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The exceptional set of Goldbach numbers (II)
by

HoNGZE L1 (Jinan)

1. Introduction. A positive number which is a sum of two odd primes
is called a Goldbach number. Let E(x) denote the number of even numbers
not exceeding = which cannot be written as a sum of two odd primes. Then
the Goldbach conjecture is equivalent to proving that

E(x)=2 for every z > 4.

E(z) is usually called the ezceptional set of Goldbach numbers. In [§]
H. L. Montgomery and R. C. Vaughan proved that E(z) = O(z'~4) for
some positive constant A > 0. In [3] Chen and Pan proved that one can
take A > 0.01. In [6], we proved that E(z) = O(x%92!). In this paper we
prove the following result.

THEOREM. For sufficiently large x,
E(z) = O(z%™).

Throughout this paper, ¢ always denotes a sufficiently small positive
number that may be different at each occurrence. A is assumed to be suffi-
ciently large, A <Y, and D = Y'!*¢,

2. Some lemmas. Let A < ¢ <Y and x, be a non-principal character
mod g. Write o« = 1 — \/log D, and assume
(2.1) a<o<l1l, |t{<D/q.
Let x (mod q) and xo (mod ¢) be a character and a principal character
mod ¢, and £ = log D.
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LEMMA 1. Let x be a non-principal character modulo q, and let ¢ = 3/8.
Then for any € > 0 there exists a § = d(¢) > 0 such that

/

L 1 ¢
—R—(5,x) < - > &esfg + (2 +E>H

|[14it—p|<é

uniformly for

1 co<l4 log H
HlogH == H
providing that q is sufficiently large; here H = log q(|t| + 2).

This is Lemma 2.4 of [5].

LEMMA 2. Suppose Y is sufficiently large. Then no function L(s,x) with
x primitive modulo q <Y, except for a possible exceptional one only, has a
zero in the region

1+

0.239
>1- = t|+1) <vylte,
o2l Y q(ft] +1) <
If the exceptional function exists, say L(s, X), then X must be a real primitive

character modulo ¢ <Y, and L(s,X) has a real simple zero 3 satisfying

0.239 ~
— <A<l — ——.
logY — = go—®

This is Lemma 2.3 of [6].

1

For a real number a, let a* = aL™!, and let g; = 1=-Xi+iv;,i=1,2,...,
denote the non-trivial zeros of L(s, x) in (2.1), with A, in increasing order.

LEMMA 3. Suppose x is a real non-principal character mod ¢ <Y, and
01 1s real. Then Ay > 0.8.

Proof. Apply Lemma 3.2 of [5].

When x2 = xo and p; is complex, or x* = xo, we follow Lemma 9.1 of
[4]. Let a, k, € be positive constants, and let ¢ = 3/8, P(z) =z + 2 + 2.
Then

(k2+;>{P<a+)\l> —P<“+A1>} —2kP(1) + (a+ A)(p +¢) >0,

a a+ Ao
where
_ (2 3
1[)—2 k +3k+2 ,

providing that

4k
Taking a = 2.4, k = 0.88, we see that if \; < 0.618, then A\ > 0.618.

kola+ M) 24 (a+ X)) >a™3 with ko= min (k + 3,4k>.



Ezceptional set of Goldbach numbers 73

Now suppose x does not have order 2 or 3. Let

12 o, e+ 0239 a+0239 ZA ( )(loin> _1:2(3,90.

Again we follow Lemma 9.1 of [ ] with a, k, €, ¢ and P(x) as above. Then

<k2+ 1) {P(a+0.239> _P(a+0.239>}
2 a a+ Ao
—2kP<a+0'239> +(a+0.239)(¢ +¢) > 0.

a+)\1

Taking a = 2.21, k = 0.89, we see that if Ay < 0.575, then \s > 0.575.
Now we consider A3. Our starting point is the inequality
3
(2.3) [T +R(x(m)n=7)) > 0.
j=1
Let P(z) = apa® =z + 22 + 22% and

B logn !
2.4 ! a5y x() = 3(s,%).
(24) L ;ak(k_l)!; (n)?R( pr - (s, %)
Then
5 1 1
(2.5) Dloyxo) + D Do +17.00+ 53,72 520
j=1
with
Y,= > AZ(o+iv; +ivi,XP) + Zlo + iy —ivi, x0)}
2 j k> J k>
1<j<k<3
and

D L =Z(o+in +ivs +ivsx%) + Do + iyt +ivs — i3, %)
+ X(o +iv] —ivs +iv3,x) + Yo +iv] —ivs — i3, X)-
Let s =0 +it, 0 = 1 4+ aL~'. We now observe that

*(r(wae) 2

for all zeros g, since ®P(1/z) > 0 for Rz > 1. Moreover, if |1 + it — g| > 0,

then
oo %5e)) o

Here we follow Lemma 8.3 of [4]. Thus

Y(oyxo) < P(1)+¢
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2: X(o +iv; — 7% Xo) < Z: §R{P<a+z >

1<j<k<3 1sj<hs3

}
E(a+i’7ikaX)<_P(afh)_%{P(a—i—/\g-i-Z’)’l )}
)
d

+ ¢,

9

¢
2+5)7

a
_%{P<a+)\3+i(’71—73)>} < T
- ox a a4
Y(o+ivy,x) < _P(a+)\2)_%{P<a+>\3+l(72—’73 >}
2(a+iv§,x)S—P<a+aA >+a<§+€>’
3

3 2(a+ijk,x2)§a<2¢+5>v

1<j<k<3

S(o +ivf +ivs — i3, S—ﬁR{ < )}
(0 +ivT +ivz —i73,X a+)\1+1’72—’73)

(i) o5

by i )< - 2
(o +inT =9 +%3,X) < { (a+A3+z (m — 72))}+a(2+€ ’

o+ +ivs +i75,X%) < a(¢/2 +¢),
S(o+ivi — i — i3, X) < al¢/2 + ¢).

" a 11
_P< _|_)\2> _P<a+)\3> +a<4¢+8>

[CIRCH

Hence

P<1)_P<af/\1>

a
1 a
- — 2P -
2 { <G+Z’Yl 72)) <a+)\2+1(71—72)>
1
— =P
2 (a+>\3+271 )>}
1 a
+ =R — 2P -
2 { <a+171 v3) <a+>\3+l(71—73)>
-57( )}
2 a+/\2+2’y1 Y3)
1
+ =R
2 { (a+mz—73> <a+/\3+wz—73)>
1
. 0.
2 <a+>\1+272—73)>}
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Providing that
a3 < Sla+ A3) 73

we have

a a a 11
P(1) _P<a+/\1> _P<a+)\2> —P(a+)\3) +a(4q§+€> > 0.

Taking a = 2, we have A3 > 0.68.

LEMMA 4. Suppose x is a non-principal character mod q¢ < Y, and
01, 02, 03 are the zeros of L(s,x). Then

A2 > 0.575, A3 > 0.618.

LEMMA 5. Suppose x # Xxo s a character mod ¢ < Y. Let ng, ni, na
denote the numbers of zeros of L(s, x) in the rectangles

Ry:1—-L7'<o<1, |t—ty <58L71,
Ri:1-5L71'<o<1, |t—1t] <234L71,
Ry:1—-MLT'<o<1, |t—ty] <23.4L7F,

where tg, t1, ty are real numbers satisfying |t;| < T, and 5 < Ay <loglog L.
Then
no <3, my <10, mno < 0.2292(\, + 42.9).

Proof. It is well known that
_C(J)_%L(&X)ZO’
here o = Rs.

(i) We consider the rectangle Ry. Let s = o + itg,o = 1+ 8.4L7, and
denote by o = 1—A\*+i~v the zero of L(s, x) in Rg, hence 0 < XA < 1, |y—to| <
5.8~ % and

1 8.4+ A 9.4
R 0o _5(8.4 + )2+ ((7 — to)L)? S Lomiss
By Lemma 1,
—§R£,(s,x) <- Y R + 0.18751L.
L  igite—e<s BT

If |1 4 itg — o > J then &E:lg = 0O(1). So
/

9.4ng
R < _ -0 ),
%L(s,x) _£<0 18751 9.42+5.82>

Since —%(O’) < —L- + A, where A is an absolute constant, we have

9.4’]7,0 1
20 o 1018752 <3
042 1582 =84 =
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(ii) The rectangles Ry and Ry are treated as Ry in (i) but with o =
1+ 24", Thus np < 10, na < 0.2202(\4 + 42.9).

3. The zero density estimate of the Dirichlet L-function near
the line 0 = 1. Let A < ¢ <Y and x, be a non-principal character mod q.
Write o =1 — A\/log D, and assume

(3.1) a<o<l1, [|t|<D/q.

Let Sjq = {xq : L(s,xq) has only j zeros in the region (3.1)}. Suppose
A < qg <Y and define

(3.2) Ni@Y)=N(Y) = > Y Y

A<qg<LYy Jj>1Xx€ESjq
[2:90]<D*(q.90)

(3.3) N (@,Y)=N*"A\Y)= > )Y Z 7,

A<q<Y j>1x€S;q

where >~" indicates that the sum is over primitive characters. In this section
we will prove the following lemma which improves Lemma 2.1 of [6].

LEMMA 6. Suppose A < qo <Y and 0 < XA <elogD. Then

4.356C1 (N\)et064* 0,517 < X < 0.575,
8.46C(N)et12A 0.575 < A < 0.618,
Ni(e,Y) = N{(A\Y) << 14.3C3(N\)e?, 0.618 <A <1,
104.1C,(N)e342A 1 < X\ <5,

\ 268.6¢216*, 5<A<elogD,

3.632C5(\)e>2*,  0.334 < X < 0.517,

4.338C5(N)et822 0517 < A < 0.575,
. . 10.42C7(N)e*®,  0.575 < A < 0.618
N*(a,Y)=N*(\Y) < ’ ’
(2, Y) AY) =9 14010, (N)eP2A, 0618 < A <1,
104.8Cy(N)e* 1A 1 < X <5,
279.7¢297, 5<A<celogD,
where
Cl ()\) _ )\_1 L 6_4 064 62.808)\ o 61.76)\
1.048) ’
ol o PRTS 28551 _ 1.78X
=2 1-e" -
2() ( ° 1.075) )
C )\ )\ 1 45x €3.198)\ _ 62.013)\
= - ]_ —e =
3V ( c 1.185\ >
Cilin \ 1 349 62.358)\ _61.64>\
=\ 1-¢ B —
1) ( ‘ 0.718) >
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B _ e3-866A _ 2.668A
Cs(\) =A""1—e ,

1.198\
Cs(N) = A1 = 6—4.82>\M
1.055) )
Cr(A) =AM 1- asa €N — 23
0.96 )

) ¢ gy €39Z8N _ 27312
Cs(A) = A < ¢ 1.1968) >

63.104)\ _ 62.38)\>

_y—1(q1 _ _—4.16
Cold) =2 (1 ‘ 0.724)

Proof. We use the method of Section 3 of [7]. For 1 < j < 4, let h;
denote positive constants which satisfy

(3.4) hi1 < hy < hg, h2+h4+3/8<h3, 2h4+3/8<h1
when we consider N («,Y), and
(35) hi1 < ho < hs, h2—|—h4—|—3/8<h3, 2h4+3/4<h1

when we consider N*(«,Y).
Let

(3.6) Zj 1= DM,  a:=1-XC"'Y A<eL.
For positive 41, d3, let

(3.7) K(s) = 572 (e~ (1700 ogz)s _ =08 21)8) 5, (Jog 23)
- (e—(log 23)s e—(1+63)(10g 23)8)51 (log Zl)}

For a zero g9 € D, let

(3.8) M(go) == |r(e(x) + 2y — 20)],
o(x)

where the sum is over the zeros of L(s,x) in (3.1). Then if 2hy + 3/8 <
(1 — 81)h1, then as in (3.17) of [7] we have

N (1 + &)max,, M (o)
. N Y) <
(3 9) 1(a7 ) - 2(1—Oé>(h2 —h1)5153h1h3h4£4
o« [ p2hs(1-a) (20 — 1)(D?h2(1-0) _ p2hi(1=a))
2(1 - a)(h2 - h1)ﬁ

(1 + d)max,, M(go) dhgr €12 — A
= 9N(ha — h1)8103h1hshal3 \© Nz — h1) )




78 H.Z. Li

If 2hy +3/4 < (1 — 1)h1, then as in (3.17) of [7] we have

) (14 0)max,y, M (00)
10)  N*(a,Y) <
8100 N Y) < S T = h)or6shnhahal?

« [ p2hsi-a) (20 — 1)(D2h2(1-e) _ p2ha(1=a))
2(1 - a)(hz - hl)ﬁ

(14 0)max,y, M (00) J2hax _ e?h2r _ g2
- 2)\(h2 — h1)5153h1h3h4[,3 2)\(h2 — hl) '

(i) If5 < A<eL,let A=23.4L"1. Asin [7], by Lemma 5 we have
M (o) < 0.2292(\ 4 42.9)£3(1/2)
x {(81h1(203 + 62)h3 — 83h3(261 — 63)h?)
+ (7/23.4)%(61h1 + 63h3)}.

Choose h1 = 0.58, hy = 0.669, hy = 1.08, hy = 0.0353, d1h1 = O3hy =
w/23.4. By (3.9) we have

Ni(a,Y) < 268.6e216*,

Choose hl = 095, hg = 1042, h3 = 145, h4 = 00328, 51h1 = 53]13 =
7/23.4. By (3.10) we have

N*(a,Y) < 279.7¢29,

(ii) If 1 < XA <5, then as in [7], by Lemma 5 (n; < 10) we have
M (o) < (10/2)L°
x {(01h1(203 + 63)h3 — d3hs (261 — 67)h7)
+ (/23.4)%(61hy + 03h3)}.
Choose by = 0.82, hy = 1.179, hy = 1.71, hy = 0.155, §1hy = d3h3 = 7/23 4.
By (3.9) we have
Ni(a,Y) < 104.1C,(\)e422,
Choose hy = 1.19, hy = 1.552, hy = 2.08, hy = 0.1528, 6,k = d3hy —
7w/23.4. By (3.10) we have
N*(a,Y) < 104.8Co(\)e* 162,
(iii) If 0.618 < A < 1, then as in [7], by Lemma 5 we have

11 2(a+1)
- — 0.1876
(a a+1 (a—|—1)2+5.82+ )

a+1 1  a+0.618 1
X max , +
5.82 a+1 5.82 a—+0.618

} < 0.014621.
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For a = 6.3,
M(00) < {1.5(61h1 (203 + 63)h3 — d3h3(261 — 67)h7)
+2-0.014621 - (61h1 + 63h3)}L3.

Choose h; = 1.0065, ho = 1.599, hy = 2.25, hy = 0.2759, §; = 0.079,
d3 = 0.094. By (3.9) we have

Ni(a,Y) < 14.3C3(\)et5.
Choose hy = 1.3656, ho = 1.964, hy = 2.6, hy = 0.26, 8, = 0.07, d5 = 0.094.
By (3.10) we have

N*(a,Y) < 14.91Cg(N\)e>?,

(iv) If 0.575 < A < 0.618, then by Lemma 4 there are at most two zeros
satisfying o = 1 — /L —iy/L, § < 0.618. Then, as in (v) of [7], when (3.4)
holds we have
_ (1+0)M
- 2(1 — Oé)(hg — hl)h4£2

y D2h3(1—a) B (2a o 1)(D2h2(1—a) o D2h1(1—o<))

2(1 — Oé)(hg - hl)ﬁ
(1 + 5>M dhox e2h2X _ 2h1X
= 2X\(ha — h1)haL 2A(hg — h1) )’
Similarly, when (3.5) holds we have

1 M 2haXA _ 2hiA
(3.12) N*(a,Y) < —LF9) (8’“ - H)

(3.11) Ni(a,Y)

= 2A(ha — h1)hal 2X\(ha — hy)
where
N 1 logzs j 9
M := max max - S ‘ Z e~ (ex)=a)z | gy
xmodq 1<5<2 j
q<Y logzy I=1
We have
log z3
S ’ef(g(x)fa)aﬂ‘2 dz < (hg — )L,
log z1
1 log z3 2 2
5 S ‘Ze—m(z,x)fa)m dz < 2(hs — h1)L.
logz; I=1

Choose hy = 0.89, hy = 1.4275, hg = 2.06, hy = 0.2574. By (3.11) we have
Ni(a,Y) < 8.46Cy(\)et 12,

Choose hy = 1.18, hy = 1.66, hg = 2.25, hy = 0.214. By (3.12) we have
N*(a,Y) < 10.42C7(\)e*5,
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(v) If 0.517 < A < 0.575, then by Lemma 4 there is at most one zero
satisfying p =1 — /L —iy/L, f < 0.575. Then, as in (v) of [7], when (3.4)
holds we have

(3.13)  Ni(a,Y) < 2(1(1_4;;5()223_}?)1}145

y (D2h3(1—a) B (2a — 1)(D*h=(1=) — DZhl(la)))
2(1 — a)(he — 1)L
< (14 6)(hg — h1) <e2h3)‘ B e2haX thl/\>‘
= 2X(hg — hy)hy 2A(hg — hy)
When (3.5) holds we have
149)(hs—h e2h2A _ g2MiA
(3.14) N*(a,Y) < (2/\(h2)(—3h1)hi) <62h3A - M)
Choose hy = 0.88, hy = 1.404, hg = 2.032, hy = 0.2524. By (3.13) we have
Ni(a,Y) < 4.356C (\)e061A,
Choose hy = 1.255, hy = 1.7825, hy = 2.41, hy = 0.2524. By (3.14) we have
N*(a,Y) < 4.338Cs(\)e522,
(vi) If 0.334 < A < 0.517, then as above, when (3.5) holds we have
1468)(ha—h e2ha) _ p2h1)
a1 e GG (- G )
Choose hy = 1.334, ho = 1.933, hg = 2.6, hy = 0.291. By (3.15) we have
N*(a,Y) < 3.63205(\)e>2*,

If ¢1,92 <Y, we consider the zeros of L(s, xq,) and L(s, xg4,) for non-
principal characters x4, and xg,. If 01 = 81 +im = 1 — A /logY +im
is a zero of L(s, X, ) satisfying qi1(Jy1| +1) < Y17 and g2 = Bo + iy2 =
1 — Xo/logY +ivs is a zero of L(s, xq,) satisfying ga(|72| +1) < Y*¢, then

we have the lower bounds for A2 given in Table 1. If [q1,¢2] < Y*(q1,q2),
then we have the lower bounds for Ay given in Table 2.

Table 1. The lower bounds for A Table 2. The lower bounds for Ag
AL A2 A1 A2 A1 A2

0.24 0.444 0.22 1.189 | 0.38 0.745
0.26 0.418 0.24 1.116 | 0.40 0.706
0.28 0.393 0.26 1.050 | 0.42 0.669
0.30 0.37 0.28 0.989 | 0.44 0.634
0.32 0.349 0.30 0.933 | 0.46 0.601
0.334 0.334 0.32 0.881 | 0.48 0.570

0.34 0.832 | 0.50 0.541

0.36 0.787 | 0.517 0.517
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In each table, following the convention of [6], the entries indicate that
if A1 does not exceed the first entry, then A, is no smaller than the second
entry.

4. The circle method. Suppose z is a sufficiently large positive number,
and Y = z* where A\ = 0.0862. Let

S(a)= Y logpe(ap), D(n)=D(n;z,Y)= > logpilogps.
Y <p<wz n=p1+pz
Y <p1,p2<z
Then
1
(4.1) D(n) = SSz(a)e(—om) da.

0

Trivially, D(n) = 0 if n < 2Y or n > 2z, and n is a Goldbach number if
D(n) > 0.
Let Q=2'"* 7=Q ! and

El = U U I(a7Q)’ EQZ(_T71_T]\E1
1<q<Y 1<a<q
(a,q)=1

where
a 1 a 1
O P
Then
1-7
(4.2) D(n) = g S2(a)e(—an) do

-7
= S S%(a)e(—an) do + S S%(a)e(—an) do
E1 E2
LEMMA 7. Let M(x) denote the number of integers n € [(1 — €)x, x| for
which
|Dy(n)| > 05217107,
Then
M(z) < g1 (=107,
Proof. Apply Lemma 8 of [3].
Now we consider the integral on the major arcs. For « € I(a,q) C E1, we
write « = a/q+0, (a,q) = 1,q¢ <Y, 6] < 1/(¢Q). Moreover, suppose that g,
X and 3 are the possible modulus, primitive character and zero respectively,
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with § < Y. Let

(4.3) TO)= Y e(mb),

(4.4) TO)= — > m’le(md),
Y<m<zx

(4.5) SO.x)= > x(p)logpe(ph),
Y <p<z

x being a character modulo ¢, ¢ <Y, and
5(6.x5) = T(6) + W (6. x7),

(4.6) S0, xg%) = T(0) + W(0,x%) i 7la,
5, Xq) = W (0, xq) otherwise.
Then if the exceptional character exists we have
a/q+1/(qQ) 6
(4.7) Dy(n) = Z Z S S%(a)e(—an) doa = ZDlj(n).
q<Y (a(,lq<_)il a/q—1/(qQ) j=1

Otherwise we have

(4.8) Di(n) = Z Dyj(n).
For the definitions of Dj;(n), see [3]. By the method of [8] one has
(4.9) Dii(n) = nC(n) + O(z' 5y 1),
(4.10) Dis(n) = C(n)I(n) + O((n, 9)a' =Y ),
where
NN @D 1
@1n) )= 2, G Gt mﬂ@<ww>
S TN q 1
w12 =3 &@)Cﬂ7ﬂ—x(DuQ@m>£g<p_2
qla pin
(4.13)  I(n)= Z (m(n — m))gf1 < :U(I*E)(Bfl)na,
Y<m<n-Y
with

Jew,
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Let

1/(dQ) Lo
(4.14) wWeaw = (| We.xa)la)

—1/(dQ)
Then by (20) of [3] one has
(4.15) Diy(n) < "{8x1/2W(log10 z)+ 0 <5€1/2W(Y)> }

(n) log®
where
(4.16) w) =33 Wi,
d<Y Xd

the * denoting that the sum is over primitive characters y4. We have
q n

2 A

¢*(q) ¢(n)

From [[,o5(1+1/(p — 1)2) < 1.132, by the method of [1], we have

(4.17) Dy5(n) < X*(n)

(4.18)  Dig(n) < 4.1594%x1/2W(Y’[]) + %W(Y)x(l_ff)/{
(4.19)  Dis(n) < 2.0797%W(Y)W’(Y),
where
(4.20) W(Y,q) = Z Z W (xa),
gt @p
2 W)= max 3 3T W)
d<y xd

[d1,d]<z° (dy,d)
Here the max is over A < d; <Y.

5. The estimation of W/ (Y), W(Y) and W (Y, q). By Section III of [2]

we have
!

(5.1) Wixa) <(1+2-107%)'2 )~ L(1-2)(8-1)

B21/4
Irxg ISY ' FEa™!

T S )

B>1/4
"de ‘§Y1'01d71

n O(w1/270.01,\ Z

B821/4
I’de ISY}OI

/

xﬁfl) 1 O(x1/2*1'01’\+5d’1),
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where Z' indicates that the sum does not contain the exceptional zero B
By the same methods as in [1] we have

Z Z Z 2P« 207,

d<y 5>1/4
(52) [dla ]<Y5(d1,d) ) |,de|<)//2 .01
Z Z Z 2Pt < 207
dsY xa - B>1/4
h,XdlSYz,m
Let
he o 3 X S sy,
A<y A>1/4
(5.3) [d1, d]<Yi(d1 ,d) / g | <Y 1ed 1
=YY X e,
d<Y Xad B>1/4

I'YXd ‘Syl+ad71

Suppose 0y, = Bya + 1 Vyas [Toal < Y1Ted™L, is a zero of L(s, xa). Let
L=(1+¢)logY.

1) If1-0.24/L < By, <1—0.239/L, then by Lemma 6 and Tables 1

and 2 we have

< 9,—0.239/(A+e) 1 —(1=2)t/(Ade) rr <
I < 2 v { e Ni(t,Y) dt < 0.136,

Ate 1.116

S e~ (I=/ O N* (1 V) dt < 1.009.

0.444

2) If 1 —0.26/L < By, <1—0.24/L, we have I, < 0.143, I, < 1.098.
3)If 1 —0.28/L < By, <1—0.26/L, we have I, < 0.129, I, < 1.177.
4)Tf1—-0.30/L < By, <1—0.28/L, we have I; < 0.118, I < 1.271.
5)If1—0.32/L < By, <1-0.30/L, we have I, < 0.114, I, < 1.377.
6) If 1 — 0.34/L < B, <1—0.32/L, we have I, < 0.118, I < 1.464.
7)
8)
9)

I, < 20 239/(A+¢)
2 e + — P

If 1-0.36/L < By, <1—0.34/L, we have I; < 0.131, I < 1.374.
If 1 —0.38/L < By, <1—0.36/L, we have I; < 0.153, I < 1.249.
If 1 —0.40/L < By, <1—0.38/L, we have I; < 0.185, I < 1.141.
0) If 1 —0.42/L < By, <1—0.40/L, we have I; < 0.229, I, < 1.047.
11) If 1 — 0.44/L < By, <1—0.42/L, we have I; < 0.287, I < 0.967.
12) If 1 — 0.46/L < By, <1 —0.44/L, we have I; < 0.337, I, < 0.897.
13) If 1 — 0.48/L < By, <1—0.46/L, we have I; < 0.372, I < 0.835.
14) If 1 — 0.50/L < By, < 1 —0.48/L, we have I; < 0.395, I, < 0.784.
15) If 1 — 0.517/L£ < By, < 1—10.50/L, we have I; < 0.420, I < 0.738.
16) If 1 — 0.517/L > By, we have I; < 0.414, I < 0.704.
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Hence in all cases we have
(5.4) 111, <0.311.

LEMMA 8. Let x1 be a real non-principal character mod q, 51 = 1—901 a
real zero of L(s,x1), X a character mod q, and o = f+iy =1—0+1ivy a zero
of L(s,x) with § < 1/6, 5 < (B1. Suppose that D = q(|y| + 1) is sufficiently
large, that is, D > Dy(e). Then

61> (2/3 —€)(1 — 66)D~3/2+2)8/(1=69) /50 D,

This is Theorem 2 of [9)].

LEMMA 9. If the exceptional primitive real character X (mod q) exists,
and the unique exceptional zero 3 of L(s,X) satisfies 6(\ + ¢)logz < 0.239
where 6 = 1 — (3, let x4 be a primitive character mod q, and 0 = 3 + iy =
1—46+14v a zero of L(s, xq) with 0 < 6 < e. Suppose that Dy = [q,q](|y]+ 1)
is sufficiently large, that is, D1 > D1(g). Then
6> (2/3 —£)(1 — 65) Dy ¥/2Te)9/1=69) j106 D).
Proof. This follows by Lemma 8 and the method of Lemma 15 of [1].

By (26) of [1] we have

(5.5) W ((log z)'%) < 1071021/,
By (5.1)-(5.4) and definitions of W(Y') and W’(Y") we have
(5.6) WY YW'(Y) <0.311z.

Now we suppose that the exceptional primitive real character ¥ (mod ¢q)
exists, and the unique exceptional real zero (3 of L(s,Xx) satisfies
d(A+¢)logx <0.239 where § =1 — (3. In this case, as above we have
(5.7) W(Y,q) < W'(Y) <0.0107z'/2, W (Y) < 0.884z'/2.

Hence we have
(5.8) WY YW'(Y) < 0.0095z.

We suppose, as we may, that ¢ <Y, ¢ <Y, [q,q] < 2°(¢,q) and || <
Y'*e¢~! and then we may take D; = z2¢ in Lemma 9. Therefore if

d(A+¢€)logx <0.005 and § < &, then we have
3.26
~ Alogz’

(5.9)

If 6(\ 4 ¢)logz > 0.005, 0 > (2/3 — €)(D159 e log D)1, § < &, then as
above, by Lemma 9 one has

(5.10) 5 ~ log(1.501 log D1)
‘ = 1.501log D;
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By Lemma 6 we have

(5.11) >N Z’ L(1=)(B-1)

d<y Xd B8>1/4
[d1,d]<Y*(dq,d) [y | <Y 101d
1 oo
< —(1—e)t/(Ae) prx .
T Ate S € Ny (t,Y)dt + O(z~°)

—(log(1.5018 log D1))/1.501

<1078(0logz) + O(z~°).

Hence

(5.12) W'(Y) < 10~3(dlog z)x/? + O(x/?7°).

Similarly we have

(5.13) W ((log2)'%), W (Y;q) < 10~8(5logz)z'/? + O(a'/?7).

If z—>/10° < 5 < (2/3—¢)(Di5%* log D1)~1, then as above, by Lemma 9
one has
(514)  W((loga)), W(Y,3), W'(Y) < s(Floga)a’/? + O(a¥/2-00)

6. Proof of the Theorem. First of all, we suppose that there is no
exceptional character. When (1 — )z < n < z, by (4.8), (4.9), (4.15) and
(4.19) we have

D) 2 nCn) ~ o st (o))
+2.079TW (Y)W (Y) + O <m> } O,

Since A = 0.0862, Hp>3(1 - 1/(p— 1)2) > 0.6601, by (5.5) and (5.6) it
follows that a

nT 1 _9
Dy(n) > (n){ H (1 — (pl)2> —2.0797-0.311 — 10 } > 0.01x,
p>3

which proves the assertion.
Now we suppose the exceptional character occurs, and (1—¢)x <n < z.
By Section 4 we have

(6.1)  Di(n) >nC(n)+ I(n)C(n)

_ ﬁ{%lﬂw ((log 2)®) + 2.0797TW (Y)W'(Y)

+ 4.1594W (Y, q) + W (Y )x(1=2)/2}

(T ) +0(C 055 i)
+ 0z 4 (n, ).
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1) When (n,q) =1 or (n,q) < 2371079 and [, prn(p —2) = 1/ we
follow the argument of [1]. Thus by (5.7) and (5.8) we have

n [ I V) — 10-8
(6.2) Dl(n)z(b(n){ pl;[3<1 (p_1)2> 2.0797TW (Y )W'(Y) — 10

— 4.1594W(Y,2Dx1/2} > 0.59z.

2) When (n,q) > 23710792 we have
(63) Z 1 S 1:1—(1—10—4))\"1‘6‘

n<x
(n7(‘j)>1:(171074)>\

3) When 1 < (n,3) < 27179 and [,z . (p — 2) < 1/e, we no-
tice that x(n) = 0, and from Lemma 5.1 of [8] we have u(q/(4,9)) = 0
hence 161¢, p?tq (p > 3). Since leﬁ,pfn(p —2) < 1/g, there exists ¢ <

16(n,q)/e? < x(1=107)2+ By (4.12) and (4.13) we have

(6.4) nC(n) — [ I(n)C(n)| > (n — z0=9B=DpB)C(n).
Whenl—%gﬂgl—%,wehave

2= B=1pB < 0.8905n.
By (5.7) and (5.8) we have

nT 1
(6.5) Di(n)> qb(n){0.1095pl;[3 <1 — (pl)2> —2.0797 - 0.0095

—1078 — 4.1594 - 0.0107} > 0.007zx.

When 1 — % <B<1- (2 —s)%, as in (48) of [1] we have
~ o~ gnxlogn
nC(n) —|I(n)C(n)| > 0.62————
(n) = H(n)C(n)] 50)
By (5.12) and (5.13) we have
onzl
(6.6)  Dy(n) > %053”{0.62 —2.0797 107 — (8 + 4.1594) - 10~8}
n
> 0.6z .
When EZ 1-— (% — 5)%, by ¢ < 2* and Lemma 2 we have
L —1.501eX
s sge (2T
3 Alogx
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and by (5.14) we have

Snx logn
¢(n)
By (6.1)-(6.7) and Lemma 7 the assertion follows.

(6.7) Di(n) > {0.62 — 20e} > 0.6z 10",
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