234 A. Tarski,

5) Die gleichzeitige Verfeinerung des Peano-Jordanschen Verfahrens in
den beiden angedeuteten Richtungen ist mit Riwksicht aut die bekannten ,Paro-
doxien der abziihlbaren Zerlegungsgleichheit® wnndglich (vgl. die in Anm. 2
zitierte Arbeit von Banach und dem Verfasser).

%) Vgl. etwa Hausdorff, op. cit., S. 4181 (insbesondere 8. 419, Z. 2024
vou oben) und W. Sierpinski, dieser Band, 5. 96-- 99,

7) Zu den Sitzen 1.2-1.6, 1.9 und 1.10 vgl. Bn,uu,(‘ll-'_‘m'ﬂ'lci. op. cit.;
Satz 1.14 wurde von D, Konig, Fund. Math, 8 (1926), 8. 114 {f, bewiesen ; Satz 1.22
stammt von Hausdorff, op. cit.,, 3. 401 £. Die ubug,an Sitze von § 1 (griltenteils
in einer viel allgemeineren Formulierung) wurden von Lindenbaum und dem
Verfasser gewonnen; vgl. hiezu A, Lindenbaum et A. Tarski, C. R. Soc. Se.
Vars. 19 (1926), CL II1, S. 816 ff. und 328 f., sowie A. Tarslki, Atiti Congr. Mat.
Bologna 1928, 2, 8. 243 £f.. Genaue Beweise dieser Sitze sind noch nieht ver-
bffentlicht und sollen in hesonderen Arheiten erscheinen.

8) Iin kurzer Beweis des Satzes 1.7 (oder genauer: eines analogen Sabzes
fir die Relation der (Heichmiiehtigkeit) findet sich im Buch von 'W. Hierpinski,
Zarys teorii mnogodei (Grundvify der Mengenlehre, polniseh), 1. Toil, 8, Aufl.,, War-
szawa 1928, 8. 90,

9) Sitze 1.11-1.18 wurden als Versehiirfungen des von D Kianig stamm-
enden Satzes 1.14 gewonnen; ihr Beweis ist in groflen Zigeu dem Konigschen
analog (vgl. Anm. 7).

10) Korollar 1.19 kann aus dem in Anm. 4 erwithnten Satz von Banach
abgeleitet werden (vgl. Banach-Tarski, op. c¢it., 8. 257 [.); der Beweis von 119
auf Grund von L15 ist jedoeh viel einfacher und stithzt sich nicht auf das
Auswahlsaxiomn.

1) Vgl. die Beweise analoger Siitze fiir ebene Punktmengen in Banach-
-Tarski, op. cit., 8. 258 £f,, sowie in meinen oben zitierten Anfsatz aus Przegl,
mat.-fiz. 2, 8. 53 ff. s ist zu bemerken, dall Korvollar 1.21 einlenchtend und
geine Anwendung in weiteren U'berlegungen enthelrlich wiive, wenn wir uns
entschlieen wollten, lediglich halboffene Strecken (d. L. Strecken mit einemn
Endpunkt) hier zu betrachten.

12) Vgl. hiezu meinen in Anm. 7 zitierten Aufsatz aus Atti Cougr, Mat.
Bologna 1928 sowie J. v. Neumann, Fund. Math. 18 (1929), 8. 81 f,

18) Vgl 8. Mazurkiewicz et W. Sievpinski, Comptes Rendus 158 (1914),
8. 618 und 5. Ruziewicz, Fund. Math. 2 (1921), S. 4 ff.

1) Zum Beweis vgl. Banach-Tarski, 5. 257f. (im Gegonsatz zu dem
Fall der geraden Linie ist kein direkter Beweis dafiir bekanut; vgl. Anm. 11).

1) Die Kenntnis der Theorie der Zerlegungsgleichheit vorausgesetzt, bietet
die Begriindung der Ergebnisse aus § 2 keine groBe Schwierigkeiten; die Sehluli-
weisen sind denen aus der Theorie des Peano-Jovdanschen nnd Liebesgueschen
Mafles analog (vgl. Amm. 3).

8) Satz 3.13 in Bezug auf das System S der Mengen von 1. Kategorie wurde
von E. Szpilrajn gewonnen,
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On the equivalence of some classes of sets ).
By

7

Edward Szpilrajn (Warszawa).

We say that two mathematical objeets A and B (sets, classes
of sets, sequences of sets, finctions, ete.) defined respectively in
two spaces v and Y are equivalent in the sense of the General Theory
of Sets, or brietly equivalent, if there exists a one-one transformation
of the space U into the space Y which transforms 4 into B 2).

This paper contains some simple theorems on the equivalence,
concerning the category, the property of Baire and measures.

Terminology and notation. X being any metrical space and E a subset
of X, we shall denote by

Y the smallest complete space including X

D(E) the set of all the points z¢ X at which 7 is of the second category
in X 3);

Int(H) the interior of K

Te(#) the boundary of I;

B(.Y) the class of all the Borel subsets of A%

K(Y) the class of all the sets of the first category in X

R(.V) the class of all the sets possessing the Baire property in X i e. the

sobs of the form (—K,--K, where ¢ is open in X and K, K e K(X).

Next, we shall denote by

J the closed interval <0, 1»;
N(J) the class of all the sets of measure zero coutained in &
M (&) the class of all the sets measurable (L) contained in &

A metrical space X will be said Borel space if AEB(A) A one-one trans-
formation will be called a generalized homeomorphism. if both the transformation
itgelf and its inversion are measurable (B) 4).

1) Presented to the Polish Mathematical Society, Warsaw section, on
Pobruary 25, 1938.

%) or the equivalence ol sequences of sets see Sz pilrajn {2]

3) Of. Kuratowski {1], p. 45.

1) oo Kuratowski [2] and [1], p. 221
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236 E. Szpilrajn:
1. Auxiliary theorems.

1. Let X be a separable metrical space, dense i dtsel], possessing
the property of Baire in f, of the second category in itself. Then there
exists a decomposition into two sets withowt common points: Ne=N--I,
where N is homeomorphic with the set of all the irrational numbers,
NCD(X) and K is a non enumberable set of the first category (in X).

Remarks 1. 1t is easy to see that if we omitt the relation NCD(X), we
may at the same time replace the condition concerning the second category by
that of the non enumerability of the space .

2. The space X cannot bo replaced by an arbitrary complete space
containing V.

Proof. Putting H;=D(X) we may evidently write:
(1) N=H + Ky, H Ky ==,
where K, eK(.Y). Since the set Hy ig closed in X and VeR(X) by
hypothesis, we have H;eR(Y). Consequently,
(2) 1{1 == ]'Ig '+‘ Ilfg, 1[2 ]{2 == ()7
where H, is o G5 in ¥ and K,eK(.X). Hence the set H, is an
absolute (4 and, the space X being dense in X, Ke K(X).

H,, as a non enumerable absolute (s, containg a perfect set I
non-dense in H, and therefore we may write
(3) Hy=H,+ K,, Hyl(y==0),
where Hy is an absolute (/5 and K; a non enumerable set non-
dense in X

According o a known theorem we may decompose the set Hy:
(4) Hy=H,+ I, Hy K, =0,
where H, is a Gy in Hy of dimension zero and K, a set of the fivst
category in H, 1).

We have finally by Mazurkiewicz’s known theorem 2):

(5) Hy=N+K;,  NEz=0,

where N is homeomorphic with the set of all the irrational numbers
and Ky is at most enumerable.

-
@

1) M denoting a metrical separable space and [V ) its hasis, I (V)= Be(V o)t
is a et By of the first category (in M), the complement of which is of dimension 0.
See Hurewicz [1], p. 755, Satz XXIII.

%) See e.g. Kuratowski {17, p. 227, 1.
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Now we put
{6) o= K+ Ky [+ K+ I,

Accordingly K is « set of the first category in X, non enumerable
as containing K, Furthermore, the formulae (1)-(6) imply:

X=N-+K, NKE =0,
NCH,CH3;CH,CH,=D(.X).
This completes the proof.

II. Let X be a metrical space and Z a subset of D(X) such that
X—Z s of the first category in X. Then, in order that a set KCX
be of the first category in X it is necessary and sufficient that the set KZ
be of the first category in Z.

Proof, The sufficiency of this condition is obvious, so that
we have only to prove it necessary.
Liet ug then suppose that KeK(.X). BEvidently we may write:

(7 K-D(X)= K.IntD(X)+ K -FrD(X).

The set K-IntD(X) is of the first category in IntD(X) and
coungequently it i so in D(X). Since the set D(X) equals the closure
of IntD(X) 1) the set FrD(X) is non-dense in D(X).

Hence, it follows from (7) that K-D(X)eK[D(X)] and a fort-
iori KZeK[D(X)]. On the other hand, since X—ZeK(X), we
have D(X)=D(Z)CZ and therefore the set Z is dense in D(X).
It follows from this that KZeK(Z). *

2. Definitions of equivalence and of B-equivalence.

Two classes K and M of subsets of spaces X and ¥ are termed
equivalent if there exists a one-one transformation ¢ of the space X
into the space Y such that KeK if and only if ¢(K)eM. Then
the transformation ¢ is said to realize the equivalence of K and M.

If X and Y are metrical Borel spaces and if there exists a
generalized homeomorphism realizing the equivalence of K and M,
then K and M are called B-equivalent.

Analogically two functions f(B) and g(B) of a Borel set on
spaces X and Y are termed B-equivalent if there exists a generalized
homeomorphism ¢ between X and ¥ such that f(B)=g¢le(B)] for

" each Borel subset B of X (and it is ¢ which realizes this equivalence).

1y See Kuratowski [1], p. 47, 11).
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238 E. Szpilrajn:

3. The category and the property of Baire.

Theorenm 1. Suppose that two metrical Borel spaces Xy and X,
are separable, dense in themselves, and of the second category in them-
selves. Then the classes K(X,) and K(X,) of the sets of the first category
in X, and in X, respectively (and analogically the classes R(.Xy) and
R(X,) of the sets possessing the property of Baire) are B-cquivalent?),

Proof. Let

Xi=N;+ ]\',', Nili=0 for d== 1,2

be a decomposition according to auxiliary theorem I.
Denote by h a homeomorphism transtorming Ny into N, and
by ¢ a generalized homeomorphism transforming /7y into /', #) Putting

hia) for weN,
() for welly,

o=

we obtain a generalized homeomorphism which transforns Vg into .V,
Since @ establishes a homeomorphism of sets Ny and Ny, it trans-
forms the clags K(N;) into the class K(N,). Consequently it follows
from the auxiliary theorem IT (applied for N=X;, Z=N;; 4=1,2)
that ¢ transforms the class K(.XX;) into the class K(X,).

Now, the class R(X;) equals the clags of all the sets of the
form B+ K where BeB(X,) and K eXK(X}); bhesides the class B(.X7)
is transformed by ¢ into thg clags B(.X,), therefore p transtorms
R(X,) into R({.Y,).

The theorem is thus proved.

1t is obvious that the hypothesis concerning the category and
the density are essential for the above theorem. We shall prove
that the hypothesis that .J\; are Borel spaces cannot be omitited
either:

Theorem 2. If the hypothesis of the continuum is true, then
there exist two separable metrical spaces of the second calegory in them-
selves, dense in themselves and for which the classes of all the sets of
the first category are not equivalent.

1) This theorem contains the answer to a question raised by Dr A. Tarski.
%) There exists for cach two non-enwumerable separable Borel spaces 4
and B a generalized homeomorphism which transforms 4 into B. See Kurg.

towski [2], p. 212 and 215.
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In fact these conditions arve fulfilled by the interval & and
the Lusin set (without isolated points) LCJ i. e. a non enumerable
set each subset of which is either of the second category or at most
enumerable. (The existence of such a set follows from the hypo-
thesis of the continuum?)). The clags K(I) consists only of the sets
which are at miost enumerable and hence K(L) and K(J) are not
equivalent.

4. The category and the measure.

Sierpinski has proved that the hypothesis of the continunm
implies the following theorem:

(a) The class of all the sets (contained in &) of measure zero
and that of all the sets of the first category (in J) are equivalent 2).

Observe that conversely Theorem (a) together wilth the theorem. on the
eaislence of o Lusin sel of the power ¢ imply the hypothesis of the continuwm.

In order to show this, suppose that o transformation ¢ realizes the equi-
valeneo of K (&) and N(J). It is easy to see that ¢ realizes also the equivalence
of the class of Taugin sets and the class of Sierpinski sets (i. e. the non enumer-
able sets cach subset of which is either of positive outer measure or at most
cunumerable). ence the existence of a Lusin set of the power ¢ implies the existence
of a Sierpinski set of the same power. Since the existence of such two sets implies
the hiypothesis of the continunm (according to a recent result of Rothbergers3?)),
our remark is proved.

On the other hand, we have

(1) The clags of sets measurable (L) (contained in &) and that
of sets possessing the property of Baire (in J) are-not equivalent 4).

Hengee it will be seen that the equivalence considered in (a)
cannot be realized by a generalized homeomorphism:

Theorem 3. The class of sets of measure zero (contained in J)
and that of sets of the first category (in.-J) are not B-equivalent.

Proof. If the theorem is not true, then there exists a gene-
ralized homeomorphism & realizing the equivalence of N(J) and K(<7).
Since h transforms B (&) into itself, it transforms also all the sets M
of the form:

M=B-+N, BeB(7), NeN(J),

1) See e.g. Sierpinski (1], p. 37.
2y Sierpinski [2] and [1], p. 77.
3) Rothberger [1].

4y Szpilrajn [1], p. 806.
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into all the sets of the form:

R=B+ K, BeB(7), K e K(),
or, in other words, the class R(¢7) into the clags M(J). This contira-
dicts Theorem (b) and our theorem is thus proved.

We call a measure in a space A every finite non negative and
absolutely additive function of a Borel subset of X, vanishing for
the sets that consist of a single point. 1 have proved that

{¢) If p; and u, are measures in two non enumerable, sepa-
rable Borel spaces X, and X, such that u(X;)=p(d,), then u
and w, are B-equivalent?!). .

Now, we may join this to Theorem 1 as follows:

Theorem 4. Let X, and Xy be two metrical Borel spaces which
are separable, dense in themselves, and of the second category in them-
selves. Newt, let py and g be two measures in Xy and Xy respectively.
such that p(X)=u(X,). Then there cwists o generalized homeomor-
phism realizing simultaneously the equivalence of 1 and py and that
of the classes of the first category respectively in X, and X, 2).

Proof. There exists a decomposition of X;into two Bovel seti:

Xi=K 1+ .Ni
where

v Hie K(X), wi(N) =0 for i=1,2 3).

Denote by ¢; the set consisting of all the isolated points of N,
and of all the points belonging to N,—D(X}), and put

K=K+ ¢, Nt=N—@.

Bvidently we may write for i=1,2:

.AYI =K;k "|" N ;k y
‘LLi(N;k)=O, NICD(Xy),
and moreover the set N} is dense in itself.

Theorem (c) implies the existence of a generalized homeo-
morphism % transforming K{ into K'Y in such a way that

12 (B)= o[ W(B)] BeB(X,), BCKL.

(F e K(X),

for each

1) Szpilrajn [3], p. 57, th. 4.1 (ii).
%) This theorem contains the answer to a question of Miss S, Braun.
%) Szpilrajn [1], p. 304.
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Similarly, Theorem 1 implies the existence of another generalized
homeomorphism g transtorming the class K(NT) into the class K(N3).
Detine o generalized homeomorphism as follows:

() = {

h{x) for each axeK7
g(x) tor each wxeXNT.

It follows from the auxiliary theorem II that ¢ realizes the
equivalence of the classes K(X,) and K(X,) and on the other hand
it is obvious that ¢ realizes also the equivalence of the measures
uy and gy The theorem is thus proved.
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