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1. Introduction and results. In a sequence of three papers Mahler
([4]-[6]) discussed the transcendence and algebraic independence of values of
functions in several variables satisfying a certain type of functional equation.
In his survey article [7], 37 years later, he stated three new problems. The
third problem (for the first and second problem cf. Loxton and van der
Poorten [3]) dealt with implicit functional equations of the type

(1) P(z, f(2), [(Tz)) = 0

with Tz = 24, d € Z, d > 2 and a polynomial P(z,y,u) with coefficients in
Q, the algebraic closure of Q. Nishioka [8] (cf. Chapter 1.5 in [11]) solved this
problem for polynomial transformations 7. In [9] she extended her method
to functions in several variables and suitable generalizations of the transfor-
mation Tz = 2.

Becker [1] generalized the result of Nishioka to algebraic transforma-
tions T'. Topfer gave in [15] a quantitative version of Becker’s result. In that
article Topfer asked for a proof of the algebraic independence of the val-
ues of several functions satisfying implicit functional equations at algebraic
points.

In this paper we follow the proof of Tépfer [15] and derive a lower bound
for the transcendence degree of the values of functions fi,..., f,, satisfy-
ing a special system of implicit functional equations for the transformation
Tz = 2% with an integer d > 2. It should be easy to generalize the follow-
ing result to polynomial or even rational or algebraic transformations 7" (cf.
Becker [1] and Topfer [14, 15]).

For the development of Mahler’s method in the last 15 years see the
monograph of Nishioka [11] and the overview article of Waldschmidt [16] for
further references.
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2 B. Greuel

Throughout the paper let K denote an algebraic number field and Ok
the ring of integers in K. As usual we denote by [a] the house of an algebraic
number «, which is the maximum of the absolute values of the conjugates
of a. A denominator of an algebraic number « is a positive integer D such
that Da € Ok. If P(z,y1,...,ym) =: P(2,y) is a polynomial with complex
coefficients, deg, P =: d, P denotes the partial degree of P with respect to z,
deg, P =: d, P denotes the total degree in y := (y1,...,¥ym) and analogous
notations in other cases. If the coefficients of P are algebraic, the height
H(P) of P is defined as the maximum of the houses of the coefficients of P,
and the length L(P) is the sum of the houses of the coefficients. In what
follows let ¢, cg,c1,... and 7g,71,... denote positive constants which are
independent of the parameters M, N, k, ko, k1 used. For a vector u € C™ we
define |p| := |p1| + ... + |ftm] and by N and Ny we denote the positive and
nonnegative integers.

THEOREM 1. Let f1,..., fm be analytic in a neighborhood U of the ori-
gin, algebraically independent over C(z) and suppose that the coefficients of
their power series

fi(z):Zfi,ij (i:1,...,m)
7=0

belong to a fixed algebraic number field K and satisfy

W < exp(co(l + jL)) and D[CO(HjLﬂfi,j c Ok

for j € Ng and i = 1,...,m with suitable constants D € N and L > 1. Let
n e N and B:=ny-... ny,. Suppose that the functions f1,..., fm satisfy
the functional equations

njfl
(2) a(2)f; (2" = Y Pu(z, f() 1)
v=0
with polynomials a € Q[z]\{0} and Po1,...,Pn,—1,m € Qlz,y] and an
integer d satisfying d > max{g%, dy(P)}, where dy(P) is defined by
dy(P) := max{deg, (FPo,1), ..., deg,(Pn,,~1,m)}-

Assume a € Q' NU and a(adk) # 0 for all k € Nyg. Let mo be the smallest
integer satisfying

mlogd — L(m + 1)logﬂ(1 + llzgg)
mo > log 3 . '
log 3+ logd + (L(m + 1)(1+ 1225) + m)(2log 8 + log dy(P))

logd
Then

trdeg@ Q(fl(a)v s 7fm(a)) 2> mo.
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As an application of this theorem we obtain easily the following

COROLLARY 2. Under the assumptions of Theorem 1, if «, f and the
parameters d, 8 and dy(P) satisfy for m > 1 the inequality

logd,(P) 1- ﬁig (2m? —m—1+L(m+1)(1+ }gig)@m - 1))

log d (m = 1)(L(m + 1) (1 + {25) + m)

)

then fi(a),..., fm(a) are algebraically independent.

REMARKS. (i) Nishioka [8] proved the transcendence of f(«) under the
condition d* > n? max{d, deg, (P)}, where f satisfies the functional equation
(1) and n = deg, (P).

Under the hypotheses of Theorem 1 we get the transcendence of f(a)
only under the stronger condition d > max{n\/g“,degy(P)}. The reason
for this is that we have to construct a sequence of polynomials (Qk )k, <k<ki »
where the difference k1 — ko has to be relatively large (cf. Lemma 8). In the
simpler case m = 1 it suffices to find just one integer k to obtain a contradic-
tion. By an improvement of the method of proof we get the transcendence
of f(a) under the condition d > max{n?, deg,(P)}, which coincides with
the condition of Nishioka in the case d > deg,(P). Note that we have to
assume d > d,(P) only for technical reasons (cf. formula (24)).

(ii) Topfer proved in [15] a transcendence measure for f(«) under the
condition d > nmax{n, deg, (P)}.

(iii) For m > 1 and § = 1 we get the result of Nishioka [10]. In [10]
one can also find a lot of applications. For other examples in this case, but
dy(P) = 1, see Chirskii [2] and T6pfer [14].

Our next example deals with infinite products of the form

o0

Falz) = [ = 2™

=0
where d and n are positive integers with d > 2.

Let 1 <n; <...<ny (m>2). Then the functions f,, are analytic for
|z| <1 and satisfy the functional equations

fri(2) = (1 =2)fn, (2 (i=1,...,m).
Hence we have the following;:

COROLLARY 3. Let 1 < ny < ...<n,, beintegers and B :=n1-... Ny,
If v is algebraic with 0 < |a| < 1 and d is an integer with

logd > (2m?* — 1+ VAamt — 2m?2 + m)log 3,
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then the values

[Ta-a®), .. T —a®)™
j=0 §=0

are algebraically independent over Q. Under the corresponding conditions on
a, d and n we get the algebraic independence of

[T -a®), J[Q-a®)?, Hl—a
3=0 3=0 j=0

REMARK. Nishioka proved (Theorem 3.4.13 in [11]) the algebraic inde-
pendence of

[[a-a") (@=23,..)
j=0
for any algebraic number a with 0 < || < 1.

Proof (of Corollary 3). The algebraic independence of the functions
frys---s [, over C(z) will be shown in the last section.

By the remark after Lemma 4, f,,,,..., fn,, satisfy the conditions for the
houses and denominators of the coefficients in Theorem 1 for any L > 1.
Then the assumption of Corollary 3 follows immediately from Theorem 1
and Corollary 2. =

2. Preliminaries and auxiliary results. For u € Ny, p € Ni* and
fi(z) == Zio fi;?0 (i=1,...,m) we define

(3) “—Zf(“) A0 (W= N fi e fi

Vl,...,VHENO
vit...tr=j

FEP = A" o fu2) =Y 1
j=0

= S (S URSUORS ([

LEMMA 4. If m < exp(co(1 +51)) and D[CO(IHL)]fm € Ok fori=
1,...,m and all j € Ny with L > 1 and D € N, then for all u € Ny and
1 € Ng* the following assertions hold:

m <exp(ei(p+J )) D[C1(u+jL)]fi(’/jf;) € O,
(11) f;ﬁ) < exp(cz(|ﬁ| —|—jL))’ D[CQ(‘H\+jL)]f;H) € On.
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Proof. Assertions (i) and (ii) are consequences of the identities (3) and
(4) using the fact that the number of ¥ € Nf with v; +... + v, = j is
bounded by (7:’111) < 20tH

REMARK. If the functions fy,..., f,, satisfy functional equations of type
Pi(zafi(z)7fi(zd)):0 (7’:177m)
with polynomials P; € Q[z,y,u]\{0} and deg, (P;) > 1, we see that there

exist an algebraic number field K, an explicit computable constant ¢ > 0
and a positive integer D € N such that for j € Ny and all € > 0:

(1) fi,j € K’
(ii) [£3,5] < exp(e(1 + 7)),
(iii) D1+jfi’j e Ok
hold, i.e. the conditions of Lemma 4 are fulfilled for all L > 1. For a proof
of this remark see Lemma 1.5.3 of Nishioka [11] and Proposition 1 of Becker
[1] for a more general result.

LEMMA 5. For N € N there exists a polynomial R € Ox[z,y]\{0} with
the following properties:
(i) deg, R < N, deg, R < N,
(ii) log H(R) < caN(m+DL,
(iii) v := ordgR(z, f(2)) > caN™H!

for suitable constants cs,cq € Ry
Proof. Put
N
R(z,y) := Z Z mﬂz)‘gﬁ
A=0 |u|<N

with (V4 1)(N:Lm) unknown coefficients ry ,. Then

N 0o
R(z, f(2)) := Z Z mﬂzAf(z)ﬁ = Zﬁhzh (say)
h=0

A=0 |u| <N

with (cf. the identity (4))
min{h,N}

(5) Bi= > D muhih

A=0 |u[<N

Assertion (iii) is equivalent to the condition 8, = 0 for 0 < h < ¢, N™*+1,
and this yields at most [c4N™"1] + 1 equations in the

N 1
(N + 1)( :;Lm> > ﬁNHm > 2c, Nt 41
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unknowns ry , for a suitable constant cs. After multiplication with a suit-

able denominator DIe=N""™"] according to Lemma 4 the coefficients f }(L&_)/\
are algebraic integers and their houses are bounded by exp(cs(N(+™L)),
Siegel’s lemma (cf. Hilfssatz 31 in Schneider [12]) yields the assertion. m

LEMMA 6. Let v be as in Lemma 5 and [y, denote the Taylor coefficients
of R(z, f(z)) as in the proof. Then
(1) [Bn| < exp(es(h+ NUFT™E)) < exp(er(h+ ")),
(ii) |8y] = exp(—csvh).
(iii) Suppose that k € N satisfies d* > cov™ with v, N,L as above and

a suitable constant cg € Ry depending only on f and «. Then there exist
constants cio,c11 € Ry depending only on [ and « such that

—crovd® <log |R(T*(a), f(T*(@)))] < —enrvd”,

where T*(a) denotes the kth iterate of T at the point a.

Proof. From (5) we get
min{h,N}

Bh = Z Z T)\,ﬁ }(L%))\

A=0  |u|<N
This representation together with Lemma 5 and the inequality |f; ;| <
exp(7o0(j + 1)) (notice that the functions f1,..., f, are analytic in a neigh-

borhood of 0), hence ]f}(bﬁ)| < exp(1(|p| + h)) with 70,71 € Ry, implies the
first estimate of Lemma 6.
For D, L, ¢4 as above and v as in Lemma 5 we get (recall v > C4N1+m)

Dhe(N+r9lg e o
and

8] < exp(ys(NUT™E 405 4+ N)) < exp(rar”).

By a Liouville estimate we obtain the second part.
We now come to the last part of Lemma 6. By Lemma 5 we write

R(T*(a), F(T*(a))) = B (T*(a))" (1 'y ﬁ"*”(z*@)h)
h=1 Y

and by the assumption on k and the first two parts of Lemma 6 we get

S B (k@) < 3 expler(vE + h) + vt — 5hd)
h=1 "V

h=1

< Zexp(’ygyL — y7hd®) <
h=1

N
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Now the assertion follows from |T*(a)|* = exp(—9gvd*¥) and exp(—csvt) <
18,| < exp(2c;vl). m

LEMMA 7. Let S, Uy, ..., Ug € C satisfy S+ US4 ...+ Uy =0 and
—X; <log|S| < =Xy, log|Uil <Y (1<i<d)
for X1, X5, Y € Ry. Then there exists j € {1,...,d} such that
—dX1—Y —logd <log|Uj|] < —X2+Y +logd.
Proof. This is Lemma 4.2.3 of Wass [17]. =

REMARK. The examples S% + Uy = 0 and S% + U189 = 0 show that
the bounds for |Uj| cannot be improved.

The proof of Theorem 1 depends on the following result from elimination
theory, which can be found in Tépfer [13, Theorem 1] with slight modifica-
tions.

LEMMA 8. Suppose w € C™ and K is an algebraic number field. Then
there exists a constant c12 = c12(w,K) € Ry with the following prop-
erty: If there exist increasing functions 1,92, A : N — R4, real numbers
by > Py > 19, positive integers kg < k1, mo € {0,...,m} and polynomials
(Qk)ko<k<k, € Ok[y] such that the following assumptions are satisfied:

(i) 1< ¥1(k+1)/12(k) < A(k) and ¢2(k) = c12(log H(Qk) + deg, Q)
fOT ke {k}o, Ceey kl},
(ii) the polynomials (Qk)k,<k<k, Satisfy, for k € {ko,..., k1},

(a) deg, Qi < &1,
(b) log H(Qg) < Po,
(¢) —t1(k) <log|Qk(w)| < —th2(k),

(ifi) 2 (k1) > craA(kr)™0 107~  max{v1 (ko), P2},
then trdegoQ(w) > mo.

3. Construction of an auxiliary function. Since the case § =1 (i.e.
ny =...=n,;, = 1) was treated by Nishioka [10] we can assume ( > 1.

The proof is rather long, so we give a short sketch of the main steps.
In the first step we show how the powers of f(«) can be reduced by using
the functional equations. In the second step we consider R(T*(a), f(T"()))
for a polynomial R and construct by induction a polynomial Ry, with de-
grees and height depending only on the degrees and height of R and on

d, 3,dy(P) and k, such that |Ri(c, f(a))| has almost the same analytic
bounds as |R(T*(«), f(T*()))|. In the last step we use this polynomial Ry,

to construct a suitable sequence of polynomials Qr € Ok[y] satisfying the
assumptions of Lemma 8 and prove Theorem 1 by Lemma 8.
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For a real number a we define a; := max{a,0} = (a + |a|).

Let K be an algebraic number field containing «, the coefficients of
fiy.+oy fm (cf. the assumption of Theorem 1 and Lemma 4) and the co-
efficients of the polynomials a, Py 1,. .., Py, —1,m.- Without loss of generality
we can assume a € Ok[z] and Po1,..., P, —1.m € Ox[z,y].

In what follows let & € N be fixed. Under the conditions of Theorem 1
on «,d and f we put for abbreviation

7= at, Di g = fi(adﬁ) and @, = (fl(ozdm), .. .,fm(adn)).
For j=1,...,mlet P, ; := a and we define the following notations:
d.(P) = max{deg,(Fo,1),...,deg, (P, m)},
dy(f) = max{degg(PgJ) degy( Py,,.m)},
L(P) := max{L(Py1),...,L(Pn,,.m)}

LEMMA 9. Suppose that k € N and A € Ng. Then for all j =1,...,m we
have

’I’Lj—l

(a(me-0)f5 () = > P8 (i1, on1)(alme1) £ (i)'

i=0
.y | satisfying
d(PY)) < (A=) da(P),

(A
dﬁ( )S( i)+dy(D),
(A= nj)+L(£)(>\ O

with polynomials P( ; € OK[

Proof. For A € {0,...,n; — 1} we choose PZ(A)] = 0;,, where 0; 1 is the
Kronecker symbol, and the assertions are obvious.

Let now A = n; +1 for | € Nyg. We show the assertion by induction on I.
This is obvious for [ = 0 because of (2) and

(a(mi—1) fi(i))" = Z Py (Th—1, or—1)a(me—1)™ " " (a(mr—1) f5(5)),
with Pl(n) j(zy) = P j(z,y)a(z)™ 10

In the induction step the assertion follows from

(a(re—1) f5(7))™ T = (almr—1) f5(70))" T (a(7h=1) £ (Th))

=Y P L een e (alme) £ (7))

=0
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TLj—2

oD D I C NN [CIC RV 1C/)
+P,§f)_1’nj+l](7'k 1, Pk—1)(a(Te—1) f5 (7)™

= Y P L eer e (alme) fi(m))
1=0
k
Péj)—ln +l](7-k_1’fk_1)
’fLJ‘—l
x N P® (i1, pe1)(@lme) £ ()
=0
njfl
k .
= 3" P s (et on)a(me) £ (7))
1=0
So we get

k k k k
Pz(n)]—i-l—i-lg(z y) Pz( )ln —H](Z y)+P()—1n —HJ(Z y)PZ(n)J](Z y)

where P( l)n 11(2y) =0.

y induction it follows that PZ(Z) 411, € Oklz,y] and

k .
dZ(Pi(,n)j+l+1,j) < (nj +1+1-14)d.(P),

k .
dy(Pi(,n)j+l+1,j) <(nj+1+1- Z)dy(£)7

L(Pz‘(,]:z)jﬂﬂ,j) <2 L(P) T

In the reduction step we replace R(7y, r) =: Ro(7k, px) for an arbitrary

polynomial R € Ok[z,y]| inductively by Ri(7x—i,pr—1) and finally get a

polynomial Ry, with almost the same bounds for |Rj(c, f(a))|, the degrees
and the height of Ry as Ry.

LEMMA 10. Suppose k € N and R € Ok[z,y]. Then there exists a poly-
nomaal

R*(z,u,y) = Y Ri(zu)y" € Oklz,u,y]
neM
with M :={0,1,...,n; — 1} x ... x {0,1,...,np — 1} and
dy,(R*)<n;j—1 (j=1,...,m),
0.(R?) < dd.(R) + d-(P)d, (R),

(Ry)
du(R;) < d,(P)dy (R),
(Ry) <

L(R)L(p)" 2%

L(R;
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such that
dy(R) _ *
a(tp—1)"Y"" R(r, ox) = R (Th—1, Pr—1, a(Th—1) Pk )-

Proof. From the representation
d-(R)

Rzy)i= 3, ), Ry

i=0 |j|<d,(R)

we get, by Lemma 9,
d.(R)

ar- ) R, pn) = Y Y Rigmia(me )™ M a(n1)er)?
i=0 |j|<dy(R)

= Y Ri(meo1, or-1)(a(mh1)en),

peEM
where

R (z,u)
d.(R)

d R k k
=3 > Ripta@MOTRD, ()P ().
i=0 |j|<dy(R)

Now the bounds for the partial degrees d,; are obvious. From Lemma 9 we
get
dZ(RZ) < dd.(R) +d.(P)d,(R)

m

+da(Pymax {37 i — i)+ — i 3] < dy(B) |

< dd,(R) + d. (E)Zd_;(m

and similarly we derive the upper bound for d,,. The length can be bounded
in an analogous way by

L(R;) < L(R)Qmax{zyil(jz'*m)+ili\§dy(R)}L(£)dy(R)
< LR)L(P) Rt g
LEMMA 11. Suppose that R* € Ok[z,u,y] is the polynomial in Lemma
10. Then there exist polynomials Uy, ...,Us € Ox|z,u] such that
ROALUIRP 4. +Uz=0
at the point (zo,uo,yo) = (Th—1, Ph—1, a(Th—1) k) and
0.(U1) < Bdd-(R) + Bd-(P)(dy(R) + |n),
dy(Ur) < Bdy(P)(dy(R) + |nl),
L(Uy) < exp(e(d=(R) + dy(R))H(R)".
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Proof. With R*(z,u,y) := ZNGM Ru(z u)y® as in Lemma 10 we put
forve M,

R*(Th—1,r—1,a(Te—1)0r)(a(Te—1)pr)*
= Z R} (-1, pr—1)(a(T—1) ox )4

peEM
= Z R (Ti—1, or—1)(a(Ti—1) 1),
AeM
with (cf. Lemma 9)
* k
Rap(ou)i= 3 R )P (B0) o PO (5 0)

pneM
The degrees and length of Ry , can be bounded by Lemmas 9 and 10:

d.(Ry,) < Héax{ R, —1—2(1 P(f)M]+V],])}

< dd-(R) + d-(P)dy (R) + d-(P)mas {3 (145 +v; = X))+ |
j=1
< dd.(R) + d.(P)(dy(R) + |n| + [¢] — |A]).
Similarly
du(Rap) < dy(P)(dy(R) + |n| + ] = |A]),
L(Ry,) < L(R)L(P)%(RIHnl+zl=Algdy R+l o 7IL(]_-M;W*’L)’

where the constants 71,72 € R depend only on P and n.
Thus the system of § linear equations with S unknowns,

Z {RA L (Th—1, 06—1) = OA W R (Th—1, P11, a(T—1) k) fwy = 0,

AEM
where
1 ifA=v
= {1 A=
= 0 else
is the generalized Kronecker symbol, has for w := (w,)xen a nontrivial
solution

wy = (a(Tk_l)fk)A.
Hence the determinant of the matrix of coefficients must vanish at the point
(20, ug, yo) = (Th—1, Pr—1,a(Tk—1)¥k), and the expansion of the determinant
with respect to the powers of R*(74_1, ox—1,a(Tk—1)px) implies
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0=det(Ry, — 6, R )avenm = H(RP + UL R~ ...+ Up)
with polynomials U; € Oklz, u].
Since the polynomials U; are sums of products of the form
Byor) - Ba o0,
where A\;,..., A, € M are pairwise distinct and ¢ := (01,...,0,,) is a per-
mutation of {0,...,nqy — 1} x ... x{0,...,n,,, — 1}, for I € {1,...,5} we
get
du(U) < max { 37 du(Ryon) | < Ay (P)(dy(R) + |n])
T AeM
because
> (A=) =0.
AEM
By analogy we obtain
d(U1) < max { D" da(Raox) } < Bddo(R) + Bd.(P)(dy () + |n).
- AeM
The length of U; can be bounded by
L(U)) < B'max{L(Ry,): \,ve M}’
with
L(Ry) < exp(cis(dz(R) + dy(R)))H (R).
Lemma 11 is proved. =m

Now the necessary tools for the reduction step from Ry to Ry are com-
plete, and we prove for j = 0,...,k the existence of polynomials R; &
Ok|z,y] such that for j =0,

d.(Ro) :=d10, dy(Ro):=dzo, logH(Ry):= Hop,

(6) .

exp(—1(0)) < [Ro(7w, ¢r)| < exp(—1p2(0)),
and for 7 > 1:
(7) dy(R;) =: daj < Bdy(P)(d2j—1 +|n|),
(8) d.(Rj) =t di; < Bddy j_1 + Bd.(P)(d2,j-1 + n]),
(9) IOgH(R]) =: Hj < ﬁHj_l + 614(d17j_1 + d27j_1).
Here the constant ¢4 > 0 depends only on f and « and
(10) exp(—1(4)) < |Rj(Th—j, pr—j)| < exp(—42(7)).

The functions 1, 1o satisfy for j > 1 the following recurrence equalities:

(A1) Y1) == BY1(j — 1)+ BH;j—1 + c15(d1 j—1 + dk_jd;j_l) + log 3,
(12)  Ya(j) :=v2(j —1) = BH;j—1 — c16(d1,j—1 +d2j—1) —log 3
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provided that
(13) Y2(0) > e178%(Ho + d*(d1,0 + dap)),

where c15, c16, c17 € Ry are suitable constants depending only on f and a.
The existence of the polynomials will be proved in the next section. First
we will derive upper bounds for d; ;, da j, H; and 94 (j) and a lower bound

for ¢2 (_])
Obviously (7) implies

d2,; < 70(Bdy(P)) (da,0 + |n|) < c15(Bdy (P)) da,p,

and for dy ; we get inductively (note that d > d,(P) by the condition of
Theorem 1)

j—1

dy; < (Bd)’dy o+ fd.(P) Z(ﬂd)i(de—i—l +[nl) < c19(8d) (d1,0 + da,0).
i=0
For Hj, the logarithm of the height of R;, we get in a similar way
j—1

H; < 37Ho+m Z B (dyj—i—1 +daj—i—1) < 7 Ho + cao(d1o + dao)(Bd) .
i=0

Now we can easily deduce from (11) and the above estimates that

(14) P1(k) = ﬁkﬂ)l(o)

k—1
+ Z BHBH i1+ c15(dyj—i—1 +d'dog_i_1) +log B}

1=0
< B541(0) + kB"Ho + c21(Bd)*(d1,0 + da,0).

In a similar way (cf. (13)) we can derive a lower bound for s (k):

k—1
(15)  4ha(k) = 1p2(0) — Z{ﬁHk—i—1 + c16(di,k—i—1 + do g—i—1) + log B}
i=0
> 1)2(0) — c228" (Ho + d"(d1,0 + day0)).
Now we prove by induction on j = 0,...,k the existence of a sequence

of polynomials R; € Ok|z, y] satisfying the conditions (6)-(10). For j = 0,
this is a consequence of Lemmas 5 and 6 with Ry := R and

di0,dao < N, Hy < cgNMmHIL,

¥1(0) := crovd®,  19(0) := cpyvd”

provided that d* > cov” for a suitable constant cg > 0. Now suppose that

the assertions are true for j — 1 (j € {1,...,k}). We apply Lemmas 10
and 11 with R replaced by R;_;. This yields the existence of polynomials

(16)
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Ui,...,Ug € OK[Z,Q] with
d.(U;) < pddy j—1 + Bd.(P)(d2,j—1 + |n|),
du(U1) < Bdy(P)(d2,;-1 + |nl),
log H(U;) < vi(dij—1+d2j—1)+ BHj—1
forl=1,...,3 such that

RP +URET + . +Uz=0

for (207g07g0) = (Tk—jvfk—jaa(Tk—j)fk—(j—l))' Here R;—l € OK[Z,Q,Q] is
defined analogously to Lemma 10 by

a(T—) ™ R 1 (Th (1), Pr—(5-1))

= ;,1(Tk—jafk—jaa(Tk—j)fkf(jfl))-

The induction hypothesis together with the fact that —yod* < log|a(7)| <
v for k € Ny, implies

—p1(j — 1) — yad"Vda i1 < 10g | R}y (Thejs Pr—yjr A(Thej ) Pr(j—1))]

< —a(j — 1) + ys5d2 1

Forl=1,...,3 we obtain by a standard estimate together with Lemma 11,

Ui (Ti—j pr—3)| < L(UY) max{1, |7, [@1,6—j], - - - s |@m oy }4= (D Tl

< exp(BH;j—1+v6(d1-1 +d2-1)),

where the constant 76 € Ry depends only on f and .
By (13) and (16) we see that

Yo(j — 1) = (BHj—1 +7(d1,j—1 +daj_1) +log ) >0
and by Lemma 7 we get the existence of [y € {1,...,3} such that
log |Uty (The—j, or—35)| < —2(j — 1) +ysd2j-1 + BH; 1
+v9(d1,j—1 +d2j—1) +1og B
< —o(j— 1)+ BH;_1 + ci6(dij—1 + d2j—1) +1og 3
— a(3)

A

and
log |Up, (Th—j, 0r—j)|
> = BY1(j — 1) — v10Bd* Idy ;1 — BH;
—v11(d1j—1 +d2—1) —log B
> —Bi(j — 1) — BHj_1 — c15(dyj—1 + Bd" T dy ;1) — log 3
= —1(j).
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Thus we put Rj(z,y) := Uy,(z,y) € Oklz,y] and see that (6)-(10) are
proved for the polynomial R;.

4. Proof of Theorem 1. Now the necessary tools for the proof of
Theorem 1 are complete. From the preceding section with j = k we know
that for k, N € N sufficiently large with

(17) d* > cov",
(18) vd’ > cos fF(NOHME L gk N)

for sufficiently large constants cg,ca23 > 0, there exist polynomials Ry €
Oklz,y] with

(19) d.(Ry) < ca(Bd)* N,

(20) dy(Ry) < c15(dy(P))*N

(21) log H(Ry) < ¢5(8d)* N,

(22) —c26(8d)" v < log |R(a, f(a))] < —cord™v.

The estimates for the degrees (19) and (20) are obvious from (16) and the
above estimates. The upper bound for the height (21) of R, and a lower
bound for the right-hand side of (22) could be derived from (18) and (15).

With (14) and (16) it follows from (18) that
Y1 (k) < 7 B*dF v + 7ok BF(NOT™E L dFNY < 4 8FdF v + vskdFy

and this gives the left-hand inequality of (22); note that g > 2.
In order to use Lemma 8 we define the polynomials (Q)ky<k<k, € Ox|[¥y]
by
Qkly) = D= Ry(a,y),

where D € N is a denominator of .

Because of (18) and (19) and the condition d,(P) < d we obtain, for
k eN, B

dy(Qr) < c1s(8dy(P))*N
log H(Qr) < cos(Bd)*N
log |Qk( f(@))] < — cogd"v + 030(6d)’“N < —cgvd®,
log |Qr( f(a))] = — cs2v(6d)

Now for N € N we define a number M > N by v := ¢;M™*"! and for
positive integers kg < k < ki, where ky < k; will be specified later, we
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define the following functions:

By := c15(Bdy (P)" M, Py := cos(Bd)* M,

(23) %(k) = 032V(ﬁd)k; ¢2(k) = CSlydka
ik + 1) czedf
Alk) = P2 (k) e 7

With a sufficiently large constant 4 € Ry we define, for v = cs M1 ™,

(14+m)Llog M
ko = .
0 [ logd T

Then (17) and condition (i) of Lemma 8 are obviously fulfilled for all k£ > k.

For M > N large enough we have to find a positive integer k1 = ki (M)
> ko such that the inequalities (ii) and (iii) of Lemma 8 are satisfied, where
the condition (iii) is equivalent to the following two inequalities:

d h mo—1 k
(25) Mm+1—m0 > 034(ﬂ2(m0—1)+1dy(£)m0—1)k1

with ineffective constants css, c34 € Ry.

REMARK. In the inequality (24) we see that the condition d > d,(P) is
necessary to obtain nontrivial results.
Since
m—oL(m+1)(1+ o)

o+ 11 (L(m+ (1 + 0) + m)(20 + logdy (P)/logd)

mo <

with o := log 3/log d, the inequality
((mo — 1) log(8%dy (P)) +log B)((mo — 1) + L(m +1)(1 + 0))
< (m+1-mp)(logd — (mg — 1) log(ﬂzdy(]j)))
holds. So we can find v € R, satisfying
m+1—mg>~y((mg—1) log(ﬂ2dy(£)) + log B3),
(mo —1) + L(m +1)(1 +0) < y(logd — (mo — 1) log(6%dy (P))).
Now we choose N € N and thereby M large enough, define k; by k& =
[vlog M| and show that the conditions ko < k1 and (18) are fulfilled.
Without loss of generality, we may assume that mo > 1 and see that
(mop—1)+ L(m+1)(1+ o) < L(m+1)
logd — (mo — 1) log(32d,(P)) — logd ’

which shows kg < k.
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To see that (18) is fulfilled, we show that vd* > ~vs8*d*M and vd* >
B8 MEMHD) g valid for kg < k < k.
As mg > 1 we get
m+1—mg < m
(o — 1) log(Fdy (P)) + log B ~ log i’

and the inequality vd* > v53%d* M is obvious.
A similar argument leads to vdk > 'yﬁﬂkML(m‘H) > 1. From the condi-
tion d > B~ we obtain, for k > ko,

1 L
(;;;Zl)log]\/[(logd—logﬁ) > (L —1)(m+1)log M,

AN A ~

Now we can finish the proof of Theorem 1. We have shown that the
conditions (17) and (18) are satisfied with this choice of parameters, if N € N
is large enough with respect to a constant depending only on o and f. We
get

k1(logd — (mo — 1) log(5dy (P)))
> ((mo—1)+L(m+1)(1+0))logM +c,
(m+1—mg)logM > ki((mo — 1) IOg(ﬂ2dg(£)) +log ) + ¢,

for a suitable constant ¢ > 0. This implies the inequalities (24) and (25),
hence the condition (iii) of Lemma 8 and thereby the assertion of Theo-
rem 1. m

v <

k(logd — log 3) >

hence

5. Proof of the algebraic independence of the functions consid-
ered in Corollary 3. Let
O . .
falz) =T =2
§=0
By induction on k we prove that for {i1,...,ix} C {1,...,m}, where iy, ...
..., % are pairwise distinct, the functions fn, ,..., fmk are algebraically
independent over C(z). We follow the proof of Proposition 6 in [10].
For abbreviation we put for j = 1,...,k and a positive integer v € N

fri,(2) =05 and fo, (27) =",

Assume that ¢ is algebraic over C(z). Then by Theorem 1.3 of [11] it is
a rational function. Let ¢; = a(2)/b(z), where a(z) and b(z) are relatively
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prime polynomials. By the functional equation we obtain
a(2)b(zH)" = (1 — 2)a(z%)™1b(2).
Since a and b are relatively prime polynomials, we get a(z%)™1 | a(z), hence
a € C* and
(1 — z)a™~1b(z) = b(z%)™r.

If dn;;, > 2 or degb > 2, we get a contradiction by comparing the degrees. In
the remaining case it is enough to assume b(z) = az+f3; then by considering
the equation (1 — 2)b(z) = b(2?%) we see @ = 8 = 0 and again we obtain a
contradiction.

Assume now that the assertion is true for k—1, but {f,, (2),..., fn, (2)}

=: {p1,...,¢} are algebraically dependent over C(z). By D®) and DY
we denote the degrees of the following field extensions:

DY) = [C(2)(p\",..., o)) : C(2) (o1, 0m)]s

DW= [C() (Y, 0P o) T 1y Brs - w)],s

where (@17 LR @Ka ceey (pk) = (@17 sy Pr—1,Prtly - ‘-Pk)
In a first step we show that for arbitrary positive integers n and v,

[C()(fa(z")) : C(2)(fa(2))] = n";
but this is trivial by induction, since the polynomial P(y) := (1 — 2)y" —
fn(2) € C(z, fn(2))]y] is irreducible. (Note that f,(z) is not an algebraic
function.)
Now we are able to prove

k k
DY) = ( H nm) = (H nn) n; "
A=1, A £k A=1
We prove this formula for simplicity just for k = x = 3, but the general case
follows similarly.
Since by assumption ¢ and - are algebraically independent, we see by

the functional equation that <p§”) and wgy) are also algebraically independent.

Hence C(z)(apgy)) and (C(z)(gogl)) are regular field extensions (cf. Weil [18]),
which are linearly disjoint by [18, Theorem I.6]. The assumption now follows
from [18, Proposition I.14].

Let d,; be the degree of ¢, over C(z)(¢1,...,Px,...,¥k), then we get

d,(:) < d,, where d,(f) denotes the degree of go,(f) over C(z)(gogy), R gp(ﬁy), .

o gog')). Finally we obtain by a standard formula

DPWd, = d¥) D).
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Let p,x € {1,...,k} and n;, < n;, . By the above formulas we get

ni, \" DY d, d¥
) T T o g S
ni, Dy 4y de

Since n;, < n;,, this is a contradiction as v tends to infinity. Thus the
algebraic independence of the functions f,,,..., f,,, is proved.
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