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On the hybrid mean value of Dedekind sums
and Hurwitz zeta-function

by

WENPENG ZHANG (Xi’an)

1. Introduction. For a positive integer k and an arbitrary integer h,
the Dedekind sum S(h, k) is defined by

sun-5 (D))

a=1

where

(2) =%~ [z] —1/2 if  is not an integer,
10 if £ is an integer.

The various properties of S(h, k) were investigated by many authors. Maybe

the most famous property of the Dedekind sums is the reciprocity formula

(see [2], [3], [5] and [6])

R+E2+1 1
(1) S(h,k)+ S(k,h) = Ty

for all (h,k) =1, h >0, k > 0. A three-term version of (1) was discovered
by Rademacher [7]. Walum [8] has shown that for prime p > 3,

Tip—1) &
2) Szt = TS 50,2
x mod p p h=1
x(=1)=-1
and
p—1)*(p—2)
3 L= P .
x(—1)=-1
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Recently, J. B. Conrey et al. [4] studied the mean value distribution of
S(h, k), and proved the following important asymptotic formula:

k 2m
k - m
(4) Z/ 1S(h, k})|2m = fm(k) (12> + O((kQ/S + k2m 14+1/( +1)) IOgS k),
h=1

where Y, denotes summation over all h such that (k, h) = 1, and

f C2(2m) ((s+4m—1) .
Z ¢(4m) C?(s+2m) <(s)-

In the spirit of [4] and [8], the author [9] obtained a sharper asymptotic
formula for (4) with m =1 and k = p”, where p is a prime:

k

©  Sisenr = g oo ()

h=1

In this paper, as a note of [4] and [9], we shall give a hybrid mean value
formula involving Dedekind sums and Hurwitz zeta-function. The constants
implied by the O-symbols and the symbols <« used in this paper do not
depend on any parameter, unless otherwise indicated. By using the estimates
for character sums and the mean value theorem for Dirichlet L-functions,
we shall prove the following main result:

THEOREM. Let ¢ > 3 be an integer. Then for any fized positive integer
m, we have the asymptotic formula

plg

+0 q2m+1/2 exp 3log g ’
loglog g

where ((s, ) is the Hurwitz zeta-function, ((s) is the Riemann zeta-function,
and exp(y) = €Y.

From this Theorem we may immediately deduce the following

COROLLARY. Let p be an odd prime. Then for any fived positive integer
m, we have the asymptotic formula

Sl ) ool (355)

log logp
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2. Some lemmas. To prove the Theorem, we need the following lemmas:

LEMMA 1. Let ¢ > 3 be an integer with (a,q) = 1. Then

S(G’Q):Wiq%ﬁd) S x@ILP,

x mod d
x(=1)=-1

where ¢(d) is the Euler function, x denotes a Dirichlet character modulo d
with x(—1) = =1, and L(s,x) denotes the Dirichlet L-function correspond-
g to X.

Proof. See [9].

LEMMA 2. Let ¢ > 3 and m be positive integers and let x be any Dirichlet
character modulo q. Then

q

> x(a)¢(s,a/q)S™ (a, q) 2m Z Z ¢ AR

a=1 dilg  dmlq
X Z Z L(s,xX1---Xm)
x1 mod dy Xm mod d,

Xl(_l):_l X'm(_l):_l
< LX) L1 ) 1%,
where s = o +it, 1/2 <o < 1.

Proof. For any complex number s = ¢ + it with 1/2 < o < 1, from [1]

we know that
1 & a
S0 = — me)c(s, )
— q

Applying this identity and Lemma 1 we immediately get

q

Zx(ax(w/q)sm(a,q)

a=1

d2

dilq dm|q
q
« Yo ¥ (zx i) xo (0 (52
X1 mod dy Xm mod dyy, q

x1(=1)=-1 Xm(=1)=-1

< L1, xa) - [ L(L o) 2
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T dllq dmlq ¢(d1) o ¢(dﬂl)

X D> s ) L x) P LD xm) P
x1 mod dy Xm mod dp,
x1(=1)=-1 Xm(—1)=—1

This proves Lemma 2.
LEMMA 3. Let ¢ > 3 be an integer, let x denote an odd Dirichlet character

modulo d with d|q, and x1 be any Dirichlet character modulo q. Then for
any fized positive integer m, we have the asymptotic formula

x mod d
x(=1)=-1

- §¢(d)L(m +1/2,x0) [ [ <1 - plg> T O(;gexp <1§gk1)§gdd>>'

pld
Proof. For simplicity we only prove the statement for m = 1. Other
cases are similar. Let A(y,X) = >_,.,<, X(a), X be any odd character mod-
u}llo d, and let x2 denote the principal character modulo ¢q. If xx1 # Xg,
then

B xxi(n) 17 Ay, xx)
L(1/27XX1) - n1/2 + 5 S y3/2 dy?
1<n<d a
x(n) | T Ay, x
Ll,x)= Y ( )+S (2 ) ay,
n Yy
1<n<d a
so that
(6) > L(1/2,00) L1, X))
x mod d
x(—1)=-1
XX1#X
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Note that for (Imn,d) = 1, from the orthogonality relations for character

sums modulo d, we have

(7)
x mod d
x(—=1)=-1

1¢(d)  if In=mmod d,
—3¢(d) if In = —m mod d,
0 otherwise.

Now we can use (7) to estimate each term on the right side of (6). First we

have

(8) >

XX1
[1/2
x mod d 1<i<d
x(=1)=-1

DD MBI et

1<i<d 1<m<d 1<n<d
In=m (mod d)

ZX

)(m

2.

Z5)

LYoy oyl

1<i<d 1<m<d 1<n<d \fmn
In=—m (mod d)

) Vixa(l)
> X
1<i<d 1<m<d 1<n<d

In=m (mod d)
In>d

d : Vil
PP

1<l<d 1<m<d 1<n<d

o) sy oy Y

1<i<d 1<m<d 1<n<d
In=m

d : Vil
T T

1<l<d 1<m<d 1<n<d

In=d—m In=—m (mod d)
In>d
Note that
! / \/Z 1 l
© Sy Yy Ve
1<Il<d 1;m:1d 1<n<d
L (d) = Lo Vxa(n)
2 ; t2
d) = 2onpe VNX1(n) NPT
_¢(2); | i +o<¢(d)t:d tg/'g )
P(d) (= xa(t) [~ 1 ¢(d)
() (X 5e) +o(57)

2
= Toar(5o)
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oo 40y 3 oy el

Imn
1<i<d 1<m<d 1<n<d
In=m (mod d)
In>d

ey Yy Yl

Imn
1<u<d 1<l<d 1<m<d 1<n<d

In=ud+m
~o(s ¥ % i)
1<u<d 1<m<d ’LL + m)m
1
:0(¢ ):O(Mlog2d>
\[ 1<u<d 1<m<d mu \/&
and
¢ / / \/ZXI(Z)
(11) 2 Z Z Z Ilmn
1<i<d 1<m<d 1<n<d
In=d—m
- Y 0y oy
2 1<i<d 1<n<d ln n\/ 2 1<i<d 1<n<dl
1<In<d/2 d/2<in<d
([ o(d) o(d) Vdr(d —u)
=0 d Z Z n\/ +0 d Z U
1<l<d 1<n<d 1<u<d/2

(
_ ( log? d) <¢\(/(§ exp <1§;T§gdd>)
= O< \/g) xp (1(?;;5;61))7

where 7(d) is the divisor function and 7(d) < exp ( log d ). Similarly,

(12> Z Z Z/ \/Xl

Ilmn
1<i<d 1<m<d 1<n<d

In=—m (mod d)
In>d

ZZ\[XI

2<u<d 1<m<d

:O(¢(d) >y ﬁ):o(gs%) 10g2d>.

1<u<d 1<m<d
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From (8)—(12) we obtain

Wy (x sy ) (y )

x mod d 1<i<d <m<
x(—=1)=-1

XX1#X0

- E (25, ) e

x mod d 1<i<d
x(=1)=-1

()L 2) oo (2228,
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d)

It is clear that xx; is also a character modulo g. So in the following, we can
assume d < y < ¢q. Then from (7) and the properties of characters we have

w o (55 )

x mod d 1<n<d 1<m<d d<l<y
x(=1)=-1
XX1#X0
/ / s x1(l) —
= > > > x(n)x(m)
mn
1<n<d 1<m<d d<I<y x mod d
x(=1)=-1
XX17EX0
X
<o Y Y Y ey Y oy ub
1<i<q 1<n<d 1<m<d 1<l<q 1<n<d 1<m<d

In=m (mod d)

K ¢ Z Z ——i—gﬁ log2d

1<n<d 1<m<d

d
< (Nﬁd() log? d + ¢(q) log® d < qlog®d.

Similarly, we have

m Y (ZY)(E @) X )

x mod d 1<n<d d<a<yi d<b<ys
x(—=1)=-1
XX1#X 0

/ / / 1\a _
=D 3D DD MR SN0
1<n<d d<a<y; d<b<ys x mod d
x(—=1)=-1
XX17X0
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UMD SR D 3D S S

l<n<d 1<a<q 1<b<d 1<n<d 1<a<q 1<b<d
an=b (mod d)

< ¢(d Z Z —+d> d(d)logd < ¢(q)o(d)logd < gdlogd

1<a<q 1<n<d

(a,q)=1
and
aw > (X xva@)( X @) X x0)
x mod d d<a<yi d<b<ys d<c<ys
x(—1)=-1
XX1#Xo
T > xS x(ab)x(o)
d<a<y; d<b<lys d<c<ys x mod d
x(=1)=-1
XX1#XY
<o) D DT DT+ Do D> Y1
1<a<q 1<b<d 1<c<d 1<a<q 1<b<d 1<e<d

ab=c (mod d) (a,q)=1 (b,d)=1 (c,d)=1

<o(d) Y Y 1+d(a)e*(d) < da)d?(d) < gqd®.

1<a<q 1<b<d
(a,q)=1 (b,d)=1

Thus from (14)-(16) we get

oz (2 ><s>

x mod d 1<n<d 1<m<d
x(—1)=-1
XX1#X)
- S y3/2 m XX1 Y
d xmodd 1<n<d 1<m<d d<i<y
x(=1)=-1
XX17X Y
glog’d | ) (q 2 >
O —=log~d
3 2 )
~of 1t an) =0 (s
A T Ay, X
w5 () (e
Xmodd 1<n<d d Yy d Yy
x(—=1)=-1

XX1#X )
= 0| —=logd
= \/, og ,
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oz, () () (4

x mod d d d
x(—1)=-1
XX1#Xo

:O<\(/1alogd>.

Using the same method of proving (17) we also have

0 > ( Xlxll/gz)> <1 gﬂ; d X;n)) (S A(zy/;x) dy>

x mod d 1<Il<d
x(=1)=-1
XX1FEX0
1 xa( _
S E10 3D YD ME - SRR
d 1<i<d 1<n<d d<m<y x mod d

x(=1)=-1
XX17X

1 (1
(MY Y Y n)ro(h Y Xy M)
1<i<d 1lzﬁfnd 1<m<d 1<i<d 1<n<d 1<m<d

o8 3 ) o) -o{ o)

o 5 (5140 (4000

x mod d
x(=1)=-1
XX1#X Y

Combining (6), (13) and (17)—(21) we obtain

Z L(1/27X1X)|L(17X)‘2

x mod d
x(=1)=-1
= > L(1/2,x00/L(L 0 + O(g"*log” d)
x mod d
x(—1)=-1
XX1#X Y
72 1 q 2logd
= —¢(d)L(3/2 1-—=|+0(—= .
o) </,X1>H( 5)ro( Lew (2E))

This completes the proof of Lemma 3.
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LEMMA 4. Let ¢ > 3 and m be positive integers, and let x be any Dirichlet
character modulo q. Then

q

> x(a)¢(1/2,a/q)S™ (a,q)

a=1

m+1/2 31
q 0gq
L 1/2 m .
(12)m (m + / 7X> + O <q €xp (10g 1qu>>

Proof. Note the estimates

S LR _12¢<> qzi@m ( ogq>

yodd log log q
x(—1)=-1

and the identity

S (1-5) =

Applying Lemmas 2 and 3 repeatedly we have

Z ¢(1/2,a/q)S™ (a,q)

a=1
ql/Z*mZ 5 a3...d2,_,
w2m ¢(d1) R ¢(dm_1)
dllq dm—l‘
d2
D SIS S O
x1 mod dy Xm—1moddm_1 dm|q
x1(—1)=-1 Xm_1(=1)=—1
(0D EA/200a - ) L X)) B ) L X1
Xm mod dy,
Xm(_l):_l
gl/zm d2

= ol 2 g :::Jd;_l)

dllq d7n 1\(1

x> Z IL(1,x1) ... |L(1, Xom—1)|?
x1 mod dy Xm—1mod dy,—1
x1(=1)=-1 Xm—1(—1)==1

) 3logq
) - 3/2
{12 L(3/2,xx1---X 1)+O<q xp <log10gQ>)}



Hybrid mean value 151

m+1/2 31
q m 0gq

= L 1/2 .
DR (m+1/ ,X)+O<q exp <10glogq>>

This proves Lemma 4.

3. Proof of the Theorem. In this section, we complete the proof of
the Theorem. Let ¢ > 3 be a positive integer. Then from the orthogonality
relation for character sums and Lemma 4 we have

(22) 37 A(1/2.0/9)5* (a,0)

a=1
- S |3 w2 /5™ @)
xmodgqg a=1
5 2 |t (o0 (et )|
- L Lm+1/2,x)+0(q™ex
¢(Q)szmiq (12)m ( /2% TP loglogg
LSS Lt 1/2.00P
= m+1/2,x
(12) o) £,
2m+1/2 31
q 0gq
+O< Lim+1/2,x)|ex < ))
e Xn%q!( /2, x)| exp o log ¢

Using the method of proof of Lemma 3 we easily get the asymptotic
formula

1
@) X 1+ 172008 = cm+ 16 [T (1= S ) +00)
x mod g plg
and the estimate
(24) > IL(m+1/2,x)] < 6(q).
x mod g
Finally, from (22)—(24) we obtain the formula of the Theorem.
NOTE. It is clear that using the method of proof of the Theorem we can

also get the following more general conclusion: For any 1/2 < o < 1, we
have

I M'@

2m—+420
2m i ot
(0,a/q)S™(a,q) = (12)2n ¢(2m + 20) g <1 p2m+20>

4 10 q2m+0' exp 310gq ]
loglog g
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