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Restriction of an operator to the range of its powers

by
M. BERKANI (Oujda)

Abstract. Let T be a bounded linear operator acting on a Banach space X. For each
integer n, define T}, to be the restriction of T' to R(T™) viewed as a map from R({T™) into
R(T™). In [1] and [2] we have characterized operators 7' such that for a given integer n, the
operator T, is a Fredholm or a semi-Fredholm operator. We continue those investigations
and we study the cases where T, belongs to a given regularity in the sense defined by
Kordula and Miiller in [10], We also consider the regularity of operators with topological
uniform descent.

1. Introduction. Let L(X) be the Banach algebra of bounded linear
operators acting on a Banach space X and let T € L(X). We denote by
N(T) the null space of T, by e(T) the nullity of T, by R(T") the range of
T and by B(T) its defect. If the range R(T'} of T' is closed and a(T) < oo
(resp. B(T) < oo), then T is called an upper semi-Fredholm (resp. a lower
semi-Fredholm) operator. A semi-Fredholm operalor is an upper or a lower
semi-Fredholm operator. We let @,.(X) {resp. #_(X)) denote the set of
upper (resp. lower) semi-Fredholm operators. If both o{T') and B(T) are
finite then T is called a Fredholm operator and the index of T is defined by
ind(T) = a(T) — B(T).

For each integer n, define T, to be the restriction of T to R(1™) viewed as
a map from R(T™) into R(T™) (in particular Ty = T). If for some integer n
the range space R(T™) is closed and T, is a Fredholm (resp. semi-Fredholm)
operator, then T is called a B-Fredholm operator (resp. a semd-B-Fredholm)
operator. In [1] the author has studied this class of operators and proved
[1, Theorem 2.7) that T € L(X) is a B-Fredholm operator if and only if
T = Q & F, where @ is a nilpotent operator and F' is a Fredholm operator.
In [2] we have proved the same result for semi-B-Fredholm operators acting
on Hilbert spaces.

Recall that an operator T € L(X) has a generalized inverse if there is
an § € L{X) such that T'ST = T. In this case T is also called a relatively
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164 M. Berkanti

regular operator and § is called a generalized inverse of T'. It is well known
that T has a generalized inverse if and only if R(T) and N (T") are closed
and complemented subspaces of X. In [3], S. R. Caradus has defined the
fallowing class of operators:

DEFINITION 1.1. T € L(X) is called a generalized Fredholm operator if
T is relatively regular and there is a generalized inverse S of T' such that
I — 87 — T8 is a Fredholm operator.

Let &,(X) be the class of all generalized Fredholm operators on the Ba-
nach space X. In [14], [15], C. Schimoeger has studied this class of operators
and proved [16, Theorem 1.1] that T' € L(X) is a generalized Fredholm op-
erator if and only if T = Q ® F, where ( is a finite-dimensional nilpotent
operator and F' is a Fredholm operator. Hence a generalized Fredholm op-
erator is a B-Fredholm operator but the converse is not true, for example
a nilpotent operator with an infinite-dimensional non-closed range is a B-
Fredholm operator but not a generalized Fredholm operator. Moreover the
class BF(X) of B-Fredholm operators satisfies the spectral mapping theorem
while the class $4(X) does not.

In [10] V. Kordula and V. Miiller defined the concept of regularity follows:

DEFINITION 1.2. A non-empty subset R C L(X) is called a regularity
if it satisfies the following conditions:

(i) If A€ L(X) and n > 1 then A € R if and only if A™ € R.
(ii) If A, B,C,D € L(X) are mutually commuting operators satisfying
AC + BD = [ then ABec R if and only if A, B € R.

A regularity R defines in a natural way a spectrum by ox(T) = {X €
C:T — A &€ R} for every T € L{X). Moreover the spectrum og satisfies
the spectral mapping theorem.

In [12], M. Mbekhta and V. Miiller, using the concept of regularity,
studied various classes of operators defined by means of kernels and ranges.
They considered regularities R; for 1 < ¢ < 15 and studied their properties.
The definitions of those regularities are given in the next section but herein
they are indexed differently.

The aim of this paper is to answer the following question: Let T € L(X);
under which conditions does there exist an integer n € N such that the
operator T,, belongs to a given regularity R;, 1 < ¢ < 157 In order to answer
this question we introduce the concept of B-regularity. If 7' € L(X) and
if there exists an integer n for which T, belongs to the regularity R.;, we
will say that 7' belongs to the B-regularity BR;. Then in Theorem 3.6 we
summarize the relations between the regularities R;, I £ 1 € 15, and the
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corresponding B-regularities in the following table:

BR; = BR:; = BR; = Rz | BRy=BRs =Rs
BR(‘, = BR’}' = BRS = RB BRQ == BR]O = RIO
BR;; = BRy: = BRi3 =Rz | BR1a = BRis = Ras

This table gives several links between the regularities R;,1 < ¢ < 15. In
particular it pexmits us to understand better the class BF(X) of B-Fredholm
operators. First it shows that BF(X) = RsNR.o and secondly it establishes
that BF(X) is a regularity.

In the case of Hilbert spaces we extend the characterization obtained for
semi-B-Fredholm operators and prove that if H is a Hilbert space, T € L{H)
and 1 < ¢ < 13,then T € BR; if and only if T = Q@®F where @ is a nilpotent
operator and F' € R;.

‘We also consider the set Rjg of operators with topological uniform de-
scent defined by S. Grabiner [4], and prove that R;¢ is a regularity containing
the regularity Rys of quasi-Fredholm operators. Using an example due o
M. Mbekhta and V. Miiller we show that R, 3 is a proper subset of Ryg, and
we prove that BR1s = Ris. We mention that it has already been proved
by P. W. Poon [13, Theorem 5.2.14] that Rig is a regularity, but the argu-
ment was different. Using a theorem due to S. Grabiner [4, Theorem 4.7]
we formulate a general punctured neighborhood theorem for operators in
B-regularities.

Henceforth, if E and F are two vector spaces, the notation E o~ I’ means
that E and F' are isomorphic. If F, F are vector subspaces of the same vector
space X we write E C. I if there exists a finite-dimensional vector subspace
Gof Xsuchthat EC F+G. Wewrite E=, Fif E Ce F and F C. E. We
also define the infimum of the empty set to be co.

2. Preliminaries
DeRNITION 2.1. Let T € L(X), n € N and let
en(T) = dim R(T™)/R(T™).
The descent of T' is defined by 8(T") = inf{n : ¢, (T) = 0} = inf{n : R(T") =
R(T™1)}, and the essential descent by 8¢(T) = inf{n : cp(T) < oo} =
inf{n : R(T™) =, R(T™11)}.
DerINITION 2.2. Let T' € L(X), n € N and let
(T} = dim N(T™) /N(T"™).
The ascent of T is defined by a(T) = inf{n : ¢,(T) = 0} = inf{n : N(T™) =
N{T™1)}, and the essentiol ascent by ae(T) = inf{n : ¢;(T) < oo} =
inf{n : N(T™1) =, N(T™)}.
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PROPOSITION 2.3 [12]. Let T € L(X). The sequence (ko(T)) defined by
ke (T) = dim(R(T™) N N(T))/(R(T™*') N N(T))
satisfies the following relations:

(1) If ca(T") < o then kn(T) = cn(T) — car1(T).
(i) If ¢, (T") < oo then kn(T) = ¢ (T) — ¢} 41 (T).
(it} If A, B,C,D € L(X) are mutually commuting operators satisfying
AC + BD =TI then max(k,(A), kn(B)) < k. (AB) < kn(A) + kn(B).

We now give the definitions of the regularities R, 1 <4 < 15.
DEFINITION 2.4 [12].

Ry = {T€ L(X): T is onto},

Ry={Tle L(X): Ted_(X)and §(T) < o},

Rz = {T € L(X) : §(T) < co and R{T%T7) is closed},

Rs=&_(X),

Rs = {T € L(X) : §.(T) < oo and R(T%T)) is closed},

Rg = {T € L(X) : T is bounded below},

Ry ={TeL(X): Ted (X)and a(T) < o0},

Rg = {T € L(X) : o(T) < oo and R(T*T)+) is closed},

Ro = 8,(X),
Rip = {T € L(X) : a.(T) < co and R(T?(T)11) is closed},
Ri1 ={T € L(X): N(T) ¢ R®(T) and R(T) is closed},
Ry ={T € L(X): N(T) Ce R*(T) and R(T) is closed},
Riz={T € L(X):IpeN: R(T)+ N(T?) = R(T") + N*(TI")

and R(TP*!) is closed},

Riy ={T € L(X) : kpo(T) < ¢ for every n € N and R(T") is closed},
Ris ={T€L{X) :3peN: k,(T) <co (n = p) and R(T??) is closed}.

We have Ry € Ry € Ry C R3 URy C Rs € Rz, Rg € By C
R: C RagURg C Rig C Riz, Ri1 € Rys € Ryz € Raz U Rys C Rys.
The operators of R1; and Rjs are called semi-regular and essentially semi-
regular operators. The operators of Ry3 are called quasi-Fredholm operators.
The inclusion R U Ryg C Ry3 will be seen in Proposition 3.4.
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REMARK. It is easily seen that the definition of quasi-Fredholm operators
given here is equivalent to the definition given in the case of Hilbert spaces
by Labrousse in [11, Définition 3.1.2].

DerFINITION 2.5 [11]. Let T € L(X) and set A(T) ={neN:¥m e N:
m > n = R(T™)NN(T) C R(T™) N N(T)}. Then the degree of stable
iteration of T'is defined as dis(T) == inf A(T).

PRrROPOSITION 2.6. Let T' € L(X). Then T' € Ry if and only if dis(T)
=d and:

(a) R(T™) is a closed subspace of X for each integer n > d.
(b) R(T) + N(T9) is a closed subspace of X.

Proof Let T' € Ryz. Then there exists n € N such that for all m > n,
R(TY+ N(T™) = R(T) + N(T™) and R(T™1) is closed. From [7, Lemma
3.5] we have

N(T)NR(T*)  N(IT™Y)+ R(T)
N(T)AR(T*) =~ N(T™) + R(T)
Hence dis(T") = d € N and for every n > d, k,(T) = 0. Using [12, Lemma. 12]
we see that R(T™) is closed for all m > d. Moreover R(T) + N(T%) =
T4 R(T1)) is closed.

Conversely, if dis(T) = d then for all m > n, R(T) + N(T?) = R(T) +

N(T™) = R(T) + N**(T). So T € Rys.

From now on, QF(d) will denote the set of quasi-Fredholm operators T
with dis(T) = d.

REMARK. The regularities R;,1 < i < 15, and also the regularity Rig
(see Section 4) are defined independently of the Banach space X considered.
So when we say that an operator T belongs to one of those regularities we
mean the regularity on the Banach space where T' is defined. This leads to
the following definition.

DEFINITION 2.7. Let R be one of the regularities R;, 1 < ¢ < 16, defined
on the Banach space X. We define the associated B-regularity BR. as the
set BR = {T € L(X): 3n e N: R(T™) is closed and T,, € R}.

3. Properties of B-regularities. The following important technical
lemma is easily checked:

LemMA 3.1. Let T'€ L(X) and p,n € N. Then:

(i) ep(Tn) = en4p(T)- In particular co(Tr) = a(Tyn) = en(T).
(i) ¢, (Tn) = ¢y p(T)- In particular cp(Tr) = aTn) = cp(T).

(i) Kp(T0) = krnn(T)-
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PROPOSITION 3.2. Let T € L(X). Then T is a quasi-Fredholm operator
if and only if there exists n € N such that R(T™) is closed ond T,, is semi-
regubar.

Proof. Suppose that T is a quasi-Fredholm operator and let d = dis(T7).
We know that R(T%) is closed. Consider the operator Ty : R(T%) — R(T%).
Then R(Ty) = R(T*) is closed and N(Ty) = N(T) N R(IY) = N(T) N
R(T™) € R(TZ") for all m > d. So Ty is a semi-regular operator.

Conversely, suppose that there exists n € N such that R{T™) is closed
and T}, is semi-regular. As Rq1 is a regularity, for each integer m = 1,7 is
semi-regular. Then R(T?} is closed for each p 2 n. Since T}, is semi-regular,
we have N(T,) = N(T) N R(T™) = N(T) N R(T™) for all m > n. Hence
d = dis(T) € N and R(T) + N(T™) = R(T) + N(T9) for all m > d.
Moreover for m > d, km(T) = 0. Since R(T™) is closed for each m 2> n,
using [12, Lemma 12] we see that R(T™) is closed for each m > d. So T is
a quasi-Fredholm coperator.

From this proposition we immediately get the following corollary:

COROLLARY 3.3. Let T € L(X) and d € N. Then T € QF(d) if and only
if dis(T) = d and R(T4+) is closed.

Proof. IfT € QF(d), then dis(T) = d and R(T*"!) is closed. Conversely,
if dis(T) = d and R(T*?) is closed then k,{T) = 0 for n > d. Using [12,
Lemma 11] we see that R(T%) is closed. Since ko(Tq) = kqe(T) we have
ko(Ty) = 0. As R(T4H1) is closed, Ty is semi-regular and so T € QF(d).

REMARK. Let T € L(X). If for some n € N, ¢,(T) < oo (resp. ¢, (T)
< oo0) and R(T™) is closed, then kp(T) < oo for p = n. So from
[12, Lemma 12], R(T®) is closed for p > n. Since the sequence (cp(T))p
(resp. (c,(T))p) is decreasing, it is constant for p large enough. So T is a
quasi-Fredholm operator.

Using the numbers ¢, (T), ¢, (T) and kr(T") we formulate in another way
the definitions of the regularities R;, 1 < ¢ < 13.

PROPOSITION 3.4. For T € L(X), let d = dis(T"). Then:
Ry = {T € Ry : co(T) =0},

Ry = {T € Ri3 : co(T) < 00 and cg(T) =0},

R; = {T' € Ruz : ca(T) =0},

Ry = {I' € Ryz : p(T) < o0},

Rs = {T € Ras : ca(T) < 00},
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Rg = {T € Ry C:)(T) = 0},
Ry = {T € Rys : ¢p(T") < 00 and ¢4(T) = 0},
Rs = {T € Ris: C;(T) = 0},
Rg = {T € Rqa: C:)(T) < OO},
Rio = {T € Ryz : cj(T) < o0},
o0
Ry = {T € Ryz: Zk{(T) = 0},
=0
Ry = {T € Rjs: Zkl(T) < OO},

s
i
=3

Rys = {T € L(X) : d € N and R(T%) is closed}.

Proof. The formula for R, already appears in Corollary 3.3. Let T €
L(X) and let p € N. If £,(T) < oo (n > p} and if R(T™) is closed for some
m > p then by [12, Lemma 12], R(T™) is closed for all n > p. Hence the new
definitions of the regularities Ry; and Rj2 agree with the previous ones.

Now if T' € Ry3 and if there exists p € N such that ¢,(T) < oo or
¢p(T) < oo then k,(T) < oc (n > p). Since R(T™) is closed for mn large
enough, R(T") is closed for n > p. It follows that the new definitions of the
regularities Ry, 1 <4 < 4, or 6 <1 < 9 agree with those given before.

By the remark following Corollary 3.3 we easily obtain the formulas for
R]_U and R5.

Trom this proposition and using Lemma 3.1 we Immediately get the
following corollary.

COROLLARY 3.5. Let T' € L(X) and dis(T) = d. Then:
(1) Te Ry if and only if T € Ryz end Ty € R;.
(i) T € Ry if and only if T € Rz and Ty € Ry.
(iii) T € Rg if and only if T' € Ry and T; € Rg.
(iv) T € Ryp if and only if T € Ry3 and Ty € Ry,
In the following theorem we give a complete description of the B-regulari-
ties BR,;, 1 <1< 15.

THEOREM 3.6. We have the following relations between the regularities
R;, 1 <4< 15, and the corresponding B-regularities:

BR; = BR; = BR3z = Rj
BRs; — BR; = BRg = Rg
BRi; = BRi2 = BRis = Rya

BR,=BR; =R;
BRy = BRjp = Ryp
BR14 = BRj5 = Rys
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Proof. For T € L(X), ket d = dis(T). Since Ry C Ry C Rg, we have
BR; ¢ BR; € BR;. Moreover from Corollary 3.5if 1" € R, then T3 € Ry.
Hence 7'« BR,; and Rz C BR,;.

Let now T' € BRa. Then there exists n € N such that R(T™) is closed and
T, € Ry. Hence T,, € Ry3 and there exists p € N such that ep(Tn) = 0. By
Lemma 3.1 it follows that ep4n (T) = 0. Thus d = dis(T) € N, ca(T) = 0 and
R(T9*1) is closed. So T € Rs. Consequently, BR; = BR; = BR3 = Rg.

Using Lemma 3.1 and following the same method, we easily obtain the
other relations stated in this theorem.

COROLLARY 3.7. Let T & L(X). Then T is a B-Fredholm operator if and
anly 'Lf Te BR5 N Bng.
Proof. From [1, Proposition 2.6] if T € L(X) then T is a B-Fredholm

operator if and only 7' € BRas, ca(T) < oo and cy(T) < oo. Hence T is a
B-Fredholm operator if and only it T € BRs N BRyp.

Let T € BRy, let o(T) = {\ € C: T — Al € BR;} be the BR;-resolvent
of T and let oggr,(T) = {} € C: T—AI ¢ BR;} be the BR;-specirum of T.

COROLLARY 3.8. Let T € L(X) and 1 < i £ 13. Then oBr, (T) is a
closed subset of the usual spectrum o(T).

Proof If A & o(T), then T — Al is invertible and A ¢ omr, (7). So
ogr,(T) € o(T). Using the properties of the R;-spectrum, 1 < ¢ < 13,
established in [12], we see that ogr, (T") is closed in o(T) for 1 <4 < 13.

CoROLLARY 3.9. Let T € L(X) and let f be an (malytié function in a
neighborhood of o(T') which is non-constant on any connected component of
o(T). Then f(opr,(T}) = oBr,(f(T))-

Proof. By the preceding theorem, the B-regularities BR;, 1 < ¢ < 15,
are regularities. Hence the corollary is a direct consequence of [10, Theo-
rem 1.4].

COROLLARY 3.10. Let T € BRy, let i € {4,5,9,10,11,12,13, 14,15},
and let F € L(X) be a finite-dimensional operator. Then T' + F € BR,.

Proof. Thisis a direct consequence of the properties of the regularities
R;, 1 <1i < 15, established in [12] and [9].

PROPOSITION 3.11. Let T € L(X) ond leti € {1,2,4,6,7,9,11,12,14}.
If there exists n € N such that R(T") is closed and T, € R; then R(T™) is
closed and T, € Ry for each m > n. Moreover if T, is a Fredholm operator
then T, is a Fredholm operator and ind(T,) = ind(T,) for each m = n.

Proof From the assumption it follows that for each p > n the operator
TE=" : R(T™) —» R(T™) is in R;. Hence R(TE™") = R(I7) is closed in
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R{T™). Since R(T™) is closed in X we infer that for each p > n, R(T?) is
closed in X. Let now m > n. Then
(+) cp(Tm) = cprm—n(Tn), C;:(TM) = C;+m-«n(Tn)a

Fp(Tm) = kpgm—n(Tn).
If T, € Ryg then kp(Thm) = kprm—n(Th) < oo for all p. Since R(Tp,) =
R(T™*1) is closed we get Ty, € Rya.

Ifi € {1,2,4,6,7,9,11,12} then 7}, € Rys. Let d, = dis(T,,). Then
ky(Th) = 0 for p > dy and kp(Tr)} = kppm—n(Th) =0if p+m —n > dn.
Thus dis(Tn) =0if m—n > d, and dis(T7,) = d, — (m—n) if m—n < dy.
Since R(T,,) is closed we obtain T,,, € Rys. Using (*) and Proposition 3.4
we see that T3, € R;.

Suppose now that T}, is an upper semi-Fredholm operator. Then a(T,)
< 0. As

N(Tm) = N(T)NR(T™) Cc N(TYNR(T™) = N(T%),

we have a(Th;) < oo. Hence T, is an upper semi-Fredholm operator. In
the same way if T}, is a lower semi-Fredholm operator then 8(T,) < co. As
R(T,) = R{T™1), there exists a finite-dimensional subspace F of R(T™)
such that R(T™) = F + R(T"*!). Then R(T™) = T™ "(F) + R(T™*+!) and
R(Ty) = R(T™*1) is of finite codimension in R{1T™). Consequently, T, is a
lower semi-Fredholm operator. Moreover if T}, is a Fredholm operator, then
T, is a Fredholm operator. From [7, Lemma 3.5] we have

N(T)NR(T™) _ N@™) 4 R(T)

N{TyNRIT™*Y)y — N(T")+ R(T)
and from [7, Lemma 3.2] we get
R(T™ X ntl
(1) ~ and BI™) o~ £

R(T™1) = R(T) + N(T™) R(T™+2) ~ R(T) + N(T™*1)’

Hence a(Ty) — a(Thy1) = B(Tn) — B{Trpt1) and so ind(Thqy) = ind(Zy,). It
follows that ind(T},) = ind(Ty) for each m > n.

THEOREM 3.12. Let H be a Hilbert space, T € L{H), and 1 <1 < 13.
Then T' € BR,; if and only if there exist two closed subspaces M and N of
H such that H=M & N and:

(i) T(N) ¢ N and Ty is a nilpotent operator,
(i) T(M) C M and T\ € R,
Proof. Suppose that T € BR,. Then T is a quasi-Fredholm operator.

Hence from [9, Théoréme 3.2.1] there exist two closed subspaces M, N of H
and an integer d € N such that H = M @& N and:

i) T(N) € N and. Ty is a nilpotent operator of degree d,
: I
(ii") T(M) C M and Tjar € R
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Moreover R(T}4;) = R(T?), (Tiar)a = Ty and dis(T|y) = 0. We also have

co(T\ar) = ca(Tiae) = co{(Tjae)a) = ca(T),
ch(Tine) = ci(Tine) = cp((Tae)a) = ca(T),  ko(Tim) =0, p=>d.

Since R(Tj5s) is closed, using Proposition 3.4 we see that Tjas € R
Conversely, suppose that there exist two closed subspaces M and N of
H as in the statement of the theorem.
Let r = inf{n € N: ()" = 0}, s == dis(T}jp) and d = max(r, s). Then
R(T9) = R{(Tar)*) is closed and Ty = (Tjar)a- Moreover we have

co(Ta) = ca(T) = ca(Tjar) = cs(Tina),
ch(Ta) = 3(T) = cy(Tiae) = (Tine)s Kp(Ti) = kpa(T) = kpya(Tinr)-

Using Proposition 3.4, we see that Tz € R; and T € BR;.
Setting T|x = Q and T|, = F, we have the following corollary:

COROLLARY 3.13. Let H be a Hilbert space, T € L(H), and 1 <17 < 13.
Then T € BR; if and only if T = Q @& F where @ is o nilpotent operator
and F € R;.

4. Regularities of operators with topological uniform descent.
In this part we consider the set Rig of operators with topological uniform
descent defined by Grabiner {4], and we prove that Rig is a regularity con-
taining the regularity Ry3 of quasi-Fredholm operators as a proper subset.
It has already been proved by P. W. Poon [13, Theorem 5.2.14] that Rig
is a regularity, but our method of preof is rather direct and different. We
also reformulate a theorem of Grabiner in terms of the numbers ¢y, ¢;, and
k., which gives a general punctured neighborhood theorem useful for B-
regularities. This theorem extends naturally the classical punctured neigh-
borhood theorem for semi-Fredholm operators stated in [8, Theorems 3
and 5]. As proved in [2] it also extends some of its recent gemeralizations
obtained by Schmoeger [16], Harte [5], Harte and Lee [6].

DEFINITION 4.1, Let T' € L{X) and let d € N. Then 7" has a uniform
descent for n > d if R(T) + N(T") = R(T) + N(T?) for all n > d, in other
words if k,(T) =0 (n > d). If in addition R(T) + N(T?) is closed then T is
said to have a topological uniform descent for n > d.

From this definition we see easily that if T is a quasi-Fredholm operator
of degree d then T' is an operator of topological uniform descent for n > d.
But the converse is not always true as shown by the following example.
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ExXAMPLE. Let H be a Hilbert space with an orthonormal basis {e;;}
and let the operator T be defined by

oo
£,f=1

¢ ifj=1,
Tei,j = i—lei,]_ lfj =2,
€ij—1 otherwise.

In [12, Example 5] it is proved that R(T") = R(T?) and R{T) is not closed.
Hence R(T™) is not closed for all n > d and so T is not a guasi-Fredholm
operator. Since R(T) = R(T?), T is an operator of uniform descent for n > 1
and N(T)+R(T) = X. Hence N(T')+ R(T) is closed. Using [4, Theorem 3.2]
we see that T is an operator of topological uniform descent for n > 1.

Let T € L(X)}. Using the isomorphism X/N(T) ~ R(T) and following
[4], we define a topology on R{T"} as follows:

DEFINITION 4.2. Let T € L(X). The operator range topology on R(T")
is defined by the norm || - ||z such that for all y € R(T),

|yl = inf{||z|| : z € X, y = Tx}.

Let Ry = {T € L(X) : 3d € N : T is of topological uniform descent for
n>d}

THEOREM 4.3. (i) Let A€ L(X) andn > 1. Then A € Ry if and only
if A® € Ris.

(i) If A,B,C, D € L(X) are mutually commuting operators satisfying
AC + BD =T then AB € Ryg if and only if A, B € Rqs. Consequently,
R 75 o regularity.

Proof. (i) By [12, Lemma 9], k,(A™) = 0 for n > p if and only if
kn{A) = 0 for n > mp. Hence A™ is of uniform descent for n > p if and
only if A is of uniform descent for n > mp. Moreover if A™ is of topological
uniform descent for n > p, then R(A™¥P+1)) is closed in the operator range
topology on R(A™P). Hence A is of topological uniform descent for n > mp.
Conversely, if A is of topological uniform descent for n > p then it is also of
topological uniform descent for n > mp. Hence R(A™P*1) is closed in the
operator range topology of R(A™P). So A™ is of topological uniform descent
for n > p. Thus A € Ry if and only if A € Ris.

(i) By [12, Lemma 1], R((AB)*) = R(A™) N R(B™). Suppose that
R((AB)™*1) is closed in the operator range topology of R((4B)"). Let
y € R(A™) be such that y € R(A™+!). So there is a sequence (ym) C
R(A™1) such that |ym — yllan — 0 as m — co. We have |jym ~ yilan =
inf{||Zm — Z|| ¢ Ym = AT, y = A"z}, and [|B" gy, — Byl apye <
LB |3 — |4~ - Using our hypothesis we see that B"+1y € R(A™+H B™+1).
By [12, Lemma 1] we know that N(B"*') ¢ R(A™), so y € R(A™™1).
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Consequently, R(A™1) is closed in the operator range topology of R(A™).
Similarly, R{B™*?) is closed in the operator range topology of R(B™).
Using the same method we can show that if R(A™') is closed in the
operator range topology of R(A"™), and R(B™*!) is closed in the operator
range topology of R(B™), then R{(AB)™*!) is closed in the operator range
topclogy of R{((AB)").
Moreover by [12, Lemma 8] we have

max{n(A), kn(B)} < ku(AB) < kn(4) + kn(B).

Hence AB £ Ry, if and only if A, B € Rg. Since Ri¢ is 2 nonempty set, it
is a regularity. Moreover for all 4,1 € ¢ < 15, R; C Ras.

Using the same methods as in the previous part we obtain the following:
ProrosiTiON 4.4. BR1s = Ras-

We now give Grabiner’s punctured neighborhood theorem [4, Theorem
4.7]:

THEOREM 4.5. Suppose that T is a bounded operator with topologicel
uniform descent for n > d on the Banach space X, n,d € N, and that V is a
bounded operator that commutes with T. If V — T is sufficiently small and
invertible, then:

(a) V has closed ronge and kp(V) = 0 for each integer p > 0.
(b) cp(V) = cq(T) for each integer p > 0.
(¢) ep(V) = c)(T) for each integer p > 0.
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