f|a(prxpa) 8 null-homotopic.

Then there exists a PL link map fi1 : DP LU D? — D™ such that f1 = f on
DP UODY and f,D1 C D™,

(b) Suppose that p < q<m—2, A, =0, D=DyU...UDY, Q isaq-
polyhedron, K = (DPUD, D1UQ’") and f : |K| — D™ is a PL map such that
flprup is a proper embedding, (2.1.1)—(2.1.3) hold and f(DP LU D) N fQ' =
fDN fD? = 0. Then there exists a PL link map f1 : |K| — D™ such that
fi=fonQ UADIUDUDP) and fi(DP U DU DI) C D™,

REALIZATION LEMMA 2.2. Suppose that p,q < m — 2, either A, > 1 or
q=2m—2p—2¢{2,6,14}, fo : DP U D? — D™ is a PL link map such
that (2.1.1) holds and W : DP x D9 — S™~1 is an extension of ﬁ)]a(ppqu).
Then there exists a homotopy (not link homotopy!) firel DPLIODY such that
f1 is a link map and the homotopy ft on O(DP x D7) extends to a homotopy
between ¥ and fl on DP x D1,

Comments on the proof: for p < ¢ < m — 3 and 4, > 1, Disjunction
Lemma 2.1(a) and Realization Lemma 2.2 were actually proved in [We 67,
Proposition 3]; see also [Ha 69, §3, Propositions 1, 2]. In [ST 91] it was
shown how to relax the condition ¢ < m — 3 to ¢ < m — 2 in both lemmas.
Disjunction Lemma 2.1(b) was proved in [ST 91, Proposition 1.3] (for ¢ = 2
using the idea of [DRS 91, §5]). Our proof is different in some details and, in
the case p = ¢ = 2 and m = 4, simpler than in [ST 91]. Note that the part
of the proof of Theorem 1.1 that uses this case can be replaced by reference
to the elementary sketch in §1.
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Just as in Realization Lemma 2.2, if in Theorem 1.3, fO = ¢ on 0K,
then we can deduce (provided either A, > 1 or ¢ =2m—2p—2 ¢ {2,6,14})
not only that fl ~ &, but also that the homotopy ft on K extends to a
homotopy between ¥ and f; on K. The dimension restrictions in Disjunc-
tion Lemma 2.1(a) and Realization Lemma 2.2 can be relaxed to “X° :
Tg—1(S™7P7Y) — @5, is monomorphic” and “Y : m (S"P7) —
7r§ '+ q+1—m 1S epimorphic”, respectively. When f|ps is an embedding, for
A, >1and p < g < m— 3 we can conclude that f|pa is joined to fi|pa
by an ambient isotopy, but if either ¢ = m — 2 or A, = 0, then we cannot
(since the dimension assumptions for application of the Penrose—~Whitehead—
Zeeman-Irwin Embedding Theorem are not fulfilled). Note that from the
Borromean rings example and its generalization [Ma 90, Proposition 8.3] it
follows that in Disjunction Lemma 2.1 we cannot achieve f; = f on DPU D
for g =2m —2p — 2 # 2,6, 14.

Proof of Disjunction Lemma 2.1(a). By (2.1.1), D™ — fDP ~ §m—p~1
The homotopy class I(f|ps, flps) € mg—1(S™7P~1) of the map flaps :
0D? — D™ — fDP is called the coefficient of intersection of f|pr and
flpe. By (2.1.2), the map f : O(DP x D7) — S§™=! is well defined. By
[We 67, Proposition 1] (the codimension 3 assumption can be weakened to
(2.1.1)),

(I £3P1(f|pr, flpa) = [f] € Tpeq—1(S™7).

Then by (2.1.3) we have XPI(f|p», f|ps) = [f] = 0. Since A, > 1, by the
Freudenthal Suspension Theorem it follows that I(f|pr, f|p«) = 0, i.e. the
map f|gps extends to a map f1 : DI — D™ — fDP. m

Proof of Disjunction Lemma 2.1(b). Let r = m —p —1 = ¢/2 and
X = D™ — f(DP U D). The plan of the proof is as follows. First we prove
that o = [f : 0D? — X] € mg_1(X) is a sum of Whitehead products
(for » = 1, a product of commutators). Next we take a collection {S]} of
spheroids generating m,.(X). Finally, we modify f|prup by finger moves to
get a proper PL map f; : DPUD — D™ such that f; = f on (DU DP), the
map f : D1 — D™ — f;(DPLUD) is null-homotopic and Q' N f1(DPLD) = (.
Then we take as fi|p« any extension of f: dD? — D™ — f(DP U D).

Now we realize this plan in detail. Suppose first that » = 1 (and hence
p=q=2 m=4). Since H/(D*) = 0 for each [ > 1, it follows from the
Mayer—Vietoris sequence that

i®j: Hi(X)= H(D*— fD)® H,(D* — fDP)

is an isomorphism (here i and j are the inclusion homomorphisms). Since
fDINfD =0, it follows that i(ha) = 0. By (2.1.1), (2.1.3), (I) and the fact
that X : m1(S!) — m2(S?) is an isomorphism, we have I(f|pa, f|pr) = 0.
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Since also by (2.1.1), the Hurewicz homomorphism h : 7;(D* — fDP) —
Hy(D* — fDP) is an isomorphism, it follows that j(ha) = 0. Therefore
ha = 0 and by the Hurewicz Theorem, « is a product of commutators.

Now suppose that » > 2. Take spheres S”,S7T,...,S; bounding small
disks transversal to fDP, fD7, ..., fD?, respectively (by pushing along arcs
we may assume that all S] contain a fixed base point of X). Let S =
ST V...V S;. By the Alexander duality, the inclusion homomorphisms

H.(S") — H.(D™ — fDP), H.(S) — H.(D™ — {D),
H.(SVS") — H.(X)

are isomorphisms. Since m — p > 3, it follows that X, D™ — fD and
D™ — fDP are simply connected. Hence

D" — fDP~S" D" —fD~S X~S8"VS.

Since ¢ = 2r, by the Hilton Theorem on homotopy groups of wedges we
have

T4o1(X) 2 741 (D™ = fD) @ 741 (D™ — fDP) & W,

where W is generated by Whitehead products. Since fD? N fD = (), it fol-
lows that the projection of o onto the first summand is zero. The projection
of a onto the second summand is I(f|ps, f|p»). By (2.1.1), (2.1.3), (I) and
the hard part of the Freudenthal Suspension Theorem, I(f|pa, f|pr) is in
the subgroup generated by the Whitehead square (for ¢ = 6,14, is zero).
Therefore « is a sum of Whitehead products.

For r > 2 we have X ~ S" V S, so we can take spheroids S”, ST,..., S}
as generators of 7,.(X). If r = 1 (or, equivalently, p = ¢ = 2 and m = 4), we
take a triangulation of DP LI D in which f is simplicial. For each 2-simplex
o of this triangulation take a circle S} bounding a small disk transversal to
fo. By general position we may assume that S} NSl = ) for 0 # 7. For
each path u joining the base point of X to a point z,, € S. take a loop S},
obtained from S} by pushing along the arc u. Note that contrary to what
was stated in [DRS 91, Proof of Theorem 5.1], the points z, should depend
not only on ¢ but also on u; they should be distinct for distinct u to get the
required property u;(0,1] Nw;(0,1] = 0. By [DRS 91, Assertion 1 in §5], the
spheres S!, generate 7 (X). Since the group 71 (X) is finitely generated,
we can choose from {S!,} a finite number of generators S;. Note that this
construction works also for r > 2.

Since « is a sum of Whitehead products (for r = 1, a product of com-
mutators), it follows that a is a sum (for r = 1, a product) of [S], S{]. So
we can take a perforated disk § C D9 and a map f1 : § — X such that
f1 = f on 0D? and on every other boundary component of d, f is of the
form wy; o v, where
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(v)v: 81t =621 = §r=1 x BrUB" x "1 — §" Vv S" is the map
with fibers 577! x S™1 and §7~! x {z} and {z} x ST~ for each x € B",

(W) wy = 8"V ST — S7V S] is a homeomorphism if | # ¢t and is the
“folding” onto S; if [ =t.

Suppose that S] and S} correspond to two disks o, 7 of D?, DY,..., DY}
(for r = 1, to two simplices o,7 of DP LI D). Take arcs a,b C D™ joining
interior points of these disks (or simplices) to a point near the base point
of X. By general position we may assume that these arcs are disjoint (and
disjoint for distinct o, 7) and lie outside f(DP U D UQ')Ud except for their
ends. Make finger moves of o and 7 along a and b, respectively, for each o, 7.
We get anew PL map f; : DPLUD — D™. Since the arcs a, b miss 9, it follows
that the images of the spheroids S, S| are outside fi(DP U D). By general
position we may assume that dim(fioNf17) < 2p—m and fio intersects fi7
transversally. We can represent a regular neighborhood B™ of an arbitrary
point ¢ of this intersection as the product B?’~™ x B"*t! x B™+1 of balls
with B?P~™ x 0 x 0 corresponding to the intersection, B?P~™ x B"t! x 0
and B?P~™ x 0 x B"t! to fio and f;7, respectively. In a neighborhood of
¢ we have the “distinguished” torus 0 x B"+! x 9B"!. With appropriate
orientations the inclusions of 0 x B! x y and 0 x y x dB"*! into X; =
D™ — f1(DPU D) are homotopic in X; to S} and S}, respectively. Since the
map

wijov: ST StV St (0x y x B v (0 x 9B x y)

extends to a map B? — 0 x 9B'! x 9B+ [Ca 86], it follows that w;; o v
is null-homotopic in X;. So the map f; : § — X; extends to a map
f1: D% — X;. Evidently, the new map fi is as required. =

Proof of Realization Lemma 2.2. Suppose that fo, f1 : DP U D? — D™
are link maps coinciding on DPLUQD?. Since fy = f1 on DPUODY, it follows
that there is a homotopy f; rel DP L1ODY. For maps E,G : DP x D4 — §m~1
and a homotopy F : 9(DP x D) x I — S™~! such that F(-,-,0) = E(-,")
and F(-,-,1) = G(-,-) define the map Hgpg : O(DP x DI x I) — S™~! by

Hgrg|prxpixo = E, Hpra|prxpixi =G, Hgrcloprxpayxr = F.

We need to find f; so that H, P is null-homotopic. Let

S1=D! U D
dDI=8D?
and define a map hy, s, : S7 — D™ — fDP by setting hy,r, = fo on D{
and hs, g, = f1 on DY. By (2.1.1), D™ — fDP ~ S™~P~1 hence [hy, ] €
ﬂ'q(sm_p_l). By [We 67, lemme 1], [H‘%ﬁﬁ] = iEP[thfl] S 7Tp+q(Sm_1).
Therefore

[Hpf 7] = Hypi )+ [Hi 771 = [Hpiz, ) £ 5P o] € Tpag(S™7H).
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Here 9, fo, fl and ft denote the restrictions of these maps onto DP x D4
and 9(DP x D7), respectively; i is the constant homotopy. Since for every
element 8 € 7,(S™ P71 there is a map (not necessarily an embedding)
fi : D9 — D™ — fDP such that [hy ] = 5, the lemma follows because
P (8™ P — w1, (S™1) is an epimorphism. Indeed, the group
Tprq(S™1) is stable. If A, > 1, then by the Freudenthal Suspension
Theorem, X? is an epimorphism. If ¢ = 2m — 2p — 2 ¢ {2,6,14}, then
X2 0wy (S™PTY) — 7w, 40(S™PTL) is an epimorphism by [Ja 54]. Since
p > 1 (in the opposite case 1 < g = 2m — 4 < m — 2, which is impossible),
by the Freudenthal Suspension Theorem, XP is an epimorphism. m

In order to prove Theorem 1.3, take triangulations T» and Ty of P and
(@ such that Z is a subcomplex of Tp. The simplices of any triangulation
are ordered according to increasing dimension. We use the lexicographic
order on the set of pairs of simplices. The case s = 2 of Theorem 1.3
follows from Proposition 2.3 below for o? = (the last simplex of Tp) and
0% = (the last simplex of Ty). In Proposition 2.3 and its proof the letters p
and ¢ denote not dim P and dim () but the dimensions of certain simplices.

PROPOSITION 2.3. Under the assumptions of Theorem 1.3 (where N =)
and p, q are replaced by dim P, dim Q) let Tp, Tqy be triangulations of P, Q,
of € Tp, 07 € Tg any simplices and

J=0KU| JlaxBeTpxTq | (a,B) < (o”,07)}.

Then there exists a general position PL homotopy f rel 0K such that f1(K —
O0K) C B™, fianfif =0 for each (o, ) C J, (Z) holds and if either A, > 1
orq=2m —2p—2¢{2,6,14}, then f; ~® on J.

Proof. By induction on (07, 09) we may assume that the conclusion of
Proposition 2.3 holds for f; replaced by fo and J replaced by

Jo=0K U| J{laxBeTpxTq| (a,B) < (07,07},

Suppose that p+q¢ > m—1, o? ¢ OP and 09 ¢ 0Q (otherwise the inductive
step holds either by general position or by the inductive hypothesis).

First we show how to achieve fio? N fio? = (). We begin with the
construction of certain balls D, DP and D?, analogous to [We 67, proof of
lemme 2, ST 91, proof of Claim on p. 199]. Let f = fo. Let R = 0PU|J{«a €
Tp | a < oP}. Since p+qg—m+ (2p — m) < p, by general position we have
f~1foin X (f|gr) = 0. By general position, dim(c? N f~fo?) < p+q—m.
Since fa N fB = 0 for each a x f C J., it follows that foP N foc? =
fOo? N fo? = (. Therefore o? N f~1foP C 69. Let Cg be the trail of
09N f~! foP under a sequence of collapses o \ (a point in 7). Then Cg
is collapsible, Cq C 69, 09N f~1foP C Cg and dimCq < p+q—m + 1.
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Analogously we construct a polyhedron C'p with the same properties for ¢
and @ replaced by p and P.

Since p+ ¢g— m+ 1+ p<m and (p+ ¢— m+ 1)+ (2p— m) <p, by general
position CpNX(f|s») = (). This and collapsibility of Cp imply collapsibility
of fCp. Hence the pair (B™, fCp) is collapsible. Let C be the trail of
f(Cp U Cg) under a sequence of collapses (B™, fCp) \, 0. Then the pair
(C, fCp) is collapsible, C © B™, f(CplICq) C C and dim C < p+q—m+2.
Let D™, D? and DP be the regular neighborhoods of C', Cg and Cp in some
small triangulation of B™, 07 and o, respectively. It is easy to verify (2.1.1)
(unknottedness of DP follows from [RS 72, Corollary 4.14]), (2.1.2) and

(%) qu C D™ and 0N fifoP C D7 w

Continuation of the proof in the case A, > 1. Since (p+g—m+2)+p< m,
by general position we have o? N f~1C= Cp and C'N f(R — 6P) = (). Hence

(a) RN f7ID™ =oP N f~1D™ = DP,

By the PL Annulus Theorem, ﬂa(DpXDq) ~ ﬂa(opxgq) (the meaning
of this formally incorrect formula is obvious), and the same for fv — .
Therefore f: ® on J. implies that ﬂa(Dprq) ~ ®|y(prxpa). Since P is
defined over P x @, we see that @|5(prx pe) is null-homotopic. This implies
(2.1.3). Apply Disjunction Lemma 2.1(a) to get a map f; : DP LU DY — D™.
There exists a homotopy h; : D™ — D™ rel 9D™ such that hy o f = f; on
D4. Define a homotopy f; : PLUQ — B™ to be hyo f on QN f~1D™ and
fon PU(Q— f~'D™). By (a) and since f; = f on DP, the conclusion
of Proposition 2.3 holds with J replaced by J.. From (x) it follows that
foP N fo? ¢ D™. This and (a) imply that o? N f~1fo? C DP. Hence by
(x) and Disjunction Lemma 2.1(a), fio? N fio?7=0. =

Continuation of the proof in the case A, = 0. Since (p+q—m+2) +
p=m, (2p—m)+p < m and 2¢ — p < p, by general position we have
RN f~1C = CpU{points ay,...,ar} and ay,...,ar & T}Dp*” UX(f|r). Let
D = DVU...UDy be the regular neighborhood of {a1, ..., ax} in some small
triangulation of R. Hence

(b) D=DVU...uD? C R, f|p is an embedding, RN f~'D™ = DPUD
and DN (TP U X(f|lg) U f~1fD7) = 0.

Let Q' = f~'D™N(U{B € Ty | B < 09} — D4). Analogously to the case
A, > 1, (2.1.3) holds. Apply Disjunction Lemma 2.1(b) to get a map fi :
DPLDUDIQ" — D™. There exists a homotopy f: between fo|prupupaig
and f1. Since 2p+ ¢ = 2dim P +dim Q = 2m — 2, it follows that p = dim P
and ¢ = dim @), hence neither o9 nor o? are contained in the boundary of any
simplex of Tp or Ty. Therefore we can extend the homotopy f; over P U Q
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by f to obtain a new homotopy f; : PUQ — B™. Evidently, the conclusion
of Proposition 2.3 holds for J replaced by J (in particular, (Z) follows since
(DP U D) ﬂTI(;p_l) = ()). From (x), (b) and Disjunction Lemma 2.1(b) it fol-
lows that fi0?N fi0? = . For q € {2,6,14} the induction step is proved. =

Completion of the proof. Now, assuming that either A, > 1 or ¢ =
2m —2p — 2 ¢ {2,6,14}, we achieve fi ~ @ on J and not only on J..
Denote by f the map f; obtained above. We begin with the construction
of certain balls D™, DP and D?. By general position we can take points
cp € oP — X(f) and cg € 07 — X(f) such that the restrictions of f to
some small neighborhoods of cp and cq are locally flat embeddings. Since
dim P, dim Q < m—2, we can join points fcp and fcg by an arc ¢ C R™ such
that cN f(PUQ) = {fcp, fcg}. Let D™ be a small regular neighborhood of
cin R™. Then f~1D™ is the disjoint union of PL disks D? C 6?7 and D? C
04, which are regular neighborhoods of cp and cg in P U @, respectively.
Since the restrictions of f to some small neighborhoods of cp and cq are
locally flat embeddings, we get (2.1.1) and the same for D?. By the Borsuk
Homotopy Extension Theorem, the map & is homotopic to an extension
(denoted also by @) & : P x Q — S™ ! of f|; p,.pa- It follows that

¢ = fon O(DP x D1?). Apply Realization Lemma 2.2 to get the homotopy
fe + DP U DY — D™. Analogously to the case A, > 1 above extend f; to

P U @Q. By the Realization Lemma, f; ~ @ on J. Clearly, the conclusion of
Proposition 2.3 holds for the composition of the two homotopies constructed.
The induction step is proved. =

3. Proofs of Lemma 1.0 and Theorem 1.1(b)
CYLINDER LEMMA.
KxI
K x1x 0, Kx0x1
(cf. [Sk, Cylinder Lemmal).
Proof. Represent Kx1I as K x I x I. Define a map pr: KxIxI—
Y(K x I) by pr(z,y,u,t) = [(z,y, (u+1t)/2),u —t]. It is easy to see that
pr is a surjection and the only non-trivial preimages of pr are those of the

vertices of the suspension and are K x0x 1 and K x1x 0. Hence the lemma
follows. m

Denote by pr : KxI— E(IN( x I) the projection of the Cylinder Lemma.

Proof of Lemma 1.0. Let F': K x I — R™ x I be a link concordance
between fo and f1. Clearly, F/(Kx0x1), F(Kx1x0) and F'(K x{0x0,1x1})
are in the northern and in the southern hemisphere and in the equator S™ !
of S™, respectively. Therefore by the relative Borsuk Homotopy Extension

~ Y(K x 1)



Generalized Massey—Rolfsen invariant 13

Theorem, F is homotopic rel(K x {0x0,1x 1}) to a map @ such that $(K x
0x 1) and (K x 1 x 0) are the north and the south pole of 5™, respectively.
Therefore by the Cylinder Lemma there is a map ¢ : X(K x I ) — S™ such
that @ = @ o pr. Since &(K x {0 x 0,1 x 1}) € S™~! we can modify &'
by a homotopy rel(K x {0 x 0,1 x 1}) so that & becomes a suspension on
Y(Kx{0,1}). Since dim K < m—2, it follows that dim(K xI) < 2(m—1)—1.
Therefore by the relative Suspension Theorem,
Yo" YK x IK x {0,1},8") — 7™(2(K x I),2(K x {0,1}), ¥¢")

is an epimorphism, i.e. there is a map ¢ : KxI — gm—1 such that ¢ = @' =
Popr~! = Fon K x{0,1} (and X ~ & on X (K x I) rel ¥(K x{0,1}), but
we do not need this). So ¢ is the required homotopy between fo and fl m

Proof of Theorem 1.1(b) (cf. [We 67, §7, Sk 97, §3]). The surjectivity
of a follows from Theorem 1.1(a). Suppose that go,g1 : K — R™ are
link maps such that gg ~ ¢g1. Let G : K x I — I™ x I be the linear
homotopy between gy and g1. Let (K x I) = K x {0,1}. Evidently, G
is defined on 8(KA></I). Let ¢ : K x I — S™ ! be a homotopy between
é’f?x()xo and 6|Ex1x1' Define a map & : KxI — S™ by & = X o pr.
Then &(z,t,y,t) = ¢(z,y,t), hence ® = G on K x {0 x 0,1 x 1}. For
(x,t,y,1) € K x[0,1) x K x 1, both &(z,t,y,1) and G(z,t,y,1) are in
the northern open hemisphere. For (z,t,y,0) € K x [0,1) x K x 0, both
&(x,t,y,0) and CNJ(:E,t,y,O) are in the southern open hemisphere. So for
cach (z,s,9,t) € O(K x I) — (Kx0 U K x1), the points ®(z, s,y,t) and
G(z,s,y,t) are not antipodal. Therefore & ~ G on O(K/;ZI). Hence we
can apply Theorem 1.3 for K = K x I, 0K = K x {0,1}, fo = G and
¢ = & (clearly, the dimension restrictions are fulfilled). We obtain a link
concordance between gy and g;. =
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