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Incomplete exponential sums over finite fields
and their applications to
new inversive pseudorandom number generators

by
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1. Introduction. Let [F, be the finite field of order g = p* with a prime
p and an integer k > 1. Further let {1,..., 0k} be an ordered basis of F,
over [F),. Define &,, n=0,1,...,¢—1, by

(1) En=n101+ ...+ Pk
if

n=ni+ngp+...+mp"t, 0<ni<p, i=1,...,k,
and note that &p,&1,...,&,—1 run exactly through all elements of F,. We
obtain the sequence &y, &1, . . . by extending with period ¢ ({544 = &, ). More-
over, let

5 = {71 if y € F;,

0 if y=0.
For given o € Fy, B € F,, we generate a sequence 79,71, ... of elements of
Fq by
(2) Yn=0a&, +3 forn=0,1,...

We study exponential sums over F, which in the simplest case are of the

form
N—1

> X(m) for1< N <g,

n=0
where x is a nontrivial additive character of ;. Upper bounds for these
exponential sums are then applied to the analysis of two new inversive meth-
ods for pseudorandom number and vector generation. These new methods
are defined as follows. If

(3) Yo =cVB + @By + .+ BB, withall () e Fp,
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then we derive digital explicit inversive pseudorandom numbers in the inter-
val [0,1) by putting
k
Yn = Z C,(j )p_j
j=1
and explicit inversive pseudorandom vectors by

1
u'n, - 2;(6(1))07(12)’ i '7c’l(’l,k)) 6 [O’ 1)k

n
forn =0,1,... It is trivial that the sequences g, 1, ... and ug, uy,... are
purely periodic with period ¢. In the special case k = 1 we get the explicit
inversive congruential pseudorandom numbers introduced in [2].

After some auxiliary results in Section 2 we prove some new bounds for
incomplete exponential sums over finite fields in Section 3 which allow us
to give nontrivial results on the distribution of sequences of digital explicit
inversive pseudorandom numbers and explicit inversive pseudorandom vec-
tors. The application to digital explicit inversive pseudorandom numbers is
presented in Section 4 and to explicit inversive pseudorandom vectors in
Section 5. In particular, we generalize the result of [2, Theorem 1] on the
statistical properties over the full period of pseudorandom numbers gener-
ated by the explicit inversive congruential method and present new results
for statistical properties over parts of the period. Moreover, we extend the
range for nontrivial results using the method of [9]-[11].

2. Auxiliary results. The following bound for exponential sums can
be found in [5, Theorem 2].

LEMMA 1. Let x be a nontrivial additive character of Fy and let f/g
be a rational function over F,. Let v be the number of distinct roots of the
polynomial g in the algebraic closure F, of F,. Suppose that f/g is not of
the form AP — A, where A is a rational function over F,. Then

> (L) < tmaxtaen().desto) + o7 - 207 45

cer g0 \IE)

where v* = v and 6 = 1 if deg(f) < deg(g), and v* = v+ 1 and 6 =0
otherwise.

LEMMA 2. Let f/g be a rational function over Fy such that g is not

divisible by the pth power of a nonconstant polynomial over Fq, f#0, and
deg(f) —deg(g) Z 0 mod p or deg(f) < deg(g). Then f/g is not of the form

AP — A, where A is a rational function over Fy.
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Proof. Suppose we had

f_(b) b
g c c’
where b, ¢ € F,[z] and ged(b, ¢) = 1. Then
f= 0P =P by

From ged(b, ¢) = 1 it follows that ¢P divides g. This divisibility relation can
hold only if ¢ is a nonzero constant. Thus,

f = (wlbp + WQb)g

for suitable wy,ws € F, with wjws # 0. This implies that deg(f) — deg(g) is
a multiple of p and deg(f) > deg(g), which is a contradiction. m

LEMMA 3. Let x be a nontrivial additive character of Fq, N be an integer
with 1 < N < ¢, and &, be defined as in (1) forn=0,...,N —1. Then

4 B
3 ‘ Z (1) ‘<ql<7r210gp+ 1.38) F N - 1),

p€eF:  n=0
where | = [(log N)/logp].
Proof. We proceed as in [12, Section 3]. For j =0,...,l — 1 define

M ={peF, | x(ub) =...=x(ubj) =1, x(uBj+1) # 1}
and
My ={p e Fy | x(uh) =...=x(ps) = 1}.
Then we can write
l N-—1
Z‘Z (1&n) ‘:Z ‘ X(1én)
/,LE]F* n=0 7=0peM; n=0
-1 N-—1
= ( X(u€n)| + Nt = 1).
=0peM; n=0

J
Now we fix pp € M;, 0 < j <[l —1, and consider the sum

X (1n)-

||Fﬂ2 S

For 0 <n < N —1 we have
En=mb1+...+n0, 0<n;<p 1<,
where n = ny 4+ ngp + ... + nyp!~!. This yields
X(1én) = x(1Bjp1)™+ . x(uB)™
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with x(uBj4+1) # 1. We write
N—l:r1+’r‘2p+...+’l“lpl_1, 0<mr<p 1<i<lI
If j <1—2and (nj42,...,7) # (rj42,...,71), then by fixing

LT P 1 P I SR 1
and summing (&, ) over njq =0,1,...,p — 1 we get 0. Therefore, in the
range of summation n = 0,1,..., N — 1 we are left with the terms x(u&,)
for which (nj42,...,n1) = (rj+2,...,7). Thus,

N-1
(4) ‘ > X(Mﬁn)‘ = ‘ > x(uBi),
n=0 N1y Mg 11

where the last sum is over all ny,...,n;4; with
ny +n2p+...+nj+1pj <mr —|—7’2p—|-...—|-7“j+1pj.

The identity (4) holds trivially for j =1 —1 as well. If r; 41 # 0, then by (4)
we obtain

N-1 Ti+1—1
| ) J+1 (TJ'H'U’ﬁJ-H) 1 ’ j
| 2‘6 X(éa)| < P nﬁz;oxw”l) T s e R

and this holds trivially for r;11 = 0 as well. For fixed 0 < 7 <[ — 1 this
yields
-1

Z} X(1én)

neEM; n=0

sin(mrj+1u/p)
sin(7u/p)

k]lE:

4
< pk- ( 2p10gp+038p+07)+pk Lp—1),

’ +ppF I (p— 1)

where we used [12, Lemma 5] in the first step and [1, Theorem 1] in the
second step. Simple calculations yield the lemma. m

Let C'(p) denote the set of integers h with —p/2 < h < p/2 and let Ck(p)
be the set of k-dimensional points (h1, ..., hx) with h; € C(p) for 1 < j < k.
For (hq,...,h;) € Cr(p) we put Qp(h1,...,hy) =11if (hq,...,h;) =0 and
7T .
Qp(hi,...,hy) =p %esc 5|hd| if (hy,...,hg) #0,
where d = d(hy, ..., hy) is the largest j with h; # 0. Let C%,,.(p) be the set
of all nonzero s x k matrices with entries in C(p). For H = (h;;) € C%,,.(p)

we define
H) = HQp(hilw-whik)~
i=1
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The following lemma is obtained by using [6, Lemma 3.13] for p = 2 and
an inequality in the proof of [8, Theorem 2] for p > 2.

LEMMA 4. For any s > 1 and k > 1 we have

Y Wa(H) < <§ + 1)8,

HeCy, . (2)

2 2 y
Y Wu(H) < <7rklogp+5k+1> ifp> 2.
HeC7 . (p)

£l

The following lemma is needed in the proof of Theorem 3 in Section 3.
For nonnegative integers n and ¢ we define n @ i by

(5) n®i=j&G+64=§; 0<7<q

LEMMA 5. For given integers L and m with 0 < L,m < q, the number of
integers n with 0 < n < L for which n ®m > L is at most m. Furthermore,
the number of integers n with 0 < n < L which are not of the form r & m
for some 0 < r < L is at most m.

Proof. Note that for 0 < n < ¢ we can obtain n & m by adding the
digit vectors (in base p) of n and m as elements of the vector space F’; and
then identifying the resulting digit vector with the corresponding integer in
the interval [0, ¢). Thus, for 0 <n < L we have

ném<n+m< L+m.

Since n’®m # n” ®&m for 0 < n’ < n” < ¢, the numbers L+1, L+2,...,L+m
can appear as values of n @ m for at most m values of n with 0 < n < L.
The second part is shown in a similar way. =

3. Bounds for exponential sums. Let vy,71,... be the sequence of
elements of F, generated by (2) and (1). For a nontrivial additive character
x of Fg, for po, p1, ..., ps—1 € Fy, and for an integer N with 1 < N < ¢q we
consider the exponential sums

N-1 s—1
Sn=)_ X(ZMi'YnEBi>7
n=0 =0

where @ is defined by (5).
THEOREM 1. If ug, pt1,-- -, ps—1 are not all 0, then
1S, < (25 —2)¢Y% 4+ s+ 1.
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Proof. We can assume that s < ¢ since otherwise the result is trivial.
Then we have

5= | S (S a5 9) <ot

> Mae)

i

£€F, i=0 §€F,, 9(§)#0
where
s—1
Z 1223 H x + 5]) + ﬁ)
1=0  j=0,57#i
and
s—1
g9(@) = [J(alz + &) + B).
=0

Since at least one p; is nonzero, the uniqueness of the partial fraction decom-
position for rational functions implies that f # 0. Since deg(f) < deg(g),
Lemmas 1 and 2 yield the result. =

The proof of Theorem 1 does not use the special ordering (1) of the
elements of F,. An arbitrary but fixed ordering would be sufficient. But for
N < g, the case treated in the next theorem, we need (1).

THEOREM 2. If ug, pt1, .- ., ps—1 are not all 0, then
4
1Sn| < s(2¢Y% + 1) <2 log p' + 1.381 + 1> for 1 < N <q,
T

where | = [(log N)/logp].

Proof. We can again assume that s < ¢q. With o,, = Zf;ol Wi Yngi We
have

q—1 N-1 1
Sn=> x(0n) > = > x(ulén — &)
n=0 t=0 q per,
1 N-1 qg—1
= ( > X(—u&)) ( X(on + uﬁn))
pef, t=0 n=0
N qg—1 1 N—-1 g—1
== xlow)+- Y ( x(—u&)) (Z X(on + ufn)),
q n=0 ner;  t=0 n=0
and so
N—-1 g—1
Svl < 1S+ 2 3 | 3 xtweo)| | 3 xlom + o)
MEJF* t=0 n=0
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For p € F; we have

‘qzlx(awru&n) = ‘ Zx(iuia(£+§i)+ﬁ+u£))
n—=0 ¢eF, =0

<s+

Y

> M)

E€F,, g(§)#0

where
s—1 s—1 s—1
f@)=pe [[(ae+ &)+ 8+ > [] (al@+&)+8)
J=0 i=0  j=0,j#i
and
s—1
g9(z) = [[(alz + &) + 8).
§=0
Lemmas 1-3 yield
N-1 g—1
Z ’ Z X(1ée)| - ’ Z X(on + 1én)
pEF: =0 n=0
N-1
<5202 41) 30 | 0 wno)
pEF: =0

4
< s(2¢Y% + 1) <ql<2 logp + 1.38> + N(prt - 1)>,
s
where | = [(log N)/log p]|. Hence we obtain, by Theorem 1,

N
1Sn| < 3((28 —2)¢"? 4+ 5+1)

4
+5(2¢% +1) <7T2 logp' +1.381+ N(p~' — pk)>.

Simple calculations yield the theorem. m

Theorem 2 is nontrivial only if N is at least of the order of magnitude
5q¢*/?log q. Now we prove a bound which is nontrivial for N at least of the
order of magnitude sq'/? using a new method introduced in [9] and extended
in [10] and [11].

THEOREM 3. If po, pt1, ..., pus—1 are not all 0, then
|Sn| < VEsYENY2GYA 4 g 2 41 for1 < N <q.

Proof. We can assume that 2s 4+ 1 < 2q1/ 2 gince otherwise the result
is trivial. With o, = Zf;é WiYnaei and any integer m with 0 < m < ¢ we
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have, by Lemma 5,
N—1
‘SN — Z X(Un@m)‘ < 2m.
n=0
For an integer M with 1 < M < ¢ we use the above inequality for m =
0,1,...,M — 1 and we get

(6) M|Sy| < W + M?,

where
N—1M-1

LE1)oh SRHTED wi SRV

n=0 m=0

By the Cauchy—Schwarz inequality we obtain

N—-1 M-1 s—1
W2 <N S [ Y xowem)| <NZ\Z (EpaErerei8)|
n=0 m=0 £efy m=0 =0

=N Z ZX(ZM% g“‘fz+§m1)+ﬁ_a(§+£z+gm2)+ﬁ)>

my,m2=0 {€F, i=0

If my = mg, then the sum over £ is equal to q. For my # my let

f(@) = além, —&m,) Zuz H1 a(z+E& +Em,) + B) (@@ +& +Em,) +5)
and oo
g(z) = ﬁ(a(x + &+ &ny) + B) (@ + &+ Eny) + B)
Then "
\;F (zguz AE+& + &) +B— A+ & +Em) +9))|
ok, i

< 2s+

T e

where f* = f/(f,g) and ¢g* = g/(f, g). For the application of Lemmas 1 and
2 we need that g* is squarefree (p = 2!) and f* # 0.

In g(x) we can have repetition of factors only if there exist 0 < 4,7 < s—1
with ¢ # j such that

(7) gz + fml = fj + §m2'

Then a(x+E&;+E&m, )+/5 is a common factor of f and g. Hence g* is squarefree.
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Suppose we have f* = 0. Let ¢ be an index with u; # 0. Then
0= f*(_ail/g - 51, - €m1) = f(_ailﬁ - gl - éml)

s—1

= O‘(é‘mg - fml)lufl H a(ﬁj - &)Ot(f] - gz + 67’71,2 - gml)

=0, j#i

yields the existence of 0 < j < s—1, i # j, satisfying (7). There are at most
s — 1 possible indices mqy # m; satisfying (7) for given m; and i. For these
meo we estimate trivially.

By Lemmas 1 and 2 we obtain

W2 < N(Msq+ M>((4s — 2)¢"/% + 25 + 1)) < N(Msq + 4M?s¢'/?).
Choosing M = [¢'/?] we get
W?2/M? < 5sN¢*/?,
and thus
1Sy | < VBsY/2NV2g/4 4 g1/2 4 q
by (6). m

4. Digital explicit inversive pseudorandom numbers. We use the
bounds for exponential sums obtained in the previous section to derive re-
sults on the distribution of sequences of digital explicit inversive pseudoran-
dom numbers over the full period and in parts of the period.

Given a sequence yo,y1, ... of digital explicit inversive pseudorandom
numbers and a dimension s > 1, we consider the points

Yn = (Yn, Un@1s - > Yne(s—1)) € [0,1)%  forn=0,1,...
Then for any integer N with 1 < N < g we define the star discrepancy

Dy = sup [Py () = V().

where the supremum is extended over all subintervals J of [0,1)® containing

the origin, Fy(J) is N~! times the number of points among yo,y1, ..., YnN_1
falling into J, and V(J) denotes the s-dimensional volume of J. In the
following we establish an upper bound for D}kv(s).

THEOREM 4. For any sequence of digital explicit inversive pseudoran-
dom numbers, for any dimension s > 1, and for any 1 < N < q the star

discrepancy DTV(S) satisfies

D3 = O(min(N~'¢"/21og g, N~/2¢"/*)(log ¢)*).
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Proof. For H = (hi;) € C%, ;. (p) we define the exponential sum

swim = o153 n)

n=0 i=0 j=1

where e(u) = exp(2my/—1u) for all real u and the cglje)%» € F, are as in (3).

Then by a general discrepancy bound in [3, Theorem 1(ii) and Lemma 3(iii)]
(see also [6, Theorem 3.12] for a slightly weaker version) we obtain

(s 1\° 1
(8) DN<>g1—<1—q> +tx D WlH)ISn(H)].
HeC . (p)

Let {01,...,dx} be the dual basis of the given ordered basis {f1,..., 8} of
[F, over IF,,. Then by a well-known principle (see [4, p. 55]) we have

9 =Tr(d;4,) for1<j<kandn>0,

where Tr denotes the trace function from [, to IF,,. Therefore

N—-1 s—1 k
1
Sn(H)=) e < D> hi Tl"(@%eai))

= i i=

N— s—1 k N— s—1

Z < Tr (Zzhz35]7n€9z>> Z (ZNZ’VnEBz)v

n=0 =0 j=1 = =

where x is the canonical additive character of IF, and p; = Z§:1 hijé; € Fy
for 0 < i <s—1. Since H is not the zero matrix and {d1,...,0} is a basis
of F, over I, it follows that po, ..., pus—1 are not all 0. Hence we may apply

the results of Section 3.
We have by (8), Theorem 2, Theorem 3, and Lemma 4,

1 [k s
D*(s) § I 1
Pt t(bn)
4
X min <s(2q1/2 +1) <2 logp' + 1.381 + 1) VBSVENY2gM A 4 gt/ 4 1>
T
if p=2, and

S

1/2 2 s
D <« 24 — (21 Zk+1
N q+N Fogq+5 +

4
X min (3(2(]1/2 +1) (2 log p' + 1.381 + 1> VBSVEN2gM A 4 gt/ 4 1)
T

ifp>2.m
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THEOREM 5. For any sequence of digital explicit inversive pseudorandom
numbers and for any dimension s > 1 the star discrepancy D;(s) satisfies

*(s —1/2 S
D;® = 0(q~*(log q)*).

Proof. The theorem follows by (8), Theorem 1, and Lemma 4 with the
same arguments as in the proof of the previous theorem. m

5. Explicit inversive pseudorandom vectors. Statistical indepen-
dence properties of pseudorandom vectors are customarily assessed by the
discrete discrepancy (see [6, Section 10.2]). Given a sequence ug,uy, ... of
explicit inversive pseudorandom vectors and an integer s > 1, we consider
the ks-dimensional points

Vi = (Wn, Ung1, - -+ Upg(s—1)) € [0, Dk forn=0,1,...
Then for any integer N with 1 < N < g we define the discrete discrepancy
By, = max|Fy(J) = V(J)],

where the maximum is over all subintervals J of [0,1)*$ of the form
ks
a; b;
i)
E p’p
with integers a;, b; for 1 < i < ks, where Fy(J) is N~! times the number of

points v, vy, ..., vy_1 falling into J and V(J) denotes the ks-dimensional
volume of J.

THEOREM 6. For any sequence of k-dimensional inversive pseudorandom
vectors, for any s > 1, and for any 1 < N < q = p” the discrete discrepancy

E](\f’)p satisfies

ES) = O(min(N~'q"/*log g, N~1/%¢"/*)(log p)"*).

Proof. Let C},(p) be the set of nonzero vectors in Cys(p). For h €
. (p) we define the exponential sum

N-1

Sn(h) = Z e(h-vy),

n=0

where the dot denotes the standard inner product. By [7, Corollary 3] we
get

ks
1 4 0.61
EY < = Sy(h)|l =1 1414+ — ) .
Np = N hencl’gsx(p)| n(b)| 2 o8P+ * D
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For a fixed h € C} (p) we write
h = (hg,hy,...,hs_q)
with h; € Cy(p) for 0 <i < s — 1, where not all h; are 0. Then we have

N-—1 s—1 N-1 1 s—1 k )
SCED WOSIED S CH 3 S|
n=0 i=0 n=0 Pz Jj=1

where h; = (h;1,...,hy) for 0 < i < s—1 and all h;; € C(p). As in the
proof of Theorem 4 we get
N-1  s—1
Sn(h) =" x( uﬂn@i)
n=0 =0
and thus the result. m
THEOREM 7. For any sequence of k-dimensional inversive pseudorandom

vectors and for any s > 1 the discrete discrepancy Eéf},

s) __ —1/2 ks
E{) = 0(q7?(log p)**).

Proof. The theorem follows with the same arguments as in the proof of
the previous theorem by Theorem 1. m

with ¢ = p* satisfies
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