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Comparing the distribution of (na)-sequences
by

CHRISTOPH BAXA (Wien)

1. Introduction. Let a € R\Q with continued fraction expansion o =
[ag,a1,az,...] (where ag € Z and a; € N for all ¢ > 1) and convergents
Pn/Gn = [ao,a1,...,a,]. (Sometimes we write a,(«) and p,(a)/g. () to
stress the dependence on a.) It is a classic result of P. Bohl [5], W. Sierpinski
[12], [13] and H. Weyl [14], [15] that the sequence (na),>1 is uniformly
distributed modulo 1. This property is studied from a quantitative viewpoint
by means of the speed of convergence in the limit relations limy_,oc D ()
=0 and limy_ o Dy («) = 0 where the quantities

N
1
D* o) = su 7 Clon no .
w(e) 0§x21 N; 0.0)({na})
and
1 N
b 4= st A Clz no — —x
N( ) 0§1<€§1 N ngl [ ,y)({ }) (y )

are called discrepancies. According to a theorem of W. M. Schmidt [10]
the convergence is best possible if D}y (a) = O((log N)/N) or equivalently
Dn(a) = O((log N)/N). It was first observed by H. Behnke [4] that this
estimate is satisfied if and only if « is of bounded density, i.e. Y ;v a; =
O(m) as m — oo. For « of bounded density the maps

a — v*(a) = limsup NDy(a)/log N
N—o0

and
a — v(a) = limsup NDy(«a)/log N

N—oo
are used to obtain more detailed information. The map v* has been studied
in a number of papers. Y. Dupain and V. T. S6s [6] proved that inf v*(B) =
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v*(v/2) where B denotes the set of numbers of bounded density. J. Schoifien-
geier [11] expressed v*(«) in terms of the continued fraction expansion of a.
Employing these results C. Baxa [1], [2] proved the following:

(1) Let BY := {a € B | ais a quadratic irrationality}, B* := {a €
B | «ais transcendental} and B" := {a € B | «is a Us-number}. Then
v*(B) = v*(B9) = v*(B') = v*(B") = [v*(V2), 00).

(2) Let b > 4 be an even integer, By := {a = [ag,a1,a2,...] € B |
a; > bforalli>1}, B} :={«a € By | a is a quadratic irrationality}, By :=
{a € By | « is transcendental} and B}' := {a € By | a is a Us-number}.
Then v*(By) = v*(B}) = v*(Bf) = v*(By) = [v*([b]),0) where [b] =
[b,b,b,...] = (b+ Vb>+4)/2 is used as a convenient shorthand notation.

It is the purpose of the present paper to present analogous results for
the map v, more precisely we prove the following

THEOREM. (1) Let b be a positive integer. Then each of the sets v(By),
v(BY), v(B}) and v(By) contains [v([b]), oc).

(2) If b is an even positive integer then v(By) = v(B)) = v(B}) =
v(By) = [v([b]), 00).

REMARK. It would be desirable to prove part (2) for all b. The case b = 1
contains the equation inf v(B) = v((1++/5)/2) which is described as estab-
lished in E. Hlawka’s textbook [7] but it seems that there is no published
proof. However, the inequality v([1]) = v((1 +v/5)/2) < v(v/2) = v([1,2])
supports the rule of thumb that bigger partial quotients lead to bigger
discrepancies, which is an interesting contrast to the fact that v*(v/2) <

v ((1+5)/2).

2. Proof of part (1). Our starting point is the following

THEOREM 1. Let a be a number of bounded density. Then

1
v(a) = Jlimsup 7 — (Z U &fj\sij\)

m—oo 10g gm+1 0<ij<m
1=7 (mod 2)

where Sij 1= Qmin(i7j)(qmax(i,j)a - pmax(i,j)) and

(GBI | (S

0<j<i
j=i (mod 2)

fori, 5> 0.
Proof. This is a slight modification of Theorem 2.1 in [3] where we used

the fact that lim,,_ o log ¢m+1/l0g ¢n = 1 holds for numbers of bounded
density.
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REMARKS. (1) From now on we will assume without loss of generality
that o € (0,1)\Q.
(2) We will repeatedly use the continuants

az 1 0 ... 0
-1 ay 1 O 0
0 -1 a3 1 0 ... 0
K,(ay,...,a,) = : :
0o ... 0 -1 ap-q1 1
0o ... 0 -1 an
(Furthermore, it is convenient to define K¢ := 1 and K_; := 0.) They are
connected to continued fractions by the fact that ¢, = K (a1,...,am) if
a = [ag, ay,...]. Their basic property is the equation
Ky(ay,...,a,) = Kn(ar, ... am)Kn—m(@ms1, .-, an)
+ Km—l(ala cee 7am—1)Kn—m—1(am+2a .. 7an)

for 0 < m < n. This is a more convenient way to write O. Perron’s
“Fundamentalformeln” [8] and turns into the recursion relation for the de-
nominators of convergents if n = m + 1. We will drop the index and write
K(ay,...,a,), which should not lead to confusion.

LEMMA 2. Let M < N and t € {0,1}. Then
Z €i€jSij = Z €i€jSij + O(N — M)

0<i,j<N 0<i,j<M
1=j=t (mod 2) 1=j=t (mod 2)

with an absolute implied constant.
Proof. By induction one sees that K(ay,...,a,) > 2"=D/2 for n > 0.

Since [s;;] = (aj4+1 + [0,a4,...,a1] + [0,aj42,...])7F < 1 and |gja — p;| <
1/qj+1 for j > 0 we get

Z 6§Sjj‘§ Z 1§N—M

M<j<N M<j<N
j=t (mod 2) j=t (mod 2)
and
q;
> gy <) sl <) :
M<j<N M<j<N M<j<n D+t
0<i<j 0<i<j 0<i<j
i=j=t (mod 2) i=j=t (mod 2)
< E 1 < E 9—(i—-1)/2
- K(a; e, @ -
M<j<N ( i+1) ) ]+1) M<j<N
0<i<y 0<i<j

< N-M.
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LEMMA 3. Let M < N and t € {0,1}. Then

Z €i€j8ij = Z €i€j8ij + Z gigjsij + O(1)

0<i,j<N 0<i,j<M M<i,j<N
1=j=t (mod 2) 1=j=t (mod 2) 1=j=t (mod 2)

with an absolute implied constant.

Proof. Analogously to the above

‘ Z Ei€jSij < Z 2_(j_i)/2 = 0(1)

0<i<M 0<i<M
M<j<N M<j<N
1=j=t (mod 2)

LEMMA 4. Let o = [0,a1,...,ap,...,aN,...] and = [0,b1,...,bn,
cobyy ] with 0 < M < N, 0 < M < N, M= M (mod2) and
aM+j:bM/+j fOTlSjSN—M:N,—M/. Then

(1) Ismrtjmri(@) = snrgnr+5(6)]

1\ 1\ VM2
§<2> +<2> for 0<j<N—M.

(—4)/2 i

9 qm+i(a) _ (IM’HW)’ 3<2> (1>
® ‘QM+j(O‘) amr+5(3) =3 2

for0<i<j<N-—-M,i=j (mod 2).

(3)  Ismts,mj() = snarqi 45 (6)]

<0G 0 )66

for0<i<j<N—-M andi=j (mod 2).
(4) Let t € {0,1}. Then

E emyi(@)en+j(@)sarin+j(@)
0<i,j<N—M
1=j=t (mod 2)

= E e +i(B)enr+5(B)sarr i +5(8) + O(1)
0<i,j<N'—M'
1=j=t (mod 2)

with an absolute implied constant.
Proof. (1) Since
|Snaj, 045 (@) = snrr4j,000+5(B))]
= [(aarsj1 + [0, anrig, - aa] + [0, anry 42, ]) 7!

— (barrtj+1 + [0,0ar4 gy - b1] + [0, bar g, .- ]) 7Y
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the assertion follows from

HoabM’—l-ja .. .,bl] — [aM+j, e ,al]\ = |[O,CLM+]', e ,CLM+1,bM/, .. .,bl]
— [O,CLM_H‘,...,CLM+1,(LM,...,CL1]|
< 9—(i—-1)
and
110, bar4 2, barr sy -] = [0, anry o, anrjps, | < 27N,

(2) We consider [0,c¢y1,...,¢,] withn > 2. If ¢ > 1 or ¢ = ¢3 = 1 then
[0,¢1,...,¢n) < [0,1,2] =2/3. If ¢; = 1 and ¢3 > 1 then [0,c2,...,¢,] <
[0,1,2]. Using this we find
‘QM—H(OC) _ QM/-i-i(ﬁ)‘
am+j(a)  qur+5(6)

H AM+r-1\&) 1 H M’ +x-1\P) 1 ’

i<k<j QM+;<; i<k<j QM/+'$
:‘ H [Oaa’MJrﬂv"wal]_ H [07bM’+I€7"'7b1]‘
Ii<Kk<J i<k<j

IN

5™ (IT 0:basnr- b))

<pu<lj i<k<p

<10, 00+ 0] = [0, barrss - bl (T 0, anspms - 0a))

H<k<j

(j—1-2)/2
2
<y (3) 10, @nrsps -y aa] = [0,baps - b

<p<j

SO G (OR O}
()

(3) Since
|shi, v+ (@) — Snrti, v+ (B)]
qm+i(@)
< S smaj 5 (@) = Snara g 45 (B))]
dM+j (@)

qm+i(@) _ qmr+i(B)
(@) qur(B)
the assertion follows from (1) and (2) using garri(@)/qar4;(a) <27071=D/2,

; \ Nsarrasarai (B)
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(4) Note that erryi(@)em+j(0) = emryi(B)em+i(B) for 0 < 4,5 <
N — M and the assertion follows from (1) and (3).

LEMMA 5. If aw=[0,a| and t € {0,1} then

1—(=1)*
c.e.. — (— t .

E gi€jsij = (—1) 5 2(a2+4)m+0(1)
0<i,5<m

1=j=t (mod 2)
with an tmplied constant that depends on a.

REMARK. We use @

length A, e.g. P 2,2,2.

as a shorthand notation for a block a,...,a of

Proof (of Lemma 5). The assertion is trivial if 2 |a. From now on let

2fa. Then
Yoo Esy=(D" Y gjlge—p
0<j<m 0<j<m
j=t (mod 2) j=t (mod 2)
=" Y (a+[p@]+[0a)"
0<j<m
j=t (mod 2)
= (-1)'Z(a+20.@) " +0(1)
1
= (1)) —=—=m+O(1).
(=1) 2 a2+4m (1)
As
1
(0.0 = g (@~ (-0, forn =0
we get (with 2] j)
(1=2)/2
Z €idi = Z (—1)5*goy
Ogi'<j k=0
2l . (jim
= (=D ([@*** + [0,a)***)
va?+4 P
1 1 — (—[a]?)i/? 1 — (—[0,a]?)’/?
_ <[a] ( [61]2) +10,3] (I @2) )
a? +4 1+ [a] 14 [0,a]
1 (]

= - : C(L1)2[E — (—1)/2]0. g,
T T 2 AP - ) a)
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Using
Jj+1 ‘
lgja —p;l = []10,ai, 0541, ] = [0,@" " for j >0
=1
we get

Z €i€j8ij = Z Ej(Qja—pj) Z €iq;

0<i<gj<m 0<j<m 0<i<y
i=§=0 (mod 2) 2|5 2l

1 1 i/210 =17
T Va2t 4 1+ [@? OZ; (o
S

x (2 — (=1)72[@)? — (~=1)7/?[0,a)’)

1 1
Vad+4 1+[ap
x> (=1+2(-1)/%[0,a) - [0,a)*)

0<j<m

2[j

1 1
T 2/a2+4 1+[a?

It can be proved analogously that

m+ O(1).

1 1
E €i€j8ij = \/27 . 1+[7]2m+0(1)
0<i<j<m 2va® +4 a
1=j=1 (mod 2)

and therefore

E €3€j855 = E €585 +2 E €4€55i;

0<i,5<m 0<j<m 0<i<g<m
1=j=t (mod 2) j=t (mod 2) i=j=t (mod 2)
1 2
= (-1 1— m+ O(1
'z (1 T e OO

a

Ty

m+ O(1).

LEMMA 6. Let a,b € N and oo = [0,6)‘1,5“1,6&,5“2,...] with A\j = p; =0
(mod 2) for all i > 1. If
MApup+oo ot pue EmH+1 <A+ + oo+ A+l

then
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Zaz+1 > 5i5j|5ij|)

0<i,g<m
=7 (mod 2)

k _(— a
(zAi)a(l N <2 S
(Z Ai ) log([a (Z N1> log([b]) + O(Aes1 + pirs1 + k)

IOg dm+1 (

(Z M) < (2—1)6 F 1+ 4> + O(Met1 + pig1 + k)

(ZA ) 10g (@ (Z 1) 108([B)) + OOk + ks + k)

with implied constants that depend on a and b.

Proof. It is trivial that

iai-i—l = (i)\i)a-l- (im)lH—O()\kH + Lt1)-
i=0

i=1 =1

If n < m then
log K(c1,...,¢m) —log K(c1,...,¢n) —log K(cpi1y---yCm)

K(cl,...,cn_l)K(cn+2,...,cm)>
=log( 1+ < log2
g< K(ciy oo en)K(enits- -y Cm) &

and therefore
log K(c1,...,¢m) =log K(c1,...,¢cn) +log K(cpy1,...,cm) +O(1).
As
log K (¢*) = log([e*** — (—[0,d)*) — %10g(02 +4) = Alog([d]) + O(1)

we get,

log i1 = (Z i > log([a (Z ,uz> log([b]) + O(Nks1 + ps1 + k).

For our next step we introduce the shorthand notations
LQ = A1—|-,U,1—|—...+/\Q_1 +M@—1+)\g and MQ = )\1 +M1++)\g+,ug
for 1 < p <k (and My :=0). Let ¢ € {0,1}. Lemmata 2 and 3 imply
Z Ei€;Sij = Z €i€jSij + O<)\k+1 + Mk-i-l)

0<i,j<m 0<i,j <Mj,
1=j=t (mod 2) 1=j=t (mod 2)
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— Z( Z + Z )€i€j8¢j + O()\k-i-l + pk+1 + k‘)

o=1 M, 1<4,j<L, L,<i,j<M,
1=j=t (mod 2) 1=j=t (mod 2)

Employing Lemmata 4 and 5 we find that for 1 < ¢ <k,

Yoo agsii= Y. a(0.a)e;([0,a))si([0,a)) + O(1)

M, 1<i,j<L, 0<i,j<Ao
i=j=t (mod 2) 1=j=t (mod 2)
1—(~1) a
= (1) : Ao +0(1
(=1) 2 2(a? +4) ¢+ 0(1)

and

1—(=1)° b
Z €i€jSij = (_1>t 2 ) 2(b2 4 4) Heo + O(l)
L,<i,j<M,
1=j=t (mod 2)

Altogether this gives
— > eglsyl

0<i,j<m
i=j (mod 2)

k s
T (Z&)l_(;l) 4214

k
1—(=1)® b
- (; Hi) 9 214 + O(Akt1 + pet1 + k),

which completes the proof of Lemma 6.
LEMMA 7. Let 1 < a < b be integers and o = [O,EAI,BM,E)‘S,EM, N

(1) 11 )

log([b])
log([a])

lim sup (Anﬂ -7

n—oo

(/\1+...+/\n)> =00

then « is transcendental.
(2) If even limsup,,_, oo An+1/(A1+...+A\,) = 00 then a is a Uz-number.

Proof. This can be proved in the same way as Corollary 6 in [2]. The
modification made in part (1) is necessary to make possible the inclusion of
a=1.

LEMMA 8. Let a = [0, a1, az,...], &/ =[0,a},ah,...] and

m+1

Lim)= 3" (a] — a:)

i=1
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where a), > a; and a; = a; (mod 2) for alli > 1. If L(m) = o(m) as m — oo
then v(a/) = v(a).

Proof. This follows from Lemmata 5.4 and 5.9 in [1].

Completion of the proof of part (1). If we use Lemma 6 as a starting
point, the inclusions [v([5]),00) C v(B,) and [v([b]),00) C v(B{) can be
proved just as the analogous assertions in [1]. Lemmata 7 and 8 lead to the
inclusions [v([b]),c0) C v(B) and [v([b]),00) C v(BY) in the same way as
for the analogous results in [2].

3. Proof of part (2). We mimic the proof of Y. Dupain and V. T. Sés
[6] of inf v*(B) = v*(+/2). The idea is to partition the sequence (a,),>1 of

partial quotients into blocks ak; 41, ..., ak,,, and to prove
kjr1—1 ah
3 (amﬂ — sl —2 Y 5i5m|siml> > 4u([B]) log et
m=Fk; 0<i<m kj

i=m (mod 2)

for each kind of block. The assertion follows from Theorem 1 by addition of
these inequalities. We will use the following types of blocks:

Type 1: aymq1 > b+ 2 where 2| api1;
Type 2: a1 > b+ 3 where 2{a,,41;

Type 3: 41 = ... = @4k = b where a,, > b+ 1 and k > 1;

Type 4: a1 = ... = amsr = b+ 1 where a,,, > b+ 2 and k > 1;

Type 5: apmt1 = ... = Gtk =0, Amakt1 = .- = Qmak+l = b+ 1 where
Am > b+ 2 or (am— 1,am)€{(b b+1) (b—i—l,b—i—l)} and k,1 > 1;

Type 6: a1 = b4+ 1, amyz = ... = Gmakt1 = b, QGmigro = ... =

Gm+tk+1+1 = b+ 1 where a,, > b+ 2 and £k, > 1.

REMARKS. (1) The labelling of blocks is chosen to stress the analogy
with the proof of Y. Dupain and V. T. Sés. In fact first the blocks of type
5 and 6 should be determined and then the blocks of type 3 and 4 among
the remaining partial quotients.

(2) For types 4-6 the case b = 2 deserves more careful estimations than
the case b > 4. We will normally present the calculations for b > 4 and
briefly indicate the necessary changes for b = 2.

(3) Let

S i= U1 — Ey|Smm| — 2 E : €i€m|Sim|-
0<i<m
i=m (mod 2)
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We want to show that

kjt1—1
$~1 55 0 g
o log([pl) 4w,
-
To this end we estimate S, from below and gqx,,,/qr, from above using
Lemmata 9 and 10 below.
(4) Since v(a) = v(a') if @ and o are equivalent [9], [3] we may assume
m > 2 for blocks of type 3-6.

LEMMA 9. Let |ep| = 1. If [0,am,...,a1] > ¢ and [0, a2, Gmss, - - -]
> d then Sy, > amy1 — (Amar +c+d)7 L

Z €i€mqi <0

0<i<m
i=m (mod 2)

Proof. Since

this follows from

€2 |Smm| + 2 Z €i€m|Sim|
0<i<m
i=m (mod 2)
< Gmlgme — Pl = (@m+y1 + [0, am, ... a1] + [0, amga, .. ]) ™
< (am1+c+d)~h
LEMMA 10. In this lemma b denotes an arbitrary positive integer.
(1) If ap, > b+ 1 then K(al,...,am,gk) < [b]FK(ai,...,am) for all
k> 0.
(2) If aymm > b+ 2 then
K(ar,...,am 00+ 1) < BB+ 1 K ay,. ... am)

for all k,1 > 0. This also holds for k > 1 and I > 0 if (am—1,am) €
{(b,;b+1),(b+1,b+1)}.
(3) If ay, > b+ 2 then
K(ar, .. amb+ 1,550+ 1) < BB+ 1" K (an, . . . am)
for all k,1 > 0.
Proof. (1) This is trivial if k = 0. If £k =1 then
K(ai,...,am,b)/K(a1,...,am) = [b,am,...,a1] <[b]
and for k£ > 2 we use the induction step
K(aq,... ,am,gk) =bK(aq,.. .,am,Bkil) + K(aq,... ,am,5k72)
< BB+ B HK (a1, ... am) = [D)*K (a1, ..., am).
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(2) First let a,, > b+ 2. If I =0 or (k,l) = (0,1) this follows from (1).
We now check the assertion for k =1 = 1:

K(ay,...,am,b,b+1)
:K(b,b+1)K(a1,...,am)+(b+1)K(a1,...,am_1)

= V> +b+1+(b+10,am,...,a1])K(as,...,amn)

b+2

1
_ 2 _
= (b +b+2 b+2)K(a1,...,am)
< [b]

b+1
< <b2—|—b+1++>K(a1,...,am)

b+ 1K (ay,...,am).

The last inequality is true if b= 1. If b > 2 it can be checked as follows:

[b][b+ 1] > [b,b,b][b+ 1,0+ 1,b+ 1]

b b+1
_(b+b2+1><b+1+b2+2b+2>

4 1
> 4+b+2— ——.

=b*+b+2—
L (I § T[Ty bt 2

Ifl=1and k > 2 then

K(al,...,am,gk,b—i— 1)

— K(ar,...,am) K@ b+ 1) + K(ay, ... am1)K(@®"

bt 1)
k-1 —k—2
=K(ay,...,an) K0 ,0+1)+K(b “,b+1))
FK(ar,. . am 1) OK®E 20+ 1) + K@ b+ 1))

—k—1

= b(K(a1,...,am)K@ 0+ 1) + K(ag, ... am_1) K@ 2 b+1))

FK(ar, . am)KG 20+ 1) + K(at,. . am ) K@ > b+ 1)
=bK(ay,...,am,b _1,b—|—1)+K(a1,...,am,5k_2,b+ 1)
BB BT 1K (a1, .. . am) + BF 20+ DK (ar, . .., am)

B+ 1)K (ay,...,am).

IN

. . . Sy . . . Tk—3
Note that this calculation remains valid if £ = 2 since in this case K(b~

b+ 1) = 1. The assertion is now proved for £ > 0 and [ € {0,1}. For [ > 2
the proof is finished by the induction step
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K(al,...,am,gk,b—i— 11)

k-1 —k —— -2
=0b+1)K(a1,...,am,b ,b+1 )+ K(ar,...,am,b ,b+1 )
< b+ Db+ 1) K (ay, ... am) + DD+ 172K (ay, . . ., am)
=B+ 1]'K(ay,...,am).

Now let (am—1,am) € {(b,b+1),(b+ 1,b+ 1)}. If I = 0 the assertion
follows from (1). If k =1 =1 then

K(ay,...,am,b,b+1)

=(*+b+14+0,am,...,a1](b+ 1)K (ay,...,amn)

SO Hb+1+[0,0+1,b+2)(b+ 1)K (a,-..,an)

=(0*+b+2— 5 |K(a1,...,ayn) < [b][b+ 1K (a1,...,an
< +o+ b2+3b+3> (a17 @ )<[H + ] (a17 , @ )

where the last inequality is checked as in the case a,, > b+ 2. Consider the
case (k,l) = (2,1). Then
K(ay,...,am,b,b,b+1)

=K(ay,...,a,)K(b,b,b+ 1)+ K(a1,...,am-1)K(b,b+1)

=B+ 02 +20+ 1+ + b+ 1D[0,am,-..,a1))K(a,...,am)
<B4+ +20+1+ B +b+ 10,04+ 1,0+ 2))K(as,...,amn)

_<b3+b2+3b+1+ K(ay,...,an)

b2 +3b+ 3)
<[P+ 1K (a1,...,am).
The proof is then finished as in the case a,,, > b+ 2.
(3) If I =0or (k,l) = (0,1) the assertion follows from (1). Let k =1 = 1.
Then
K(ay,...,am,b+1,b,b+ 1)
=K(ay,...,an)K(b+1,0,04+1)+ K(a1,...,am—1)K(b,b+1)

= +202+3b+ 24+ (B* + b+ 1[0, am,...,a1))K(a1,...,am)

>+b+1

< (B3+20>+3b+2+
b+2

)K(al,...,am)

= <b3+2b2+4b+1+bi2>K(a1,...,am) < [B[o+ 1)K (a1, ...,am)

and the proof is completed as in (2).
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Proof for blocks of type 1. Since S,, = am+1 and ¢m+1/qm = [Gm+1,
..ya1] < amy1 + 1/b we have to prove that

ama11og([b]) — blog(amyr +1/b) >0  for a1 > b+ 2.

We check this by considering f, : [b,00) — R, z +— xlog([b]) —blog(x+1/b):

fo(o) = o([8) — 7 > ow(l) — 7

= <b+ ll)>_1 <<b+ 2) log([b]) — b).

This is positive if b = 2. If b > 4 then

1 — 1 1
(b+ b> log([b]) — b > (b—i—b) logb —b="b(logh—1) + glogb> 0.

Therefore, f, is strictly increasing and it suffices to check that f,(b+2) > 0.
This is true if b = 2. For b > 4 we estimate

(b+2)log([b]) — blog(b+241/b) > (b+2)logb — blog(b+ 5/2)
= 2logb — blog(1 + 5/(2b)).
The right hand side is positive if b = 4 and

d 5 2 5 5
— 21 —zl 1+ — =1 1
dx< gL og( +2:U>> x og< +2m> +2ac—i—5

20, b s
r 2x 2r+5 2x(2x+5)

for all real x > 4.
Blocks of type 2. Estimating S,, > am+1 — 1/am+1 we get

Sy 10g([B]) — D108 (dm+1/am) = (@1 — 1/ 1) 10g([B]) —blog(ams +1/b).
Consider f; : [b+3,00) — R, x — (z — 1/x)log([b]) — blog(x + 1/b). Since
(z+1/b) fi(x) = (1 +1/2%)(z + 1/b) log([b]) — b

> (b+3+1/b)loghb—1b
=b(logb—1)+ (3+1/b)logb >0

for all even b > 0 it suffices to check that f,(b+ 3) > 0. This is true if b = 2
and

14 14
fo(b+3) > (b+ 5> logb — blog (b+;) = glogb—blog <1+27b>.

The right hand side is positive if b = 4 and it can be checked as above that

d (14
— (loga: —zlog <1 + 7)) >0 for all real x > 4.
dr \ 5 2x
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Blocks of type 3. Using Lemma 10(1) we get
(S -+ -+ Ssn_1) og((F]) — blog 5 > kb log([F]) — blog([F}*) = 0.

m

Blocks of type 4. First let k > 2 and b > 4. Lemma 9 yields
Sy >b+1—(b+1+0,b+2])7",
Spr; >b+1—(b+14+[0,b+1,b+1]+[0,b+1,b])"" for1<j<k-—2
Spik-1>b+1—(b+1+[0,b+1,b+1])"".
As L(z+14 %H) > 0 for real > 0 the sequence (1/(b+1+[0,0+2]))p>1
is decreasing. The same argument shows that (1/(b+ 1+ [0,b+ 1,0+ 1] +

0,0+ 1,b]))p>1 and (1/(b+1+4[0,b+ 1,0+ 1]))p>1 are decreasing. Using
Lemma 10(1) we get
[

Sm+ o+ Smik-1)log([b]) — blog(gm+k/qm) > fo(k)
where fj, : [1,00) — R with
fo@)=(x(O+1—-0b+1+[0,0+1,b+1]+[0,b+1,0))" )
+2(b+ 140,04+ 1,b+1]+[0,0+1,0)) "
—(b+14+[0,b+2))"  —(b+ 140,64+ 1,b+1]) 1) log([8])
— zblog([b + 1)).
We estimate
fi(x) > (b+1—(5+]0,5,5] +[0,5,4]) ) logb — blog([b+ 1,b + 1])

2393
= (b-l— 2939> logb —blog([b+ 1,b+ 1]).

This is positive if b = 4. If b > 6 we use
log([b+1,b+1]) = log b+log(1+b" +b"(b+1)"1) < logb+b 1 4+b 1 (b+1)71
to get

b+ 1
As the right hand side is increasing and positive if b = 6 it suffices to check
fp(2) > 0. This is true if b = 4. If b > 6 we estimate
f(2) > (2b+2— (5+1[0,6])"* — (5+0,5,5]) ) logb
—2b(logb+ b~ +b7 ' (b+ 1))
6754 2
BT L Wy

As the right hand side is positive for b = 6 and increasing we have proved
the assertion for k > 2 and b > 4. If b = 2 the above estimates are too weak
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for small k. This case can be dealt with by replacing Lemma 10(1) by the
better estimate
1971 ~

K(al,...,am,gk) < M[S]kK(al,...,am) (for a,, >4 and k > 1),

which can be proved in the same way as Lemma 10(1). It then remains to
check that the resulting function f, has the properties f& > 0 and f2(2) > 0.
Now let k = 1. Then

Sm log([b]) - blog(Qm+1/‘]m) > fb(am)

where

o) = <b+ - 11/(x+ 1)> log([B]) — blog(b+ 1+ 1/x).

Since

b(b+ 1) —log([b]) > b(b+ 1) —log([b,b]) > b* + b —logb— 1/b* > 0,

20(b 4+ 1)(b + 2) — log([b]) > 2b> —logh — 1/b* > 0

we get

(b+ )2 +2)((b+ D)z + b+ 2)* fi ()

= (b+1)(b(b+ 1) — log([b]))z>
+ (2b(b + 1)(b 4+ 2) — log([b]))x + b(b +2)® > 0
for all real x > 0 and it suffices to check fp(b + 2) > 0. This is true if
be {2,4}. If b > 6 then
b+ 3 1

b+3 1
= <1—<b+2)2>10gb—1—b+2.
This is increasing and positive if b = 6, which completes the proof for blocks
of type 4.
Blocks of type 5. First let [ > 2 and b > 4. Due to Lemma 9,
Sm=-..=Smik_1 =0,
Spmik > b+1—(b+1+4[0,b,b] +[0,b+2))7",
Sk =b+1—(b+1+[0,b4+1,b]+[0,b+2))"" for1<j<l—2
Spmabpi1>b+1—(b+14+[0,b+1,0)7",

where the rational functions on the right hand side are monotone. Therefore,

Lemma 10(2) yields
(Sm A+ -+ + Sy rri—1) 10g([b]) — blog(gmkti/qm) = fo(l)



Distribution of (na)-sequences 361

where

fo(@) = (x(b+1—(b+1+[0,b+1,8 +[0,b+2])"")
+2(b+1+1[0,b+1,b] +[0,b+2]) "
—(b+1410,b,0] +[0,0+2])" = (b+14+[0,b+1,b])"")log([d])
— zblog([b+ 1]).

Now f; > 0 and if b > 6 then

fi(x) > (b+1—(5+[0,5,4] +[0,6]) ") logh — blog([b+ 1,b + 1])

1
> (b+ (735) logh—b(logb+ b~ + b~ (b+1)71)

61 1
S eb—1— —— >0
75 8 bl

Checking f4(2) > 0 and estimating
fo(2) > (20 +2 — (5 +[0,4,4] + [0,6])
— (5410,5,4]) Y logb — 2b(loghb + bt +b b+ 1))
97429 B
60059 b+1

(which is positive for b > 6) completes the proof. If b = 2 the above proof
works for [ > 3 (i.e. f4 >0 and f2(3) > 0) but if [ = 2 we use the estimate
—k = 1082
K(ai,...,am2",3) < %
(where k > 1, ay, > 4 or (am—1,am) € {(2,3),(3,3)}) instead of Lemma
10(2).
Now let I =1 and b > 4. Then due to Lemma 10(2),

(Sm 4 -+ Smtr) log([b]) — blog(gm-+k+1/am)
> (b+1—(b4+1+1[0,b,b])" ) log([b]) — blog([b + 1])
which is positive if b = 4
>(b+1—(5+[0,4,4]) ") logb — blogh+ bt +b b+ 1))

logh — 2

21" K (a1, .., amn)

72
= %9 logb—1— b1 which is positive if b > 6.
For b = 2 we use the estimate
—k 3287 .
K e am,2,3) < —2]"K (a1, ..., am

(where £ > 1, ay, > 4 or (am-1,am) € {(2,3),(3,3)}) instead of Lem-
ma 10(2).
Blocks of type 6. First let [ > 2 and b > 4. Due to Lemma 9

Sy >b+1—(b+1410,b,0))"",
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Sppi1 = ... = Smir =D,
Spiks1 >b+1—(b+1+[0,b,b] +[0,b+1,0]) ",
Skt >b+1—(b+1+2[0,b+1,8)" " for2<j<l-1,
Skt >b+1—(b+1+[0,b+1,b])7"

where the rational functions on the right hand side are monotone. Due to
Lemma 10(3)

(S 4+ -« 4 Smtit1) log([b]) — blog(gmtkti+1/dm) = fo(l)
where
fo@)=(z+1)(b+1—(D+1+2[0,b41,0)"")
+3(b+1+2[0,b+1,b)) "
—(b+1+1[0,6,6]) " — (b+1410,b,0 +[0,b+ 1,b])~*
—(b+ 140,04+ 1,0]) Y log([p]) — (x + 1)blog([b + 1]).
Now fj > 0 and if b > 6 then

filx) > (b+1—(5+2[0,5,4]) Hlogb —blogh+ b1 +b b+ 1)71)
92

1
= 2 logb—1— —— > 0.
113 % il

Checking f4(2) > 0 and estimating

fo(2) > (30+3— (5+[0,4,4]) " — (5+10,4,4] + [0,5,4]) "
—(5+1[0,5,4]) Y logb — 3b(logb + b1 + b7 (b+1)" 1)
45699740 3

Bk o P N S
18790837 & b+ 1

(which is positive for b > 6) completes the proof. If b = 2 the above proof
works for I > 3 (i.e. f; > 0 and f2(3) > 0) but if [ = 2 we use the estimate

1759

K(a1,...,am,3,2°,3°) < . 21K (ai,. .., am)

(where k > 1, a,,, > 4) instead of Lemma 10(3).
Now let I = 1. Then due to Lemmata 9 and 10(3),

(Sm + ..+ Smgrt1) log([b]) — blog(gm+k+2/qm)
>2(b+1—(b+1+10,b,b])" ") log([b]) — 2blog([b + 1])
which is positive if b =4
>2(b+1—(5410,4,4]) " logb—2b(logh+ b~ +b (b +1)71)
144

2
=30 logh —2 — b1 which is positive if b > 6.
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For b = 2 we use the estimate

_ 107 —
K(ar,...,am,3,2",3) < W[2]’%(@1,...,%)

(for £ > 1 and a,, > 4) instead of Lemma 10(3).
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