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1. Introduction. Let p be a prime number. Let A and B be two
nonempty subsets of Z/pZ. We write |A| for the number of elements in the
set A. The sumset A+ B is the set of all sums a+ b where a € A and b € B.

If there exist elements a,d € Z/pZ such that

A={a+id|i=0,1,...,|A] -1},

then A is an arithmetic progression with difference d (or a d-progression). If
A is a d-progression with one term removed, then A is an almost-progression
with difference d (or an almost d-progression). If A is the union of
two d-progressions, then A is a double-progression with difference d (or a
double d-progression). Note that an arithmetic progression is also an almost-
progression, and that an almost-progression is also a double-progression.

A basic result on sumsets mod p is the following well known theorem.

THEOREM 1 (Cauchy-Davenport). |A + B| > min(p, |A| + |B| — 1).

This theorem was proved by Cauchy [1] in 1813 and rediscovered by
Davenport [3], [4]. Both proofs were transformation proofs. Cauchy used a
transform which is essentially the transform called the “Dyson e-transform”
by Mann [7, p. 5] and the “e-transform” by Nathanson [8, p. 42]. Davenport
used a quite different transform.

The Cauchy—Davenport theorem is an example of a direct addition theo-
rem mod p. The corresponding inverse problem is to describe the structure
of those sets A, B for which the cardinality of the sumset A + B is small.
The first nontrivial inverse theorem mod p was found by Vosper [9]. The
essential part of Vosper’s theorem is as follows.

THEOREM 2 (Vosper). Suppose that |A|,|B| > 2, and that
|A+B|=|Al+|B|-1<p—2.

Then A and B are arithmetic progressions with the same difference.
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Vosper first used the Davenport transform in the proof of this result.
Later he presented in [10] a simpler proof using the e-transform. Another
transform was used by Chowla, Mann, and Straus in [2], where they also
gave a nice application of Vosper’s theorem to diagonal forms over Z/pZ (cf.
[7, Chap. 2], [8, p. 57]).

In this paper we use, among other things, the Davenport transform to
give an elementary proof of the following theorem, which goes one step
beyond the theorems of Cauchy—Davenport and Vosper.

THEOREM 3. Suppose that |A|,|B| > 3, and that
(1) T<|A+B|=|A|+|B|<p-—4.
Then A and B are almost-progressions with the same difference.

This can again be seen to imply the following: Suppose that |A|, |B| > 3,
and that (1) holds. Then one of A and B is a d-progression while the other
is an almost d-progression, or that A = {a,a+2d,a+3d,...,a+ |A|d} and
B={b,b+2d,b+3d,...,b+ |B|d} for some a,b,d € Z/pZ.

Using exponential sums and analytic methods, Freiman [5], [6] proved
a beautiful inverse theorem for sumsets of the special form A + A (cf. [8,
Theorem 2.11]).

THEOREM 4 (Freiman). Let r be an integer, 0 < r < 2|A| — 2. If
A+ Al =2/A|—1+7r and |A| <p/35,
then A is contained in an arithmetic progression with |A| 4+ r elements.

For certain applications it is of interest to relax the condition |A| < p/35.
If » = 0, Theorem 2 shows that this condition can be replaced by [A| <
%(p —1). If r = 1, Theorem 3 shows that the condition can be replaced by

[Al < 5(p—5).

2. Preliminaries. Throughout this paper A and B will be nonempty
sets of residue classes modulo p. The sumset A+ B was defined in Section 1.
We put 2B = B+ B. We write A — B for the set of differences a — b, a € A,
b € B, and we also put x = B = {z} £ B for a residue class x. We write A\ B
for the complement of B in A. If r is an integer, we shall on some occasions
feel free to write r for the residue class modulo p represented by r.

For residue classes z # 0 and y, the set tx A+y ={xa+y|a € A} is
an affine image of A. Most of the results below on sumsets A + B are such
that if there are residue classes = # 0,y, z such that a result holds for the
affine images x * A 4+ y and z * B 4 z, then the result is also true for the
sets A, B. This is the reason why it is on many occasions sufficient to prove
a result for some special choice of an affine image of A or B.
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We shall say that a nonempty set Y C A is a d-component of Aif Y is a
maximal d-progression contained in A. Thus Y # () is a d-component of A
if and only if the following two conditions hold:

(i) Y is a d-progression,

(ii) if C is a d-progression such that Y C C' C A, then Y = C.

Clearly, a set A has a unique partition into d-components. By consider-
ing the residue classes mod p as points on a circle, one readily makes the
following observations:

(I) 40,1} + A| < |A| + 1 if and only if A is a 1-progression.
(IT) [{0,1} + A| < |A] + 2 if and only if A is a double 1-progression.

(III) If |A] < p — 3, then |{0,1,2} + A| < |A| + 2 if and only if A is a
1-progression.

(IV) If |A| < p—4, then [{0,1,2} + A| < |A|+ 3 if and only if A is an
almost 1-progression.

(V) If |[A] < p—1, then |{0,1} + A| = |A| + k, where k is the number
of 1-components of A.

LEMMA 1. Let |B| > 3, and suppose that
2) A+ B <A+ Bl <p—1.
Also assume that B is a d-progression. Then A is an almost d-progression.

Proof. It is sufficient to prove the result for d = 1, and we can as-
sume that B = {0,1,...,|B| — 1}. Then B = {0,1,2} + B’, where B’ =
{0,1,...,|B| —3}. By (2) and Theorem 1, we have

p—1> |A|+|B| > [A+B| = |A+{0,1,2} + B'| > |A+{0,1,2}| +|B| -1,

and since |B’| = |B| — 2, we have |A + {0,1,2}| < |A4| + 3. By (2), we also
have |A| < p—4. Hence, by observation (IV), A is an almost 1-progression. m

LEMMA 2. Let |B| > 2, and suppose that
(3) |A+ B| < |A|+|B|<p-1.
Also assume that B is a d-progression. Then A is a double d-progression.

Proof. If |B| > 3, this is clear by Lemma 1. If | B| = 2, we can assume
that B = {0,1}. Then, by (3), we have |[A 4+ {0,1}| < |A| +2, and A is a
double 1-progression by observation (II). m

LEMMA 3. Suppose that A+ B is a d-progression such that
(4) |A+ B| < |A[+|B| <p-3.

Then A is an almost d-progression.
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Proof. We prove the result for d = 1. Using (4), observation (III), and
Theorem 1, we get

p—1>JA|+|B|+2>|A+B|+2>{0,1,2} + A+ B|
= ’{07172}+A|+|B‘ _1a
so that [{0,1,2} + A| < |A]|+3, and the result follows by observation (IV). m

3. An inverse theorem. In this section we prove the following inverse
theorem mod p.

THEOREM 5. Suppose that |B| > 2, and that
(5) |A+ B|=|A|+|B| <p-—4.
Then A is a double-progression.

Proof. Suppose that there exist pairs (A, B) such that |B| > 2, (5) is
satisfied, and A is not a double-progression. Choose such a pair where |B]| is
minimal. It is no restriction to assume 0 € B. Then A+ B C A + 2B. Since
A+ B # 7Z/pZ and B generates Z/pZ, we have A+ B # A+ 2B. Putting

X = (A+2B)\ (A+ B),

we thus have X # ().
For x € X, let

B;={beB|x—-be A+ B}, B,=DB\DBj.

Then 0 € BE # (), and 0 € B, # B. (Here B, is the transform of B employed
by Davenport in his proof of Theorem 1.)
Moreover, it is easily seen that

(A+B,)U(x—B)CA+B, (A+B;)N(z—B}) =10,

so that

|A+ B| = |[A+ Bs| + & — B;| = |A+ Be| + |B| — | B|.
Thus we have

p—4>[A[+|B]=|A+ B| > [A+ By| +[B| = | By,
so that

|A+ B,| < |A|+ |Bs| <p—5.
By the minimality of |B|, we thus have B, = {0} for any x € X. Hence
B:=B(z€X),

where B’ = B\ {0}.
Thus X — B’ C A+ B, and we see that

AU(X—-B)CA+B and AN(X-B)=0.
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Hence, using (5) and Theorem 1, we get
| Al + |B| = |A+ B| = |A] + |X — B| = |A| + |X| + |B| - 2,
that is, | X| < 2.
Now we have
2> |X|=|A+2B|-|A+B|>|A+2B|—-(p—4),

so that |[A +2B| < p — 2. By Lemma 2, B is not an arithmetic progression.
Since |A + B| > 2, Theorems 1 and 2 thus give

|A+2B| > |A+ B|+ |B],
so that
2> |X|=]A+2B|-|A+ B| > |B]|,

which contradicts the fact that B is not an arithmetic progression. m

4. More lemmas
LEMMA 4. Suppose that |A| > 3, and that
(6) A+ B|=|Al+|B|<p—4.

Also assume that A is a double 1-progression. Then one of the following
holds.

(i) B is a double 1-progression.
(ii) A and B are almost-progressions with the same difference.
(iii) |A| = 3, B has three 1-components By, B2, Bs, and there ezists an
a € A such that A+ B has the three 1-components a+{0,1}+ B;, i = 1,2,3.

Proof. If A is a d-progression, then, by Lemma 1, B is an almost d-
progression. We therefore assume that A is not a d-progression for any d. In
particular, A has two 1-components A1, As, |A1| < |Asgl.

We also assume that (i) is false, so that B is not a double 1-progression.
Thus B has at least three 1-components, and by observation (V),

(7) {0,1} + B| = [B] +3.
We look separately at the cases |A;] > 2 and |4;| = 1.

CASE 1: |A1| > 2. Then A = {0,1} + A’, where |A'| = |A| —2 > 2. By
(6), Theorem 1, and (7), we have

p—4=|Al+|B|=[A+B|=|A+{0,1} + B
> [A'[+ [{0,1} + B| = 1 = |A] + |B],
so that
|A" + ({0,1} + B)| = |A’| + ]{0,1} + B| -1 < p — 4.
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Hence, by Theorem 2, both A’ and {0, 1} + B are d-progressions for some
d. Thus A+ B = A"+ {0,1} + B is a d-progression, and, by Lemma 3, (ii)
holds.

CASE 2: |A1] = 1. Then there is an a € A such that Ay = a +
{0,1,...,]A|—2}. Thus Ay = {0,1} + A%, where A, =a+{0,1,...,|A| -3}
and |A5| = |A] — 2.

By (6), Theorem 1, and (7), we have

p—4=|Al+|B| = [A+ B| > |42 + B| = [4; + {0, 1} + B

> AL +1{0,1} + B|—1>|A|—2+|B|+3—1=|A| +|B].
We see that A+ B = As + B. We also have |{0,1} + B| = |B| + 3, so that,
by observation (V), B has three 1-components By, Bs, Bs. Moreover,
p—4>|A5+{0,1} + B| = |A5| + [{0,1} + B| — 1.

If |A| > 4, then |A}| > 2. Hence by Theorem 2, both A} and {0,1} + B
are d-progressions. Thus A+B = As+B = AL+{0,1}+ B is a d-progression,
and by Lemma 3, (ii) holds.

Finally, suppose that |A| = 3. Then A is not an arithmetic progression.
If

{0,1} + A+ B| < |A+ B| +2,
we thus have by (6), Theorems 1 and 2, and (7),
p—2>3+|B|+2=|A+B|+2>[{0,1} + A+ B|
> [A[+[B +{0,1}| = 3+ |B[ + 3,
a contradiction. Hence,
{0,1} + A+ B| > |A+ B| + 3,

and, by observation (V), A + B has at least three 1-components. Now,
A+B=Ay4+ B =a+{0,1} + B =U._,(a+ {0,1} + B;). Since each
set a + {0,1} + B; is a l-progression, A + B has the three 1-components
a+{0,1}+B;,1=1,2,3. =

LEMMA 5. Let |A|,|B| > 3, and suppose that
7<|A+B|=|A|+|B|<p-4.

Also assume that A is an almost-progression. Then A and B are almost-
progressions with the same difference.

Proof. Suppose that A is an almost 1-progression, and that A and B
are not almost-progressions with the same difference. By Lemma 1, neither
A nor B is an arithmetic progression. In particular, A has two 1-components
Ay, A, |A1] < |Az|. We look separately at cases (i) and (iii) in Lemma 4.
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We first consider (i). Then B is a double 1-progression. Since B is not an
arithmetic progression, it has two 1-components By, Ba, |B;1| < |Bz|. Since
|B| > 3, we have |Bg| > 2.

We have

(8) A+ B=(A1+B1)U(A2+ B1) U(A+ By).
Both A; + By and A; + By are l-progressions. Since A is an almost 1-
progression and B> is a 1-progression with at least two elements, we also find
that A+ By is a 1-progression. Thus A+ B has at most three 1-components.

By Lemma 3, A+ B has at least two 1-components. Thus A+ B has two
or three 1-components. If they are three, then they are given in (8). Then
we must have |B;| = 1, for otherwise (41 + By)U (A2 + B1) = A+ By would
be a 1-progression. We have

|A+ By| = |A| + |Bz2| = |A| +|B| -1,
and
|A|+ |B| = |A+ B| =|A1 + Bi| + |A2s + Bi| + |A + By|
= |Ay| + |As| + |A| + |B| — 1 = 2|A| + |B| — 1 > |A| + |B| + 2,

a contradiction. Thus A + B has two 1-components.

By observation (V), we have [{0,1}+ A| = |A|+2 and [{0,1}+ A+ B| =
|A + B| + 2, so that
p—2>{0,1} + Al + |B| = |A| + [B| +2 = |4+ B| +2 = [{0,1} + A+ B|;
that is,

{0,1} + A+ B|=|{0,1} + A|+|B| <p—2.

Since A is an almost 1-progression, {0,1} + A is a 1-progression. It follows
by Lemma 1 that B is an almost 1-progression, which is a contradiction.

We now consider case (iii) of Lemma 4. Then |A| = 3 and |B| > 4. Let
the three components of B satisfy |By| < |Bz| < |Bs|. Then |Bs| > 2, and
A+ Bs is a 1-progression contained in some 1-component a + {0, 1} + B; of
A+ B. Thus we have

1+|Bi| = |a+{0,1} + Bi| > |A + Bs| = 3+ |Bs|,

a contradiction. m

LEMMA 6. Let |Al|,|B| > 3, and suppose that
(9) |A+ B|=|A|+|B| <p-—4.

Also assume that both A and B are double 1-progressions, and that B is
not an almost 1-progression. Let A1 be a 1-component of A, and let By, Bs
be the two 1-components of B. Then A1 + By and Ay + By lie in distinct
1-components of A+ B. Moreover,

(10) Ai > 3|4 - 1.
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Proof. By Lemma 1, A is not a 1-progression. Thus A has one more
1-component Ay = A\ A;.

Suppose that A; + B; and A; + By are contained in one 1-component
C of A+ B. We can assume that A; = {0,1,...,]|A41] — 1}. Since C is a
1-progression containing A; + B and B is not an almost-progression, it is
then easy to see that
(11) C| = [As] + [B] + 1.

If C = A+ B, then A+ B is a 1-progression, so that, by Lemma 3, B is an
almost 1-progression, a contradiction. Thus A + B contains a 1-component
C'#£C.

We have

A+ B= (A1 4+ B1)U (A1 + B2) U(Ay + By) U (As + Bs),

where (A; + By) U (A1 + B2) € C, and both As; + By and Ay + By are
1-progressions. Either for ¢ = 1 or for ¢ = 2, we have A; + B; C C’, so that,
by (9), (11), and Theorem 1,
p—42A[+|B| = |C| +|C'| = |[A1] + |B| + 1 + |A2 + B
> |Ai| + [Bl+ 14 |Az| + [Bi| — 1 = |A| + |B| +|Bil,
hence |B;| < 0, a contradiction. Thus A; + By and A; + Bs lie in distinct
1-components of A + B.
Moreover, by Theorem 1, we now have
p—4=|A[+|B| = [A+ B| > |A1 + Bi| + [A1 + Ba| > 2[Ay| + |B| - 2,
so that |A| > 2|A;|—2. This also holds for the other 1-component Ay = A\ A;
of A, so that |A| > 2|A\ A;| — 2, and (10) follows. =
LEMMA 7. Let |A|,|B| > 3, and suppose that
T<|A+B|=|A|+|B|<p—4.

Let Aq, Ay be the distinct 1-components of A, and let By, By be the distinct
1-components of B. Also suppose that B is not an almost d-progression for
any d. The 1-components of A+ B are then (A1 + B1) U (As + B2) and
(A2 + Bl) U (A1 + Bg)

Proof. We can assume that |A;| > |As| and |B;| > |Bz|. By Lemma 6,
Ay + By and Ay + Bs lie in distinct 1-components of A + B, so that A+ B
has at least two 1-components.

Suppose that A+B has at least three 1-components. A third 1-component
must then contain Ay 4+ B; for ¢ = 1 or 2, and using Theorem 1, we get

p—4>|A|+|B| > |A1 + Bi| + |A1 + Ba| + |As + By
> Ay + |Bi| = 14 |A1| + |B2| = 1+ |As| + |B;| — 1
> |Al + |B| + |A1] + | Bz| = 3,
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so that
(12) |A1| + | Bs| < 3.

By Lemma 5, since B is not an almost-progression, neither is A. Hence,
by symmetry, we also have

(13) [ A2 +|B1| <3,

and adding (12) and (13), we get |A| + |B| < 6, which is against the hy-
potheses. Therefore, A + B has exactly two distinct 1-components C7, Cs.

Assume that Ay + B; C C7 and A; + By C Cy. By Lemma 6, A1 + B,
and As + By lie in distinct 1-components of A + B. Thus As; + B; C Cs.
Simﬂarly, A2 + BQ Q Cl. ]

LEMMA 8. Let |A|,|B| > 3, and suppose that
7<|A+ B|=|A|+ |B| < min(p — 4,8).
Then B is an almost-progression.

Proof. By Lemma 5, if A is an almost-progression, so is B. Therefore it
is sufficient to show that one of A and B is an almost-progression. We can
assume |A| > |B|. Then |A| > 4. Also assume that neither A nor B is an
almost-progression.

By Theorem 5, A is a double d-progression for some d. We can assume
that d = 1. Thus A is a double 1-progression. By Lemma 4, so is B.

After some suitable affine transformations of A and B, we get to consider
the following cases.

Case I: |A| =4,|B| = 3.
Case 1.1: A =4{0,1,2,u},B = {0,1,v}. By Lemma 7, A + B has the
two 1-components
C,={0,1,2,3}U{u+v}, Cr={u,u+1}U{v,v+1,v+2}
We have |Cy| + |Ca| = |A+ B| = |A| + |B| = 7. Since p > 11, we have
|C1| > 4 and |Cy| > 3; thus |Cy| = 4 and |C2| = 3. By looking at C;, we see
that v +v =0,1,2, or 3. From Cs, we see that u =v or u = v + 1.
If u = v, then 2v = 0,1,2, or 3. Since v # 0,1, we have v = 1/2 or
v =3/2, and
B=1{0,1/2,1} ={0,d,2d} or B =1{0,1,3/2} ={0,2d,3d},

where d = (p + 1)/2. This contradicts the fact that B is not an almost-
progression.

If u=v+1, then 20 +1 = 0,1,2, or 3, so that v = +1/2. Thus
B ={-1/2,0,1} = {b,b+d,b+3d} for b = (p—1)/2,d = (p+1)/2, or
B =1{0,1/2,1}, and again we have reached a contradiction.
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Case 1.2: A ={0,1,u,u+ 1}, B = {0,1,v}. By Lemma 7, A+ B has
the two 1-components
Ci={0,1,2} U{u+v,u+v+1}, Cy={u,u+1l,u+2}U{v,v+1}.

We still have |Cy |+ |Cs| = 7. By symmetry, we can assume that |C| > |Ca|.
Then |Cq]| = 4,|C2] = 3. We see that w +v = —1 or 2, and that u = v
oru=v—1 If u =, we find that B = {—1/2,0,1}, a contradiction. If
u=wv—1, then B ={0,1,3/2}, which is also a contradiction.

Casg II: |A| = 5, |B| = 3. Let A1, Ay be the two 1-components of A,
|A;| < |Az|. By Lemma 6, we then have [A;] > 3|A] — 1 = 3/2, so that
|A1] > 2; hence |A;]| =2 and |As| = 3. Thus we can assume that

A={0,1,2,u,u+1}, B=1{0,1,v}.
By Lemma 7, A + B then has the two 1-components
Cy=40,1,2,3}U{u+v,u+v+1}, Co={u,u+1l,u+2}U{v,v+1,v+2}.

We have |C4|+|C2| = |A+B| = |A|+|B| = 8. Clearly, we also have |Cy| > 4,
|Cs] > 3.

Casg I1.1: |Cy| = 5, |C2| = 3. We have u +v = —1 or 3, and u = v.
Then B = {—1/2,0,1} or B = {0,1,3/2}, a contradiction.

Caskg I1.2: |Cy| = |C2| = 4. We have u+v = 0,1, or 2, and u = v + 1.
If u=v—1, we have B ={0,1/2,1} or B = {0, 1, 3/2}, a contradiction. If
u=v+1, we have B ={—1/2,0,1} or B = {0,1/2,1}, a contradiction.
Caskg III: |A| = |B| = 4.
Casg II1.1: A = {0,1,2,u}, B ={0,1,2,v}. By Lemma 7, A+ B has
the two 1-components
C, ={0,1,2,3,4} U{u+v}, Cy={u,u+1,u+2}U{v,v+1,v+ 2}

We have |Cy| + |C2| = 8,|C1| > 5,|Cs2| > 3, so that |Cy| = 5,|Cs| = 3. Thus
u+v=0,1,23, or 4, and u = v. It follows that v = 1/2 or 3/2, so that
B =1{0,1/2,1,2} or B =1{0,1,3/2,2}, a contradiction.

Cask I11.2: A={0,1,u,u+1}, B=1{0,1,2,v}. Similarly to Case III.1,
we find that B ={0,1/2,1,2} or B = {0, 1,3/2,2}, a contradiction.
Case I11.3: A ={0,1,u,u+1}, B=1{0,1,v,v+1}. By Lemma 7, A+ B
has the two 1-components
Cy={0,1,2} U{u+v,u+v+1,u+v+2},
Cy =A{u,u+ L,u+2} U{v,v+1,v+2}.

By symmetry, we can assume that |C1| > |C3|. We have |Cy] + |Cs| = 8,
and |Cy| > 3.
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Casg II1.3.1: |C1] = 5, |C3| = 3. We see that u + v = £2, and that
u = v. Thus v = 41, which is impossible.

Cask I11.3.2: |Cy| = |Cy| = 4. We have u +v = £1, and u = v + 1.
If u=v—1, we get v = 0 or 1, which is impossible. If u = v + 1, we get
v = —1 or 0, which is also impossible. =

5. Proof of Theorem 3, concluded. Assume the theorem is false, and
let (A, B) be a counterexample with |A| 4 | B| minimal and |A| > | B|. Then
(1) holds, |A| > 4, |B| > 3, and A and B are not almost-progressions with
the same difference. By Lemma 5, neither A nor B is an almost-progression.

By Theorem 5, A is a double d-progression for some d. We can assume
d = 1. Thus A is a double 1-progression. By Lemma 4, so is B.

Let Ay, Az be the two 1-components of A. By Lemma 8, we have |A| +
|B| > 9, so that |[A| > 5. By Lemma 6, we have |A;| > $|A] — 1 > 3/2,
so that |A;| > 2 for i = 1,2. Hence, A = {0,1} + A", where A’ is a double
1-progression with |A’| = |A] —2 > 3.

Let k be the number of 1-components of A" + B. If k = 1, then A’ + B
is a 1-progression, and so is A+ B = {0,1} + A’ + B. By Lemma 3, A is an
almost-progression, a contradiction. Hence k£ > 2.

Since |A’| > 3 and B is not an arithmetic progression, we have by (1),
observation (V), and Theorems 1 and 2,

p—4>|Al+|B|=|A+ B|=1{0,1} + A" + B
=|A"+B|+k>|A|+|B|+k=|Al—2+|B| +k,
so that k < 2; hence k = 2. It follows that
7T<|A+B|=|A|+|B| <p-6.

We also have |A’| > 3, |B| > 3. By the minimality of |A| + |B|, we now
deduce that A’ and B are almost-progressions, a contradiction. m
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