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1. Introduction. Let (k,n) € N? with n(k —1) > 1 and p € N. For
some [ € N consider the equation

prak — ok — .

We are interested in the number ay, ,, (e, v, m;1) of solutions (z,z) € N x Ny
with the restriction £ = @ mod m and z = ~ mod m for some m € N,
O<a<mand 0<y<m.

Given T' > 0, we are going to derive an asymptotic expansion for

Ak,n(aa v, m; T) = Z ak’,n(aa v, m; l)
I<T

This generalizes results in the case n = 1, which are due to Krétzel [6], who
takes up the case m = 1, and to Kuba [7], who deals with arbitrary m.

The reader will notice that our method for counting the lattice points
in question, though it might look different, is fundamentally related to the
procedure employed in [6], the technical differences stemming mainly from
the fact that we use the hyperbola method (see Section 2) instead of an ad
hoc argument that, perhaps, would have been more difficult to adapt to the
general case.

In order to state our result, we have yet to define the integer 1 < 8 <m
by 6 = pa™ — v mod m.

THEOREM 1. With the notations introduced above, we have

T’#B<(k—1)n—1 1>

m2pn kn "k

1 1
T7—D 1 ﬂ) TwE (1 7)
+ =)+ --L
ml:;as':;w_nC((k—nn m) T pEm\2 T m
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Apnla,y,m;T) =

[131]
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kn—1 pﬁnk
+ T 2 =
2%7r%(mk‘)%
= I'(1/k) omu(TaE —pra) «
XY g I T ok
v=1 vk mpn

where

T \ 75k T Ti6
Api(o,y,mT) < (k> <log (k + 1>> +1 fork >3,
m m

A o(a,y,m;T) < T=-T 41 for k > 2,
Ahn(oa,’)/,rrz;T)<<Tnn;k’1 +1  forn>3and k > 2,
and the implied constants depend on k, n and p.

As usual, we denote by B(+, -) the beta function and by ((-, -) the Hurwitz
zeta function.

Note that the order in which the various terms appear in Theorem 1
reflects only the case n = 1. As a matter of fact, we have for n = 1 (and,
consequently, k > 3)

46<k:n—1<1< 1 <n+1
73k nk? nk  n(k—1) nk ’
forn=2and k=2
1 - 1 - kn—1 < 1 < n+1
nk = 2k—1 nk? n(k—1) nk ’
forn=2and k>3

i< 1 - 1 <kn—1<n—|—1

nk " 2k—1 " n(k—1) nk? nk ’
and in all other cases

i< 1 <n—1<k‘n—1<n+1.

nk nlk—1) = nk nk? nk

We note that the case n = k = 2 is of particular interest since it is
related to elliptic curves (cf. [1]).

For results concerning the arithmetic and quadratic mean of the number
of primitive lattice points in this case see [4].

2. The principal terms. In what follows, we shall write
a :p—l/nTl/(nk) and f(l‘) — pl,n _ (pkxnk . T)l/k
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For t > 1 and k and n real numbers with & > 1, n > 1 and n(k—1) > 1, we
consider the function given by

g(t) = grn(t) =" — (" = )VE,
which has the property
f(z) = pa"g(z/a).
For later use we define g = g/ (x—1),n(k—1)- Note that Ez g and
(1) g'(t) = —nt" (" = 1)U g(),

LEMMA 1. 1. The function g is strictly decreasing, and we have the
inequality

tn(lfk) tn(lfk) E—1
2 t) < ¢r(1=2k)
) <<
2. The inverse function g~*, defined for 0 < s < 1, satisfies the equation
0,
(3) g=1(s) = (ks)= 1/ (=1)m) (1 N Z(S)(ks)k/(k_l)>
n

for some 0 < Yy(s) < 1.

3. The function (g~') satisfies
4 (g Y(s) = —(k_klm(ks)_l/((k_l)”)_l(l + 91(s)(ks)*/ (1))
for some —1 < ¥1(s) < 1.

REMARK. This is a slightly more precise version of Hilfssatz 1 in [6].
Though this kind of precision is quite useless for our present purpose, it
might be of some interest when investigating the dependencies on k and n
of the remainder terms (which is not done in the present paper).

Proof (of Lemma 1). We define the auxiliary function h(t) = ¢ —
(t* — 1)'/* which has the property g(t) = h(t"). Note that for 0 < < 1
and 0 < a < 1 we have

11—« 1 1 1-«a
5 —_— < — = <
(5) 20 ar 1—-(1—-2)* " «
since the function given by the middle expression is strictly increasing. This
implies for = t~* and a = 1/k the inequality
t
k(tk —1/2)+1/2
Now, the left-hand side is > k= '!~* and
t 1 k—1 o k=1

E(tk —1)4+1  kth=1  k2k=1(k — (k — 1)t=k) = kt2k-1"

On the other hand, Bernoulli’s inequality shows that

< h(t) < D11
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1
k(th — 1)(h=D)/k"
Setting t = h~!(s) and doing an easy calculation, we deduce
(6) (ks) ™Y E=D < p=Y(s) < (ks) ™Y ED(1 4 (ks)k/ =D)L/,

This implies the second statement of the lemma.
Further, setting t = g~!(s), we have

—1y/ 1 1
(97) (s) = ntn—1 (1 1 (1— t—kn)(k:—l)/k>'

Applying inequality (5) for x =¢=*" and « = (k — 1) /k, we find

1 k 1 k k 1

I L < (¢~ 1Y P kv o 2
2n< +k—1>t”1 ™))+ 7=, (k—1)n 1
Note that, as far as the leftmost expression is concerned, we use only the

fact that it is positive. Substituting (6), we arrive at the third statement of
the lemma. m

h(t) <

With ¢(x) = x — [x] — 1/2 as usual, we will use the notation

Yalt) = w(t‘o‘)

m

PROPOSITION 1. Let ¢ > 1, u > cp~V/"TY "R gnd v = f(u). Let 0 <
b< (. Then

Apnlay,m;T) = = > (f@) = > valf'(®)
a<z<u, r=« b<y<v,y=p
n(k—1)+1

1 n—1 1 1—k _
+O(pnT "k +TrG=DprE-—Dy~ nE-D 4 1),

the implied constants depending on k, n and c.

Proof. It being understood that x and z run over their respective residue
classes, we can express Ay ,(a,y,m;T) as the sum of

™) 2. 21
rz<a z<px™
and
® SRS SE
a<x (pkmnk—T)l/kSZ<pIn
We can express the inner sum of (8) as
® SR S
0<px™—2z< f(x) 0<y<f(x)

where y = .
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Euler’s summation formula shows that (7) is equal to the sum of

pa"tt  paa(a) a B4y
m

m2(n+1) m m

and the expression

it” "a(t) dt—(—i—%(a) 2)([3:17—1),

which is O(pa™~! +1).
The hyperbola method (cf. [5], Theorem 1.5) shows in view of (9) that
(8) equals

o

(10) %(Xf(m)dl%—Sf_l(y)dy—uv+ab)
a b
)t (e @) e+ (i) (Y ) dy)
a b
%(f( Yala) = biba(a) + FH(b)Ys(b) — avrs(b))

- Y W@ - Y v )

a<z<u,r=a b<y<v,y=p
+ Yala@)Pp(b) — Ya(u)ihs(v).
We find that m? times (10) equals

pa” f_i(b)g(j) dz — (f71(5) — a)b.

a

Consider the first term of this expression. A change of variables and splitting
the resulting integral in an appropriate way gives the sum of

(12 pa 1 | g(t) dt
i
and
(13) —pa"tt S g(t)dt.
f=1(@®)/a

The expression (12) gives after integration by parts and a change of variables

pan+1
kE(n+1)

n+1
(1- t)l/k—lt—(n+1)/(nk) dt — pa
n+1

)

O ey
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which is

pa™tl (k—1)n—-11 pa™tt
k(n+1) ( kn ’k>_n+1'
Next, (3) applied to s = bp~!a™", combined with the upper bound of the
inequality (2), shows that (13) equals
—pa™*! \ gty dt+ O(p o1 a 1),

-1 1 1
(kb) n(k—l)pn(k—l) ak—1

Note that
1—kn k(1—n)
prE=D g 1 = (O(1).
Using once more (2) for the integrand g, we find that (13) equals

k. (k=Ln—-1 1
aF-1b G=Dn p-Dn 1—kn_ k(l1—n)

_ . + O(pmaﬁ).
k=07 (n(k — 1) — 1)

Another expression of this shape is given by

e N
B ak-1 —1)n p —1)n 1—kn k(1l—n)
—f 1(b)b=— . +O(prG-D g *=1 )
k(kfl)n

The first integral in (11) is

We split it into a main term

p (2 ale) o

and a remainder term

x
—a"'p §L g (a>¢a(9€) de,
which is
(14) O(mpa™™1).
After a change of variables the main term becomes

o0
pa" | ¢ (1) (at) .
1
Substituting (1), we find that this is the same as

—npa™ S R — 1) AR R ()4 (at) dt.
1
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We split this into
T 1
—npa™ | (¢ - 1) (§<t> - tn)%(at) i,
1
which is again estimated by (14) since the singularity of the integrand at 1
is cancelled, and
T dt
—npa” S (thn — 1)(1*k)/k1/1a(at)7.
1

We split this last integral into
T dt
—npa” | (57 = DB~ (kn(t — 1)) (at) S
i
and
_— (1—k)/k dt
—npa S (kn(t —1)) Valat)—.
i
The first integral again has no singularity left and is bounded by (14). After
substituting for v, its Fourier series, the last integral is of a well known
type (cf. [2], 2.8) and has the expansion

1 0
k-1 p(nm)w ra/k) . (2mwve—a) o1
2 S — | +0 .
T EEE R 2 i (T g HOT)

The second integral in (11) is
S(g‘l)’<g>wﬁ(y) dy.
b a’p

After a change of variables we get
v/(a"p)
a S (g7 (s)vs(pa™s) ds.
b/(a™p)
Substituting the asymptotic expansion (4) for (g7!)’, we get the sum of a
main term

al—n

p

v/(a"p)
(k—1)n+1
- “ | vslpas)s T ds
(k‘ — 1)77]]{5(]“*1)” b/(a™p)

and a remainder term

i v/ @)

(k=1

ST V1(s)Ya(pa™s)ds,
n
b/(a™p)
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which is O((m/p)a™~1). The main term is

k 1
aFTIp=Dn _(k=lnt1

_ p . SW(W E=Dn_ dt.

(k — 1)7’1]?““71)” b

We split this into

k 1
ak—lp(kfl)n (k—1)n+1

15 — . Ht G=hn dt
(15) pTwre=l R0

and
k1 0o
F—1p(k—1)n _ (k=1)n+1
e T
J— n — n v
which is

K 1 _n(k—1)+1
O(ak—lpn(kfl) v nE-I) )

After analytic continuation, Euler’s summation formula shows that for ¢ >0,

1 g T s(t) bie Q)
— — == dt .
m"C<U’m) ? § to+1 +m(0—1) T e
This implies that (15) is the sum of
k 1

and the terms
(k—1)n—1

akklb (k—1)n p(lc 1)n (k_l)n
k"(k*Um(n(kz -1)-1)

and
ak 1pn(k 1)¢B()

bn(k 1) kn(k 1)
The proof is finished by collecting the relevant terms. m

3. Estimation of the remainder term 4 ,,. In view of Proposition 1,
the proof of Theorem 1 will be finished by estimating the -sums in the
remainder term Ay ,,.

On the one hand, if n > 2, we choose in Proposition 1

w= v =< TV 0Fnk=1)

and estimate the sums trivially. This gives the desired estimate for Ay, ,,.

On the other hand, in the case n = 1, we use an exponential sum estima-
tion of Huxley in order to update Kuba’s result [7], which relies on another
result due to Huxley (cf. [8]). We have to verify a different set of conditions,
though.
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PROPOSITION 2. Given an integer k > 3, for T > 0 we have

T\ T s
Ap(a,y,m;T) < (k> <log (k + 1>> +1,
m m

the implied constants depending on k and p.

Proof. We apply Theorem 18.2.3 of [3]. Since there is no point in re-
peating the details of the proof in [7], we will just check the new condition
(18.2.21) of [3] in Huxley’s theorem. For

h(z) =z — (aF — a*)VF,
we have
B (z)h ™ (z) — 30" (x)?
= —a®(k —1)22% 5k — aF) R0 (ke + 1) (2k + 1)

a®(k 4+ 1)(2k — 5)z" + a®* (k — 2)(2k — 3)),

which is clearly < 0 for x > a. Note that the last factor of the above is
- 2k
xF.

Similarly, the growth conditions required by Huxley’s theorem for the

derivatives of h are easily checked.
On the other hand, writing z = h™'(y), we find

(™" () (A (y) = 3((h )" (y))?

a2k(k _ 1)2x6k—6(xk _ ak)(z(k_4))/k a
- (zF—1 — (zk — qk)1=1/k)10 P<$>,

where P(u) equals
— (k—2)(2k — 3)u™™ + (2K — 11k + 17)u*
— (2k + 1) 4 (B + 1) (2k + T)u” — (k+1)(2k + 1)
+ (1 —uPVE 2>k — 2)(2k — 1)u* + 2(8k — 1)uk
— 4k 4+ 1)(2k + 1)u” + 2(k +1)(2k + 1))
+ (1 —uf)?H (- (2k—1)(3k— 2)u"
+3(k +1)(2k — Duf — (k +1)(2k + 1)).

Substituting u* = 1 — v*, we find for 0 < v < 1 that P(u) equals v?*+!
times

(—2k% 4+ Tk — 6)(v® 1 + o' 72F) 4+ (—4k? + 10k — 4)(v* +v7F)
+ (65 — 17k + 7)(vF 71 +0'7F) + (=6K* + Tk — 2)(v + v 1)
+ 12k? — 14k + 10.
Now, using

U2k—1 4 v1—2k: > Uk_l 4 Ul_k, Uk 4 U_k > Uk_l 4 Ul_k
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and then
Pl ol R > 2, v+vt>2,
where equality holds only for v = 1, we see that P(u) < 0 for 0 < u < 1.
Note that P 22k — 1)(3k — 1)
u k—1 — —
i, Tt = - <o
which implies that for 0 < u <1 —¢,

—P(u) < u?,
the implied constants depending on 0 < € < 1.

Combined with (3), the same method shows that the derivatives of A1
satisfy the required growth conditions. m
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