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Valdivia compacta and equivalent norms

by
ONDREJ KALENDA (Praha)

Abstract. We prove that the dual unit ball of a Banach space X is a Corson com-
pactum provided that the dual unit ball with respect to every equivalent norm on X is a
Valdivia compactum. As a corollary we show that the dual unit ball of a Banach space X
of density ¥y is Corson if (and only if) X has a projectional resclution of the identity with
respect to every equivalent norm. These results answer questions asked by M. Fabian,
G. Godefroy and V. Zizler and yield a converse to Amir-Lindenstrauss’ theorem.

1. Introduction. The Valdivia compact spaces form a class containing
all Corson compacta which plays an important role in the theory of Banach
spaces. It is closely related to projectional resclutions of the identity and
Markushevich bases. These relations have been thoroughly investigated for
example in [AMN], [V2], [V3], [DG], [FGZ], [K3].

The Banach spaces with dual unit ball being a special kind of Valdivia
compactum (namely, such that (Bx.,w*) has a dense convex symmetric
X-subset, see definitions below) form the largest class of spaces having a
projectional resolution of the identity (PRI) (within Banach spaces of den-
sity N1). The fact that the well-known Amir-Lindenstrauss theorem [AL]
can be extended to this class of spaces was proved in [V3]. The converse
within Banach spaces of density X; was observed in [FGZ].

It follows again from [V3] that for Banach spaces with dual unit ball be-
ing Coorson compact the isomorphic version of Amir-Lindenstrauss’ theorem
holds. It means that such spaces have a PRI with respect to every equivalent
norm. This follows simply from the fact that the Corson property of the dual
ball is an isomorphic notion. The Valdivia property of the dual ball, as ab-
served in [K1], is not stable with respect to equivalent norms. In the present
paper we prove that the dual unit ball of a Banach space is Corson provided
the dual unit ball with respect to each equivalent norm is Valdivia. Due to
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the above mentioned observation of [FGZ] it follows that the Banach spaces
with Corson dual unit ball form the largest class {within spaces of density
¥;) in which the isomorphic version of Amir-Lindenstrauss’ theorem holds.
Some special cases of this result were proved in [FGZ].

Another motivation for our investigation comes froni the study of strong
non-stability properties of Valdivia compacta. For example it was proved
in [K2] that a compactum K is Corson provided all continuous images of
K are Valdivia. The first example of a non-Valdivia continuous image of a
Valdivia compactum was given in [V4]. In this framework our result can be
viewed as a result on strong non-stability of Valdivia compacta with respect
to equivalent norms.

Let us start with basic definitions.

DEerFINITION 1. Let I' be a set.

(1) For z € R we define éuppm = {y € I'|z{y) # 0}

(2) We put Z(I") = {z € R | suppz is countable}.

DEFINITION 2. Let K be a compact Hausdorfl space.

(1) K is called a Corson compact space if K is homeomorphic to a subset
of X(I'} for some I

(2) K is called a Valdivie compact space if K is homeomorphic to a
subset K’ of RT for some I" such that K’ N Z(I') is dense in K'.

It turned out to be useful to introduce the following auxiliary notion.

DEPINITION 3. Let K be a compact Hausdorff space and A C K be
arbitrary. We say that A is a X-subset of K if there is a homeomorphic
injection ¢ of X into RT for some I" such that {A4) = »(K) N Z(I).

. In this setting a compactum K is Valdivia if it has a dense X-subset. In
[V2], [V3] and [FGZ] the connection between Valdivia compacta and projec-
tional resolutions of the identity and Markushevich bases was investigated.
Let us now recall the definitions of these notions.

DERINITION 4. Let X be a Banach space of density x > Ng. A projec-
tional resolution of the identity (PRI) on X is an indexed family (P, |w <
a < ) of projections on X with the following properties:

(i) P, =0, P, =1dyx;

() |Poll =1forw < a € &;

(iii) dens Po X < carde for w < o < &3

(iv) PPy = PgPy =Py forw < o < 8 < &;

(v) PoX = Upo PoX if @ < & is limit,
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DrFINITION 5. Let X be a Banach space.

(1) A Markushevich bosis of X is an indexed family (24, fa)aea € X x X*
such that the following conditions are satisfied:
{(a) folzs) =0ifa#b, folzs) =1 for a,b € 4;
(b) span{z, | a € A} = X;

(c) for every o € X, o # 0 there is o € A with f,(z) # 0.

(2) A Markushevich basis (4, fa)ec4 is countably L-norming if for every
v & X we have ja]| = sup{f(2) | f € M, |f]| < 1}, where M = {f € X" |
{ac A| f(zs) # 0} is countable}.

2. Main results. Our main result is the following theorem which an-
swers a question of [FGZ].

TaEOREM 1. Let X be a Banach space. Then the following assertions
are equivalent.

(1) (Bx»,w*) is a Corson compact space.

(2) For every equivalent norm |- | on X the duel unit ball (B(x |-, w*)
has o dense convex symmetric 2 -subset.

(3) For every equivalent norm |- | on X the dual unit ball (Bx |, w")
13 « Vaoldivia compactum.

(4) For every equivalent norm | - | on X the space (X,|-]) admits a
countably 1-norming Murkushevich basis.

If the density of X is equal to Ry, then the above conditions are also
equivalent to the following one.

(5) For every equivalent norm | - | on X the space (X,] 1) admits e
projectional resolution of the identity.

As a consequence we get the following results which are not covered by
the theorems of [FGZ].

COROLLARY 1. If I' is an uncountable set, there is an equivalent norm on
£4(T) such that the corresponding dual unit ball is not o Valdivia compactum.

COROLLARY 2. There is an eguivalent norm |- | on £1([0,w1)) such that
(£:([0,w1)), |+ ]) has ne projectional resolution of the identity.

Proof (of corollaries). It suffices to observe that the dual unit ball of
¢,(I") is weak* homeomorphic to [=1,1)¥ which is a non-Corson Valdivia
compactum. =

REMARK, Recently the author has been informed that Corollary 2 was
independently proved, using another method, by A. Plicko.

The implication (5)=(1) in Theorem 1 does not hold for Banach spaces
of density larger than Rj. A counterexample is the ep sum of Nz copies of
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the space £1([0,w;)) (cf. remarks at the end of the paper). However, we are
able to prove the following partial result.

THEOREM 2. Let I' be an uncountable set such that card " is o regular
cardinal. Then there is an equivalent norm || on £1(I") such that (£1(I), |-|)
has no projectional resolution of the identity.

REMARK. In fact, a more general result lholds. Suppose that X is a
Banach space whose density is a regular cardinal x. If there is a PRI, say
(Pa | w< a < k),on X with [J,cpcFPaX® & X7, then there is an
equivalent norm on X such that there is no PRI with respect to that norm.
This can be proved by putting together the ideas of the proofs of Theorems 1

and 2. We sketch the proof at the end of the paper.

3. Auxiliary results

LeMMaA. 1 [K2, Proposition 2.2], Let K be a compact Housdorff space and
A C K be a dense L-subset of K. Then:

(1) A is countably closed in K, i.e. C C A for every C C A countable.

(2) A is o Fréchet-Urysohn space, i.e. whenever x € A and C C A are
such that x € C, then there are z, € C with T, — 2.

(3) If G C K is a Gs set, then G A is dense in G.

LEMMA 2. Let X be a Banach space and K C Sx« be a convex weak™
compact set. Then there is a conver weak™ compact set L which is weak™ Gy
in Bx« and K C L C Sx-+.

Proof. Let n € N. The sets (1 — 1/n)Bx« and K are disjoint convex
weak™ compact sets, so0 by the Hahn-Banach theorem there are z,, € X and
¢n, € R such that

sup Tn) < Cp < inf [f(z.).
fe(l_l/n)BX'f( ) fer( n)

It is enough to put I ={f € Bx- | (Vn e N)(f(zn) = ¢,)}. =
PROPOSITION 1. Let X be a Banach spoce such that there is a weok™

compact convex set K C Sx- which is not o Vuldivia compact. Then there
is an equivalent norm | - | on X such that B(x . is not Valdivia.

Proof. Let L be a convex weak* compact set, weak* G in Bx- such
that K C L C Sx~ (it exists due to Lemma 2}. Put
B =conv (KU (~K)U 1Bx.).

Then B is a convex symmetric weak® compact set such that %BX* cBcC
Bx«, so there is an equivalent norm |- | on X such that B is its dual unit
ball. To show that B is not Valdivia, we prove that K = LN B. Choose
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f € LN B. Then there are s,t > 0 with s + ¢ < 1 and k1, k2 € K, b€ 1 B%
such that f == sb4tky + (1~ s — )(~ky). We have
5
2)
hence s = 0. So f = thy+(1-t)(—kz). As ks € K C L, weget 1(f+ka2) € L,
but 3(f + ka) = L (k1 + k2), s0 | 3(f + k2)|| =¢, hence t = 1.

Thus K = LN B and therefore K is weak* G5 in B. If B were Valdivia,
K would be Valdivia as well by Lemma 1(3), contrary to assumption. =

L= 171 < sl + #lkall + (L= s = )kl S 3 4+ 1-s—t =1~

REMARK. It is clear from the above proof that the equivalent norm whose
dual unit ball is not Valdivia can be chosen arbitrarily close to the original
one.

LEMMA 3. Let X be a Banach space and fi,..., fn be affinely indepen-
dent elements of X* with n > 2. Then there is x € X such that

fil@) < falz) = ... = fa-1(z) < fulz).
If n =2 then the above condition simply means f1(z) < fa(z).

Proof. If n = 2 then the affine independence means fi # fa, so clearly
there is € X with f1(z) < f2(z). Suppose n > 3. Then fo - f1,..., fa— f1
are linearly independent, so in particular f, — fi €span{f; —fi |2 <7 <
n—1}. The latter space is finite-dimensjonal, and hence weak™ closed, so by
the Hahn-Banach theorem there is z1 € X such that (f; — f1){z1) = 0 for
2<j<n—-1and (fy, — fi)(z1) = 1. Similarly there is z2 € X such that
(fi — fa)(me) =0for 2 <j <n—1and (fi ~ fu)(x2) = —1. Now it is clear
that @ == @y + @2 has the required property. =

The following lemma can be proved by straightforward calculations.

LEMMA 4. Let X be o Banach space, K C X* be weak®™ compact and
P(K) be the space of Radon probabilities on K endowed with the weak™ topol-
oqy inherited from C(K)*. Consider the mapping P : P(K) — X* defined
by the formula

&(u) = | Fdu(f),

K

. P * .
where the integral is in the weak™ sense, te.

d(u)(z) = | flm)du(f), weX, pePK)
K

. "—‘w*
Then & is a w* — w” continuous affine mapping of P(K) onto conv K .
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PROPOSITION 2. Let X be a Banach space and K C X* be a weak™
compact scatiered setf. Then

mw*={zakklak20, Zakzl},

keK keX
where the sums are taken in the norm topology.

Proof. By Lemma 4, using the fact that each Radon probability on a
scattered space is supported by a countable set, we get the required equality
with the sums in the weak* sense. But as K is bounded, these sums converge
even absolutely in norm. m

ProrposITION 3. Let X be a Banach space and K C X* be a conves
weak™ compact set which is not Corson. Then there is a weak™ compact
conver subset of K which is not Valdivia.

Proof. If X itself is not Valdivia, there is nothing to prove. Suppose that
K is Valdivia and that 4 ¢ K is a dense D-subset. Let ¢ : K — RY be a
homeomorphic injection with @(A4) = p(K)NZ(I"). By [K2, Proposition 2.7]
there is ¢ € K such that card{y € I' | @(g)() # 0} = ¥;. The proof will
comtinue in several steps,

STEP 1. We construct f, € K and z, € X for n € N satisfying the
following conditions:

() Ifn — gll < 1/my

(ii) fr does not belong to the affine envelope of {g} U {f;| 1 < i < n};

(ifl) g(zr) < falzi) < filze) for 1 < k< n;

(iV) Q(mn) < fl(mn) == fnml(mn) < fn.(mn)-

As K is not Corson, it cannot be a singleton, so there is h € K \ {¢}. By
convexity the segment [g, k] lies in K. Choose f € (g, h] with | f1 — g < 1,
and x; € X such that g{z:1) < fi(z1). These fi and ; clearly satisfy (i),
(i) and (iv), and condition (iii) gives no restriction if n = 1.

Suppose we have already constructed fy,..., f, and z, . .. , By, Satisfying
(i)-(iv). To construct fnii and ), denote by M, the affine envelope
of {g, f1,..., fa}. As M, is finite-dimensional and K is not Corson, there

is hg € K\ M,. We take auxiliary functionals hi,...,h, such that for
J=1,...,n we have

(#) hj € [hj-1,f3) and  hy(z;) > g(zy).

This is possible, as f;(z;) > g(z;) by (iv).
Moreover, we have

(#+) hi@:) > g(z:) for1<i<j<n.

We prove this by induction on j. If j = 1, then hy(z;) > g(z1) by (*).
Suppose we have proved (x*) up to some j < n. Let 1 <i<j+1If
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i =g+ 1, then hjii(z:} > g(z;) by (*). Further, if i < 7 + 1, then 4 < 7,
and so, by the induction hypothesis, we have h;{z;) > g(z;). Moreover,
Fig1(m:) > g{z;) by (iil), and therefore (+} yields h;11(z;) > g(=z;) as well,
which completes the proof of (#x).

In particular we have h,(z;) > g(=z;) for 1 < i < n. Further, g(z;) <
filzy) for 1 <7 < n by (iv). So there is fui11 € [hn,g) such that fny1{z;) <
fi{z:) (and, of course, fni1(z:) > g(a;)) for 1 <4 < nand |[fars — gl <
1/(n+ 1). By convexity of K we have fri1 € K and clearly fr41 & Mp.
Hence the conditions (i)—(ili) are satisfied also for fn..1. Finally, we can
choose T,41 € X satisflying (iv) due to Lemma 3. This completes the con-
struction.

STEP 2. We censtruct a copy of [(,w;] in K. To this end we refine the
construction of [K2, Proposition 2.7]. Put

G ={he K| (VneN)h{zn) = glz.))}
This is clearly a closed G subset of K. Farther put
I=suppyp(g)={v €| w(g)(y} #0}.

By the choice of g we have card I = ®;. Fix an enumeration [ = {i, | o <
wi}. For & < wy we construct go € GNA, yo € X and Jo C I' such that
the following conditions are satisfied:

(a) ia € Jar1; Upgeqa 5UPP¥(98) C Ja, Jo is countable;
(b) Ja C Jat1, supp@(ga) NI S Jap1 N L
(¢) Ja = Ugcn Jp if « is limit;

(d) Qo(ga)(i) = p(g)(2) for ¢ € Ja;

(e) 9alyp) = g(up) if B <

(f) go = limg<q gp if @ is limit;

(8) 9(ye) > supp<a 98(Ya)-

Put Jo = {ip} and choose go € G N A such that w(go)(%0) = ¥(g)(i0})-
This is possible due to Lemma 1(3), as the set {h € G | ¢{g)(d0) = w(h)(i0)}
is G5 in K. Further, we can find yo € X with go(v0) < 9(%0) (as go # g)-

Suppose we have constructed gg, Jg, ys for 8 < a. As supp w(ga) is
at most countable and card] = Ry, there is some j € I \ supp ¢(ga). Put
Jat1 = JaUsupp ¢(ga)U{ia, 7} Then Jo1 is clearly countable, and (a)—(c)
are again satisfied. Since

M ={h &G | ph)i)=p(g)d) for i € Jata
and h(yg) = g(yg) for § < o}

is a Gy subset of K, we can choose got1 € M N A by Lemma 1(3), and in
this way (d)—(f) are again satisfied. To find yo41 satisiying (g), it is enough
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to show, by the Hahn—Banach theorem, that

g&convigs | B<a+1} .
We have

conv{gs | B < a+ 1}J = conv(conv{gs | # < a}dj' U{ga+1})-

If g = tgo.y + (1 — t)h for some h € conv{gs | B< a} andte€ [0,1), then

9(¥a) = tga+1(¥a) + (1 — £)h{ya) = tg(ya) + (1 — t)h(ya).

As h(ya) < SUPg<o 98(Ya) < g(Ya) by the induction hypothesis, we get
t =1, hence g,+1 = g, which is impossible since g € 4 and go+1 € A.

Now suppose that « is limit and we have constructed gg, Jg, yg for every
B <o Put Jo =g, Js. It is easy to check that the net (¢(gs) | 5 < @)
converges in R to the point p such that p(i) = @(g)(i) if 4 € J, and
(%) = 0 otherwise. As ¢ is a homeomorphism and G is compact, the net
(g8 | B < ) weak® converges to a point of G. Denote the limit by go. Then
clearly (a)~(d) and (f) are again satisfied. The validity of (e) follows easily
from the definition of weak* convergence. To find y, satisfying (g), it is
enough to show, by the Hahn-Banach theorem, that

g convigs [B<al” .

Suppose that this is not the case. As {gg | 8 < a} is clearly countable and
compact, by Proposition 2 there are ¢g > 0 such that EIK 2 Ca = 1 and
9 =3 p<q ca9p- It follows that for every v < o we have

9l) = D caga(va) = cagalu) + Y cagalyy)

BLa By <AL

< (% Cﬁ) Sup 95 () + ( > Cﬁ)g(yv)-

y<fZa

As supg<., 9s(¥+) < g(y) by the induction hypothesis, we see that cs =0
for 8 < 7. As v < a was arbitrary, we obtain eg = 0 for all § < &, hence
9o = g, which is impossible since g, € A and g & A. This completes the
construction.

Now it is easy to observe that the net (gq | & < w;) converges to g = G
and that {gq | & < w;} is a homeomorphic copy of [0, ]

STEP 3. Put L = {f, | n € N} U {gs | & < w1}. Note that L is homeo-
morphic to the non-Valdivia compactum constructed in [V4). Further let

H =convL . We claim that H is not a Valdivia compactum.
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STEP 4. We show that each f, is a G point of H. Clearly it suffices to
prove that

{fr}={h e H|hlzs) = fulza)}-
The inclusion “C” is obvious, so let us prove the reverse one. Let h be
in the set on the right-hand side. Since L is a scattered compactum, by
Proposition 2 there are a, > 0 and by > 0 such that Za<u1 Go + EkEN by
=land h= 3}, .., Bafa+ 2 ey befi We have

fn(mn) = h(mn) = Z a'agae(mn) + Zbkfk($n)

awy keEN
-1 =<}
= Z aag(xn) + Z bkfk(mn) + bnfn(mn) + Z bkfk(mﬂ)‘
o< k=1 k=n+1

Now, g{zn) < fo(zn) and fe(zn) < folzn) for k < n by condition (iv) from
Step 1. For k > n by (iif) and (iv) from Step 1 we have fi(zn) < fi(z,) <
Fa(zs). So necessarily h = f,. This finishes the proof of Step 4.

STeEP 5. Now we show that g, is a G5 point of H for every o < wy. In
fact, we prove that

{ga} = {h € H | h{z1) = g(z1) & (V8 < a)(h(ys) = g(ys))
& h(ya) = Qa(ya)}-

Clearly the set on the right-hand side is Gs in H and contains g.. Conversely,
let k be in the set. By Proposition 2 there are ag > 0 and b, > 0 with

265w1 ag + ZneN b, = 1 such that

h= Z aagg + Z bofn

A<w neN

By the choice of A we have

g(:c1) = h(-’L’-_[) = Z a‘ﬁgﬁ(ml) + Z bnfn(xl)

Bfws neN
= g(ml) Z ag + Z bnfn(ml)'
A<wy neN

By (iii) from Step 1 we have fn(z1) > g(z1) for n > 2, and fl(ar‘l) > g(zy1)
by (iv). It follows that b, = 0 for all n € N. Using again the choice of h we
get, for each 5 < a,

glya) = hlys) = Z ay gy (YB) = Z an gy (¥5) + Z aygy(Ys)

v T<p B<yguw
< supga(yp) Y0y +9(s) D Gy
v&B v<8 B<y<un
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By (g) from Step 2 we have sup..<5 g, (ys) < g(y5), s0 ay = 0 for v < 5. As
B < o was arbitrary, it follows that a, = 0 for all v < a.
We use the choice of h once more to get

gala) =h(¥a) = D 0pgs(Ua) =tadalte) + Y 650(ya).

aSfSu a<fLuwn

A8 9(¥a) > 9a(¥a) (by (g) from Step 2), we get ag = 0 for 8 > a. Therefore
h = go. This completes the proof of Step 5.

STEP 6: CONCOLUSION. Suppose that there is a dense S-subset B of H.
By Step 4 each f, is a G5 point of H, bence f, € B (Lemma 1(3)). As
fr. — g (even in norm), we get g € B by Lemma 1(1). On the other hand,
9o 18 a G5 point of H for o < wy by Step 5, hence g, € B by Lemma 1(3).
Now, g is in the closure of {g, | @ < w;} but it is the limit of no sequence

fromfthis set, hence g € B by Lemma 1(2). This contradiction finishes the
proof. =

4. Proofs of the main results

_ Proof of Theorem 1. The implications (1)=(2)=-(3) are trivial, (4)=(3)
is proved in [K1, Lemma 3], and (1)=>(4) follows for example from [V3].

To prove (3)=(1), let X be a Banach space with (Bx~,w*) being Val-
divia but not Corson. Let A C Bx- be a dense -subset. If Sx- C A, then by
Lemma 1(1) and a corollary to the Josefson-Nissenzweig theorem [D, Chap-
ter X1I, Exercise 2(i)] we would get Bx~ C A, and so Bx« would be Corson.
So thereis f € Sx- \ A. Apply Lemma 2 to get a convex weak* compact set
.L C Sx+ which is weak* (i in Bx+ and contains f. By Lemma 1(3), LN A
is dense in I, so L is Valdivia, and as f € L \ A, L is not Corson. By Propo-
sition 3 there is ' C L convex weak* compact, non-Valdivia. Finally by
Proposition 1 there is an equivalent norm on X such that the corresponding
dual unit ball is not Valdivia. This completes the proof.

The implication (1)=(5) follows from [V1]. If X has density X;, th
(5)=(3) by [FGZ]. u ¥ N1, then

Proof of Theorem 2. First let us define some auxiliary notions. If x is an
uncountable cardinal, put X (1) = {z € R’ | cardsuppz < £}, and call a
compact space K x-Corson if it is homeomorphic to a subset of 5, (I) for
a set I. Further, call K s-Valdivia if it is homeomorphic to some K ¢ Rf
with K' N X, (I) dense in K”.

Next suppose that # is regular. It is easy to check that (I} 18 “<k-
closed” in R, ie. 4 C Z(I) whenever 4 C E(I) and card 4 < «. In

particular, it is countably closed. Further, it is not hard to check that the
space [0, #] is not #-Corson.
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Now, we show that the dual unit ball of X = ([0, #) is not &-Valdivia.
Suppose the converse; let b : By~ — R! be a homeomorphism with A =
R=1(Z,(1I)) dense in Bx-. By the previous paragraph 4 is countably com-
pact, so it is easy to see ([K2, Lemma 2.3]) that it contains each G point
of By+. Now observe that the point &, = (6, — dn41) (where &; is the
Dirac measure supported at z) is Gs for every n € N, Indeed, let f =
X{n}—X{n+1} € X. Then the set {uwe Bxs | (1, f) = 1} is weak® G5 in Bx-,
and it is easy to check that it is the segment {té, — (1 —€)fn41 |t € [0,1]},
and clearly &, is a Gy point of this segment. Therefore £, € A. Further we
have &, 0, 0,50 0 € A as A is countably closed. Moreover, it is clear that
6. is a Gg point of By« whenever ¢ <  is an isolated ordinal. So 6, € A
for = isolated. If y < & is limit, then &, = limg<y 0o, hence &, € A by the
previous paragraph. Finally, the mapping ¢ : [0, k] — Bx. defined by

by, =< A,
plz) = 0. ==

is a homeomorphic embedding of [0, ] into A, which contradicts the previous
paragraph.

As X has weight , it is well known that X is a quotient of £1([0, &)
(cf. [HHZ, p. 71, Theorem 91 and the following remarks]). Let ¢ denote the
quotient mapping. Then Q* is a linear, isometric, weak*-to-weak* homeo-
morphic embedding. Put X = Q*(Bx+): This is a weak* compact convex
symmetric set. Further, let

B = conv([~1/2,1/2]08 U (K x {1}) U (K x {~1})).

This is the dual unit ball of an equivalent norm on £1([0, x]) and it is easy
to see (using the same idea as in the proof of Proposition 1) that B is not
&-Valdivia.

Finally, note that, if a Banach space ¥’ of density »~ has a PRI, then
the dual unit ball {By«,w") is s-Valdivia. Indeed, if (Py |lw<a<k)is
a PRI, let Jo C (Pat1 — Pa)Y be a dense set with card I, < carda and
put I = U, cqep fa; it is not hard to check that R{£)(3) = £(d) for £ € By~
and i € I 15 an embedding witnessing that By. is #-Valdivia (cf. [FGZ,
Lemma 2]). :

Now it follows that £1([0, &]) with the equivalent norm constructed above
has no PRI m :

REMARK. The proof of Theorem 2 indicates a simpler proof of the result

of [K1]. Also it shows an easy proof of Corollaries 1 and 2, which does not
use the theorems nor Proposition 3 but only Proposition 1. :

Sketch of the proof of the remark after Theorem 2. We use the termi-
nology introduced in the proof of Theorem 2. The first step is to observe
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that, under our assumptions, the dual unit ball By is s-Valdivia but not
#-Corson. In the same way as in the proof of Theorem 1, find L C Sx+ con-
vex, weak* compact, weak™ G5 in Bx . which is k-Valdivia and not x-Corson.
Using an analogue of Proposition 3 we get K C L convex, weak* compact,
which is not -Valdivia. Finally, using the idea of Proposition 1 we get a
dual unit ball with respect to an equivalent norm which is not s-Valdivia.
It remains to observe that there is no PRI with respect to this norm. m

We finish by discussing some natural open questions in this area.
As said in the introduction, Valdivia compacta are closely related to PRI
on Banach spaces. However, the following question seems to be still open.

QUESTION 1. Suppose that the dual unit ball of the Banach space X is
a Valdivia compactum. Does X have a PRI?

It is natural to ask what happens if the space in question has density
greater than N;. Unfortunately, the usual definition of PRI does not allow
one to characterize Banach spaces with Corson dual unit ball in terms of
PRI Tt can be proved, for example, that a Banach space of deusity &, where
K is a successor cardinal, has a PRI with respect to every equivalent norm
if and only if the dual unit ball of X is s-Corson. We do not know what
happeuns for limit cardinals. But it seems not to be impossible to characterize
spaces with Corson dual ball with a notion stronger than PRI, Let us call
a family of projections strong PRI if it satisfies the same conditions as PRI
except for condition (i) which is replaced by

(iii') dens Po X = card o for w < o < .

It is easy to check that a space of density ¥; has a strong PRI whenever
it has a PRI, and that spaces with Corson dnal ball have even strong PRI
S0 we can formulate the following question.

QUESTION 2. Suppose that a Banach space X (of density greater than

N1) has a strong PRI with respect to every equivalent norm. Is then the dual
1unit ball of X Corson?

Our last question is concerned with (non-)stability with respect to taking
subspaces.

(QUESTION 3. Suppose that By. is a Valdivia compactum for each sub-
space ¥ of a Banach space X. Is then Bx. necessarily Corson?

Let us remark that a partial affirmative answer to Question 3 (for X =

C(K) with K being a continuous image of a Valdivia compactum) is given
in [K4].

Acknowledgements. Thanks are due to Marisn Fabian for helpful dis-
cussions and comments.
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