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On ideals consisting of topological zero divisors
by

ANTONI WAWRZYNCZYK (México)

Abstract. The class w{A) of ideals consisting of topological zero divisors of a com-

mutative Banach algebra A is studied. We prove that the maximal ideals of the class w{A}
are of codimension one.

1. Introduction. Let A be a commutative Banach algebra over the com-
plex field C with unit e. An element a € A is a topological zero divisor (TZD)
if there exists a sequence b, € A such that ||b,|| =1 and lim,_, ab, = 0.
One says that an ideal I C A consists of joint tepological zero divisors (joint
TZD) if for every finite collection a, ..., ar € I there exists a sequence (by,)
of normalized elements of A such that

k
H]Lngoz lla;ball = 0.
Jj=1

The set of all ideals of A consisting of joint TZD is denoted by #(A) while
£(A) denotes the set of those elements of #(A) which are maximal ideals of
A. The class t( A} was intensively studied in the 70’s. The most important
results are the following theorems:

TreoREM 1.1 (Zelazko [5}). The mazimal ideals of A which belong to the
Shilov boundary S(A) are elements of E(A). If A is a function algebra then
E(A) = 5(A).

THEOREM 1.2 (Stodkowski [3]). If J € H(A) then there ewists I € E(A)
such that J C I.

V. Miiller has proved a result conjectured by W. Zelazko which provides
a complete characterization of #{A): :

THEOREM 1.3 (Miiller [2]). An ideal I of A belongs to {{A) if and only
if I is not removable. : '

2000 Mathematics Subject Classification: Primary 46J20.

Research partially supported by SNI

[245]



246 A Wawrzyhczyk

Recall that I ¢ A is removable if there exists a topological isomorphism
of A into another Banach algebra B such that I generates B.

There exist however examples of ideals I such that every element of I is
a TZD although I & {{A).

ExaMpLE. Let A(B) be the Banach algebra of continuous functions in
the unit ball B ¢ C? which are analytic in the interior of the ball. Every
f € A(B) which vanishes at 0 € B takes the value 0 also at some point
of the boundary, that is, on the unit sphere S, The points of the sphere
form the Shilov boundary of A(B). By Zelazko’s theorem a maximal ideal
of \A(B) belongs to the Shilov boundary if and only if it consists of joint
TZD. Tt follows that the ideal J formed by the elements of A(B) vanishing
at 0 € B consists of TZD, but obvicusly not of joint TZD.

In this paper we study the ideals of A which consist of TZD and we
prove that a theorem analogous to Theorem 1.2 is valid.

THEOREM 1.4. Let A be a unital commutative Banach algebra. If J is
an ideal of A consisting of TZD then there exists in A a magimal ideal T
also consisting of TZD such that J C I.

In Section 3 we define a new joint spectrum which is greater than the
approximate point spectrum but is contained in the rationally convex hull
of the latter. Theorem 1.4 is equivalent to the fact that this spectrum obeys
the spectral mapping formula.

The author is very indebted to Vladimir Miiller, Andrzej Soltysiak and
Wiestaw Zelazko for stimulating discussions and encouragement received.

2. Proof of Theorem 1.4, Denote by M (A) the maximal ideal space
of A provided with the Gelfand topology. This is a compact space. As usual,
we identify M {A) with the set of nonzerc multiplicative functionals on A
by associating with a functional ¢ the ideal ker . The Gelfand transform
of a € A is denoted by a:

a(ker p) = p(a).

The set £(A) is closed in M(A). If z € A is a TZD then the ideal 24
consists of joint TZD and by Theorern 1.2 it is contained in some I € E(4),
hence Z(I) = 0. This means that a € A is a TZD if and only if @ has a zero
on £(A).

The ideal generated in the algebra A by the elements ay,...,ax is de-
noted by Ia{a1,...,ax). If K is a Hausdorff compact space, we denote by
C(K) the Banach algebra of continuous functions on K equipped with the
supremum norm || - ||.

The following property of subalgebras of C(K) is a decisive step in the
proof of Theorem 1.4.
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PROPOSITION 2.1. Let K be a compact Hausdorff space and let A be
a unital subalgebra of C(K). Suppose that for some f1,...,fx € A every
function in the ideal I4(f1,..., fx) has a zero in K. Then for every g € A
there exists u € C such that every function in the ideal I4(f1,..., fe, 9 — 1)
has a zero in K.

Proof. Assume the contrary: there exists g € A such that for every
j € C we can find ¢f € 4, 1< 7 <k+1, such that

k
wf =" @+l (0— 1)

=1
nowhere vanishes on K. Obviously, the functions qb? can be chosen in such a

way that |u#| > 1. Dencte by A a closed disc in the complex plane centered
at zero and containing g(K).

Lemma 2.2, There exist o collection of functions gbf e Adand D >0

such that ||livg, 1| < D and |E?=1 W fi+ g1 (g — )| > 1 for every p € A

Proof. For every fixed u € A there exists r{p) > 0 such that for A
obeying |A — i} < r(p) we still have

k
‘ SOt b (=N = luf gy (=) > 1
j=1

By the compactness of A there exist a finite set {y;}7%; C A and the
corresponding finite collection of functions {¢}*} such that for every u € A
and for 4 such that |u — p;| < r(p;) we have

k
| N A fi+ dialg—m)| > 1.
j=1

For given p € A let ig = min{i | | — pi| < r{p:}}. We define ¢ = qb?"" .

Taking D = maxi<i<m |¢5y 1| we end the proof of Lemma 2.2.

Set r = 1/D and cover A with the discs {D(v;, 7))}, where 1; € A.
We define .

ho=wt =3 0 i (g - w).
=1

Since |hs| > 1 for 1 < i <1, the inverse functions t; = h;” 1 satisfy |[t:] < 1.
Denote by B the smallest closed unital subalgebra of C(K) which contains
A and the functions ¢;, 1 <3 < L.

LEMMA 2.3. The closed ideal M generated in B by the functions f;,
1< 3 <k, is proper.
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Proof The set of functions of the form
k
p=Y_f >
J=1 Nj={nj1,....n51)EF (p)

where F(p) is a finite subset of N and by, € A, is dense in the ideal M. Let
L = maxj; nj;- We obtain

k
g=h{...hlp=)_J; >
i=1 Nj=(nj1,...,n)E€F(p)
This function belongs to the ideal I4(f1,..., fx),s0g(z) = 0forsomez € K,
Obviously g is not invertible in B and p =t .. .tf" ¢ is not invertible either.
The ideal M contains a dense subset of noninvertible elements. Thus it is
proper. This proves the lemma.

N5l it
ijtl S A

L—-mnjy L—nj;
ij hl T h’ﬂ "

Every proper ideal in a commnutative Banach algebra is contained in the
kernel of a multiplicative functional. Let ¢ be a multiplicative functional on
B such that (M) = 0. The function g — ¢(g) also belongs to the kernel of
. This implies that g := ©(g) belongs to A, because for u & A the element
g — it is invertible.

There exists ¢ such that |vy — 1] < r. Set

k
w== ) Wl fi i (9~ vo) = hi 4+ (vi — vo)iih -
j=1
Since |/t;]] < 1, we have

luts = 1| = (s — vo)dbiyatill < 1.

It follows that ut; is invertible in B, so w is also invertible. This is a con-
tradiction, because u belongs to the ideal generated by the k + I-tuple
Fiseo oy Foy g — v so it belongs to ker . Proposition 2.1 is proved. m

The next result can be called the projection property of the family of
ideals consisting of TZD.

THEOREM 2.4. Let J C A be an ideal consisting of TZD. Let ay,..., a5
€ J. For every c € A there exists A € C such that the ideal generated by
ay,...,05,C— Ae consists of TZD.

Proof Let x : A — C(£(A)) be the Banach algebra homomorphism
defined by x(a) = @|£(A). Take A = x{4) and let f; = x(a;), g = x(c). The
functions f;, 1 < 4 < k, satisfy the assumptions of Proposition 2.1. There
exists a complex number u such that the Gelfand transform of an arbitrary
element of I4(f1,..., fx, g — u) vanishes at some point of £(4). This means
that I4(ay, ...,k ¢ — u) consists of TZD. =
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Proof of Theorem 1.4. Having obtained the projection property in Theo-
rem 2.4, we can apply the standard method which works in the case of ideals
consisting of joint TZD. For a fixed k-tuple a1,...,a; € A generating an
ideal consisting of TZD and for any ¢ € A denote by 8(ay, . ..,az) the set of
all A € C such that the ideal generated by a1,. .., ax, c— Ae consists of TZD.

The set 6(a1, ..., ax) is nonempty by Theorem 2.1. It is closed, bounded and
satisfies

(1) 6(&1,. e ,ak,bl,...,bm) C (5([}.1,..‘,151,]“) ﬂ&(bl,,bm)

Considering the collection of all ideals consisting of TZD as a set ordered by
inclusion we see by the Kuratowski-Zorn lemma that there exist maximal
ideals consisting of TZD. Denote by £2(A) the set of all maximal ideals
consisting of TZD. Let J € 2(4). If J is not of codimension 1 then there
exists c € Asuch that z — de g J forall A € C.

By (1) and Theorem 2.4 the family of all sets of the form &(ay,..., o)
for a1,...,0% € J has the finite intersection property, hence the intersection
of all elements of the family is nonvoid. If Ay belongs to the intersection
then for all a;,...,ax € J the k + I-tuple a3, -.., a5, ¢ — Ape generates an
ideal consisting of TZD. This means that J and ¢ — A\ge generate an ideal
consisting of TZD, although J was supposed to be maximal in this class
of ideals. This contradiction proves that J € M(A). All elements of £2(A4)
belong to M(A4). m

3. The subspectrum defined by {2(A). According to the terminology
introduced by W. Zelazko [7] a subspectrum on a commutative unital Banach
algebra A is a mapping & which assigns to every k-tuple (a1,...,ax) € A*
a compact set &(az,...,a,) C C* such that

(1) F(ax, ..., ax) C [Tj o(ag),

(2) p(d(a1,...,ax)) = F(p(ea,...,ax)) for all polynomial mappings
p: C* — O™,

All subspectra of commutative Banach algebras were described in the
same paper.

THEOREM 3.1 (see [7]). & is subspectrum on A if and only if there exists
a compact subset K C M(A) such that

E(ﬂ-l,.. .,a,k) = {(a]_(f), . ,ak(f)) | Ie K}

The usual joint spectrum o corresponds to K = M(A). The approximate
point spectrum 7 is obtained by taking K = £{A).
Define

w(a, ... ae) = {@D),..., 8} | T € 2(A)}.



250 A, Wawrzytiezyk

Since E£({A) C R2(A) C M({A), we have
r(ag,... ) Cwlay,...,ak) Colay,...,axk)

for every k-tuple (a;,...,ax) € AF.

The spectrum w coincides with 7 for single elexents a € A; however, in
the example presented in the introduction we have (0,0) € w(z1,22), while
(0,0) ¢ 7(21, 22)-

By Theorem 1.4 the subspectrum w(a1, .. .,ax) can be described as the
set of all (A1,..., ) &€ Ck such that the clements a1 — A1e, ...,k = ApE
generate an ideal consisting of TZD.

Let 7(aj,...,ax) be the rationally convex hull of the approximate joint
spectrum. This set consists of the points (M,.-os M%) € C* such that for
every polynomial p of k variables, p(A1,. .., Ak) € p(7(01,.--,0k)).

THEOREM 3.2. 7(a1,...,a5) Cw(G1,...,a5) C 7{a1,...,0k).

Proof The first inclusion is obvious. According to the remainder the-
orem (see [1], p. 461),

p(al,...,ak)—p()\l,...,/\k) GIA(al —)\16,. cey Ok —/\ke)

for every polynomial p of k variables.
If (A1,..., M) € w(@y,...,ox) then p(As,..., x) € 7(p(ag,...,ak)) =
plr(ay,...,ax)). Thus {(Aq,..., M) € T{ay,...,ax). »

The example considered in the introduction can be used for showing that
in some cases the second inclusion is also proper. Let us consider the set of
the restrictions to the unit sphere of all elements of the ideal J C A(B).
This yields a subalgebra A consisting of TZD in the algebra of A = C(S) of
all continuous functions on the sphere. The subalgebra A generates A hence
it is not contained in any ideal from (2(4). In particular 0 € 7(z1, z2) but
0 ¢ w{z1,22) in the algebra A.

The same observation shows that 7 does not obey the spectral mapping
formula, hence it is not a subspectrum.
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