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Gauss sum for the adjoint representation
of GL,(¢) and SL,(q)

by

YEON-KWAN JEONG, IN-SOK LEE, HYEKYOUNG OH
and KYUNG-HWAN PARK (Seoul)

1. Introduction. Let A be a nontrivial additive character of F,, the
finite field of ¢ elements, and x be a multiplicative character of IF,. For a
finite group of Lie type G defined over F, (see [2]) and its finite-dimensional
(rational) representation ¢ over Fy, we define the Gauss sum G(G, ¢, x, \)
as follows:

G(G, 6, x,A) = Y x(det(¢(x))) - Altr(¢(x))).
zeG

The explicit expression of the above sum has been obtained in [5]-[12]
for a finite classical group with respect to its natural representation and in
[13] for the finite simple group of exceptional type G = Ga(q) with respect
to its 7-dimensional faithful representation ¢ over F,.

When G are various finite classical groups and ¢ are the natural rep-
resentations, the Gauss sums have turned out to be polynomials in ¢ with
coefficients involving mostly well-known exponential sums over F,. (See [5]-
[12].) We also refer to [5]-[12] for motivations and applications of the Gauss
sum G.

These results for the classical groups and Ga(gq) can be rephrased in
the following conjectural statement: Let G = G; be a finite group of Lie
type of rank [. Let S be a maximal [F -split torus of G. Then the centralizer
H = H; = Cg(S) of S is the Levi subgroup of a minimal parabolic subgroup
of G. Note that a minimal parabolic subgroup is a Borel subgroup of G and
H is a maximal torus in G. (See [1, §20] and [4, §34] for details.) For r <,
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we denote by G, a finite group of rank r defined over F, and assume that
G = G; and G, are of “the same type” (see [2, p. 38]). Similarly, we denote
by H, the Levi subgroup of G, contained in H;. Let

H(G,9) = D x(det(g(1)) - Atr(¢(t)))

teH

be the Gauss sum restricted to H. Then it is very likely that the Gauss sum
G(Gi, ¢, x,A) is a polynomial in ¢ with coefficients involving some H (G, ¢)
for r < [. To be more precise, we need a slight modification of the above
statement when G is a twisted group. Indeed, the Gauss sum of twisted group
G involves not only H(G.., ¢) but also “twisted” H(G,., ¢). (Although results
in [5]-[13] are not stated in the above form, it is not difficult to translate
them into the above. See [14] for details.) We also note that there is an
analogous result for classical Lie groups (see, for example, [3, 26.19]).

The purpose of this paper is to add more evidence for the above conjec-
ture.

When G is the finite general linear group GL,(¢) and ¢ is the adjoint
representation Ad : GL,(q) — GL(gl,,(¢)), using the “parabolic induction”,
we show that the Gauss sum is

[n/2]
G(GLu(q), Ad, X, A) = Lo +¢3) 3 et H(GLu—24(q), Ad)
k=0

where ¢, and L, o are polynomials in g (see Corollary 3.8 for details). In
this case,

1 1
T1 sy €EFY
Identifying the finite projective general linear group PGL,, (q) with the image
of Ad, we thus obtain:

[n/2]
1 n
G(PGLy(q).id X N) = —— Lo +418) 3~ aH(PGLy 24(9),id),
k=0

where

H(PGLyy(q),id) = %H(GLm(q), Ad).

We note that ﬁLn,o are polynomials in q.
If n and ¢ — 1 are relatively prime, then we also get the Gauss sum for
the adjoint representation Ad : SL,(¢) — GL(sl,(g)) of SL,,(¢) using the
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results for GL,,(¢). In this case the Gauss sum is

[n/2]
5L () Ad 3o N) = A0 Lo 44 Y a(SLu-aa) A}
k=0

(see Proposition 6.5 for details) and the Gauss sum restricted to H is

H(SLm(q), Ad) = ) )\((ml +...+$m)<xl +...+1)>.

% 1 Tm
T1,..., T €F

2. Preliminaries and notations. The main tool of this paper may be
called parabolic induction. Thus we describe the Bruhat decomposition of
GL,,(¢q) with respect to its parabolic subgroups.

Let P = P, (with [,m > 1 and | +m = n) be the parabolic subgroup
of GL,,(q) given by

P = { (Al B ) ‘ A, € CLi(q), Ay € GLu(q), B € Matlxm(q)}

0 A,
and let
0 0 1, 0
o 1, 0o o
=1 -1, 0 0 0

0 0 0 1, —r
where 0 < r < min{l,m} and 1 is the k x k identity matrix.
Let

Q,={x € P|o.xo, ' € P}

and let @, \ P be a complete set of representatives for the right cosets of
@, in P. Then the following decomposition of GL,(¢) into a disjoint union
of right cosets of P is well known. (Our decomposition is slightly modified
from that of [2, §2.8].)

LEMMA 2.1. We have
t
GLn(Q) = HP'UT'(QT\P)
r=0

where t = min{l, m}.

The case P = P,,_1,; will be particularly useful for our purpose. In this
case

GLy(q) = P PwN
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where w = 07 and N = @1 \ P. We recall that

n—1

GL,.(¢)] = [ (¢" = ¢")

k=0

and thus we have )
N| = a(q - 1)
g—1
for n > 2.
Now we introduce some notation which will be used throughout this

paper. We assume P = P,,_;; and w = o0;. For

A B
:1::<0 bnn>€P,

let
a/ll o« .. t
A= (aij) == . A’ y B = (b1n7 bgn, ey bn—l,n)
and
a22 a23 e a2 n—1
A =
Gp—-12 A4Ap—-13 ... Gpn-1n—1

In this paper we use many equations with summations. For simplicity
we use the following notations:

n
Z:Z and Ztizzti,
X  meX i=1
if z € X and n are explicit in those equations.
Finally, we consider a 0x 0 matrix group as the trivial group, for example,
GLo(q) = SLo(¢) = {1}. But the trace of an element of such a group is
defined to be zero.

3. Gauss sum for the adjoint representation of GL,(g). The ad-
joint representation Adgr,, () = Ad : GL,(q) — GL(gl,(q)) of GL,(q) over
[F, is defined as

Ad(z).X = zXa™*
for x € GL,(¢) and X € gl,(q), where gl,,(¢) is the general linear Lie algebra
over [Fy.

The following lemma is supposed to be well known.

LEMMA 3.1. For a given g € GL,,(q), we have

(a) tr(Ad(g)) = tr(g) tr(g™"),
(b) det(Ad(g)) = 1.
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Proof. Let V be an n-dimensional vector space over [F,. Then we may
identify GL,,(¢) with GL(V') and gl,,(q) with g{ (V') = End(V"). Since GL(V')
acts naturally on V', V@V* is a GL(V)-module, where V* is the dual GL(V)-
module of V. Identifying V' ® V* with End(V') = gl(V'), we can easily see
that the adjoint action of GL(V') on gl (V') is equivalent to the GL(V)-action
on V ® V*. Thus

tr(Ad(g)) = tr(g ® ("g™1)) = tr(g) - tr("g ™) = tx(g) - tr(g™"),
and
det(Ad(g)) = det(g® (‘g™")) = det(g)" - det(*g™ )" = 1. =

From the above lemma, if we want to get the Gauss sum for the adjoint
representation of GL,(q), it is enough to calculate

> Atr() tr(z 1)),
z€GL, (q)
We denote by H; the standard maximal F,-split torus in GL;(g), that is,
Hy = Cqr,(q(H) = {diag(t1,..., 1) [ t1,..., 1 € IF;}
We recall that
H(GLi(q), Ad) = ) x(det(Ad(t))) - A(tr(Ad(?)))

teEH;
is the Gauss sum restricted to H;. Therefore, we have
1 1
H(GLi(q),Ad) = ) )\<(x1 +... —l—xl)( +..+ ))

y L1 L
T1,...,01EFg

The integers D,,; given in the following definition, which appear in our
main result (Theorem 3.6), are interesting by themselves.

DEFINITION 3.2. We set

Dy, = > oo

diag(t17~~7t7z)eHl CEEGLH(‘I)
tr(z)+>. t;=0

forn>2and ! > 0.
Using “parabolic induction” of GL,(q) we obtain:
LEMMA 3.3. Letn>2 and | > 0. Then

(a) Doy = (¢—1)((g—1)' = (=1)))/q,
(b) D1 = Do,41,
(€) Duy=q""Dp 1141 +¢" (g =D g" " = 1)|GLn—1(q)]-
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Proof. (a) Since t; # 0, it is clear that Zii t; = 0 implies Zézl t; #0.
Thus
Do,1+1 = |Hi| — Do,.
(b) Clear.
(c) Using the fact that

> tr(pwp’) =) tr(pw)
peP peP
for p’ € N, we have (see the notation in Section 2)

Dni=> > 1

H; zeGL,(q)

tr(z)+>.t;=0
DD IR ED DD DR
H,; zeP H; reEPwN
tr(z)+>. t;=0 tr(z)+>. t;=0

="ty > 1+ \N\%: > 1.

Hi AcGL,—1(q), bpn€FY zepP
k] q ’ L —
tr(A) b +30 =0 ~hinttr(A)+2 =0

Thus, we may assume by, = tr(A’) + > ¢;, and hence
Diy=q"""Dn141 +|N[(g = 1)'¢" (¢ — 1)|GLu—1(q)|- =
Now for a given nonnegative integer k, let [0], = 1,

k _
Mo =T and [Rl} = <]k = . [,

Then, from Lemma 3.3(c), we obtain

n—1
Dot = ¢ Donsi + (= 1" Sl }
j=1
for n > 2 and [ > 0. Also from the direct calculation we have the identity

[y — 1

S llelil = T

q

Thus we have shown:
PROPOSITION 3.4. Letn > 2 and l > 0. Then
yla=D"" = (¢=1" + (¢ = D= |GLa(9)]
q q

REMARK. In particular, for n > 2, we have

(& € GLu(q) | tx(x) = 0}] = Dy g = g3 9= 1()1(—1>” N |GLZ(Q)"

Dn,l = q(g
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DEFINITION 3.5. For n,l > 0, we define

G =Y > A(@dw)+t1+.“+¢g<tmx—5-+;+.“+-;>).

H; z€GLy(q)
Now we state the main results of this paper.
THEOREM 3.6. Let n > 2 and 1 > 0 (if n = 2 we assume | # 0). Then

(a) G141 = H(GLi11(q), Ad) = Go141,
(b) Go,0 = ¢H(GL2(q), Ad),
(C) gn,l = qn_lgn—l,l+1 + q2n_2(qn_1 - 1)gn—2,l

+¢>"*{(¢ = 1)'|GLy-1(q)) = 2(¢" " = 1) Dy}

Theorem 3.6 is proved in Section 4. Using Theorem 3.6, we can compute
the Gauss sum for the adjoint representation of GL,,(g). To state the result,
we define L, ; inductively as follows.

DEFINITION 3.7. We define

Loo=L1;= Loi+1 =0,
Lini=q" "Lin—1i01 + " 2" " = 1)Ly,
+*"*{(q = 1)|GLn—1(q)| = 2(¢™ ! = 1) Dy2,i},
where m > 2 and ¢ > 0 (if m = 2 then i # 0). Clearly L,, ; are polynomials
in gq.

COROLLARY 3.8. Let n > 2. Then

[n/2]
G(GL,(q), Ad, X, A) = Go = Lo + a3 3° e H(GL,_a1(q), Ad),
k=0
where
1 if k=0,
g Y, (¢m -1 ifk=1,
n1€N
cp = 0<ni<n

¢ @ - -1) g 1) k=2

(n1,...,np)ENF
0<ni+1<ni+1 <n

Proof. This is a sheer computation and is omitted. m

Since the kernel of Ad is the scalar matrix in GL,(q), we can identify
the finite projective general linear group PGL,(¢) with the image of Ad.
Let id be the identification map from PGL,(q) onto the image of Ad. If H,
is the standard maximal torus in GL;(g), then Ad(H;) = Cpqr,(q)(Ad(H;))
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is a maximal Fg-split torus in PGL;(q). Hence the Gauss sum restricted to
Ad(Hl) is

. 1
H(PGL(q),id) = ﬁH(GLl(Q%Ad)
and the Gauss sum for PGL,,(q) is
1

Therefore we have:

COROLLARY 3.9. Let n > 2. Then
. /2]
G(PGL(0).id,x,A) = —— Lno + ¢33 e H(PGLy—21(q),id).
k=0

Note that —5Ln,o are polynomials in q.

4. Proof of Theorem 3.6. We begin with some lemmas.
LEMMA 4.1. For any a,b € F,, b # 0, we have
D> Ma+bt) =) A1) =
tek, teF,
Proof. This is obvious. (Recall that A is nontrivial.) m
LEMMA 4.2. We have
Z Z Mz?yz) = 0.
z€Fq y,zEIF;<

Proof. Dividing the above sum into the sum when z = 0 and the sum
when x # 0, we get

Z Z Mz?yz) = (¢ — 1)? Z Mz%yz)

z€Fg 4 zeF z,y,2€F;
= (qg—1)* {Z Z MzPyz) — q—l)ZA(O)}
YEFG 2 2€F
=0. =

LEMMA 4.3. Let a,b € Fy and c € F. Then

—(¢g—1) if a=0, b=0,
> Mla+2)(b+ cay)) = i ZZZZS 27_&8

2y €Fy Aab) +q if a#0, b#0.
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Proof. For each fixed z, replacing y by (cz)~'y, we have

> AMla+x)(b+ cay))

a:,yEIF';<

> Ma+z)(b+y)

z,yeFy
= Aab)+ Y Mla+x)b+y)— D Mab+y) = Y A(a+z)b)

z,y€ly yeFy z€ly,
D+ > Azy)— D May) — > Aab)
z,y€ly y€F, z€ly
= Aab) +q— > May) — Y Aab).
yelF, z€lFy

Now the result follows from this. =

Now we prove Theorem 3.6. Part (a) is obvious. For part (b), using the
Bruhat decomposition of GL2(q) with respect to the parabolic subgroup
P = Py 1 (see Section 2), we have

G2,0 = Z A(tr(z) tr(z ™))

z€GL2(q)

= Z)\(tr(:c)tr(x_l))+ Z Atr(z) tr(z~"))

reP re PwN

= qH(GLa(g),Ad) + > A(tr(z)tr(z™"))

re PwN

= qH(GLa(q), Ad) + D Y Altr(zwy) tr((zwy) ™))

reEP yeEN

— GH(GLa(q), AD) + 37 37 Atr(yaw) tr((yew) ™)

rzeP yeN

— ¢H(GLa(q), Ad) + [N Y Altr(ew) tr((zw) ).

zeP

(a1 bi2 0 1\ _(—=bi2 an
“"“"(o b22><—1 0>_<—b22 o)’
we obtain

—b
Go0 = qH(GL2(g), Ad) +¢ > Y )\<_512, 12>

a11b22
b12€Fq g1 b €F

Since

and thus
G2,0 = ¢H(GL2(q), Ad)

by Lemma 4.2.
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Now we calculate G,,; in part (c) using the Bruhat decomposition of
GL,,(¢q) with respect to the parabolic subgroup P = P,,_1; (see Section 2).
First, we observe that

(T Ry

Hy z€GLy(q)
:%m;/\« )+ >t )<tr DRI ))
2 5 (e B0 s+ E )

One can easily see that
ZZA(( By )<m~ R )) G i,
H; z€eP
Therefore it is enough to compute
(4.2) oy /\<( +y )(tr - +Z >>
H; z€PwN

Let A;; be the cofactor of a;; in A and let A’ be the submatrix of A obtained
by deleting the first row and the first column (see Section 2 for the notation).
Then

> 3 (v 6) (s + X))

EE (e ) (w4 1)
- |N|§;)\<<tr($w) +Zti) <tr(w1x1) +Ztl>>

:|N|Z Z Z Z A((tr(A/)—bln-i-Zti)

Hl BE(FQ)nil bnne]F;( AEGL'VL—l(q)

A A +b1p A1 £ b1 A 1
( 29 + + 1, 1+ 1nA1l 1, 1,1+Z >>

% det(A) b det(A)

=N > Y Y A((tr(A’)—bln—l—Zti)

Hy BE(FQ)Nil bnne]F;( AEGL'VL—I(q)

X

App+ ...+ A 11 binAni+ .o+ bi1nAn1p 1
( det(A) + b det(A) 2.0))
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Hence, if by, = tr(A’) + > t; then the corresponding subsum of (4.2) is
equal to

(4.3) IN|(¢ — 1)'¢" (¢ — 1)|GLn—1(q)l.

If by, # tr(A’) + > t; then, by Lemma 4.1, the corresponding subsum of
(4.2) is 0, unless Ay = Agy = ... = A,_11 = 0. So now we assume that
Aoy = A3y = ... = A,_1,1 = 0. This is equivalent to saying that

0
A= (CX/} A’)

where a1 € F;, A" = t(agl, .. ,an_m), a;1 € Fq and A’ € GLn_g(q). We
define

1
= tr(A’ ti d 7=tr(A! il
o=tr(A)+> t; and T =tr( )+Zti
Then the subsum of (4.2) corresponding to by, # tr(A’) + > t; is equal to
(44)  ¢"7*IN|

XY Y Y Men(r)

b ail
Hi b, 011 €F; A’€GLR—2(q) BEb(Fq?ln_l -
1n7F0

n— bln
=gq 2|N|Z Z Z Z )\<(Ubln)(7'+b G11>)
Hi BE(Fg)" ' b,,,a11€F A’ €GL, _2(q) nn
—¢"?IN|(g— 1)'q"*(¢ — 1)*|GLpn—2(q)|

=¢" Nl > /\((U—bln)<r+bbln >>

na11
Hy bin 7bnn ,a11 G]F;( A/GGL"L—z (q) "

+q"?|N|q" (g — 1)*Gn_21 — ¢" 2N |(g — 1)"2¢"?|GL,_2(q)|.

Therefore it remains to compute

(4.5) >y > A((a—bln)<7'+ bin ))

bpnaii
H, bin,bnn,a11 G]F; A’ EGLn,Q(q)

By Lemma 4.3, the sum (4.5) is equal to

@-{>X ¥ e+ Y 1

Hl AIEGLTL,Q((]) Hl AIEGLn,Z(q)
o=0,7=0 0=0,7#0
+ )DRERED DEND DENRCEPICON
Hy A’eGL,_2(q) Hi A’eGL,—_2(q)

o#0, 7=0 o#0, 7#£0
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Since
>0 1= > 1
Hi A’€GLn_2(q) Hi A’€GL,_2(q)
o=0, 7#0 oc#0, 7=0
and

Z Z AoT)

Hl AIEGL7L_2((1)

o#0, 7#0
:Z Z )\(UT)—QZ Z 1—1—2 Z 1,
H;, A’€GLn_2(q) H;y A’€GL,_2(q) H; A'eGLy_2(q)

o=0 o=0,7=0

(4.5) becomes

EIED DD VRS DEND DY

H; A'eGL,—2(q) Hy A'eGL,_2(q)
=0, 7=0 o#0, T#0

+@=-DY. > o7

H; A’€GLy_2(q)

qfl{ )OEED DR E D DD 1}
H; A’eGL,_2(q) H, A’eGL,_2(q)

=0 o#0

+ (q - 1)gn—2,l'

Thus we have shown that if [ # 0 and n > 2 then (4.5) is equal to
(46)  (q—1a{(g = 1)'|GLn—2(q)| = 2Dp—24} + (¢ = 1)Gn—2,-
Therefore, if we combine the above results, we get

—1
gn,l = qn gn—l,l—i—l

DY A<( +D )(tr D )) (see (4.1))

H; x€ PwN

—1
== qn gn—l,l—i—l

+INlg" (g — 1)1 |GLn-1(q)| (see (4.3))

+INlg > Y > A((a—bln)(7+ i

bnnall
H, bin,bnn,a11 E]F;( AIGGLn72(Q)

+[N1g*" g = 1)*Gn20— IN|¢*" (¢ = 1)"**|GLy—2(q)| (see (4.4))
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= qnilgn—l,l—l—l + \N\q2n74(q - 1)29n—2,z
+|N|¢"*(qg — 1)1 GLn-1(q)| — IN|¢*"*(¢ — 1)"?|GL;—2(q)|

+IN Ay Y > A((o—bln)<7+ 1n ))

b ail
H, bin,bnn,a11EFg A’€GLn_2(q) nn

=" ' Gno141 + NI g — 1)°Gray
+ [N|¢" (g — )" |GLn_1(q)| — [N|¢*"~*(q¢ — 1)"**|GLy,—2(q)|
+ [Nl (g —1)
x {q((q = 1)'|GLn-2(q)| = 2Dn—2,) + Gn—2,} (see (4.6))
= qnilgn—l,l-i-l + q2n72(qn71 —1)Gp_2,
+[N|g" (g — 1)
x {(¢"' = 1)¢" ?|GLn-2(q)| + ¢"*|GLy—2(q)|}
+ [N|g*" (g — 1)(—2¢Dn—2,)
= qnilgn—l,l-‘,—l +¢*" 2 (" - 1)Gr—2,
+¢*"%(q = DGLa—1(q)| + ¢***(=2(¢" " = 1) D2y
= qn_lgn—l,l-i-l + ¢ (" - 1)Gn—2,
+¢*" (¢ 1)"|GLy—1(q)| = 2(¢" " = 1) D2}

This completes the proof of Theorem 3.6.

5. Gauss sum for the adjoint representation of SL,,(¢). The adjoint
representation Adgy,, () = Ad : SLy,(q) — GL(sln(q)) of SLy,(q) over F, is
defined as

Ad(z).X =xXa™!

for x € SL,,(¢) and X € sl,,(q), where s[,,(q) is the special linear Lie algebra
over F,.

LEMMA 5.1. For a given g € SL,(q), we have

(a) tr(Ad(g)) = tr(g) tr(g~") — 1,
(b) det(Ad(g)) = 1.

Proof. Let Adgr,q) be the adjoint representation of GL,(g) and
Adgy,, () be the adjoint representation of SLy, (). Note that gl,, (¢) = sl,(q)®
F, - enn, where e,,, = diag(0,...,0,1). Thus for any g € SL,,(q), we get

Ad T) *
Adar, (g)lst.(g) () = < SLB(Q)( ) *>

However, since

tl"(AdGLn(q)’SLn(q) (g)'enn) = tr(genng_l) = 1’



14 Y.-K. Jeong et al.

we have genng~ ! — enn € sl,(q). Therefore

Ad %
Adcr, (g)lsL,.(9)(9) = < SLB(q)(Q) 1) .

This proves our lemma by Lemma 3.1. =

By Lemma 5.1, if we want to get the Gauss sum of the adjoint represen-
tation of SL,,(g), it is enough to calculate

> Altr(z) tr(z™h) - 1)
z€SL, (q)

Now we decompose GL,,(¢) into the disjoint union of left cosets of SL,,(q).

LEMMA 5.2. Let n and g — 1 be relatively prime. Then

GLn(g) = ] #SLa(a)-

teFy

Proof. For any g € GL,(q), let det(9) = «a. Since n and ¢ — 1 are
relatively prime, there is a unique ¢t € F such that ¢" = «. Thus t~lg €
SL,(¢) and g € tSLy,(q). =

From Lemma 5.2, we have

Yo M@= Y Alte(ty) tr((ty) )

z€GLy (q) tery y€SLn(q)

=Y > M@ty

teFy yE€SLn(q)

—(q—1) > Ar(y)te(y™).

y€SLn (q)
Therefore we get the following lemma.
LEMMA 5.3. Let n and q — 1 be relatively prime. Then
> Atr()tr(xh) = — D> Altr(a) tr(z ).
z€SLn(q) r€GL,(q)
For SL,,(q), we take H, to be the standard maximal F,-split torus in
SL,(q), that is,

r, € FY, 1<i<n, Hmizl}.

=1

H, = Csp,, () (Hy) = {diag(xl, ey Zn)
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Hence, we have

H(SL,(q), Ad) = Z /\<<x1 + 4T+ mllxn_)

X
ZT1,Tn—1€ERG

1 1
X — 4+ ...+ +.1‘1...£Cn_1
T Tn—1

= Z A<(m1+...+xn)(;+...+;>>.

X
ml,.‘.,znqu
zy...xp=1

Then we have:

LEMMA 5.4. Let n and q — 1 be relatively prime. Then

1
H(SLn(q), AdsL, () = q_ilH(GLn(Q), AdcL,(q))-

Proof. For a,t € F, we denote Xo = {(71,...,2,) € (F)" | 21... 20
= a} and t(z1,...,z,) = (tx1,...,tx,). Since n and g — 1 are relatively
prime, for any o € F, there is t € F such that ¢" = a. Hence X, = tX;
and (Fg)" = [],cpx tX1. Therefore

1 1
T1,..,Tn €FF
1 1
= Zz/\((tx1+...+t:1;n)<+,__+)>
try tx,
teFy tX1
1 1
— Zz/\<(:c1+...+xn)<+...+>>
Z1 Ty
teF} X1

= (¢ — 1H(SLn(q),Ad). =
Summarizing the above results, we have the following proposition.
PROPOSITION 5.5. Let n and g — 1 be relatively prime. Then
[n/2]
1 (3)
G(SLu(0), Adx. ) = A(=1)3 - Lno + a2 3 M (SLoox(a). Ad) 1
k=0

We note that [I_%Ln,ﬂ are polynomials in q.

We also note that the finite projective special linear group PSL,(q) is
isomorphic to SL,,(¢), since we are assuming n and ¢— 1 are relatively prime.
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Sl

= —_———
09

[
i
[

(13]

ST S e =2

N = O

(14]

Y.-K. Jeong et al.
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