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Introduction. Non-vanishing of L-functions on a disc has been studied
in various contexts in the recent years. In the context of Dirichlet L-functions
P. Elliott [6] proved that there are infinitely many Dirichlet L-functions
L(s,xp) (xp is a Dirichlet character mod p (prime)) which are uniformly
bounded below by c(logp)1/2 in the disc s — 1/2| < (logp)f(lﬁ), and so
do not vanish there. This result has been improved by R. Balasubramanian
in [2]. He proved that the number of Dirichlet L-functions L(s, x,) that
do not vanish in the disc |s — 1/2| < (logp)_(He) is bounded below by
cp(log p)_Q. Also, in [3] R. Balasubramanian and K. Murty studied non-
vanishing of Dirichlet L-functions in the disc |s — o;| < 2(logp)~", where
oj =1/2+j/logpand 2 < j < (logp)/2—2. They proved that for a positive
proportion of the characters x, (mod p), L(s, x,) does not have a real zero
in the region 1/2 + ¢/logp < Re(s) < 1. Here, ¢ > 0 is an absolute constant
and p is a sufficiently large prime.

In this paper we prove an analogue of the above results in the context of
modular L-functions. We are interested in the zeros of L¢(s, x) in the criti-
cal strip k/2 < Re(s) < (k+1)/2, where L¢(s, x) is the twisted L-function
associated with the newform f and Dirichlet character y. Generalized Rie-
mann Hypothesis predicts that L¢(s,x) is non-zero in this strip. One of the
known results in the subject is given by K. Murty and T. Stefanicki [7].
They proved that at least Y'2/3~¢ quadratic twists L (s, xa) (|d| <Y, d=1
(mod 4)) attached to holomorphic newforms and Y'2/37¢ attached to Maass
newforms do not vanish inside the disc|s — sg| < (log Y)_(HE) for any ¢ > 0
and any point sg inside the critical strip (the exponent 2/3 can in fact be
improved now to 1 using improved character sum estimates of Heath-Brown
as in the work of Perelli and Pomykata [8]).

Here, we prove the following theorem.
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304 A. Akbary

THEOREM 1. Let so = og + ity be a point in the strip k/2 < Re(s) <
(k+1)/2 and let Cy be the disc with center sy and radius vy = o(1) (i.e.
ry — 0 as N — 00). Suppose that x is a fized primitive Dirichlet character
mod q such that (q,N) = 1. Then there are positive constants Co, 1 (de-
pending only on k and oo) and Cs, 4k.ry (depending on q, k, so and 7x)
such that for prime N > Cuy qrrn there exist at least Cyy,N(log N) ™"
newforms f of weight k and level N for which L¢(s,x) # 0 for all s € Cy.

The methodology of the proof is based on a comparison of mean val-
ues. In Sections 3 and 4, we derive asymptotic formulae for L¢(sy,x) and
\Lf(sf,x)\2 on average, where sy is an arbitrary point in the disc Cn. To
do this first we derive the asymptotic formulae for a fixed point sg in the
critical strip (Lemmas 5 and 7). These are analogues of the results given by
W. Duke [4] for the center of critical strip. Then an application of Cauchy’s
integral formula gives us the asymptotic formulae on a disc (Propositions 1
and 2). This technique has already been applied by P. Elliott, B. Bala-
subramanian and B. Balasubramanian—K. Murty for Dirichlet L-functions.
Finally we have to deal with the contribution of oldforms; we apply the tech-
nique developed by the author in [1] to overcome this difficulty. In Section 5
we finish off the proof of Theorem 1 by an application of the Cauchy—Schwarz
inequality.

Finally, with a slight modification of our previous results, we establish
asymptotic formulae for L¢(sf, x) and |L¢(sy, X)]2 on average, where sy is
an arbitrary point in the disc Cy with center on the critical line s = k/2+it,
and as a result we prove the following non-vanishing theorem.

THEOREM 2. Let sg = k/2 + ity and let Cn be the disc with center sg
and radius ry = 1/(log N)*t¢ (e > 0). Suppose that x is a fived primitive
Dirichlet character mod q such that (¢, N) = 1. Then there are positive
constants Cy, (depending only on k) and Cy, 4k (depending on q, k, to
and €) such that for prime N > Cy, 4 . there exists at least C,N(log N)™>
newforms f of weight k and level N for which L¢(s,x) # 0 for all s € Cy.

Acknowledgements. The author would like to thank Kumar Murty
and the referee for reading the manuscript and providing many valuable
suggestions.

2. Preliminaries. In this section we review some basic facts concerning
modular forms and set up our notation.

Let Si(N) be the space of cusp forms of weight k for I'H(INV) with trivial
character. The space Si(N) has an inner product (Petersson inner product)

o= | f@eet g

Io(N)\'H
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where H denotes the upper half-plane. For any f € Si(N) let

1) =Y apn)enz),  e(z) = &,

be the Fourier expansion of f at ico.
Let x be a primitive Dirichlet character mod ¢ with (¢, N) = 1. Then
the twisted L-function associated with f and y is defined by

o) = 35 Xsln)
n=1

The twisted L-function is given by an absolutely convergent series on
the half-plane Re(s) > (k+1)/2 and it has an analytic continuation to
the whole plane. Moreover, if f is a newform (in Atkin-Lehner sense), then
Ly (s, x) has an Euler product valid on Re(s) > (k + 1)/2 and it satisfies the
following functional equation:

k—s
(1) <q\/ﬁ av'N

)sns)Lf(s,x):sx( s ) Tl 8Ly -5

2T

where €, = sfx(N)T(X)Qq_l with e = %1 (the root number of f) which
depends only on f and 7(x) is the Gauss sum.

Let {T, (ptN), U, (¢|N)} be the collection of the classical Hecke op-
erators and let W, (¢|N) be the “WW operator” of Atkin and Lehner. In
1983 A. Pizer introduced the operators C, on Si(N) for ¢| N, such that
the action of C, on the new part of Si (V) is the same as the action of the
classical U, operators. More precisely he defined C; as

o = JUg+ WU Wy +¢* 27" W, if q|| N,
T\ Uy + WU W if ¢* | N.

Then he showed that T}, (ptN), Cy (¢|N) form a commuting family of
Hermitian operators. Using this, he proved ([9], Theorem 3.10) the following
result:

THEOREM. There exists a basis f;(z) (1 <i < dim Sk(N)) of Sk(N) such
that each f;(z) is an eigenform for all the T, and C, operators with pf N
and q|N. Let f(z) = >..- ar(n)e(z) be an element of this basis. Then
af(l) # 0 and assuming f(z) is normalized so that af(1) = 1, we have
1T, = ag(p)f for all pIN, f|Cy = as(q)f for all ¢| N, and ay(nm) =
af(n)as(m) whenever (n,m) = 1. Furthermore f(z) is an eigenform for all
W, operators, g| N. Finally, if g(z) € Sk(N) is an eigenform for all the T),
and Cy operators with p{ N and q| N, then g(z) = cfi(z) for some ¢ € C*
and some unique i, 1 <14 < dim Sk(N).
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Now let Fy be the set of all normalized (af(1) = 1) newforms in S (V)
and let Py be the basis of Si(N) given by the above theorem. The elements
of Py form an orthogonal basis (with respect to the Petersson inner product)
for Si(IV), any f € Py has real Fourier coefficient and Ly (s, x) satisfies the
functional equations (1). Moreover, we can show that the action of C, on
Sk (N)™" is the same as the action of U, (see [9], Remark 2.9). This shows
that Fy C Pn.

For the Fourier coefficients of a newform f we have the Deligne bound

jag(n)] < d(n)nlt1/2

where d(n) is the divisor function. For N prime, we have the following
estimation of the Fourier coefficients of f € Py.

LEMMA 1. Suppose N is prime and f € Pn. Then
las ()] < con®/?
where cg is an absolute constant independent of f.
Proof. Propositions 3.6 and 3.4 of [9] imply that if f € Py — Fn, then
f(2) = h(z) £ N¥/2p(Nz)
where h is the normalized newform of weight k and level 1 associated with f.

Now the result follows from the Deligne bound for the newforms (see [1],
Lemma 2.2, for the details). m

Finally, since Py forms an orthogonal basis of S (IV), the Fourier coef-
ficients of its elements are semi-orthogonal in the following sense:

LEMMA 2. Let wy = I'(k—1)/((47)* " (f, 1)) and let b6, be the Kro-
necker delta. For m and n positive integers we have the inequality

ag(m)  ag(n) 1/2—k 1/2 -
w - —Omn| < MA(N)N m,n mn)k-1
3 e o (NYNY2H am, )2 G

where M is a constant depending only on k and d(N) is the number of
divisors of N.

Proof. See [4], Lemma 1. m

3. Mean estimation. In this section we will find an asymptotic formula
for

> wrLs(ss,x)
fePN

where sy is a variable point in the disc with center sop =o0g + ity (k/2<op
< (k+1)/2) and radius ry = o(1).
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LEMMA 3. For any x > 0 and sg = oo +itg € C where (k—1)/2 < g9 <
(k+1)/2, let

1 ds
W(sg,x) = o S I'(s + s0)z™° ~

T
(5/4)
and

Ag(x,80) = ZX(n)af(n)n*SOW(so,%m/m)

n>1
where x is a fixed primitive Dirichlet character mod q with (q, N) = 1. Then

gV N ¢’N
27r> ““f»«(x”“ - 80)

k—280

I(50)L(s0,x) = Apx(2:50) + (

where €y, is the root number of L¢(s,X).
Proof. From the definition of W (sg, x) it is clear that
1 z\° ds
Afp(@,50) = o— S Ly(s+ 30:X)<2ﬂ_> I'(s + so0) 5

21
(5/4)

Changing the line of integration from 5/4 to —5/4 and using the functional
equation (1) yields

Ag(,50) = I'(s0)Ls(s0, x)
k—280 1

qv N 2wz \° ds
+ — — Lelk—s— — | I'(k—s— —.
EX( 2m ) 2 (55/4) f( 0N <q2“ ) ( s~ s0) S

Now changing variables s — —s implies the result. m
LEMMA 4. Under the assumptions of Lemma 3,

W(sg,z) < 2°° te™  as x — oo,

W(so,z) < 1 as  — 0.
Proof. We have
W(sp,z) = 1 S (Ogoe_tt“'s(’_l dt)x_s ds = OSOtSO_le_t dt
0 270 s '
(5/4) 0 z
Therefore
W (s0, )| = ‘ St‘”_le_tdt‘ < St“"_le_t dt.

Now the first result follows from the estimation of the last integral using
integration by parts. The second result is clear since |W (sp,z)| < I'(0g) as
z—0. =
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LEMMA 5. Let x be a fixed primitive Dirichlet character mod q with
(¢, N) =1 and let so = oo + ity be a point in the strip (k —1)/2 < Re(s) <
(k+1)/2. Then

Z waf(SO7X) = 1+O<|F( )|N1/2 UO(IOgN)k UO>
fE€PN

1 oo —
0 N o))

for N prime. The implied constant depends only on q and k.
Proof. Choosing z = ¢>N log N in Lemma 3 gives

N 2
Af,x( - 50) Z X(n SO_kVV(k: — 80,2mnlog N).
x
n>1
Using Lemmas 4 and 1 we have
1
<10gN >‘ Z|af )| FW (k — s0, 27nlog N)|
n>1
< Z conk/zn"o_k(Zﬂn log N)k_go_le_%” log N
n>1
k . nk/2—1
00—
co(2mlog N) Z (N
n>1
Therefore from Lemma 3 we get
I'(so) Y wrLp(so,x) = Y wpApy(z,s0)
fEPN fEPN
(T ) O (VO o ),
fEPN
From this, we have
I(s0) D wrLy(s0,x) = I'(s0)
fEPN
2mn
_ (k—1)/2—s0
- ZX ( Z Wi —1)/2 (k: 1)/2 517”>W<50’ q2NlogN>n
n>1 fEPN

2
1774 = \_r
+ <3°’ 2N log N) (s0)

—_ —0 k*O’ 71
+ (3 wr) Ogr(NOHH 2o (1og N) 70,
fePN
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Note that
9 27 /(¢®> N log N)
T
w — | =T = o tet gt
(SO’ qulogN) (¢0) § ‘

= 04 k((NlogN)~ 7).
Also, from Lemma 2 for m = n =1 it follows that
D wp=1+0(N>F),
fEPN
By applying m = 1 in Lemma 2 and using the above identities, we have
‘F(50)< Z wrLf(so,x) — 1)‘

fEPN
N1/2—/€

M, (N log N)o'o—l an—2e—2ﬂn/(q2NlogN) + MQ(N logN)—oo

n>1

+ M N ~6+k/2=00 (Jog )P0t

where M7, My and M3 are constants depending on ¢ and k. This proves the
desired result. m

PROPOSITION 1. Let sg = og + ity be a point in the strip k/2 < Re(s) <
(k+1)/2 and let I' and Cn be the circles with center (og,to) and radius
R = smin{(k+1)/2 — 09,00 — k/2} and vy = o(1) respectively. Then for
N prime

1 - 'N -
3 rtfer ) =1+ 0us (i) + O (25N )
fEPN 0 N

where sy is an arbitrary point in C.

Proof. By Cauchy’s integral formula for any sy € Cn, we have

1 1 1
Ly(sy,x) — Lyg(so,x) = i SLf(w’X)(w_sf B w—$o> dw
r

where I is traversed in the counter clockwise direction. Therefore

(2) > wiLp(sp.x) = > wrLs(s0,x)

fePN fePN

1 S(Z waf(w,X)>( 5 — %0 dw.

2mi f=h w—sf)(w— sp)

Now using Lemma 5 yields
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1 S — S0
2mi 1& (f;N orLiw)) g =) ™

3)

N —1/2
< so(IN .
_R_TNOq,k,o( )

Note that here we used the fact that

1 Sy — 8o
— dw = 0.
27Ti§(w—5f)(w—so) w=0

Applying (3) and Lemma 5 in (2) completes the proof. m

4. Mean square estimation. In this section we are going to find an
. 2 . .
asymptotic formula for the average values of |L¢(sy, x)|” where s¢ is a vari-
able point in a disc with center so = o¢ + ity (k/2 < 09 < (k+1)/2)
and radius ry = o(1). We start with writing \Lf(so,x)|2 as a sum of two
convergent series.
Let |L (50, X)]> = Yysq by (1)1 s0 that

(W by = 3 xtsxmlayolaym) (7).

mn=I

For x > 0 and sop = 09 + itg € C where (k—1)/2 <09 < (k+ 1)/2, define

) By(a,s0) = 3 W 750, 1)

1>1

(6) Z(s0,2) = % S (2m) "> (s 4 s0) (s + 5o)z™° %

i
(5/4)

Using Deligne’s bound in (4) and standard estimates for Z(sg, x) shows that

(5) is absolutely convergent.

LEMMA 6. Let f € Pn and suppose that x is a primitive Dirichlet char-
acter mod q with (q, N) = 1. For any x > 0 we have

2N k—20¢ 2N 2
IT(50) L4 (50, X)I = By (. 50) + @) sf<<q ! ks )

Proof. From (6) we have

1 —2s _ _ ., g ds
By(x,s0) = i S (2m) "*"T(s+50)T(5+50) L s (s+50, X)Ly (s+50, X) o
(5/4)

By changing the line of integration from 5/4 to —5/4 and using the functional
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equation (1) we get
2
By (x,s0) = |I'(so)Lg(s0, x)|

q2N k—20¢
+ <W> g 2m)**T'(k — s — so)'(k — s — 50)
(=5/4)

x ®ds
Lik—s—s0,%)Ls(k—s—3 - ) =
X f( S 50>X) f( $ 801X><(q2N)2> s

Now changing variables s — —s yields the result. m

We estimate Bf(zx, so) on average. From (4) and (5) it follows that

(7) Z weBg(z, s0) Z wabf Z(so,l/x)

feEPN fEPN I>1
()t
= Z>1X(n)X(m)Z(SO)mn/x) (mn)go_(k;_l)/Q
af(n)
X wy .
f;; m o=
1
= > [x(n)[*Z(s0,n” /$)m+R
n>1
where
(8)  R<NYZE 3™ Z(og,mn/a)(m,n)"? (mn) 7t
m,n>1

Note that here we are using the inequality |Z(so, )| < Z(0¢, ). This is true
since by writing I" functions in terms of integrals in (6) and interchanging
the order of integration, we have

oo o0 _
Z(So, J)) = S tio_leitl ( S eittho_l dtz) dty.
0 dn2z /[ty
Applying the triangle inequality in the above identity implies the desired
inequality.
Using the definition of Z(sg,x), the first term in (7) is equal to

1

2mi
(5/4)

where xo is the principal character mod ¢ and L(s, xo) = ¢(s) [[,,(1=1/p%).
Now we assume that o # k/2, since the integrand has simple poles at s = 0

s d
L(25 + 200 — k +1,x0)(2m) "2 I'(s + s0) (s + 5o )a* f
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and s = k/2 — 0, by moving the line of integration from 5/4 to —1/2, the
integral is equal to

9)  [I'(so 2E < p2oo— k+1)§(200_k+1)
[1,,(1 = 1/p)(2m)* 7"
+

D(k/2+ito) I (k/2—ito)a* >~ + Ogy gk (z7/?).
k — 20'0 .,

Now in (7) we estimate the remainder term R. We calculate

Z Z(09, mn/x)(m,n)"?(mn) 70 TF,

m,n>1
It is
: o —(s+00— d
B I CL R R (D D RO R U ) b

((k+1)/2) m,n>1

Note that since the integrand does not have any pole in the strip 5/4 <
Re(s) < (k + 1)/2, we can move the line of integration from 5/4 to (k + 1) /2.
From [4], Lemma 4, we know that

> (myn)*(mn) = Toom Y

m,n>1

(254200 — 2k +3/2)¢(s + 09 — k + 1)
- C(2s +2s9 — 2k +2) :

Applying this identity to the above integral and moving the line of integra-
tion from (k+1)/2 to k — og — e (¢ > 0) yields

10 VA og,mn/x)(m,n 1/2 mn (s+o0—k+1) ~ Ug k.’L'kiaO logm
0,
m,n>1

and by (8), R < N'/2=kgk=o0]og . Therefore we have

(11) Z weBg(x, o)

fEPN
I'(s0)] H( p2oo— k+1>C(2‘70_k+1)

plg
0’07]6
L= 1p)ery
k— 20’0
+ OUo,q,k(m_l/Q) + an,k(N1/2_k$k_U° log x).

(k)2 + ito) (k)2 — ito)xk/?—70
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LEMMA 7. Let x be a fixed primitive Dirichlet character mod q with
(¢, N) =1 and let sg = og + ity where k/2 < o9 < (k+1)/2. Then

> wilLs(s0,x)I

fEPN
plg
for N prime. Here, c1 depends on sg, q and k.

Proof. Choosing = ¢>N in Lemma 6 and applying (11) in it, proves
the lemma. =

PROPOSITION 2. Under the assumptions of Proposition 1,

2 1 o
> wilLslspx)* = H(l—W>C(200—k+1)+C1NW2 °

f€EPN plg

_ N

Y k/2—co+R
+ O N 0 .
0’q7k<R— N >

Here, ¢1 depends on sg, q and k.

Proof. We have

3wl P = Y wrlLp(so, 0P

fePN fEPN
2 2
< 37 wpllL(sg )17 = 1Ls(s0, )]
feEPN
< Z wlL3(sg,x) — L} (s0, x)|-
fEPN

By applying Cauchy’s integral formula and Lemma 7, the last expression
equals to

w, 57 — %0 w
2 Y FH 0 G a0 |

TN —oo
< (O (1) + Oug g (NF2700 1)),
N

This shows that
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(12) Y wylLs(s )

fePN

rN Y
- Z wy|Ly(so, X)’2 + RT<OUO’]€(1) + Om,q,k(]\fk/2 0+R))_
JEPN N

Now applying Lemma 7 in (12) completes the proof. m

5. Proof of Theorem 1. We need the following estimation of wy.

PropPOSITION 3. For N prime we have
(13 o < { (NI Le e

Proof. See [4], Proposition 4, for the case f € Fn.If f € Py —Fn then

f(2) = h(z) £ N*/2p(Nz)
as mentioned in the proof of Lemma 1. Now the result follows from the fact
that
(f, ) = (h(z) £ N*2h(Nz), h(z) £ N*/2h(Nz))

is bounded below by a constant multiple of N (see [1], Proposition 5.3 for
the details). m

Now we can prove our theorem. Set

En ={f €Pn:Ls(s,x) #0forall sin Cy}.

Proposition 1 shows that £y # 0 for large N. Now if f € Py — En we
choose sy such that L¢(sy,x) = 0. With this choice of sy for elements of
Pn — En and arbitrary choice of sy in Cy for elements of £x and applying
the Cauchy—Schwarz inequality and (13), we get

(14) ‘ > Wfo(Sf,x)‘2
fEPN
‘2

= ‘ > wiLy(ss,x)

fEEN
2
S( d>ooowrt+ Y wf)( > wrlLy(sg, )| )
feENNFN feEN—FnNn feEPN

log N
N

< <ti{f € Fn:Ls(s,x) #0forall seCy}

. 1
fePN

Theorem 1 follows by applying Propositions 1 and 2 in (14). =
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6. Proof of Theorem 2. We first establish the analogues of Proposi-
tion 1, Lemma 7 and Proposition 2 for a point s¢ on the critical line o = k/2.

PROPOSITION 1’. Let N be prime, and let I' and Cy be the circles with

center (k/2,tp) and radius Ry and ry respectively. Suppose that 0 < ry <
Ry < 1/2, and

TN R Ry N1/2
— NN (log N = .
RN (Og ) O(IOgN

Then

1 —1/2
5 o) = 15 O e v )
fEPN F(k/2 + tO)

O

where sy is an arbitrary point in C.
Proof. It is similar to the proof of Proposition 1. =

LEMMA 7'. Let x be a fized primitive Dirichlet character mod q with
(¢, N) =1 and let so = k/2 +ity. Then

1
S wplLy(k/2 + ito, 02 = [ (1 - ) log N+ 1 + Oty g k(N2 Tog N)
feEPN plg p

for N prime. Here, c¢1 depends on tg, q and k.
Proof. The proof is exactly similar to the proof of Lemma 7. The result
follows by observing that

1 _ d
— S L(25 +1,x0)(2m) 2D (s + k/2 + ito) (s + k/2 — ite)z® =
S

27
(5/4)

has a double pole at s = k/2 which contributes log N to the main term
(see [1], Proposition 4.2 for the details). m

LEMMA 8. Let I' be a circle with center (k/2,ty) and radius 0 < Ry
< 1/2, and let w be a point on (or inside) I'. Then if 0 = Re(w) > k/2,

> wplL(w, ) <o (log N)*
feEPN
and if o = Re(w) < k/2,

—20 4
§ Wil Lt (w, X)|? <h.gto N¥*727(log N)".
feEPN
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Proof. First we assume that o =Re(w) > k/2. Choosing x=¢>N log N
in Lemma 3 gives

F(w)Ly(w,x) = Y WW(% wi%)

+ Oy k(N76HF/270 (1og NYF—7T1,

Now by applying the upper bound of Lemma 1 for ay(n) and the upper
bound of Lemma 4 for W(w, ), we deduce that

x(n)ag(n) 2mn _ —5+k/2—0c k—o
> W w, FNTog N = Oy k(N (log N)*~7).
n>q2N (log N)?2

Therefore
(15)  I'(w)Lg(w,x)

_ x(n) 2mn 5 k)2
= Y W2 a0V o)),
n<q2N(log N)?
We know that for complex numbers c,,

3 wf] 3 cuap(n)) = (1+O(N"'Xlog X)) 3 0 e, |?

feEPN n<X n<X

‘ 2

with an absolute implied constant (see [5], Theorem 1). Applying this iden-
tity for

2mn
X = Ng(log N2, cp = Xy (o, 270

and using Lemma 4 imply that
2 1
3
S X enasm) =0 (aog DY M)
fE€PN n<qg2N(log N)? n<qg2N(log N)?
= Ogx((log N)*).

This together with (15) proves the lemma.
If o = Re(w) < k/2 the assertion results from the functional equation of
Ly (w,x)*. =

PROPOSITION 2'. Let N be prime, and let I' and Cy be the circles with
center (k/2,tp) and radius Ry and ry respectively. Suppose that 0 < ry <

Ry <1/2 and
’I"NNQRN _ 1
Ry ¢ (log N)3 J°
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Then
1
> wrlLs(sp 0= 11 (1 - ) log N +c1
feEPN plgq p
B ry N2 (log N)*
+ Ot k(N1 logN>+0to,qvk< T e )
N — TN

where sy is an arbitrary point in Cn and ¢y depends on to, ¢ and k.
Proof. From the proof of Proposition 2, we know that

Yo wrlLplsp 0 = Y wlLg(k/2 +it, )|

fePN fePN

1 Sf— 8o

B f dw|.

IS ) G e
fEPN I

The result follows by applying Lemma 7’ in the above identity and the
fact that by Lemma 8,

1 Sfr— 8o
- L2 f

fePN w_sf)(w_s())

< 04k (N log V).
N TN
Now in Propositions 1’ and 2’, let Ry = 1/log N and ry = 1/(log N)4*=.
We then proceed in a way similar to the proof of Theorem 1 and finally
Theorem 2 follows by applying Propositions 1’ and 2" in (14). =
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