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Notations

e 2m+ 1N =1-3-5-...-(2m+1),

e ht—class number of the field Q(¢, + ¢, '),

* Q= (2971~ 1)/q,

oA, =1+1/24...+1/j, Ay=0,

e By, Bi(X)—Bernoulli number and Bernoulli polynomial,
e I}, Ei(X)—Euler number and Euler polynomial.

Introduction. The aim of this paper is to prove the following

THEOREM 1. Let p = 8k(2m + 1)!! — 1 be a prime with the prop-
erty that 1 = 4k(2m + D! — 1 and 2k(2m + 1)!! — 1 are primes. Then
(hf, 2m 4+ 1)) = 1.

It is easy to observe a connection between Theorem 1 and Schinzel’s
conjecture for the linear polynomials 8X (2m + )!! — 1, 4X(2m 4+ 1! — 1
and 2X(2m + 1)!! — 1. If Schinzel’s conjecture for the linear polynomials
holds, then there are infinitely many prime numbers p which satisfy the
assumptions of Theorem 1.

SCHINZEL'S CONJECTURE. Let s > 1, let f1(X),..., fs(X) be irreducible
polynomials with integral coefficients; assume that the leading coefficient
of fi(X) is positive and that no integer n > 1 divides all the numbers
fi(m)fa(m) ... fs(m). Then there exists one (and then, as may be proved,
necessarily infinitely many) natural number(s) m such that fi(m),..., fs(m)
are all primes.
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The proof of Theorem 1 will be based on Theorem 5 of [2]. Let j be an
integer, 0 < j < 2¢q, j =0 (mod 2). Define

(¢=1)/2 j—1 1 q—1 j-1 1
B S L
=1 =1 z:(q+1)/2 k=1
k=1 (mod 2) k=1 (mod 2)
2jiZ—k (mod q) 2jiZ—k (mod q)

THEOREM (5 of [2]). Let q be an odd prime. Let l,p be primes such
that p =21+ 1,1 =3 (mod 4), p = —1 (mod q), and let the order of the
prime g modulo | be (I —1)/2. Suppose that for each j such that S; = 0
(mod q) there exists n, (n,2q) = 1, n|p+ 1, such that S;= # 0 (mod gq),

where 7% = nj (mod 2q). Then q does not divide h;r, the class number of
the real cyclotomic field Q(Cy + ¢, ).

LEMMA 1. If ¢ > 3, then

(a=3)/2 1ok 2k+1
92k _ 1)(22k+1 _ 1) /g — 1\ |
S;=—-Q2— E ( 2}2( o3 ) < ok >]2kngBq_1_2k (mod q).
k=1

Proof. Consider the sums Zgi_ll)/2(a+i)q_2Ai modulo ¢, where a € Q,
a #0 (mod ¢) and a is a g-integer.
Define S, (i) = 1" + 2"+ ...+ (i — 1)" for n > 0. The following formula

will be used:
1

Sn(z) = nt1 (Bn—&-l(i) - Bn—H)-
The binomial theorem applied to (a +4)7~2 yields
(¢g—1)/2 q—2
Ng—2 4 4—2\ 4-90-n g+1
q—2 g—2 (g—1)/2 1
_ q—2—n - .
Z ( " )a Z iSn(Z) (mod gq).
n=0 =1
Since
g+1 1 1 1
" = B, — | —B, = 27" -2)B, d
S( B ) n+1< +1<2> +1> n+1( )Bnt1 (mod q)

for 0 <n < g — 2, it follows that
q—2

ey
= —5 + Z aq m(Q - 2)Bn+1 (mod q)
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Note that (297! — 1)B,_; is a g-integer; in fact (297! — 1)B,—1 = —Q2
(mod q).
From the congruence

<q - 2> _ _<q B i) (n+1)=(-1)"(n+1) (mod q),

n n—+
we get,
q—2 qg—1
4—2\ 4-2-n g+1\_ 1 =1\ o1k
Spl — )= — - — 2 —2)B
(0 )ty ) = - () o
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k=1
+ 2k:1 q ; 1) (Clt) By (mod q)
Using the formula ((50.5.33) of [1])
Z (_]:!L)kakBk(X) = Z(—l)k <Z> akBk;(X) — (—a)"B, <X _ i))

k=0 k=0

we altogether get

A = q— 2 q—2—nS q +1
w-v2d (0, 7 )a w5
n=0

= Ayg-1)/2 <2Bq_1(a) —2B,-1(2a) — 2Q2 — i) (mod q).

Using the same procedure we get the following congruences modulo ¢:

q—2 q—2 (a=1)/2 4
(1) E s

n=0 i=1
_ 1 (g—1)/2 i1
T a 7
=1
q—2 (q=1)/2 1 1
F D D 3 5 g (B ()~ Bas)
q—1 (g—1)/2

1/qg—1
o (2 - A(q—l)/z) +
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(¢g—1)/2
1/qg—1 1 1
= o <2 — A(q_l)/2> - g g(Bl(z) — By)

=1
_ qz_:l(_l)k (q ; 1) (?)k (qiﬂ %(Bk(i) — By).

By switching the order of summation in the sum

(1)) 8 o

k:O i=1

using the above quoted formula (50.5.33) of [1] we get

q-—2 q—2 (q=1)/2 1

- q—2—n - .
Z ( n )a Z iSn(Z)
n=0 i=1

1 (g—1)/2 1
=——Ag-np2 - ; g(Bq—l(i +a) — Bg-1(a)) (mod g).
Altogether we get
(¢—1)/2
(1) > (a+9)7%A; = 2A(4_1)/2(By-1(a) — By_1(2a) — Q)
i=1
(g— 1)/2

+ Z By_1(i+a) — By_1(a)) (mod q).

The congruence (1) is thus proved for a # 0 (mod g). We now prove it
for a =0 (mod ¢). That is, for a =0 (mod ¢) we claim that

(a— 1)/2 (a— 1)/2
2 A = —2A(4-1)2Q2 + Z — By—1) (mod q).

Because Z(q /2 1/i> =0 (mod q), we have

(q—l)/21 (t1—1)/21 1 (g 1)/21
*AiE *A,L'_ = —Q fB_ ) — B,— d .
> A= X A=y X (Bl - B (med )

It is sufficient to prove

(¢g—1)/2 1 1
Z 5A¢71 = —Ay-1)2Q2 = §A?q_1)/2 (mod g).
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This follows from the relation

2 2 1\* 17 1 1 1 1

2 2 2
Now put
(a-1)/2 q—1
St = > (i+a)?A - D (i+a)" %A
i—1 i=(q+1)/2
For the numbers Ao, A1,..., A;—1 we have

Ag-y21k = A1y (mod q) fork=1,2,...,(¢—1)/2,
and so
q—1
— Z (l + a)q_zAi

i=(q+1)/2

g—1 -2
<2 +1+ a) Ag-1)/2-1

1 q-2 1 _3 q—2
((12+2+a> A(ql)/gg—...—(q2+q2—‘ra> Ay

—2
q—3 /
(2 + 1-— a> A(q_g)/Q

-5 q-2
+<q2—|—1—a> A(q_5)/2+...+(1+1—a)q_2A1

(¢g—1)/2 1 q—2
Z (i+1—a)?2A; — <2 - a> A(g—1y/2 (mod q).

i=1
By congruence (1) we have
5% =2A(g-1)/2(Bg-1(a) = By-1(2a) — Q2)
(a— 1)/2
+ Z By-1(a+1i) — Bg-1(a))

+2A(q 1)/2( qfl(l —CL) —Bq,1(2—2a) —Qg)
(a=1)/2
+ Z By 1(1—a+i) = By 1(1—a))

1 -2
— (2 — a) A(q—1)/2 (mod q).
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Since By—1(X) = By—1(1 — X), we have B,_1(2 — 2a) = By;_1(2a — 1),
B, 1(1—a+1i)=Bj_1(a—1) and By_1(1 —a) = By—1(a). Mreover the
formula
By-1(X) = By—1(=X) — (¢ = 1)X*7?
gives
B, 1(2a—1) = B,_1(1 —2a) +2(q — 1) By (2a — 1)772
= By-1(2a) — (¢ —1)(2a — )72,
So we obtain
(2) §7 =4A4-1)/2(Bg-1(a) = By-1(20) = Q2)
(a—1)/2 4
+ Z By 1(a+1i)+ By_1(a—1i) —2B,_1(a)) (mod gq).

Now using the congruence (2) let us start to compute the sums S; defined
in the introduction. We write

(¢—1)/2 j—1 g—1 j—1
Si= Yo A > @i+k)IT = YA Y (it k)
i=1 k=1 i=(q+1)/2 k=1
k=1 (mod 2) k=1 (mod 2)

Il
~
[\
<
S~—
Q
(V]
N
’E
0[]
—_
g
[\V]
N
~.
<
|
—_
7N
-~
+
=
~_
L)
|
[\v]

k=1 (mod 2)
q—1 Jj—1 k q—2
- Y oax (i+5) ) twoda)
i=lat1)/ k=1 (mod 2)

We now reverse the order of summations. For the inner summation
(over i) we use (2) with a = k/(27). For the summation over k, the fol-
lowing formulas will be used. According to (50.7.2) of [1],

n—1
(3) 1;) B, (X + i) = n!"™B,,(nX),

and by (50.7.4) of [1],

2n—1
(4) Z (_1)k+1Bm (X + 2];) - Q_mnl_mmEm,l(ZnX).
k=0

Let us denote by 3" a summation over odd values of k. In view of the
congruence (2) it is necessary to compute

J—1

/ k k
B,_1| — +1 B,_1| — —1 .
2 < i 1<2j“>+ ’ 1<2j Z))
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By the identity B,—1(X) = B;—1(1 — X) we have

7j—1 k' k 25—1 k-
! !
B,_1| — +1 B,_1| — —1 = B,_1| —+1).
2 ( g 1<2j“>+ g 1<2j' Z>> 2 1<2j“>

Using (3) and (4), we altogether obtain
1

1
)
= k k
(kL (k.
2 ( ‘ 1<2j+’)+3" 1<2j 'L>>

1 (g . C0—1) 1 (e B
= 5((2) @D B,_1(2ji) + (¢ — 127"V ==V E,_5(244)).

Using the identity

.. 2 .. _ .
Eq2(257) = = (By(2j1) = 2° ' By-1(3)),

Consider now the sums
i—1

Jj—1 J

/ k / k
E Bq—1<2.>7 Bq—l <>
k=1 J k=1 J

The identity (5) for ¢ = 0 implies

j—1 1
/
> B (35) = 3 DB,

k=1

and using (3) and (4) we obtain, since j is even,

ZBq—l <> :jlf(qil)Bq—l

k=0 J
Jj—1 k 1—(g—1)
S (B) e (3) - 080,

k=0
By summing the last two identities using the previous formula for a relation
between Euler and Bernoulli polynomials we have

j—1

/ k -\ 29 1
> Bq1<,> :(1—2q—1)21—‘1<‘7> By1+ 5% 1B, 1.
— J 2 2
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Using the formula for S* we get
S; =27 A 1)2((2°79 = 1)Byq — (1 =297 By_1 — By_1 — Q2)

(a-1)/2
£2072 3 (2B, (20) — By-a() — (2271 = 1)By-) (mod g).
i=1
This shows that if ¢ > 3 then
(a—=1)/2 1
5= 3 4By - 3B ) (mod )

i=1
where By_;(X) = By—1(X) — By_1.
For ¢ € Z, we have

(a— 1)/2 (g—1)/2
Z k‘ E Z k‘q 2 q 1 k’C) )
(q 1)/2 (¢—1)/2

ZkNBqlkc qlquz

Using the formula (50.7. 14) [ |:

> kB (kX) = kz_o o k + 5 (=) Bt (Briis1 (0 +1) = Brirsn),
we have
(a=1)/2

> kT?By_a(ke)
k=1

k=0
For the term with £ = 0 on the right-hand side, note that

(a-1)/2

1 +1 _

(H(Bq‘l(qz) _Bq‘1> - X
k=1

Thus we have
(g—1)/2
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For k = ¢ — 1 we have

1 g+1 (¢—1)/2 1
B, B —By(,_ = —=-2
2(q — 1) 0< 2(q— 1)< > 2(q 1)) ; i Q2 (mod q),
hence
(g— 1)/2
q—1 1
1(ke) = — _—
Z k °) Qﬁkzl( k )q—1+k:
+1
x By 1y <Bq1+k (q2> - Bq1+k) (mod q).
Clearly

+1 1
Bq71+k <q2> = Bq71+k (2> (mOd Q)v

1 g
Bg—1+k <2) = (227" —1)By_14k-

By Kummer’s congruence B,_14; = (¢ — 1 + k)By/k (mod ¢). Hence
(q— 1)/2
o % b
(g=3)/2

= 90, + Z < > 2k (2319 _ 2> By—1-2;Bai, (mod q).

Define
(q—3)/2 X2k
F(X)= ; ( ok ) 5% BorBy—1—2k-
By (6) we have
(a=1)/2 1 c
; EB;“_I(kc) =—2Q2 + 2F<2> —2F(c) (mod q).
Hence if ¢ > 3, then

(q=1)/2

5= Y Z.(B;l@jz')—;B;‘l(ji))

i=1

= 20, + 2F<22‘7) — 2F(25) — ;(—2622 + 2F<‘;) — 2F(j))

=~ Qu+3P() — 27(2) - F(1) (mod o)
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(g—3)/2 (22k: _ 1)(22k+1 _ 1) <q -1

9% . 92k ok >j2k32kBq—1—2k (mod gq).

k=1
Lemma 1 is proved. =

Proof of Theorem 1. If ¢ = 3 then from [3] it follows that (hf,3) = 1.
Let g be a prime, 3 < ¢ < 2m + 1. By the quadratic reciprocity law we have

(q> B <—1) <l) B <—1> <4k(2m+ Hir— 1) B <—1> <—1> _
l a ) \q q q q q '
The number (I —1)/2 = 2k(2m + 1)!! — 1 is prime, and so the order of
g modulo [ is (I —1)/2. Let j be such that S; = 0 (mod ¢). Now we use
Theorem 5 of [2]. The number p+1 has divisors n = 1,3, ..., ¢—2. For some
n we have Sp,; Z 0 (mod ¢). To prove this, note that S; is a polynomial in
Jj of degree at most ¢ — 3. Suppose that S; has roots 7, 3j,..., (¢ —2)j; then
—J,—3J,...,—(q —2)j are also roots of S;. Thus the number of roots of S;
is ¢ — 1, which is a contradiction.

To complete the proof it is necessary to prove that S; is non-zero mod-
ulo g. For this we shall use the bound for the first factor i, from [4] and

(5],
q (¢—1)/4

Let ii(q) be the index of irregularity and d be the order (mod ¢) of 2. If
S, is a zero polynomial modulo ¢, then

(22k _ 1)(22k+1 _ 1) q— 1
2k - 22k 2k

for k=1,2,...,(¢ —3)/2, and then
.. 1(qg—3 _q—1 1fg—3 _Jq—1
il (S S S (S ) :
11(q>>2< 2 d >>2< 2 “logyq

This yields
(q—=1)/4
AR 2q<Q> ,

>BQkBq12k =0 (mod q)

24

2 (q—l)/2
1< 4q3<3> ,

which is not true for ¢ > 67. For primes ¢, 3 < ¢ < 67, the polynomial §; is
non-zero modulo ¢q. Theorem 1 is proved. m

and so
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