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1. Continued fractions in fields of series. While some deep work has
been done on continued fractions in power series fields, there does not seem
to exist a general introduction, or an easily accessible account of Serret’s
Theorem or Lagrange’s Theorem in this case. We therefore will start with
the (obvious) definitions, and set some notation. But see also [12]. Whenever
possible, we will try to stay close to the approach in Perron’s classical treatise
[19]. We define rational functions in variables Zg, Z1, ... by (1)

(1.1) [Zo] = Zo, [Zo,Z1) = Zo+1/Z1,

(1.2) (Zoy 21y oy Zn| =20y oy Zn—2yZn—1+1/Z,]  (n>2).
Then

(1.3) (Z0, 21, s Zn) = [Zoy- s Zm—1, [ Zmy - Zn]] (1 <m < n).
Setting P.o =0,Q =1, P 1=1,Q_1 =0,

(1.4) Po=7ZyPo 1+ Py, Qn=2Qn1+Qn 2 (n>0),
we observe that P, @, are polynomials in Zy, Z1,...,Z, (n > 0), that

(15) QnPn—l - PnQn—l = (_1)71 (n > _1)7
and
(1.6) (Zo, Z1y. .y Zn] = Pn/Qn.

In the function field case we will be considering, the roles of Z, Q, R in the
classical theory of continued fractions are played by k[X], k(X),k((X~1))
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(1) I had been tempted to introduce a different convention, with the + signs in (1.1),
(1.2) replaced by —, and setting @_2 = —1. This would make some sense in the function
field case (where positivity of partial quotients is not defined) by simplifying a number of
formulas (e.g., the right hand side of (1.5) would become 1). I gave up on this idea since
it would have made it harder to connect with the existing literature.

[139]
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respectively, where k is a field. Elements of k£ will be denoted by a,b,c,

elements of k[X] by A, B,..., and elements of k((X~1!)) by «, 3,... When

a=aX+a_1 X7+ ... with a; # 0, we set |a| = ef, and we set |0 = 0.
An element of k(X) may be uniquely expressed as

(1.7) [Ao, A1,..., An] = P /Qn,

where each A; € k[X] and where degA4; > 0 for ¢ > 0. Here P, =
P, (Ag, ..., An), Qn = Qn(Ag,...,A,). This is in contrast to the classi-
cal theory, where rational numbers have two “regular” continued fraction
expansions. By (1.5), the polynomials P,, @, in k[X] are relatively prime.
Note that the pair P,, @, is determined by (1.7) and being relatively prime
only up to a common factor in k* : aP,,a@Q, with a € k* have the same
properties. When Ag, A1,... are given with deg A; > 0 for i > 0, then

[Ag, A1, ..., A,] as n — oo converges with respect to |- | to an element of
k((X~1)) which will be denoted by

(1.8) [Ag, A1, .. ]

Every element a € k((X~!))\k(X) can be uniquely expressed as such
an infinite “regular” continued fraction. Writing a = [Ag, 41,...], we call
P,/Q,, as given by (1.7) a convergent, and we call A, a partial quotient,
apn, = [An, Anta, .. .| a complete quotient. We have

P14+ Pp_o
O‘QOfl + me2
by (1.3), (1.4) and letting n go to infinity.

It is easily checked that when B, C are nonzero in k[X], then

o = [A07---7Am—17am] =

(m=>1)

(1.9) C[BAy,CA1,BA,,...| = B[CAy, BA;,CA,,.. .
In particular, when a € k* and «a = [Ag, A1, Aa,...], then
(1.10) ac = [aAg,a Ay, ads, .. ).

This and similar relations may be interpreted appropriately for finite
continued fractions (1.7) as well as for infinite continued fractions (1.8).
With P, = P,(Ao, ..., An), Qn = Qn(4o,...,A,), we have

(1) 1@ul = [An] - [Quoal = [Aul - [Aual .1 A] (02 1),
(112) |a = Pact/Quet] = 1/(1Quer] - 1Qnl) = 1/(1An] - [@uos ) (n = 1),

The following version of Legendre’s Theorem holds: If |« — P/Q| < 1/|Q|?,
then P/Q is a convergent to «. For if |Q,| < |Q| < |Qn+1|, we have

la=P/Q| < 1/(1Q]-|Qnl), la = Prn/Qn| = 1/(|Qn-|@n+1]) <1/(IQ]-|Qnl),
so that |P/Q — P,,/Qn| < 1/(|QQx]|), whence P/Q = P,,/Qn.

2. A version of Serret’s Theorem. We will write (£*)? for the sub-
group of squares in k*; its cosets are a(k*)? with a € k*.
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LEMMA 1. Suppose
a=(AS+ B)/(CB+ D)

where |D| < |C| and AD — BC = a € k*. Suppose «, 3 are not in k(X),
and || > 1. Let P,,/Qy and o, (n > 0) be the convergents and complete
quotients of a. Then for some n,

A/C:Pn/Qna B/D:Pn—l/Qn—h
and 8 = ba, 1 with b € (—1)"Ta(k>)?.
Proof. Write A/C as a finite continued fraction: A/C = [Ag,..., A,] =

Pr/Q% (where the star indicates it is the (last) convergent of A/C'). Since

A, C are coprime,
A=c P, C=c'Q;

n

with ¢ € k*. Thus

PyD = QB = ¢(AD — BO) = ac = ac(=1)"(Q, Py — P, Q5 1)
by (1.5). Hence

Pi(D+ (=1)"ac@;, 1) = Q(B + (=1)"acP;_,).
Since P}, Q7 are coprime, Q| (D + (—1)"acQ}_;). But |D| < |C| = |Q}|,
|Qr 1| < |Q%|, so that D 4+ (—1)"acQ_, = 0. We obtain
(2.1) D= (-1)""acQi_,, B=(-1)""tacP;_,.
Thus
_ c'\Ps 4 (=) acky,  ()"TePaT IB)PI+ P
cQRB+ ()" ac@y, (1) e a1 B)Q5 + Q-

Therefore a = [Ay, ..., A,, (=1)"Tta"tc=24]. Since |B] > 1, we see that
Ag, ..., A, are the first partial quotients of a, and (—1)"*ta='c¢728 = a1 1.
Hence the convergent P, /Q, of « is [Ay,...,A,] = Pr/Q5, so that in
fact P,/Q, = A/C, and similarly P,_1/Q,—1 = B/D by (2.1). Finally
B = bayy1 with b= (=1)""ac® € (—=1)"Tta(k*)?. u

Write o = ( if there is a relation

(2.2) 8= (Ra+S8)/(Ta+U)

with R, S, T,U in k[ X] having RU—ST € k*. This is an equivalence relation.
Note that a = a,, (n =1,2,...) by (1.5). When 8 € k(X) and « =~ (3, then
a € k(X). On the other hand, any two elements of k£(X') are equivalent under
~2: Since [A07 v 7An] = Pn/Qn = (AnPnfl+Pn72)/(AnQn71+Qn72) ~ An
by (1.5), it suffices to check that any polynomial A is equivalent to 1. But
A=(1-14+(A—-1))/(0-1+1), hence indeed A ~ 1.
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THEOREM 1. Suppose a, 3 are not in k(X). Then a ~ [ iff for some
m,n and some a € k* we have

Bm = aay,
so that the expansions are as follows:
(23) a = [AQ,...,An_l,Cl,CQ,...],
(24) ﬁ: [BO,...,Bm_l,aCl,afng,...].

This is our version of a theorem of Serret [22]. The theorem is also proved
n [12], Section IV.3.

Proof. Assuming (2.3) and (2.4), we have o, = [C1,Co,...], Bm =
[aC1,a1Cy,...]. Then by (1.10), By = aay, = (ac, + 0)/(0ay, + 1) =~ a,.
Since o = ay,, 0 ~ B, we have indeed o ~ (.

Conversely, suppose a ~ 3, and write a = [Ag, A1, .. .], so that

o = [A07 cee 7An717 an] = (Pnfloén + Pn72)/(anlan + Qn72) ("Il > O)
Then when (2.2) holds,

(2 5) 6 o R(Pn—lan + Pn—2) + S(Qn—lan + Qn—2) o Aan + B
‘ T(Pn—lan + Pn—2) + U(Qn—lan + Qn—2) Can + D
with
A=RP, 1 +8Qn_1, B=RP, o+5Qn o,
(26) 1 Q 1 2 Q 2

C:TPn—l +UQTL—17 D=TP, 1 +UQn—2-

Now |a — Pr_1/Qn_1| < 1/|Qn_1]? by (1.12), so that P, 1 = aQpn_1 + 6
with |0] < 1/|Qn-1], and

C = (Ta+U)Qu_y + 0T

Here |[T'ao + U| # 0 and |T'| are fixed, so that |C| = |[Ta+ U| - |@Qn—1] when
n is large. Similarly |D| = |Ta + U| - |Qn—2|, therefore |D| < |C|. By the
preceding lemma, with 3, «,,,m — 1 playing the respective roles of «, 3, n,
we have «,, = b3,, for some n, with b € k*. Hence (,, = ac,, witha € k*. =

An expansion of the type
(27) [Ao, e ,An_l, Bl, e ,Bgt, CLBl7 aleg, ey ailBgt,
azBl, oo ,CL_2B27g7 aSBl, .o ]

with a € k™ will be called pseudoperiodic. When a is a root of 1, such an
expansion is in fact periodic.

LEMMA 2. Suppose a & k(X). Then « has a pseudoperiodic continued
fraction expansion if and only if it satisfies a relation

(2.8) a=(Ra+S)/(Ta+U)
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where

(2.9) <J; 5)

has determinant in k* and is not a multiple of the identity matrix.

Proof. Suppose a has the expansion (2.7). Then ay,42¢t = aa,. Recall
that a = (P—1cq + P—2)/(Qi—101 + Q—2) (I > 0), and set

Py P
M; = .
: <Ql_1 QH)
Then (2.8) holds with

R S o a 0 -1
<T U)‘M”“t(o 1>M”‘

The determinant here is a € k*. If the matrix were a multiple of the identity
matrix, it would be a constant multiple, say b times the identity matrix, and

Moo (g (1)> M, (8 2)

Since the entry aQ,+2:—1 of the matrix on the left has larger degree than
the corresponding entry bQ),,_1 on the right, this is impossible.

Now suppose we have (2.8). Suppose we follow the proof of the second
part of Theorem 1, with 8 = a. We end up with a,, = ba,,, for some m. We
just need to show that m # n. But the argument depended on Lemma 1,
which (with m playing the role of n 4 1) also gives A/C = Py—1/Qm-1,
B/D = P,,_2/Qm—2. If this were true with m = n, then A = uP,_;,
C=uQn_1, B=vP, o5, D =vQ,_o with u,v € k*, and substitution into
(2.5) with f = « gives

o = (upnflan + UPnf2)/(uQn71an + UQn72)‘
Since also « = (Py_1an+Pr—2)/(Qn_10n+Qn_2), we may infer that v = u,

so that
A B _ Pnfl Pn72 _
(C D> _U<Qn—1 Qn—2> —UMn

(¢ 5)= (7 o)

Since (2.9) is not a multiple of the identity matrix, this is impossible. m

But by (2.6),

3. On Lagrange’s Theorem. When « has a pseudoperiodic expansion,
there is by Lemma 2 a relation (2.8), so that

(3.1) To? + (U - R)a— S =0.
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Since (2.9) is not a multiple of the identity matrix, not all coefficients T
U — R,—S are zero. Since a ¢ k(X) we see that « is quadratic over k(X).

Conversely, suppose « is quadratic over k(X ). When £k is finite, an ob-
vious adoption of the standard proof of Lagrange’s Theorem shows that «
has a periodic continued fraction. Thus Lagrange’s Theorem holds when &
is finite. Hence it is true when char k = p and k is algebraic over the prime
field IF),.

When chark = 0, or chark = p and k£ is transcendental over F,, there
exist elements a € k* which are not roots of 1, and hence there exist pseu-
doperiodic fractions which are not periodic. Therefore Lagrange’s Theorem
is not true in the form that every a quadratic over k(X ) has a periodic con-
tinued fraction expansion. But one may ask whether a quadratic « always
has a pseudoperiodic expansion. We will show that in general this is not the
case.

THEOREM 2. Suppose char k # 2. Suppose « is quadratic over k(X) and
satisfies

(3.2) Aa? 4+ Ba+C =0

where A, B, C are relatively prime. The discriminant of this equation is D =
B? — 4AC. Then o has a pseudoperiodic continued fraction if and only if
the relation

(3.3) Y? - DZ* € k*
has a nontrivial solution, i.e., a solution Y, Z in k[X| with Z # 0.

We may regard (3.3) as a “Pell relation”. When £ is closed under taking
square roots, the nontrivial solubility of (3.3) is equivalent to the nontrivial
solubility of Y2 — DZ? = 1. In the next section we will show a theorem
already known to Abel [1] (see also Schinzel [20], [21]) that when (3.3) has a
nontrivial solution, then v/D has in fact a periodic (not just pseudoperiodic)
expansion.

Proof. In view of Lemma 2, we have to show that « satisfies a relation
(2.8) with matrix (2.9) as specified in Lemma 2, precisely if (3.3) has a
nontrivial solution.

In (3.1), the triple T, U — R, —S must be proportional to A, B, C in (3.2),
say

(3.4) T=ZA, U—-R=Z%B, -S=2C
with Z € k[X], Z # 0. In view of RU — ST € k* we obtain
(3.5) R(R+ZB)+ ACZ* =a
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with a € k*. Considered as a quadratic equation in R, the discriminant
must be a square in k[X], i.e.,

(3.6) 7Z?B* —4ACZ? 4+ 4a = DZ* + 4a
must be a square, say Y2, with Y € k[X]. Thus
(3.7) Y? - DZ? = 4a € k.

Conversely, (3.3) gives (3.7) with a € £, so that (3.6) is a square, and the
equation (3.5) in R has the solution 1 (—ZB+(DZ?+4a)'/?) = L (-ZB+Y).
Defining T, U, S by (3.4) we obtain (3.1). Moreover, RU — ST = a, and
T = ZA # 0, so that the matrix (2.9) is not a multiple of the identity
matrix. Finally (3.1) yields (2.8). =m

In our context, when a with (3.2) is in k((X 1)), there is a square root of
D = D(X) in k((X~1)), and this is true precisely when D is of even degree
and its leading coefficient is a square in k. Clearly this is also necessary for
the solubility of (3.3). Further facts about the solubility of the Pell relation
(3.3) will be given in Section 5.

4. Pseudoperiodic elements. An element a € k((X 1)) with a pseu-
doperiodic continued fraction (2.7) will itself be called pseudoperiodic, briefly
pp., and we will use the notation

(4.1) a=[Ag,...,Ap_1,B1,...,Ba .

In particular, such « is quadratic over k(X). We will call

(4.2) PEr—:

a pseudoperiod of o, and Ay, ..., A,—1 a preperiod. Further n(«) will denote

the smallest n such that a can be written with a preperiod of n terms.
Finally, « will be called purely pseudoperiodic, briefly ppp., if n(a) = 0.

When « has pseudoperiod (4.2), each element [a¥ B1,a™" Ba, . . ., a—”Bgta]
with v € Z > 0 is some complete denominator «a; of a. Therefore when
0 = «, there is by Theorem 1 some v, and some b € k*, such that
[ba¥By,b=ta"" By, ... ,b—la—l’Bgta] is a complete denominator of 3. Writing
¢ = ba”, we see that § may be written as

ﬁ = [C()a ey Cm—la CBl, C_IBQ, ey C_leta]

with certain Cy, ...,y _1. Hence also 3 is pp.

We will now suppose that « is given by (4.1). We know it to be quadratic,
and furthermore it is separable over k(X). (For when chark = p > 0 and
B,y Bn € k((X™1)) are linearly independent over k(X), then so are

P....,BP.) It has a conjugate o’ € k((X 1)) with o’ # a.



146 W. M. Schmidt

LEMMA 3. Suppose |a| > 1. Then

(i) « is ppp. precisely if |o/| < 1.
(ii) n(a) =1 precisely if |o/| > 1, o — /| > 1.

Proof. With « pp., each complete denominator a.,, is pp. We will write
al. for the conjugate of o, (which need not be the mth denominator of
o). In view of @ = (Pp—10m + Pn—2)/(Qm-10m + Qm—2) we have o/ =
(P—10a, + Pr—2)/(Qm-104, + Qm—2), so that

Oé/ — <_Qm—2> <O/ - Pm—2/Qm—2>
" Qm—l o — Pm—l/Qm—l ‘

The second factor approaches (o/ —a))/(a/ —a) = 1 as m — oo, and therefore
lal | <1 when m is large.

(i) When « is ppp., then asy = d'a (I = 1,2,...), hence o}, = a'/,
therefore |, | = |&|. Since |ady,;| < 1 for large [, we obtain |o/| < 1.

Conversely, when |o/| < 1, we claim that each |a/,| < 1. For with the
changed notation o = [Ay, 41,...], we have a,, = A, + 1/a41, hence
ay, = Ay, + 1/a;, 1. Here each |A,,| > 1 (since |a| > 1). So if |a;,| < 1,
then [1/af, 1| = [Am| > 1, and |ag, ;| < 1, which proves our claim by
induction. Write again « as (4.1) with n = n(«); then a9t = ac,. If we
had n(a) > 0, then

Qp—1 — a0pyor—1 = A1+ 1/ —a(Bay + 1/ ouyy0t) = Ap—1 — aBay,
therefore
! /
Oy = A0, 9r 1 = An_1 — aBy.

The left hand side has absolute value < 1, the right hand side is a polyno-
mial, so that both sides are 0. Therefore A, 1 = aBs;, so that

-1

o = [A07"')An727a32t7B17"'7B2t71a ]7

which gives n(a) < n = n(a), a contradiction.

(ii) When n(a) > 0, then [o/| > 1 by (i). When n(a) = 1, then, again
by (i), |a1] > 1, |&j] < 1. But @ = Ag + 1/a1, o' = Ag + 1/a], so that
la — /| =[1/a; — 1/a| = |1/a}| > 1.

Conversely, if [o/| > 1, |a — &/| > 1, then n(a) > 0 by (i). Further
[1/aq — 1/a)| = |a — /| > 1, and since |1/a;1] < 1, we have [1/a]| > 1,
|aj| < 1. Thus n(ay) = 0 by (i), hence n(a) =1. »

LEMMA 4. Suppose « is pp. with pseudoperiod (4.2). Then o/ has a pseu-
doperiod

-1

(4.3) ¢Bat,c 'Bay_1,...,¢ 1By
with ¢ € k*.




Continued fractions and diophantine approrimation 147

Proof. Suppose initially that « is ppp., so that
o = [Bl, NN ,Bgta].

We have a; = Bijp1+1/aiy1 (1 =0,...,2t—1), where we set ap = «. Hence
o = Biy1+1/aj (i =0,...,2t—1),sothat 3; := —1/ay, ,; (j =0,...,2t)
has

Bj =B +1/Bj+1 (j=0,...,2t—1).
But as; = aa, so that ab, = aa’ and Bo; = a~13y. We obtain
a1
(44) *1/(&0/) = *]./O{/Qt :ﬂo = [Bgt,B2t_1,...,Bl ]

Now let « be a general pp. element given by (4.1). By what we have just
shown, —1/(ac),) equals the right hand side of (4.4). But o ~ «,, hence
o ~ ol ~ —1/(acl,). Therefore by what we said in the second paragraph
of this section, o’ has a pseudoperiod (4.3). m

A pseudoperiod (4.2) with a = 1 will be called a period, and, as is
customary, will be denoted by By, ..., Ba;. But of course the length h of a
period Bji, ..., By need not be even.

THEOREM 3. Suppose « is pp. The following two conditions are equiva-
lent.

(a) |la| > 1, || > 1, |a —d/| > 1, and o + o/ € k[X].
(b) a has a periodic expansion [By, B1,. .., By| with By, # By, deg By >
0, and

(4.5) B,=Bj_; (i=1,...,h—1).
When these conditions hold, o + o' = 2By — By,.
Proof. When (a) holds, we have n(a) =1 by Lemma 3, so that
(4.6) a=[Bo, B, .., By
with @ € k% and By # aBo. Then 1/(a — By) = [By, ..., Bz |. Applying
(4.4) to 1/(av — By) in place of «, we obtain
(—1/a)(a/ — By) = [Bay,...,B1 |,

— 1
a 1

—o/ + By =a[Bar,.. . B1" | =[aBa,a Ba1,...,a 1B ]
Setting R = a + o/, we observe that
(4.7)  a=(R-By) —d + By
= [aBoy + R — Bo,a  'Ba_1,aBay—2,...,a ' By, Bay .
Comparison with (4.6) yields
Bi=a"'By_1, Bs=aBy_3, ..., Bo_1=a'Bj.




148 W. M. Schmidt

In particular, By = a°B;, where ¢ = 1 if ¢t is even, ¢ = —1 if ¢ is odd.
Therefore a = 1, and o = [By, By, ..., Bp] with h = 2t, and (4.5) holds.
Comparison of the first terms of (4.6), (4.7) yields By = Bj + R — By,
therefore o« + o/ = R = 2By — By,.

When (b) holds, so that n(a) = 1 by By # By, then |af > 1, |/| > 1,
oo — @’| > 1 by Lemma 3. Further 1/(a — By) = [Bu,...,Bs] is purely
periodic, so that —(a/ — By) = [Bp, . .., B1] by applying (4.4) to 1/(a— By).
Then

—o = [Bh—Bo,Bh_l,...,Bl,Bh] = [Bh_B07B17-~-7Bh] = (X—FB}L—QBO
by (4.5). Hence a + o = 2By — By, € k[X]. =

Suppose char k # 2. We have o + o’ = 0 precisely when Bj, = 2Bj. But
o+ o/ = 0 means that a = v/D where D € k(X) (not necessarily in k[X]),
and where D is not a square in k(X). We therefore obtain the following
corollary, already known to Abel [1] when k = C.

COROLLARY. Suppose char k # 2. The following two conditions on a pp.
a € k(X)) are equivalent.

(1) @ = v/D where D € k(X) but D is not a square in k(X), and |D| > 1.
(ii) a has an expansion |1 B, By, ..., By | with (4.5).

REMARK. Suppose a = By, By, ..., Bp] as in Theorem 3. Let | = I(«)
be the least length of a period of a. Then [|h and

o = [BO,Bl, P ,Bl].
Since now B; = Bj wheni,j > 0and ¢ = j (mod [), we have B; = B}, # By,
and by (4.5)
(4.8) B;=B_; (i=1,...,1—1),

since Bj_; = Bj_;.

For a = v/D as in the Corollary, the continued fraction is periodic, and
the situation is almost exactly as in the classical situation. In particular, the
complete quotients «,, may be written as

an = (Ry+VD)/Sy

with R,, S, € k[X]. (See Perron [19], p. 67, where R,,, S,, € Z. Our notation
Qn, Pr, Qn, Ry, Sy, corresponds to Perron’s &,, Ay, By, P, Qn, respectively.)
By loc.cit., p. 92, formula (2),

(4.9) P2, —-D@Q> ,=(-1)"S, (n=1,2,...).
Since |a@Qp—1 — Ph-1| < 1, we have

|O[Qn71 +Pn71| = ‘aanl‘ = ’D|1/2|Qn71|7
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therefore
1Sul = [Py — DQi 1| = [aQn-1 — Paa| - [@Qn-1 + Pui]
= (1/|Qn-1l - |An’)’D‘1/2|Qn—1|7
so that
(4.10) |Sul = [DIY/?/| Anl.

In our situation where v'D = 2B), + 1/ay, it is easily seen that aq, —1/c}
have reversed periods, so that Satz 3.6, hence Satz 3.7 of [19] applies to
&0 = ag, and then in turn by Satz 3.10, the sequence Sy, ..., .S; is symmetric,
and so is the sequence Ry, ..., R;, that is,

(4.11) Si_i=8;(i=0,...,1), Ri_j=Risq (i=0,...,01—1).

Hence when [ is odd, S(;_1)/2 = S(14+1)/2, and when [ is even, Rj/5 = Ry/a41-
On the other hand, by loc.cit., Satz 3.11, when S,, = 5,41 with 0 < n <,
then [ is odd and n = (I — 1)/2, and when R,, = R,,+1 with 1 <n <[, then
[ is even and n = [/2.

Let o = v/D be as in the Corollary, and let I’ = I’(a) be the least I’ > 0
such that Sy € k. Since Sy = S}, we have I’ < .

The following result of Lozach is in the unpublished manuscript [7].
LEMMA 5. 1" =1, except that possibly I’ =1/2 when | =2 (mod 4).
Proof. We have o, — B, = (R,, + V'D)/S,, — B,,, and for n < 1,
Qp —Bi_p = (Ri_pn +VD)/Si_p — Bi_y, = (Rpy1 + VD) /S, — B,
by virtue of (4.8), (4.11). We obtain
(an — Bn) = (1—n — Bi—n) = (Rn — Rnt1)/Sn.

The left hand side is of modulus < 1, therefore |R,, — R,11| < |Syp|- Thus
when S,, € £, so that |S,| = 1, we have |R,,— R, +1| < 1, hence R,, = Ry +1.
By what we said above, when n < [ this implies that [ is even and n = 1/2.
Thus I’ < [ yields I’ = /2 with [ even.

It remains for us to show that I’ =1/2is odd. Set Ry = R, Sy = ¢ € k™,
so that ay = (R++v/D)/c = R/c+ a/c. This yields by (1.10)

Qg = c(_l)iilozi (1=1,2,...),

hence Byy; = ¢t'B; (i = 1,2,...). If I were even, we could set i = I'/2 to
obtain By /p = CilBl//Q = Ci1B3l//2, by (4.8) and since 21" = [. Then ¢ = 1,
hence ay/4; = «, therefore By, ; = B; (i = 1,2,...), contradicting the fact
that [ was the least period of . m
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5. The Pell relation. For advice on this section I am indebted to
A. Schinzel and U. Zannier (*). I will report on results about the solubility
of (3.3) when D € Ek[X], but is not a square in k[X]. I will suppose that
chark # 2. For effective algorithms, see [5]. Since there is no nontrivial
solution otherwise, we will suppose throughout that D is of even degree 2d,
with leading coefficient which is a square in k.

LEMMA 6. Let K be an extension field of k, and Y',Z' € K[X] a non-
trivial solution of

(5.1) Y? -DZ?c K*.

ThenY'/Z' is a convergent of VD or —/D. In particular, Y' = cY, Z' =
cZ whereY,Z € k[X] and c € K*.

Proof. The absolute value | -| can be extended in the obvious way to an
absolute value of K ((X~1)), and then |Y’ ++/DZ'|-|Y' —/DZ'| = 1. Not
both factors here can be 1, for this would yield |[v/DZ’| < 1, contradicting
deg D > 0. Suppose that

(5.2) Y —VDZ'| <1< |Y' +VDZ.

Since Y'+vDZ' = (Y —/DZ')+2VDZ', we have |Y'+vDZ'| = |\/DZ'| >
|Z'|, therefore

WD -Y'/Z'| < 1/|Z'|.
By Legendre’s Theorem, Y’/Z' is a convergent of v/D. Since v'D € k((X 1)),
such a convergent P, /@, has P,,Q,, € k[X]|. Thus Y’ =¢Y, Z' = ¢Z with
Y,Z € k[X] and ¢ € K*, where Y, Z satisfy (3.3). An analogous conclusion
can be reached when the inequalities in (5.2) are reversed. m

The solutions of (3.3) form a group: when solutions (Y, Z) are identified
with Y + VDZ € k(X,+/D), composition is by multiplication. Assuming
there is a nontrivial solution, i.e., a solution with Z # 0, let Y; + Z;V/D
be such a solution with minimal |Z;|. Then the general solution is ¢(Y; +
Z1VD)™ with ¢ € kX, m € Z. By (4.9), Y1/Z, = Pv_1/Qu_1, where I =
I'(v/D) is the least I’ > 0 with Sy € k*.

When deg D = 2, (3.3) has a solution with Z =1 and Y linear. We will
then suppose that deg D > 4. We have seen above that (3.3) has a nontrivial
solution precisely if & = v/D has a periodic continued fraction expansion.
Let H be the hyperelliptic curve

W? = D(X)

in the (X, W)-plane, and 001,002 its two points at infinity.

(*) Added in proof. I now also became aware of the paper by R. Paysant-Le Roux in
Arch. Math. (Basel) 61 (1993), 46-58.
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LEMMA 7. Suppose D € k[X] of degree 2d > 4 is square free.

(a) 001 —002 is of finite order on the Jacobian precisely if a has a periodic
continued fraction.
(b) When this is the case, then

(5.3) U'+d-1<m<1+1(d-1)
where I" =1'(a) and m is the order of co; — 003.

Part (a) is implicit in Abel [1]. For the case of D quartic see also [6], p.
592. Part (b) is due to Y. Hellegouarch and M. Lozach in the unpublished
manuscript [7].

Proof. (a) Suppose Y,Z is a nontrivial solution of (3.3). Then the
functions F' =Y 4+ ZW, F =Y — ZW on K have no poles in the fi-
nite (X, W)-plane, hence can have poles only at 0oy, 002. In view of FF =
Y2 - DZ? € kX, also their zeros can only be at 0o, 009. The divisor of F is
therefore of the form moo; + noog, and since it is a principal divisor, it is
m (001 —00g) with some m # 0. Conversely, suppose oo — 00 is torsion, and
m (oo — 00g) the divisor of some function F on H, say F =Y’ + Z'W with
Y',Z' € K(X) where K is an overfield of k. Then F =Y’ — Z'W has the
divisor m(cos — 001), so that FF € KX, ie., Y2 — Z”2D € K*. Neither F
nor F has a finite pole, hence neither do Y and Z'W. Therefore Y’ € K[X]
and Z”?W? = Z"D € K[X], so that Z' € K[X] since D is square-free. By
Lemma 6, there is then some Y = ¢ 'Y’ Z = ¢71Z in k[X] with (3.3).

(b) When again FF € k*, the order of F + F = 2Y at ooy is degY,
so that ' or I has order degY at co;. Thus when oco; — oog has order
m € N, we can pick F' =Y + ZW with divisor m(co; —ooz) and degY = m.
Here Y, Z will be a solution of (3.3) with |Y| of minimal degree, so that
Y = ¢Py_1 with ¢ € k*. Therefore

(5.4) m = deg Py_1.
Here deg Py 1 = deg Ag+deg Ay +...+deg Ay . Clearly deg Ayg = d, and
1<degA; <dfori=1,...,I' =1, by (4.10) and since |S;| > 0 for ¢ in this
range. Therefore
d+1l'—1<degP/_; <d+({'—1)(d-1)=1+10'(d-1),

and (5.3) follows. m

In the case when d = 2, H is an elliptic curve. When k = Q, Mazur [14]
proved that the order of co; — cog, when finite, is among 1, 2, 3, 4, 5, 6, 7,
8,9, 10, 12. By (5.3), the only possible values for I’ = l'(«) are 1, 2, 3, 4, 5,

6, 7, 8,9, 11. The length [ = I(«) of the shortest period is I’, or possibly 2I’
when [’ is odd, so that the only possibilities for [ are 1, 2, 3, 4, 5, 6, 7, 8, 9,
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10, 11, 14, 18, 22. These values were already mentioned by Schinzel [21] as
a consequence of a conjecture of Nagell [17].

When d = 2 and k is an algebraic number field of degree 4, the order
of 001 — 009, when finite, is < ¢(d) according to Merel [15]. Therefore I’(«),
l[(a) are below some constant ¢(d).

Schinzel [21] proved the following

LEMMA 8. Suppose D(X) € k[X] is irreducible over any quadratic ex-
tension of k. Then (3.3) has no nontrivial solution.

We will reproduce Schinzel’s argument, a special case of which was es-
sentially given by Tchebycheff [23].

Proof. Let Y,Z € k[X] be a nontrivial solution of (3.3), with Y of
minimum degree. After multiplication by a nonzero constant we may suppose
that Y has leading coefficient 1. Now (3.3) yields

DZ? =YY% —a= (Y = b)(Y +0)

with b?> = a. Since by hypothesis D is irreducible over K = k(b), we have
D|(Y —b)or D|(Y +b); say D| (Y —b), ie., Y —b= DV with V € K[X].
Then Z2 = V(Y +b), and since Y — b, Y + b are coprime, with leading
coefficient 1, we have V. = Z?) Y +b = Y’? with V', Z" € K[X]. Here
Y2 —DZ'"? = 2b, so that Y’, Z' is a nontrivial solution of (5.1). By Lemma 6,
Y', Z' is proportional to a nontrivial solution Y, Z of (3.3) with coefficients
in k. The relation deg Y = degY’ = % deg Y now contradicts the minimality
of degY. m

When k£ = QQ, many polynomials D of degree > 2 have the property stip-
ulated in Lemma 8. When D € Q[X] is this type and k D Q, a solution Y’, Z’
with components in k[X] of (5.1) by Lemma 6 would give rise to a solution
Y.Z € Q[X] of (3.3), which is impossible. We may conclude that given a
field k of characteristic 0, there are quadratic elements in k((X 1)) whose
continued fraction is not pseudoperiodic. The same is true when chark = p
and k is transcendental over [F,,.

6. The approximation spectrum. Let o ¢ k(X) be given. When
| — P/Q| < |Q]~2 with coprime P, @ having |Q| > 1, define ¢ = ¢(P/Q) by
|Oé - P/Q| = |Q|7licv i'e'a by

(6.1) la@Q — Pl =1Q|™

Endow [1, 00] with the usual topology, where in particular the sets (7, o0]
are a neighborhood basis of co. We define the approzimation spectrum S(«)
to consist of the elements u € [1,00] such that every neighborhood of u
contains ¢(P/Q) for infinitely many fractions P/Q. In view of Legendre’s
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Theorem, S(«) can be defined in terms of the convergents of a: it is the set
of limit points of the sequence

(6.2) Cm = c(Ppn/Qm) (m=0,1,2,...),

where P, /Q,, are the convergents. It is a closed subset of [1, co]. Borrowing
from classical language, we might say that « is a “Liouville element” if co €
S(a). It is well known that Liouville’s Theorem holds in our context: when
a is of degree d over k(X), then S(«) C [1,d — 1]. “Roth’s Theorem” holds
for algebraic « precisely when S(a) = {1}. We define the approzimation
exponent r(c) as the maximum element of S(«) (possibly co). Then when
r(«) is finite, given € > 0 there are infinitely many approximations P/Q
with |a — P/Q| < |Q|~"(®)~1*¢ but only finitely many with |a — P/Q| <
|Q|*T(O¢)*1*E.

We introduce an equivalence relation coarser than ~: We set a ~ 3 if

there is a relation (2.2) with R, S,T,U € k[X] and RU — ST # 0.
LEMMA 9. Suppose o € k(X) and a ~ . Then S(a) = S(5).

Proof. Suppose (2.2) holds. Let P,@Q be coprime with |@Q| > 1 and
la — P/Q| < |Q]72. We have
(6.3) [(Ra+S)(TP+UQ)— (Ta+U)(RP+ SQ)|

— |RU — ST| - |aQ — P| = |RU — ST| - |Q| ="/,
If |Q| is large, the right hand side will be small, and |Ra + S| - |TP + UQ)
=|Ta+U|-|RP + SQ|. Hence P’ = RP + SQ, Q' = TP + UQ will have
|P'| = |0] - |Q'|. From this and the first equation of
(6.4) RQ —TP =Q(RU - ST), SQ —UP' =—P(RU — ST),
we may infer that
max(|R| - [Q'|,|T]- 18] -1Q"]) = |Q| - |[RU — ST,
hence
Q| = 511Q)

with a constant s; > 0 independent of Q). On the other hand, |P| = |Q|-|«|,

so that |Q'| < s2|Q|. By (6.4), ged(P’,Q’) divides RU — ST, so that if
P'/Q" = P"/Q" with coprime P” Q" then

(6.5) s31Q] < 1Q"| < s2/|Q|.
Now (6.3) yields
(6.6) Q'8 — P'| = |RU — ST| - [Ta + U|7*|Q|~*"/D).

Hence as long as ¢(P/Q) remains in a fixed (bounded) interval,

|Q//ﬂ - P//| — 75|Q//’—c(P/Q)
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with ¢ bounded above and below, depending on the interval. Therefore if
cg(P"/Q") is the exponent with respect to 3, then

ca(P"/Q") = ¢(P/Q) + v/log|Q"]
where v is bounded. Thus if we have a sequence of fractions P/Q) whose
¢(P/Q) tends to some finite u € S(«a), then the corresponding sequence

cg(P"/Q") will also tend to w. Therefore when finite u € S(«), then u €
S(). In a similar way, (6.5), (6.6) imply that co € S(a) implies co € S(5). m

7. Algebraic elements in the characteristic p case. From now on
we will suppose that char k = p > 0. Further ¢ will denote a positive power
of p.

Suppose a € k((X1))\k(X) is algebraic over k(X). Following Lasjau-
nias [8], we will say that

aisof Class T if «a ~ af for some gq.
Otherwise we will say that « is of Class II. We introduce a subclass of Class
I as follows:

a is of Class TA if « &~ af for some gq.

THEOREM 4. a = «f precisely if the continued fraction of a is of the
form

(71) a = [AQ,...,An_l,Cl,CQ,...]
where for some t € N and some a € k* we have

aCy when j is odd,
Ciyt =

a’lCJq when j is even.

(7.2)

Hence when t is even, the continued fraction is
(73) [Ao, ce ’An—la Cl, IR Ct7 aClq, a_ng, ce ,a_ng,

2 2 2 3
+1 g —q—1,vq +q+1 g
a?™CY L. a7 O et IO L,

and when ¢ is odd, it is
(74)  [Ao,...,Ap_1,C1,...,C,,aC%a”'CY, ... aCY,

2 2 2 3
q—1q q—1,q q —q+1,q
a’”” " C! . 0" CY Cl,...,....

Possibly there are no initial terms Ag,..., A, _1.

Proof. The map a ~— af is an isomorphism of k((X~!)) into itself.
Therefore
[Bo, B1,...,Bn]" = [B¢,Bf,...,B],

and a corresponding relation holds for infinite continued fractions.
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With « given by (7.1), (7.2), we have a,, = [C1,Cy,...], anit = [Cita,
Ciy2,...]. Then o4 = [C],C4,.. ], and (7.2) yields a4y = [aCF,a™1CY, .. ]
= aod, so that a,4s =~ al. Since @ =~ ay, hence a? ~ al, and since
Q& Qptt, We obtain o~ ad.

Conversely, when a =~ a?, then by Theorem 1 there are n,m, and b € k*

such that

o = [Ao, e 7An—1; Cl, 027 . .], al = [Bo, NN 7Bm—17 bCl, 1)7102, . ]
Then a? = [A¢,..., A _,,C],Cq,...]. I m > n,say m = n+t, we have C =
Bn,...,C{ = Bp_1, C{,; = bC1,C{,, = b'Cy, ... Therefore degCy =
qdeg Cyy1 = ¢*>deg Cy 1 = ..., which is impossible. We may conclude that
n > m, say n = m + t. We obtain bC; = A%, ...,aCy = AL | a7 1Cpyq =
Cl,aCyio = C3,..., where a = b if t is odd, a = b~! if ¢ is even. Thus

indeed (7.2) holds. =

Since not only « ~ «,, but in fact «, a, are connected by a fractional
linear transformation of determinant (—1)", and similar for a4 ~ o, and
in a & 44, the implied transformation is of determinant (—1)"**, and the
first half of the proof of Theorem 4 shows that (6.1), (6.2) imply

(7.5) a=(Ra?+S)/(Ta’+U)
with RU — ST = (—1)%a. This can be generalized as follows.

LEMMA 10. Suppose t € N, and C1,...,Cy, B, D in k[X] are given, with
BC1,Cs, ..., Cy of positive degree. Set € = 1 when t is even, € = 0 when t
1s odd. Let B, D have

D|CI™° when i is odd, 1<1i<t,
B|C!™° when i is even, 1<1i<t.
Set
c (B/D)CY  when j € N is odd,
AL (D/B)C]  when j € N is even.
Then each C; (j = 1,2,...) is a polynomial of positive degree, and o as
given by (7.1) satisfies a relation (7.5) with RU — ST = (—1)'BD.

Proof. The expansion of « is like (7.3) or (7.4), but with B/D in place
of a. Setting § = 1 when ¢t is even, 6 = —1 when ¢ is odd, we have, for
1=1,2,...,

ql—1+5qz—2+m+51—1 ql .
o (B/D) ¢} when j is odd,
i+t = - _ -
o (D/B)d' #6444 IC’;’l when j is even.

Since (¢!t +6¢' 2 +.. .46 1) (g—¢) < ¢', we see that Cjy; is a polynomial
divisible by C; (1 < j <t,1 € N), and in fact Cy is divisible by BC;. The
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complete denominators o, a,++ have
antt = [(B/D)CY, (D/B)C3,...] = (B/D)[C],C3,...] = (B/D)aj.

Thus o, +¢, @ are connected by a fractional linear transformation of deter-
minant BD. The desired conclusion follows. m

EXAMPLE. n=0,t=2,C;=1,0y =X, B=X%1, D =1. Here
(7.6) a=[1,X XX, XO X, X1 ],
and « has
a=((X14+ X9 Hat +1)/(X%% +1).

8. The approximation spectrum of elements of Class TA

THEOREM 5. Suppose « is as in Theorem 4. Set s; = degC; (j =
L...,t), sty1 = gs1, and g5 = sjra/s; (j = 1,...,1). Extend {q;}1<j<t
periodically by gj++ = q; (7 =1,2,...), and put

B81)  wy=1+(—-1)/(1+¢+ g+ -+ ¢ Gi-2)

(j=1,....,1).

Then the sequence {cp,} introduced in (6.2) has
(8:2) Hm cpoijrn =u; (G =1,....1),
so that S(«) consists of uy,...,us (which are not necessarily distinct). Fi-
nally,
(8.3) Up. ..U = q.

Proof. Write a also as [Ry, Ry,...] and set r,, = degR,,, so that
deg @ =714 ...+, and by (1.12),
(8.4) Cm =deg Qmy1/degQm =1+ rpmi1/(r1 + ...+ 7).
When
(8.5) m=n—1+j+10t (j=1,...,1),
we have
(8.6) Tm = squ, Tmal = sj+1ql.
Therefore, setting u =ry + ...+ 7,1 whenn > 1, u = 0 when n = 1, and
u = —rg when there are no terms Ao,...,A,_1, we have

iAo rm=ut(s1 4 s Fg . T F (514 85)¢
:ql((sl—{—...—l—st)/(q—1)—|—51—|—...—|—sj)—|—0(1)
= (d"/(g = 1))(a(s1 + ..+ 5)) + 8541+ ... +5) + O(1),
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with sj41 + ...+ s; interpreted as 0 when j = ¢. This equals
(sj414' /(= 1)+ g1 + Gragir2 + -+ G1gira - Gre—1) + O(1)
= sj414'/(wjr1 = 1) + O(1) = ryyr /(w1 — 1) + O(1),
where we have set u;y1 = uy. Therefore as m runs through the numbers
(8.5) with 1 =1,2,...,
Tm1/ (1 + .o+ 1Tm) = ujp — 1,
and (8.4) gives

Cn—1+j+1t =7 Ujt1-
This proves (8.2).

By (8.6),
(8.7) deg Qn 141 =u+(s1+...+s)(1+qg+...+¢7h
= ql(sl +...4+s)/(g—1)+0(Q).
Therefore
t t
H Cn—2+4j+1t = H(deg Qn—1+j+1t/d€g Qn—2+j+lt)
j=1 Jj=1

= deg Qn—1+(l+1)t/deg Qn—1+1t-
By (8.7), this tends to ¢ as [ — co. On the other hand, by (8.2), the limit is
ug ... u;. Now (8.3) follows. m

By the theorem, the approximation exponent r(«) = max(ug,...,us).
Hence when t = 1 we have r(«) = ¢, whereas for t > 1 we have
g"" <r(a) < gq
by (8.3), and since each u; > 1.
LEMMA 11. Suppose t > 1 and r is a rational number in ¢/t < r < q.

Then polynomials C1,...,Cy can be chosen such that the o of Theorem 5
has r(a) = r.

Proof. Initially suppose that r = ¢'/*, so that » € N, r > 1. Pick
Cy,...,C; with deg Cj = ¢/ = 7. In the notation of Theorem 5, s; = 7,
qj =7 (1 <j <t). Therefore u; = ... = uy;, whence by (8.3), u; = ¢/t =r
(1<j<t),and r(a) =r.

Now suppose that r > ¢'/*. Given positive reals x,y set
(8.8) n=y @=..=¢ 1=z, ¢=0q/(q1- q-1)

(When ¢t = 2 we have ¢1 = ¥y, ¢2 = q¢/q1 = q/y, and no dependency on z.)

Then each u; as given by (8.1) becomes a continuous function u; = u;(z,y)
of x,y. Note that

ur(z,y) =1+ (¢—1)/A+yAQ+z+...+272)),
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and pick y = y(r, z) with u1(z,y) = r. When z = ¢'/* we have u; (z,¢'/*) =
u1 (¢t ¢*/*) = ¢'/*. Therefore, since ui(z,y) is a decreasing function in
y, and since r > ¢'/*, we have y(r,¢*/*) < ¢'/t. Thus with 2 = ¢'/*, y =

y(r,q'/t), we have q; < gz = ... = @41 < ¢ by (8.8), hence

(8.9) up > max(ug, ..., ut)

by (8.1). When z is close to ¢'/* and y = y(r, ), we still have (8.9). Choose
x rational with this property; then ¢, ..., q will be rational. Set s; = m,
So = mqy,...,S = mqi...q_1, with m € N chosen so that sq,...,s; lie
in N. Now if C1, ..., C; are polynomials of respective degrees s1, ..., s, the
quantities uy,...,us of Theorem 5 have (8.9), and r(«a) = u; = uy(x,y)
=r. m

For elements of Class IA see also Voloch [24], where approximations to,
e.g., a with o = a? + B(X), B(X) € k[X], are being considered.

9. Examples of elements of Class I. Elements of Class [A are now
well understood, but general elements of Class I show a much more com-
plicated behavior. Voloch in important work [24], [25] showed in particular
that for such elements «,

(9.1) laQ — P|-|Q[ ")

is bounded from below by a positive constant. According to de Mathan [13],
there is a constant c¢(«) such that there are P, @ with arbitrarily large |Q|
having |aQ — P|-|Q|~"(® < ¢(a). Further the members of S(a) are rational,
and the only possible accumulation point of S(«) is 1. Further results were
recently obtained by Lasjaunias [9)].

When d = 3, then 1, o, a?, a?t! are linearly dependent over k(X), so that
« is necessarily of Class I. Baum and Sweet [2] gave an example of a cubic
over Fo(X) with partial denominators of degree < 2. They characterized
[3] elements of Fo((X 1)) having Ag = 0 and deg A,, = 1 for n > 1. Mills
and Robbins [16] gave a complete description of the continued fraction of the
Baum—Sweet cubic, which shows in particular that it is of Class I but not IA.
They explicitly constructed continued fractions of algebraic elements over
[F,,(X) for an arbitrary prime p whose partial denominators Ay, Ao, ... have
degree 1. Perhaps more importantly, they presented an efficient algorithm to
compute the continued fraction of elements of Class I, which in some cases
allows one to find an explicit description of its partial denominators.

Here I present a particularly simple example obtained with their algo-
rithm. We consider o = k((X 1)) having

(9.2) a= (X/a)a?/(ba? + a)
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with a,b € k™, so that
bal — (X/a)a? ' 4 a =0.
It is easily seen that this equation has a unique solution o = (X/ab) + ...
in k((X~1)), and since the equation is irreducible over k(X), dega = q.
LEMMA 12. a = [Ap, Ay, ...] where
(9.3) Ag = (—1)'X/ab,

A —b?Al/X  when  is even,
LT\ a?AY /X when s odd.

Proof. When a = (RG+S)/(T5+U), we will use the notation o« = Mf3

(9.4)

with

M = <§ 5) .
We will write ag = «, and we will show that
(9.5) a9 = Mo,
(9.6) g1 = Niaf,
(9.7) g1 = Loy,

where for [ even

_(X/a 0 (b a _ (bA]l4+a b
Ml_(b a)’ Nl_(o —X/b>’ El_(—lX/b 0)’

and for [ odd,

-X/b 0 a b aAl+b a

Ml:( a/ b)’ MZ(O X/a)’ El:()é/a 0)’

Note that by (9.2), we have (9.5) for [ = 0. Suppose that either [ = 0,
or I > 0 and (9.5) is true for [, and Ay,...,Ag—_1 are determined by the
recursions (9.3), (9.4). Then a Mills-Robbins step of Type (?) 1 leads to
(9.6) for I, as well as to (9.3) for [, determining As;.

When (9.6) is true for [, a Mills-Robbins step of Type 2 leads to (9.7).

When (9.7) is true for [ and Ay, ..., Ay are determined by (9.3), (9.4),
a Mills—Robbins step of Type 1 leads to (9.5) for I 4+ 1 in place of [, as well
as to (9.4) for [, determining Ag;41. m

We wish to determine the approximation spectrum of the a of Lemma
12. But first we will deal with the much easier element « of the example at
the end of Section 7. Writing o = [Rg, Ry, . ..] with deg R,,, = r,,,, we observe
(8.4). By (7.6), rop—1 =1, r9, = ¢" — 1. Hence co,, = 1+ 1/(r1 4+ ... + 725)
tends to 1. On the other hand, 7 + ... +rop_1 = 1+ g+ ... +¢" ! =

(2) Steps of Type 1, 2 have nothing to do with Classes I, II. Note that a Mills—Robbins
step of Type 1 requires T' # 0, whereas a Type 2 step can be performed when 7' = 0.
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(¢" = 1)/(g = 1), so that czp 1 = 1+ (¢" = 1)/((¢" = 1)/(¢ = 1)) = ¢. We
may conclude that S(a) = {1, ¢}, r(a) = q. If o were as in Theorem 5 with
t =1, we would have S(a) = {¢}, and if it were with ¢ > 1, we would have
r(a) < q. Therefore « is of Class I, but not IA.

LEMMA 13. The approximation spectrum of « given by (9.2) consists of
1,q — 1, and the numbers

(9:8) 1+ (g—2)g " /((a—D)A+q " +...4+q ") +q ™)
where s >0, 0 < vy < ... < wvs.
In particular, the spectrum is infinite, so that « is of Class I, but not IA.

Proof. Write r,, = deg A,,,, so that

(9.9) qr(m-1y/2 —1 when m is odd.

{ 1 when m is even,

Tm =

We claim that for odd m,

(9.10) rm=q¢ —q¢ ' —...—q¢—1 when 2'| (m+1).

When [ = 1, then (m — 1)/2 is even, so that by (9.9), indeed r,, = ¢ — 1.
When (9.10) is true for I — 1, and 2 || (m +1), then 2!~ || (m —1)/2+1), so

that 7(,,—1)/2 = ¢ 1—¢d2—. .. —landr, =q(¢d ¢ 2—... —-1)-1=
¢ —q¢ 1t —...—1by (9.9).
Now suppose
(9.11) n41=2" 42w 4ou
with wg > w3 > ... > us > 0. Then 2% || (n + 1), so that
(9.12) rp=qt =g T = g = 1=((g—2)g" +1)/(¢ - 1).
On the other hand,
ro+.. . +rn_1 =s0+s1(g—1)+s2(*—q—1)+.. .—|—8uO(q“°—q“°_1—. .—1)

where s; is the number of m, 0 < m < n, with 27 || (m + 1), i.e., it is the
number of m, 1 <m < n, with 27 || m. Our expression equals

quosuo + quo_l(suo—l - Suo) + qu0_2(5u0—2 — Sup—1 — Suo) +..
+q(s1— 52— .. —Suy) + (S0 — 51— .. — Suy)-

But s; = t; — tj4+1, where t; is the number of m, 1 < m < n, with 27 |m,
and therefore

Sj = 8jt1 = e~ Sug = t; —tjv1 — (L1 —tja) — o — (tug — tugt1)
= tj - 2tj+1a

since ty,4+1 = 0. In view of (9.11), t; = [n/27] is given by
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t‘_{2“0_j+...+2“i_7 when ;41 <j<w; (1=0,1,...,8—1),
! Quo=d 4 4 92%=J —1 when 0<j < u,.
We may infer that

1 ifj=wu; (i=0,...,5s—1),orif j < us,
tj— 2t = .
0 otherwise.
Therefore r1 + ...+ 11 =719+ ...+ rp_1 — 1 equals

(9.13) ¢ g 1= 1= (¢ —q)/(g - 1)
when s = 0, and
(9.14)  ¢"+¢" ...+ + (¢ ...+ ¢ +q)
=g+ g (¢ - 9)/(g 1)

when s > 0.
We now apply (8.4) with m = n — 1. When s = 0, so that n = 2"0 — 1,
then (9.12), (9.13) yield

cn—1 =1+ ((¢—2)¢" +1)/(¢" — q).

Therefore as n runs through the numbers ¢"*° — 1 (ug = 1,2,...), then ¢,
tends to 1+qg—2=¢q — 1. When s > 0, we have

e =14+((¢=2)¢" +1)/((¢=D/(¢* +... +¢"* +(¢" —q) /(¢ —1))).

Set u; = ug—v; (1 =1,...,8) with 0 < v; < ... < vs. Then (9.11)
becomes

(9.15) n=2"1+2""4...4+27%) -1,

and

Cno1 = 14+((g=2)g " +¢7") /(=) (1+q™ " 4. . 47" ) g —¢ ™).
When wvy,...,vs are given and n runs through the numbers (9.15) with

ug = vs + L,vs +2,..., then ¢, tends to (9.8). When v, is under a fixed
bound, so that also s is bounded, there are finitely many choices for s and
v1,...,0s, and the limit points are among the numbers (9.8). On the other
hand, as vy — oo (where also s may vary), then also ug > v, tends to oo,
and ¢,_1 approaches 1. m

Say o = [Ag, Aq,...] is an [-fraction if the degrees r,, = deg A,, have

1 when m # 1 (mod [),
m = qr(m-1)1 —1 when m =1 (mod I).

By (9.9), our o with (9.2) is a 2-fraction. I conjecture that when the field &
is sufficiently large, then for every [ > 1 there are [-fractions a with a ~ 4.
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10. The Mills—Robbins continued fraction. Let 2 = (), ; = X,
and for n > 2 let (2,, be the finite sequence of polynomials

On =02 1, -X, 0%, —X 02, 4,

n—27

where commas signify juxtaposition of sequences, and (2,(:’) is obtained by
cubing every element of {2;. Since (2,1 appears as the initial segment of
2, we may define (2, as the infinite sequence having each (2, as an initial
segment. Set

a = [0, 2].
Mills and Robbins [16] had conjectured and Buck and Robbins [4] proved
the following intriguing theorem:

Suppose k = F3. Then « is the unique root in k((X 1)) with
(10.1) o +a?—Xa+1=0.

Lasjaunias [8] gave another proof in a wider setting. Here we will rear-
range ideas of [4] to give a rather short argument.

Writing
P, 1 P
Ny =t n» =-1,0,1,...),

<Qn—1 Qn) (n )

we have

0 1 0 1
N_lz(l 0), Nn:Nn_1<1 An) (n:O,l,...)

where ]Dl = Pl(Ao,...,Al), Ql = QI(A(),...,AZ) (l = 0,1,...).
In the case when Ap, Aq,... is the sequence (2., set My = ((1) (1)), My =

01
(7 x):
0 1 3 0 1
(10.2) My =My <1 _X) M, (1 _X> M1 (n>2),
where Ml(3) is obtained from M; by cubing each entry. Then

M, = Nr(n)

where 7(n) is the number of elements of (2,,. Since M,, is symmetric, we
may write

R, S,
(10.3) M, = <Sn Tﬂ) ;

and notice that R,, /Sy, S,/T, are consecutive convergents of the continued
fraction of «. Therefore

lim R,/S, = lim S, /T, = a, lim R, /T, = o

All this is already in [4].
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Now set
R, Ri
R,=(S.], Ri=1[S3
T, Tg’
Let

/X 1 1/X
T=| 0 0 1 :
/X 1 X-1/X

and let Q(R) = Q(R, S,T) be the quadratic form with
QR)=(R-T)*>—- XST.

LEMMA 14. (i) Q(R,) =0 (n=0,1,...),
(i) Rpr1 =7R3 (n=0,1,...).

The Buck—Mills—Robbins Theorem follows: we have
T.2QRy,) = (R, /T,,)* — 2(R,/Ty) + 1 — X(S,,/T},) = 0.
Taking the limit as n — oo, we obtain o —2a? +1— Xa = 0, hence (10.1).

Proof (of Lemma 14). Both (i), (ii) are easily checked for n = 0. The
induction step n — 1 = n is as follows:

R T R T\?
(== L _S_TX+ =
Q(TR) <X+S+X <=5 +X>
R T
—XT<X+S+TX—X)
_ R T 2 2 v2 2
_<X—X—TX> —RT —STX —T2X24+T

=X R-T)*-STX =X *(R-T)* - X?ST).
From (i), (ii) with » — 1 in place of n we get
QR,) =Q(TR; 1) = X *(Ry_1 — T34
= X?Q(R,-1)* =0,

so that (i) holds for n.

By (10.2) and (10.3) there is a 3-vector of functions F(R,r) which is
homogeneous of degree 2 and 1 in

) = X3S0 T )

R r
R=1| S and r=| s
T t

respectively, such that
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R, :}_(Rn—hR?L,Q) (n:2,3,...).
Applying this for n 4+ 1, we may rewrite (ii) as
Ryi1=F(Ry, Rifl) = TR’?L'

In other words, since R3_; = T71R,, by the case n — 1 of (ii), we need to
check that

F(Rn,T_an) = ’Z’Ri.
It suffices to show that
(10.4) F(R, T 'R)=7R? whenever Q(R) = 0.

This requires a routine but messy calculation, already implicit at the end
of the proof in [4]. From (10.2) we see by matrix multiplication that

rS? +t(R— SX)? — sS(R— SX)
FR,r)= | rST+t(R— SX)(S —TX) +s(S?+ RT + STX)
rT? +t(S —TX)? - sT(S —TX)

Since
R X 1+4X%2 X\ /R RX +S(1+ X% -TX
T s|=1|-1 X -1 S| = ~R+SX-T ,
T 0 1 0 T S

substitution gives after some calculation that

S(STX + S? + RT — R?)
(10.5) FR, T 'R) = ST?X — RT(R+T)
T3X + 5%+ RST — ST?

On the other hand,

-1/X 1 1/X R3
(10.6) TR? = 0 0 1 S3
/X 1 X-1/X T3
S —(R-T)*X~!
= T3
RIX'4+ 8 4+T3(X -X1)

When Q(R) = 0, the vectors in (10.5), (10.6) are in fact equal. m

11. Elements of Class II. For completeness, I just want to recall that
Lasjaunias and de Mathan [10] showed that elements « of Class II have
r(a) < [d/2] when dega = d. In the case when k is finite, they proved
[11] the stronger result that |a@Q — P| > ¢|Q|~1%? with ¢ = c¢(a) > 0;
this contains an earlier result of Osgood [18] on elements which satisfy no
rational Riccati differential equation.
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