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Abstract. Given two measure spaces equipped with liftings or densities (complete if
liftings are considered) the existence of product liftings and densities with lifting invariant
or density invariant sections is investigated. It is proved that if one of the marginal
liftings is admissibly generated (a subclass of consistent liftings), then one can always find
a product lifting which has the property that all sections determined by one of the marginal
spaces are lifting invariant (Theorem 2.13). For a large class of measures Theorem 2.13
is the best possible (Theorem 4.3). When densities are considered, then one can always
have a product density with measurable sections, but in the case of non-atomic complete
marginal measures there exists no product density with all sections being density invariant.
The results are then applied to stochastic processes.

Introduction. It follows from a result of Talagrand [13] that given a
complete finite measure space ({2, X 1) there exists a lifting (called consis-
tent) g on (£2, X, ) and a lifting 7 on the direct product (2, X, 1)® (2, X, 1)
satisfying the equality

(B x Ey) = o(E1) x o(E2)

for arbitrary E1, Ey € Y.

Macheras and Strauss [9] proved that given complete finite measure
spaces (£2,X, ), (©,T,v) and a fixed lifting ¢ on ({2, X, 1), one can find
liftings o on (©,T,v) and 7w on (2, X, u)® (©,T,v) such that 7 € p® 0, i.e.

(P) m(AXx B)=90(A) xo(B) forallAc ¥, BeT.
There is now a question whether it is possible to get a lifting 7 that satis-

fies (P) and has all sections of 7(F) lifting invariant for each £ € ¥ ® T.
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We show that given measure spaces (2, X, ), (©,T,v) and an arbitrary
lifting o for u there exist liftings o for v and 7 for p ® v satisfying (P) and
such that for each £ € ¥ ® T and each w, we have [1(E)], = o([7(F)].,).
In the case of identical measure spaces, a similar result holds true but for o
taken from a special family of liftings, which we call “admissibly generated”.

We also prove however that if (2, X ) and (©,T,r) are non-atomic,
then there exist no liftings o for x, o for v and 7 for p® v such that for each
set m(F) all sections [r(E)]? are invariant with respect to ¢ and all sections
[7(F)], are invariant with respect to o.

1. Preliminaries. Given a probability space (2, X, 1) the family of all
p-null sets is denoted by Xy. The (Carathéodory) completion of (2, u)
will be denoted by (2, £, 7).

LY(p) denotes the family of all real-valued p-integrable functions on
(£2, X, u); functions that are a.e. equal are not identified. £>(u) denotes
the family of all bounded real-valued p-measurable functions on (2, X, u);
functions that are a.e. equal are not identified. The space of equivalence
classes of members of £!(1) and £>°(u) is denoted by L' (u) and L>(u), re-
spectively. The o-algebra generated by a family £ of sets is denoted by o(L).

If f € L£Y(u) and 7 is a sub-o-algebra of X, then each function g €
LY(u|n) satisfying §4fdu=1\,gdu for each A € n is said to be a version
of the conditional expectation of f with respect to 7. It will be denoted
by Ey(f).

N stands for the natural numbers. If M C (2, then M° := 2\ M. We
use the notion of lower density and lifting in the sense of [6] and, for any
probability space (£2, X, u) we denote by ¥(u) and by A(u) the systems of
all lower densities and liftings, respectively. Since all densities considered
in this paper are lower densities we will use the word “density” instead of
“lower density”.

We denote by (2x 0, XY@ T, n®v) the product probability space of the
probability spaces (2, X, ) and (0,T,v). (2x O, X T, u®v) denotes its
(Carathéodory) completion.

If f is a function defined on {2 x © and (w,0) € 2 x O is fixed, then
we use the ordinary notation f,,, f? for the functions obtained from f by
fixing w and @ respectively. In a similar way the sections E,,, E? of a set
E C (2 x O are defined. A filter F in X is said to be pu-stable if A € F and
w(AA B)=0yields B € F.

2. Existence of densities and liftings with one-sided density
invariant or lifting invariant sections. We start with the following
general result:
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LEMMA 2.1. Let (2, X, p) and (©,T,v) be probability spaces and let 7
be a sub-c-algebra of T. Then for each f € L®(p® V),

2\ {w € 2: [Ezgy(f)lo = Ey(fo) ae. (vn)} € X,

Proof. Denote by X x T the product algebra generated by X and T
and let

C:={C e ¥ ®T : xc satisfies the assertion of the lemma}.

One can easily see that X' x T' C C. Applying now the standard methods of
integration theory and the Monotone Convergence Theorem for conditional
expectations (cf. [1], Th. 34.2) one can see first that C is a monotone class
of sets (and so C = X' ® T') and then that the required result holds true. =

It is worth noticing that the assertion of Lemma 2.1 is in general false if
one takes ©-sections instead of (2-sections.

EXAMPLE 2.2. Let 2 = © = [0,1), let X denote the Lebesgue mea-
surable subsets of [0,1) and let n be the algebra generated by [0,1/2). If
= X[0,1)x[0,1/3) and g = Exgn(f) then one can easily check that

VO € [1/3,1/2) ¢ =2/3 a.e. whereas V60 € [1/3,1/2) 7 =0 a.e.

It has already been observed by Talagrand [13] that not all liftings have
good properties from the product point of view. The same holds true in our
investigations concerning liftings and densities. Therefore we now isolate a
wide class of densities with properties suitable for our purposes.

First, however, for completeness and because of the lack of one assump-
tion in [5], we recall Lemma 2 of [5].

LEMMA 2.3. Let (©,T,v) be a probability space and let n be a sub-o-
algebra of T such that Ty C n. Moreover, let § € Y(v|n) and M € T \ 7.
If M1 D M and My D M€ are n-envelopes of M and M€ respectively, then
the formula

S(GNM)U(HNM)
= [M N §((G N M) U (HN M) UM S§((HN M) U (GnN M)
defines a density & € 9(v|o(n U {MY)) that is an extension of §.

DEFINITION 2.4. Let (©,T,v) be a probability space. A density 7 € J(v)
is called an admissible density if it can be constructed by transfinite induc-
tion as described below.

(A) Let D be the smallest cardinal with the property that there exists
a collection M C T such that (M) is dense in T" in the pseudometric
generated by v. Let M = (M,)a<x be numbered by the ordinals less
than x, where k is the first ordinal of cardinality D. Denote by 7y the o-
algebra o(Tp) and for each 1 < a < k let 7, be the o-algebra generated by
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{M, : v < a}Uny. We assume without loss of generality that M, & n, for
each a.

(B) 79 € 9(v|no) is the unique density existing on (@, 1, v|no).
(C) If v < &k is a limit ordinal of uncountable cofinality, then 7, =
Ua< Mo and we define 7, € 9(v|n,) by setting
Ty(B) :=14(B) if B€n, and o <.

(D) Assume now that there exists an increasing sequence (,,) of ordinals
that is cofinal to . For simplicity put 7,, := 7, and 7, := n,, for alln € N.
Then 7, = 0(U,,en n) and we can define 7, by setting

~B) = (| =B, (x5) >1-1/k}) for Ben,.

keNneNm>n

It follows by [5], Lemma 1 (or by Lemma 2.3), that 7, € 9(v|n,) and 7 |n,, =
T, for each n € N.

(E) Let now v =  + 1. To simplify the notations let M := Mpg. It is
well known that

ny={(GNM)U(HNM°):G,H € ng}.

Let My 2 M and My O M€ be ng-envelopes of M and M€ respectively,
ie. My,Ms € ng,(v|ng)«(My \ M) = 0 and (v|ng).(Mz \ M°) = 0 (where
(v|ng)« is the inner measure induced by v|ng). Define
(GNM)U (HNDM))

=(Mn71g((GNM;)U(HNMY))) UM N1g((H N M) U (GNMsg)))
for G,H € ng. By [5], Lemma 2, it then follows that 7, € J(r|n,) and
Ty|ng = 75.

(F) We define 7 € ¥(v) by setting 7 = 7.

Throughout, the collection of all admissible densities on (6, T, v) will be
denoted by AY(v) and each 7 € AY(v) will be considered together with all
elements involved in the above construction without any additional remarks.

THEOREM 2.5. Let (©,T,v) be an arbitrary probability space. If T €
AJ(v) then for each (£2,X, 1) and each 6 € ¥(p) there exists p1 € I(pu @ v)
such that w1 € § @ T and for every B € X ®'T there exists Ng € Xy with

[p1(B)]w = 7([¢1(E)lw)  for all we 2\ Ng.

Proof. Let there be given a § € ¥(u) and 7 € AY(v) together with
other elements involved in the construction of 7 € AY¥(v). In particular the
family M = (M, )a<x, the o-subalgebras (74 )a<x and the sequences (7,,)
cofinal with limit ordinals are fixed.

Using transfinite induction, we now construct a transfinite sequence
(Pa)a<k With @, € ¥ ® v|X ® 1,) such that:
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o forall Ae X, Be€n,,
(1) Pa(A X B) =0(A) X 74(B);

o for all @ < v < &,
(2) Py E @ 1o = Pa;

e for each a < k and each FE € Y ® 1, there exists Ng € Xy with
(3) [Pa(E)]w = Tallpa(E)]w) forallwe 2\ Ng.
For the first step, if £ € Y ®no then £ = E x O ae. (u® v) for some
E € Y. Hence, defining

0o(E)=6(E)x© forall E=Ex6 ae. (uov)

we get @o € J(pu @ v)| X @ no) satisfying (1)-(3).
Assume now, that given 1 < < k, a system (¢, ) satisfying (1)—(3) has
been constructed for all a < «. We have to distinguish three cases.
CASE A: v is a limit ordinal of uncountable cofinality. Then X ® n, =
Ua<, (£ ®na). Setting
oy(E) = @a(E) i E€XQna,
we get a uniquely defined density ¢, € 9(p ® v|X ® n,) satisfying (1)-(3).

CASE B: vy is of countable cofinality. For simplicity put 7,, :== 7, , @p :=
¢, and n, :=1n,, for all n € N. Then

L@, :0( U E@%).
neN
Hence, we can define

or(P) == U ) em{Esan.(xp) >1-1/k}) for Pe Z@n,.
keNneNm>n

It follows by [5], Lemma 1, that ¢, € d(u ®@ v|X @ 1,), and ¢ | X @10, = ¢p
for each n € N. Moreover, by [9] (Section 2, proof of Theorem 3) we have
Py EORT,.

For P € ¥ ®n,, fix for each m € N a version Exg,,, (xp) of conditional
expectation. Then, by (3), for all k&,m € N there exists N, € Xy such
that

[em({Esen, (xp) > 1= 1/k})]w = Tm({Esen,, (xp) > 1= 1/k})

ifwe N \ Nka.
By Lemma 2.1 there exist N, € Yy with

[E2®777n (XP)]W = E7777L (XPw) a.e. (V) fOl“ all w e Q \ Nm
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So if we put Np := Uk,meN(Nm,k U N,,) and take into account the equality
{Esen. (xp) >1—1/k}y = {[Exgn,, (xP)lw > 1 —1/k},
which holds true for arbitrary w € (2, then we have Np € Xy and

oo (Pl = () U () em{Esen. (xp) > 1= 1/k})

keNneNm>n
=N U N m{En. (xp,) > 1= 1/k}) = 7,(P.)
keENneNm>n
for w € 2\ Np. Hence (3) is satisfied.
Cask C: v = B+ 1. To simplify the notations let M := Mg. It is well
known that
Yon,={(KN2xM)U(LN2xM)):K,LecXns}.
Let M; O M and My O M€ be ng-envelopes of M and M€® respectively,
used in the process of describing 7.
An easy calculation shows that
E1:QXM1 and EQZQXMQ
are X ® ng-envelopes of (2 x M and (2 x M€, respectively. Define
Py (KN (2 x M))U (LN (2 x M)))
= ((2x M) Neg((K N Ey)U(LNEY)))
U (02 x M®) Nog((L N Ey) U (K N E3)))
for K, L€ X®ng. By [5], Lemma 2, it then follows that ¢, € 9(p@v|X®n,),
oy | X ®ng = g, and
oy(Ax B)=6(A) x7,(B) forall Ae ¥ and B € n,,
that is, ¢ satisfies (1) and (2). For E € X' ® n, write
E=(KnNR2xM)U(LN2xM) with K,LeX®ng
and put
Mg = Nkng)uwnes) Y N@Lng)u(knES)
where Nxnp,urnes) and Npng,)u(knes) are taken from (3) with a = .
Moreover, let Kp € Xy be such that for w ¢ Kp the sets (pg[(K N Ey)
U(LNEY)]), and [(K N Ey)U(LNEY)], as well as the sets (¢g[(L N Eq) U
(K NES)])e and [(L N Ep) U (K N ES)], are v-equivalent. Then Ng :=
MpUKEg € Xy and [p,(E)|, = 7y(Ey) for w € 2\ Ng. Therefore ¢,
satisfies the conditions (1)—(3).
We can now define ¢ € J(u ® v) with the required properties by just

setting ¢ = ¢,. The densities are properly defined, since each element of
X} ® T is measurable with respect to some X ® 1, with a < k. =
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REMARK 2.6. Some of our results will be applied in proofs in two forms.
More precisely, the role of measure spaces (£2, X, u) and (6,T,v) is often
interchanged without special comments. We shall denote it by putting the
symbol * after the number of a relevant theorem.

COROLLARY 2.7. Let (©,T,v) be an arbitrary probability space. If T €
A (v) then for each (2,X, 1) and each § € 9(u) there exists B, € I(ju @ v)
with the following properties:

(i) §1(Ax B) =0(A) x 7(B) for all A€ X and B € T;
(i) [7,(B)]w = 7([71(E)]w) for all w € 2 and E € £ & T;
(i) [@,(E))? is fi-measurable for all @ € © and E € X & T.

Proof. If § € 9(u) and 7 € AY(v) then, according to Theorem 2.5, there
exists 1 € § ® 7 satisfying for each £ € ¥ ® T the equality [p1(E)], =
T([p1(F)]w) for almost all w.

Let E € ¥ ® T be an arbitrary set. We define @, (E) by setting

[?1(FE)]w = 7([p1(E)],) for all w e 2.
It can be easily seen that @, satisfies the required conditions. m

LEMMA 2.8. Let (£2,X,p) and (©,T,v) be complete. Moreover, let
7 € 9(v) be an arbitrary density and & € (@ v) be a density such that for
each (w,0) € 2 x O and E € ¥ ® T we have [£(F)], = 7([€(E)].) and the
set [£(E)]? is p-measurable. Then there exists vy € O(u ® v) satisfying for
each (w,0) € 2 x O and E € X T the following conditions:

(1) E(E) € ¢ (E);
(1) v([1(B))w U [1(E°)]w) = 15

(i) W1 (B)le = 7([1(E)]w) s
(7v) [1(E)]? is measurable.

If additionally & is such that [E(A x O)], € {0,0} for each w € 2 and
A € X, then one can choose 11 in such a way that for each w € {2 and each
Ae X

(v) [1(Ax O)l, €{0,0} and [¢p1(A x O)], U [1(A° x O)], = 6.
Proof. Let

D:={pcI(pu®v):YweRVECc T [p(E)., C ([¢(E).)
&VE e XQT E(E) C o(E) & VA e X Vw e 2 [p(A x O)], € {0,0}}.

Notice first that @ # () since £ € P.
We consider @ with inclusion as partial order: ¢ < ¢ if p(E) C ¢(F) for
each F€ ¥ ®T.

CLAIM 1. There exists a maximal element in .
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Proof. We only have to prove that each chain {p,}aca C @ has a
dominating element in @. The obvious candidate is ¢ given for each E €

YT by
= U‘Poc(E

acA

One can easily prove that ¢ € J(u ® v).
Consider now the section properties of p(F). For fixed w € (2,

[p(B)e = |J [pa(B)l € | m(lpa(B)L)
acA acA

and so (in virtue of [6], Chapter III, Section 3) the set [p(E)],, is measurable.
It is clear that also [¢(E)], C 7([¢(E)],). This proves that ¢ dominates
the whole chain. According to the Zorn—Kuratowski Lemma the set @ has
a maximal element ;. =

CLAIM 2. For each w € §2 and A € X,

[1h1 (A x )], U [th1 (A° x O)],, = O.

Proof. According to the definition of @ we have [¢1 (A x O)],, € {0 (9}
for each w and A € X. Suppose that [t (AO X O)]w U1 (A§ x O)],, = 0 for
some wo and A € . Then define 9 € I(p @ v) by

—~ [ (B)]. if w # wy,
[Y(E)), = { (1 (EU (Ao X O))]w, ifw= wg.

It is clear that ¢ (F) C J(E) for each E € ¥ ® T and [12)\(14 x 0)]. € {0, (9}
for each w € 2 and A € X. Since [¢(AC X O)]w, = © we have ¥ # 0,
which contradicts the maximality of 1. m

CLAIM 3. For each w € 2 and E € X ® O,

v([¥1(E)]w U [P (E9)],) = 1.

Proof. If not, then there exist H € ¥ @ T and wy € {2 such that
V({1 (H)]wo U [¥1(H)]w,) < 1. Let

= T[([1 (H)]wo U [¢1 (H®)]eo )]

and let
- 1 ()] if w # wo,
W)L ﬁw<n OV A1 (HUBluy) i w = wo.
-

It is clear that 11 (E) C ¢(E) for each E € ¥ ® T. One easily checks that

b €D(ud).
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It follows directly from the definition that 1Z and 1, are different densi-

ties. To get a contradiction it is enough to show that [¢)(E)]., C 7([¢(E)]w,)
and [1)(A x O)],, € {0,0}. If E€ X T, then

T([(E))wo) 2 7([01(E)]wy) UT(W 0 [th1 (H U E)L,)
2 [Y1(B)lwo U [T(W) N 7([¢r(H U B, )]

2 [ (B U (W N [1(H U E)]wy) = [$(E)]us.

One can also easily check that if A € X, then [¢(A x O)],, € {0,0}. n

In order to finish the proof of Lemma 2.8, we should still prove the
validity of (jjj) and (v). For each w € 2 and E € ¥ ® T set
[ (B = 7([1 (B)]).
Clearly 11 (F) C ¢(F) for each F. Moreover the equality 11 (E) Nty (E°) =
0 yields 7([t1(E)]w) N 7([1(E°)]w) = 0 for each w. As a consequence,

$(E°) C ((E))°. Hence

U1 (E°) CP(E) C [(E)° C [vi(B)°
a~nd so the measurability of QZ(E) is proven. It follows that QZ € dand P =
1. In order to prove the measurability of the @-sections of v, notice that
(n@v)(E(E) Ay (E)) = 0 since ¢ and 1, are densities in the same measure

space. It then follows from the Fubini Theorem that there is Mg € X such
that for all w & Mg,

V([E(E)w A [ (E)lw) =0 and  v([§(E)], UE(E)L) = 1.
Hence
§(E)\ (Mg x ©) = ¢1(E) \ (Mg x 0).
Since all sections [¢(E)]? are measurable, the same holds true for the sections
[¢1(E)]?. This completes the proof of Lemma 2.8. =

THEOREM 2.9. Let (©,T,v) be complete. Then for each T € A¥(v),
each complete (2,5, 1) and each § € V(u) there exist ¥y € 9(u ® v) and

se A(u) satisfying the following conditions:

(1) 6(A) x 7(B) C(A) x 7(B) = 1(A X B) forall A€ X and B € T;

(i) v([1(E)]w U [ (E9)]) =1 for all w e 2 and E € X QT

(iii) [¢1(E)]w = 7([¢1(E))w) for all w e 2 and E € X & T;

(iv) [t (E)])? is measurable for all 6 € © and E € X & 1T.

Proof. If 6 € ¥(u) and 7 € AJ(v) are given, then there exists @; €
(1 ® v) satisfying the conditions (i)-(iii) of Corollary 2.7. Let

P:={pcd(udv):Ywe RVEc XRT [¢(F)., C7(¢(E).)

&VE € X®T 3,(E) C o(E)}.
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Notice first that @ # () since p; € ®. According to Lemma 2.8 there
exists 1 € ¥(u® v) satisfying the conditions (jj)—(v) of Lemma 2.8 and the
inclusion @, (E) C 91 (E). Since (A x B) = §(A) x 7(B) for all A € ¥
and B € T, the inclusion 6(A) x 7(B) C ¢1(A x B) of (i) is satisfied. Thus,
setting 6(A) 1= {w : [1(A x O)], = O} for each A € X, we get 6 € A(u).
It follows that 6(A) x © = ¥, (A x O).

We now prove that 1 (2 x B) = 2 x 7(B) for all B € T. In fact we
shall prove that if [¢1(£2 x D)], C 7([t)1(£2 x D)],) for all D € T and all
w € {2, then (i) holds true. So let B € T. We have 2 x 7(B) C ¢ ({2 x B)
and so

7(B) C [$1(£2 x B)|w € 7([11 (2 x B)l)
for all w € 2. Now, since 11 (2 x B) N1 (2 x B®) = (), we have
[1(£2 % B)lw N1 (2 x B)|w = 0.
Consequently, 7(B¢)N[¢1 (2% B)], =0, and so 7([1)1 (2% B)].,) C7([7(B)]°).
This yields
7(B) € [ (22 x B)lw, € 7([¢1(£2 x B)lw,) € 7([7(B)[%) = 7(B).

This clearly proves the validity of (i) since by the multiplicativity of v, we
have

Y1 (A x B) =1 (AXxO) Ny (2 x B) =5(A) x 7(B). m

REMARK 2.10. It is natural to ask whether the conditions (ii) and (iii)
of Theorem 2.9 are satisfied for ©-sections. One can also ask whether the
inclusion in the condition (i) may be replaced by equality. Unfortunately,
the answers to these questions are negative (see Section 3).

In general, even if § and 7 are liftings, the properties (ii)—(iv) of Theo-
rem 2.9 are not sufficient to guarantee the product property.

ExXAMPLE 2.11. Let 2 = {0,1}, © = [0,1), v be the Lebesgue measure
on the Lebesgue measurable subsets X' of [0,1) and 7 be a lifting on the
unit interval. Let p be the purely atomic measure defined by p({0}) = 1
and p({1}) = 0. We define 9 on the product measure space by setting for
each measurable F,

[W(E)]joy = T(Ey) and  [(E)|qy = 7(Eoy +1/2).

It is obvious that ¢ € A(u ® v) and satisfies the conditions (ii)—(iv) of
Theorem 2.9 but it is not a product lifting.

DEFINITION 2.12. Let 7 € 9(v) be an arbitrary density on (0,7, v). It
is well known by [15] that

FO)={BeT:0c7(B)}
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is a filter basis in 7" for each 6 € ©. Hence we can choose an ultrafilter U/(6)
in T finer than F(0). Let
o(B)={0cO:BclU(9)} forall BeT,
It has been proven in [15] that if v is complete, then o € A(v) and
4) 7(B) Co(B) C [1(B°)]° forall BeT.

If the density 7 above is admissible, then o is called the lifting admissibly
generated by the density 7. The family of all admissibly generated liftings
on (©,T,v) is denoted by AGA(v). We shall prove in Theorem 4.3 that no
lifting on a non-atomic measure space is an admissible density.

Since each element of AGA(v) is consistent (see [8], Corollary 3.8), it fol-
lows that AGA(v) is a subclass of all consistent liftings for v. This raises the
question whether AGA(v) is a proper subclass of the class of all consistent
liftings.

THEOREM 2.13. Let (£2,X,u) and (©,T,v) be complete probability
spaces. For each o € AGA(v) and each o € A(u), there exists ™ € A(u®v)
such that:

(i) (A x B) = p(A) x o(B) for all A€ ¥ and B € T}
(i) [m(E)]e = o([m(E)],) forall we 2 and E € X ®T.

Equivalently, for each f € L®(u® v) and each w € 12,
[m1(f))w = o([m1(f)]o)
and
m(g®@h)=p0(9) @ca(h) forall g€ L(u) and h € L(v).

Proof. If 7 € AY(v) is a density generating o and ¢ € A(u) then,
according to Theorem 2.9, we can find ¢; € J(u ®v) such that for all
EecXY®T,

(5) (1 (E)]w = 7([¥1(F)],) forall w € (2,

(6) V([ (E)]w U1 (E%))w) =1 forallw e £,

and

(7) 0(A) x 7(B) C1(Ax B) foreach A€ X and BeT.

We now define 7; € 9(u®v) by setting for each F € X QT and each w € 2,
(8) (M1 (E)lw = o([1h1(E)Lw)-

To prove that 7y is a lifting, notice that by (6) we get [m1(E°)]w = ([71(E)]w)¢
v-almost everywhere for each w. Hence

(9) o([m (E%)) = al([m (E)l.) ]
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Taking into account (8), (9) and the lifting properties of o we see that

[m1(E)w = ([m1(E)])w-
This implies m (E°) = [7,(E)]¢ and so m; € A(pu @ v).
In order to show (i), let Ax B € ¥ ®T. Then, according to (7) and (8),

[m1(A % B)lo = o([¢1(A x B)l) 2 a([e(4) x 7(B)l.)

[ o(B) ifwep(A),
R if w¢ p(A).
Applying the same considerations to the sets A x B¢, A° x B, A° x B¢ we

get
m(A X B)=90(A) xo(B). n

In general the liftings m; and 75 coming from Theorems 2.13 and 2.13+,
respectively, will be different (cf. Theorem 3.5). If (£2,X u) = (6,T,v)
and p = o, then it is easily seen that the equality m = 7o would yield the
existence of a symmetric lifting, that is, a lifting 7 € A(p ® v) with the
property

m(E) = [x(E°)],
where E° = {(w,0) : (f,w) € E}. In the case of non-atomic x this is however
impossible.

3. Existence of liftings and densities with lifting invariant or
density invariant sections. There is now a question whether there exist
o€ A(p), o0 € A(v) and m € A(u ® v) such that for each E € ¥ ® T and
each (w,0) € 2 x O,

(10) o([n(B)?) = [x(B)]’ and o([n(E)].) = [7(E)]..
An easy calculation shows that (10) yields 7 € p ® 0.
It is our aim to prove that the above question has in general a negative

answer. In particular, it is so in the case of non-atomic measures p and v.
We start however with some positive results.

THEOREM 3.1. For each 6 € AJ(u) and each T € AV(v) there exists
¢ € Y ®v) such that ¢ € § ® 7 and for each E € X @ T there exist
Ng € Xy and Mg € Ty such that

[p(E)lw € 7([¢(E)ln)  for all w € 2\ Ng,

and
[o(E))® Co([p(E))°)  forall 0 € ©\ Mp.

If (2,X,n) = (6,T,v) and 6 = 1, then ¢ € 6 ® 0 can be chosen to be
symmetric.
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Proof. According to Theorem 2.5 we get @1 € § ® T such that for every
E € X ®T there exists Ng € Xy with

(11) [01(E)]w = 7([p1(E)],) forallw e 2\ Ng.

Applying Theorem 2.5 we get ¢, € § ® 7 such that for every £ € X @ T
there exists Mg € T with

[p2(E)]) = 6([p2(E)])’) forall§ € O\ Mp.

Since ¢; and o are densities for the same measure, for each £ € XY @ T
there exists a set Ng € Xy such that

(12) (1 (B)]w A lp2(E)]w) = 0
for all w € 2\ Ng. Now define v € ¥ ® v) by setting
P(E) == p1(E) Np2(E) .
It then follows from (11) and (12) that for each w & Np U N,

[e(E)]w € lp1(B)lw = T([p1(E)]w) = T([p(E)]w)-

Similarly one can get the inclusion [p(FE)]? C 6([¢(E)]?) for almost all 6.
In the case of 6 = 7 we take, in the above proof, ¢1(E) = [¢1(E®)]® for
all E € ¥ ® X instead of g and set p(E) := p1(E) N p1(E). =

THEOREM 3.2. If (£2,X,pu) and (©,T,v) are complete, then for each
§ € AV(u) and each T € AY(v) there exists 3 € I(u@v) such that € ST
and for each E € X @ T and each (w,0) € 2 x © we have
[2(B)w CT([P(B)w) and [3(E)]’ C 8([p(E))°).
If (2,5, 1) = (0,T,v) and § = 7, then $ € § ® § can be chosen to be
symmetric.

Proof. Let @, and P, satisfy the conditions of Corollary 2.7 and 2.7+.
Define @1, P2 € ¥(u ® v) by setting for each w € 2,0 € @ and F € Y T,
[21(B)w = 7([a(E)]w) and  [22(E)]” := 6([71(E)]).

In a standard way one can check the correctness of the definitions. It is a
consequence of the Fubini Theorem that there exists Mg € X such that for
each w ¢ Mg the sets [1(E)], and [@;(F)]. are measure equivalent. Since
they are density invariant, they are equal. Consequently, for each 8 € © we
get

(13) 3(lp1(E))") = o([p(B)]") = [p2(E))".

In a similar way, for each w we can get

(14) T([p2(B)lw) = T([P2(E)]w) = [$1(E)]w-
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Now define $ € ¥(u & v) by setting
P(E) == ¢1(E) N ga2(E).
Foreach E€ ¥ ®T, 6 € © and w € 2 we have
T([e(E)lw) = 7([¢1(E)]w) N 7([P2(E)lw) = [¢1(E)]w

and

It follows that
[P(E)lw C7([2(E)lw) and [@(E)]’ C6([(E))). =

REMARK 3.3. We can consider the collection of all (symmetric) densities
satisfying the conclusion of Theorem 3.2 and partially ordered by inclusion.
With the help of the Zorn—Kuratowski Lemma one can prove the existence
of a maximal element ¢ such that for each E € ¥ ® T and for all w € 2
and 6 € O,

(15) [W(E)w CT([Y(E)].) and [(E)]® C8([%(E))").
Notice that for each E € ¥ @ T and for all w € 2 we have

either [Y(E)], =0 or v([v(E).) >0.

A similar assertion holds true also for all § € ©.
We will prove however that the inclusions in (15) cannot be replaced by
equalities.

In what follows we use the notation ¢ = ¢ @ 7 if, for each E € ¥ @ T,
w € {2 and 6 € O the equalities

[o(B)w = 7([p(B)w) and  [p(E)]" = 6([p(E)]’)
hold true, where § € ¥(p), 7 € ¥(v) and ¢ € ¥(u ® v). The letter F in ®@p
stands for Fubini, since it would be quite natural to call such a density ¢ a
Fubini density.
Now we are going to answer the question posed at the beginning of the
section. We start with an easy lemma.

LEMMA 3.4. Let (£2,X, ) be an arbitrary non-atomic probability space
and let § € Y(p). Then inf{u(A) : w € 6(A)} =0 for p-almost all w € 2. m

THEOREM 3.5. If (£2,X ) and (©,T,v) are not purely atomic prob-
ability spaces then there do not exist densities 6 € (), 7 € I(v) and
v € M) such that ¢ =0 Qp T.

Proof. Assume that p and v are non-atomic and we have § € ¥(u),
7 € 3(v) and ¢ € ¥(u ® v) such that p =0 ®p 7. Fixw € 2 and § € O
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such that
inf{u(A):wed(Ad)} =0 and inf{v(B):0¢c7(B)}=0.

Then take two decreasing sequences <ﬁn1> and (B,, 1) in X and T, respec-
tively, such that

,u(gn,l) >0 and v(Bp1)>0 for each n € N;
w e gml = 5(&1,1) and 6 ¢ En,l = T(Eml) for each n € N;

and

limp(A,1) =0 and limy(B, ;) =0.

If F(w) and F(0) are the filters generated by (d,w) and (7,0) respectively,
then A, € F(w) and B, 1 € F(0) for all n € N.
Now set N N N N
‘4L0:::!2\‘4L1 and _BLOZZZC)\13L1;

and then for each n € N,
Zn+1,0 = Zn@ \Avn—‘,-l,l and §n+1,0 = En,l \ §n+1,1-

Define new sequences of sets by setting

o] 0
AJQZZRALoLJ(W.AnJ and <BLU::RBLOLJ(W«BHJ;

n=1 n=1
Apy = Zn1\ ﬂ Z}c@ and B, := §n1\ ﬂ Ek,l
k=1 k=1

and
An+1,0 =An \ An+1,1 and Bn+1,0 = Bn1 \Bn+1,1

. o] e [e%e) o
whenever n > 1. Since the sets (),_; An,1 and (),_; By are of measure

zero and the filters F(w) and F(f) are measure stable we have A,; € F(w)
and By, € F(0). Thus, we have got the sequences (A,;) and (B,;) with
i € {0,1} satisfying for every n € N the following conditions:

A NAy =0 and App10UAnii = Ang;
BN By =0 and Byi10UByy1,1 = Bai;

GAn():Q and GBW:@;
n=1

n=1
ﬂ A1 =0 and ﬂ By = 0;
n=1 n=1

Ap € F(w) and By € F(0).
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We define two new sets in the product space by setting

U := U Ang X Bnl and L := U Anl X Bng.
n=1 n=1
We have UN L = (.
Now if @ € {2 then there is ng € N such that @ € A,,_o and so

Uz = ( U An(] X Bnl)@ = (Anw(] X Bnal)w = anl € ‘7:(9)
n=1

Hence U, € F(f). Similarly LY € F(w). Applying now the equality
¢ = 0 ®p T one can easily see that (w,0) € o(U) N ¢(L). This is how-
ever impossible since U N L = () and so p(U) N (L) = 0.

This completes the whole proof. m

In the case of atomic measure spaces liftings with lifting invariant sec-
tions may exist.

ExAMPLE 3.6. Consider a complete (©,T,v) and (£2,X, 1) such that
2 = U, {wn} and each point w, is of positive measure. Given o € A(v)
define a lifting 7 € A(p ® v) by

7(E) == J{wn} x 0(E.,).

Then m = o ®p o, where g is the unique lifting on the family of all subsets
of (2.

4. Existence of liftings with measurable sections. As we have
proven in previous sections, when admissible densities are under considera-
tion, there always exist product densities with nice measurability properties.
In Theorem 2.9 we have proven the existence of a product density with den-
sity invariant f(2-sections and measurable ©-sections. In Theorem 3.2 the
existence of a product density with measurable sections satisfying an in-
clusion has been proven. There is now a question whether similar results
can be achieved for liftings; in particular, whether the lifting m; in Theo-
rem 2.13 can have all ©-sections measurable. More generally: do there exist
0 € Alp), o0 € A(v) and 7 € A(u ® v) such that 7 € o ® o and for each
EcXY®T and (w,0) € 2 x 0O,

(16) o([7(E)],) = [7(E)], and [r(E)]’ is measurable.

Assuming the existence of real-valued measurable cardinals and taking u to
be a universal measure on {2 of measurable cardinality, we get an example
of w1 with all sections measurable. In general however m; with measurable
O-sections and lifting invariant {2-sections does not exist. The full descrip-
tion of liftings satisfying (16) remains an open problem.
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We start with the following result of Blass [2]:

PROPOSITION 4.1. Let X be the countable product of the two-point space
{0,1} equipped with the ordinary product Haar measure \ and let L be the
o-algebra of \-measurable sets. Let (©,T,v) be a complete non-atomic prob-
ability space. If V is a v-stable ultrafilter in T then there exists a set
Ec LT such that

(17) {reX:E, eV} &L
Proof. We first prove that if
(18) {lreX:E,eV}el

for every E € L ® T, then for each B € V such that B = |J,_, B,, and all
B,, are measurable and pairwise disjoint, there is n € N with B,, € V. So
consider B = |J;2| B, € V with all B,,’s being measurable and non-empty.
Then let

E:=|J{{zm) € X 12, =1} x By).

Since F € L®T we may apply (18). For each x € X let Z C N be such that
x = xz. We can now write for each z € X,

E, = U Bn:UBn.

{n:z,=1} nex

Since V is an ultrafilter and the sets B,, are pairwise disjoint, and B € V,
the collection

(19) W::{ZgN:UBnev}

nez

is an ultrafilter on N. Applying (18) and (19) we get
{reX:zeWt={xecX:E, eV}eL.

But according to a theorem of Sierpinski [10], if W is a free ultrafilter on N
then the set {x € X : ¥ € W} is non-measurable with respect to A. Thus
W must be fixed, which simply means that there exists n with B,, € V.

Now we can prove the main assertion. To do it divide © into two disjoint
sets of equal measure. Then divide each piece again into two disjoint sets of
equal measure and so on. It follows from the basic properties of ultrafilters
that we thus obtain a decreasing sequence (C,,) of sets such that C,, € V for
each n. Moreover

Cy = L_J1<Cn\cn+1> U Ol Cy

and v(,2,Cn) = 0. Tt follows from the first part of the proof that

n=1
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{r € X :E, €V} &L for some E € L &T (otherwise (7", C,, € V,
which would contradict the v-stability of V). m

From the above proposition one can easily deduce a more general result:

PROPOSITION 4.2. Let (£2,X,u) be a complete non-atomic and perfect
probability space and let (©,T,v) be a complete non-atomic probability space.
If 'V is a v-stable ultrafilter in T then there exists a set E € X @ T such
that

(20) {lweR:E,eV}egX.

Proof. There exists a measurable surjection h : {2 — X such that
u(h=Y(B)) = X\(B) for each B € L (cf. [7]). By Proposition 4.1, there is
Fre LT suchthat {x € X : F, eV} L. Let h: 2x60 — X x 6O be
given by h(w, ) = (h(w),H). It easily follows that b~ (LRT) C X ®T. Set
E := h=1(F). We have

weR: B, eVy={we2:[hY{F), eV} ={we Q: Fy, €V}

=h HreX:F, eV}

It now follows from the perfectness of 1 and the non-measurability of the
set {re X :F,eV}that{weR:E,eV}¢gX n

Applying Proposition 4.2 we obtain the main non-existence result of this
paper.

THEOREM 4.3. Let (£2, X, 1) be a complete non-atomic and perfect prob-
ability space and let (©,T,v) be a complete non-atomic probability space.
There exist no liftings 0 € A(v) and © € A(u ® v) satisfying the following
two conditions:

(j) there exists 6 € © such that for each E € X & T,
(B’ € x.
(jj) for each E € X @ T there exists a set Ng € Xy such that
[7(E)]w = o([n(E)]e) for each w & Ng.
In particular, no o € A(v) is an admissible density.

Proof. Suppose that liftings satisfying all the above assumptions exist
and let (V(0))pco be the family of ultrafilters generating 0. If E € Y ® T,
then by the Fubini Theorem there exists a set K € X such that

[r(E)], = E, ae. (v), foreach w ¢ K.
Set Ly = Kg U Ng. Then for each 0 € O,
{we2:B,eV0)}n(2\Lg)=(2\Lg)Nr(E).
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Since (£2, X, ) is complete and [7(E)]? € X, we have
{lweR:E,ev@)}eXx

for every E € X @ T. This however contradicts Proposition 4.2 since each

V() is measure stable (because o is a lifting). =

COROLLARY 4.4. Let (2, X, u) and (©,T,v) be as in Proposition 4.2 and
let 0,0 and w1 be liftings satisfying the conclusion of Theorem 2.13. Then
for each 0 € O there exists E € Y ®T such that [r1(E)]° is non-measurable.

It follows from the above corollary that Theorem 2.13 is the best possible
result, at least when v is perfect.

COROLLARY 4.5. Let (£2,X,u) be a complete non-atomic probability
space and let (©,T,v) be a complete non-atomic and perfect probability
space. Furthermore, let o € A(u), 0 € AGA(v) and m € A(u®v) be liftings
satisfying the conclusion of Theorem 2.13. Then there exists E € X&T such
that

v {0 € O:[rm(E) #o(r(E))}>0. m

We finish with the following open problems, which seem to be interesting.
In both cases we assume the non-atomicity of the measures.

QUESTION 4.6. Do there exist o € A(y), o0 € A(v) and 7 € A(u ® v)
such that m € p® o and for each £ € ¥ ® T and (w,0) € 2 x O,

[7(E), €T and [r(E)]? € X7

QUESTION 4.7. Do there exist o € A(u), 0 € A(v) and 7 € A(u®v) such
that m € o ® o and for each F € X ® T there exist Ng € Yy and Mg € T}
with the property that whenever w € Ng and § ¢ Mg then

o([r(B))") = [n(B)) and o([n(E)].) = [7(E).?

5. Applications to functions of two variables and stochastic
processes. Let (2, X, 1), (©,T,v) be complete probability spaces and let
X = {Xyp}oco be an arbitrary real-valued stochastic process on (§2, X, u).
If Y = {Yy}geco is another stochastic process then it is called equivalent to
{Xo}oco if for each § € O the equality Xy = Yp holds true a.e. () (the
exceptional set may depend on 6). {Xy}gco is said to be measurable if the
map (w,f) — Xy(w) is measurable with respect to the product o-algebra
Y ®T; {Xoloco is bounded if the family {Xy : 6 € O} is bounded in
Loo(p). There are several papers concerning the existence of measurable
(or separable) processes that are equivalent to a given process (cf. [3], [14],
[12]). Sometimes a measurable process equivalent to a bounded {Xjy}oco
can be defined by setting Yy = o(Xp), where o € A(u) and the initial
process X or (©,T,v) satisfy some additional conditions. In particular, the
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lifting p in [3] is assumed to be strong and {2 is taken to be an interval.
In general however, strong lifting may not exist on the topological measure
space investigated. With the help of Theorem 2.13 and 2.13+ we get—by a
different method—the following two results from [3], without any topological
assumptions:

THEOREM 5.1. For each o € AGA(v) and each bounded measurable
stochastic process {Xg }oco on a space (£2, X, ) there is a collection {Yy }oco
of measurable functions on (2, X, 1) satisfying the following conditions:

(i) Y.(w) = o(Y.(w)) for each w € £2;

(ii) there is Mx € Ty such that for every 0 ¢ Mx we have Xy =Yy a.e.
() and {Yp}ogny is a measurable stochastic process on (§2, X, u);

(iii) there is Nx € Xy such that for every w ¢ Nx we have X. (w) =Y. (w)
a.e. (v);

(iv) if © is a separable metric space and (Xg)ogmy, 15 continuous in
probability, then (Yy)ogny is separable; furthermore, every countable dense
subset of ©\ Mx is a separating set for (Yp)ogny -

Proof. We take arbitrary o € AGA(v), p € A(n) and the corresponding
7 € A(u®v), existing in view of Theorem 2.13. Setting Y := 71 (X), we get
a ¥ ® T-measurable function with the property that for each w the function
Y (w) = [71(X)], fulfils the equality Y.(w) = o(Y.(w)). This means that
{Ys}oco is a stochastic process satisfying (i). The conditions (ii) and (iii)
follow from the Fubini Theorem. (iv) can be proved exactly as in [3]. m

In the terminology of [3] the process {Yp}geco is called o-canonical.

THEOREM 5.2. For each ¢ € AGA(u) and each bounded measurable
stochastic process {Xg}toco on a space (2, X, 1) there is a measurable pro-
cess {Yploco on (2, X, n) that is equivalent to {Xp}loco and satisfies the
following conditions:

(i) Yo = 0(Yp) for each 6;

(ii) there is Nx € Xy such that for each w ¢ Nx we have X.(w) =Y. (w)
a.e. (v).

Proof. Let o € AGA(n) and o € A(v). In view of Theorem 2.13+ there
exists mp € A(u ® v) such that given a process X = {Xg}pco, we have

[m2(X)]? = o([m2(X)]?) for all § € O.
By the Fubini Theorem there exists Mx € Ty such that
Xg = [m(X)]?  ae. (u) forall § ¢ Mx.

We now define a stochastic process {Yy}gco by setting Yy = o(Xp). It can
be easily seen that {Yy}gco satisfies the required conditions. m
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REMARK 5.3. Notice that in Theorem 5.2 we had to use properties of
m2(X) in order to assure the plane measurability of Y. Directly defining Y
by Yy = 0(Xpy) for an arbitrary lifting might destroy the plane measurability
properties of the process X (cf. [3]).

An important problem in the theory of functions of two variables is find-
ing conditions guaranteeing the plane measurability of a separately mea-
surable function. The notion of a stable set investigated by Fremlin and
Talagrand (see [11]) turned out to be very fruitful in this field. In particu-
lar, Talagrand [11] (10-2-1) proved that if © is a compact set, v is a Radon
measure on @, f : 2x 6O — R is measurable as a function of the first variable
and continuous as a function of the second variable, then f is measurable
provided the family {f? : § € ©} is a stable set.

Applying a result of Fremlin [4] we get a similar result for functions that
have lifting invariant sections. For the sake of completeness and because it is
not published we present here Fremlin’s result and his proof (with references
to [11] rather than to Fremlin’s notes).

PROPOSITION 5.4. Let (£2,X, 1) and (©,T,v) be complete probability
spaces. Let f : 2 x ©® — R be a separately measurable function such that
{f® : 0 € O} is stable. Then there is a X ® T-measurable function

f: 2 x 0 — R such that fe = f% a.e. (n) for every 6.

Proof. (a) Suppose first that f is bounded and let Z be the pointwise
closed convex hull of {f? : § € ©}. By [11] (11-2-1), Z is stable. Since f is
bounded the set Z is also pointwise compact. Furthermore, according to [11]
(9-5-2), Z is also compact for the L;-pseudometric. Thus, given € > 0 there
are Ly-open sets Z1,...,Z, C Z covering Z and such that {|g — h|dp < ¢
whenever g, h belong to the same Z;. Moreover, each Z; can be taken to be
of the form Z; = {h : |h(w) —a!,| < Yw € I;} for some finite I; C 2, § > 0
and (a!),er, € RE.

Set Ej :=={0: f° € Z;}. Then E; = Nwer, {0« 1fu(0) = al| <6} eT.
Set E; = Ej\Ui<j E; and write J := {j : I/(E],) >0} and M = @\UjeJ E]’
Then, given (w,0) € 2 x E and j € J, set

| fw,&)v(de)

B,

g(w,0) = )

and g(w,0) := f(w,0) if § € M. It is clear that g is ¥ ® T-measurable.
Moreover, since ¢’ € Z; if § € E’, we get | lg? — f%|du < € for every 6.

(b) Let now f be arbitrary. For each n € N let g,, be a ¥ ® T-measurable
function on {2 x @ such that for each n € N and 6 € O,

VIgh — foldp <27,
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where f,,(w,0) := max{—n, min(n, f(w,0))}. One easily sees that g2 — f¢
a.e. for every 6 and that (g,)nen is convergent a.e. to a X ® T-measurable
function f. m

The following consequence of Proposition 5.4 and of the main result of
this paper may be considered as a strengthening of Talagrand’s method [12]
of modification of a stochastic process with the help of consistent liftings.

THEOREM 5.5. Let (£2, X, 1), (©,T,v) be complete probability spaces and
{Xo}oco be an arbitrary real-valued bounded stochastic process on (§2, X 1)
with measurable paths (i.e. all functions X, are v-measurable). If the set
{Xy : 0 € O} is stable then for each 0 € AGA(p) the process {Yy}toco given
for each 6 by Yy := o(Xy) is X & T-measurable and equivalent to {Xg}oco.

Proof. Applying Proposition 5.4 we get a bounded X ® T-measurable
function X : 2 x © — R such that X? = X, a.e. (u), for every 0. If
7y € A(u®v) is a lifting satisfying the assertion of Theorem 2.13% (with o
arbitrary), then 75(X) is measurable and for each 6,

[m2 (X))’ = ol[m2(X)]").

By the Fubini Theorem there is a set My € Ty such that Yy = [mo (X)) for
all 0 ¢ M;y. It follows that {Yp}gco satisfies the required conditions. m

COROLLARY 5.6. Let (2,X,u), (©,T,v) be complete probability spaces
and let f: £2x 6O — R be a separately measurable function such that the set
{f?: 0 € O} is stable. If there exists o € AGA(u) such that o(f%) = f? for
each 0 € O, then f is X ® T-measurable.
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