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Theorem. 1 leads to the following problems, which are open also in
the algebraic case (8):
P 163. Does there exist

(We know only that 1<s,(£;T)/¢,(8) <s<+oo for any n=m.)
P 164. Is
i 25D
nseo  &(E)

If the angwer to both problems is positive, then

e (&5 1)

lim =S )

£a(£)

which would very essentially strengthen theorem 1.
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ON THE NUMBER OF AFFINICALLY DIFFERENT SETS
BY
5. PASZKOWSKI (WROCLAW)

The problem solved in this paper®) concerns the constructive theory
of functions. In the theory of uniform approximation the notion of the
polynomial of the best approzimation of a continuous function () in the
interval <&, b)> plays an important role. Such a polynomial of degree %
is defined in [1] as a polynomial realising

min max |%(t)—w ()],

welWy asih
where W, is the class of all polynomials of a degree not greater than n.
Utilizing some results of de la Vallée Poussin [2], Rémds has given in [3]
a recurrently defined sequence of polynomials, convergent to the poly-
nomial of the best approximation. De la Vallée Poussin has remarked
that the polynomial v(t) of degree n which gives the best approximation
of a function z(#) on the system of n--2 points fos by ooy (e <l <
< ... <tyq1) satisfies the system of n-+2 equations

v(t) (=1 e =2) (i =0,1,...,041)

(¢ is here the (n--2)-th unknown). Thus, if »(t) = Go+at+...+a,t",
then

W+ byt +a,tete = x(ty),
oyt +.. . Fa, it —e = 2(t),
Gyt aty et (1) e = @ (t,).

Thus any coefficient of the polynomial »(f) is a linear combination
of the value of the function z(f) with the coefficients depending only on
the points %, 4, ..., thy1:

*} Presented to the Polish Mathematical Society, Wroctaw Section, on. Novem-
ber 2nd, 1954. )
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@y = gp(loy by ooy tagr) @) Fopalte, Gy ooy Tng) () 4.
‘|‘ak,n+1(t0’ tla ey tn+1)x(tn+1) (70 = 07 ]7 [RRS] ”’)~

If the points &, t, ..., t,.1 belong to a fix finite set, ¢. g. — as in the
sequel — to the set of non-negative integers 0, 1, ..., s, then for a simpli-
fied caleulation of the polynomial »(t) (and — by the result of Rémes —
for a calculation of the polynomial of the best approximation) we can
tabulate the coefficients ’

(1) Qo0 (foy by -

for different systems {5, &, ..., 1,1} But if the system {15, 1%, ..o, by
can be transformed affinically into the system [ty f1,..., tyu), t; = ali-+4
(i =0,1,...,n+1), then the polynomials »*(t) and v(f) corresponding
to these gystems are combined by the analogical formula,

v(at+p) =2 (1).

Hence, it is not necessary to tabulate the function (1) for all subsets {con-
sisting of n--2 points) of the set {0,1,...,s}, but only for a system of
subsets which cannot be affinically transformed into ome another. In
order to obtain the volume of such tables of the function (1) we must
therefore solve the following problem:

On & stratght line there is given a set A, consisting of points with coordi-
nates 0,1....,5. A, denotes the family of all subsets of A, comsisting of
r=-1 points (r > 1). A, is divided into classes: two sets belong to the same
class if and only if one of them can be affinically transformed into the other.
The formula by which we may caloulate the number as, of those classes
18 to be found.

Two sets are said to be affinically different if one of them cannot
be affinically transformed into the other.

The solution will be divided into several parts.

.y tn+1)v LR a’n,n-l-l(iOy tl: rey ('n-l-l)

1. By az, we denote the number of subsets of the set 4; =
={0,1,..., %} which consist of r-+1 points and have the diameter .

k-1
Ay = p1/?

because the first and the last point of any of those subgets are the game
for all of them, namely 0 and %.

2. Now we shall caleulate the number denoted by by, of subsets
{aa, Gyy ey a,} of the set 4, which consist of »+1 points, have the dia-
meter k, and are symmetrical with respect to the point %/2, 4.e. with
respect to the centre of the interval (0, %).
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2.1. & and r ave odd: & = 2x—1 and » = 2p-1 (here and in the
sequel » and p are natural numbers). Hence g, = 0, the elements with
indices 1,2,..., 0—1 belonging to this subset belong to the set
{1,2,...,2—1}, and the other elements are obtained by the reflexion
in the point %/2. Thus

br = (;_i)

2.2. kis odd, r is even. In this case there are no symmetrical subsets:
by = 0.

2.5. k is even, r is 0dd, i.e. k = 2% and r = 2p—1. As in the first

cage
x—1
bk,'r = (Q'—]) H

because in the set {0, 1,..., k} there exists an element » in the middie
which can belong to none of the symmetrical subsets with r odd and
because the elements of the subset with indices 1,2,..., ¢—1 now
belong to the set {1,2,...,x—1}.

2.4, % and 7 are odd, i. ¢. k = 2x and = 2¢. In this casé the middle
element of the subset with index g is the number ». The elements with
indices 1,2, ..., o—1 now belong to the set {1,2,...,x—1}:

¢ — 1
by = (;_1).
Taking into account the values of » and p, we obtain
- o L—R21-1 o (—[1—k/2]
by = 2 (k, ’)(_[_7./2]__1 = x(k, 7) —[1—r/2])

k _J o ifkis odd and r even,
2k, m) = 1 in ofher cases,

where

and [2] denotes the integral part of .
3. By 1 and 2 we find that the number of subsets of the set Ay,
with »+1 points, of diameter %, which are affinically different, is
g —b
Opr = b k’r'*‘bk,r =

ak:,r + bk,r
> .

2 2

4. From the subsets consisting of r+1 points, of diameter %, of the
set Ay, 4.6 subsets of the form {0 = ay, 6y, ..., &, =k}, We exclude
those which can be obtained from the subsets of a smaller diameter by
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gimilarity (dilatation). Such a dilatation extending to covering the whole
set 4y (i. e. the first element 0 and the last %) is possible only if % is a
composite number. Let & be such a number, d|k, and d > 1. The set
{0,2,24,..., (k/d)d = k) can be obtained by a d-fold dilatation of
the set ¥ = {0,1,2,..., k/d}. The number of subsets of F which consist
of r-+1 points, are affinically different and have diameter k/d, is (accor-
ding to 3)

) Cjar +Ojar
Cppay = ——

2

Evidently we must have here k/d >, i.e. & < k/r.
We use now the Mobius funetion s (n), which is defined by the for-

mulae
0 it ot
pl) =1, M(n)z{ ;. P,
(—1) it n=pp...p.
(p_,pl y--+; P; denote prime numbers, p;,...,p; arve all different trom

one another). This function satisfies for m > 1 the equation

dlm

which may be written in the form

(2) 1=—

l<d|m

Yot dy, be the number of affinically different subsets of diameter %
of the set 4; which can be obtained by a dilatation of the subsets of 4 small-
er diameter. The subsets of diameter % are denoted. by By, By, ..., By,..
6“is the greatest divisor of the number % such, that thé set B, c’an ly)e ok‘;-
tained by a &;-fold dilatation of a subset of a smaller diameter than &
We write d,, equalities following from (2): .

(3) L= = Duld)  (i=1,2,...,d,)
l<dis
Adding them we get V
dk,r i lt(d)("h/d,r:
dki<dshfr

because «(d) occurs in the formulae (3) as many times ag there are sets

Bl,Bz, ...y Bg,, obtainable by a d-fold dilatati y 9 e
meter k/d. > atation from the sets of dia-
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5. If from all the affinically different sets of diameter % we exclude
those which after a contraction can have a smaller didmeter, and if there
numbers are added for all k, we obtain the formula

8
Qg p == 2 (Ck,r ha dk,r) 3

k=t
representing the number of classes into which the family «f,, has been
divided.
On transforming the last formula, we obtain

Z H (d)ck[d,r) = Z

s
Ugp = ((4,‘7’1. + /L(d) Crjar
k=r dik1<d<klr k=7 dik,d<kir
8
1 v :
= w(d) (@ b
5 L (@) (agyartbrar)
k=r dkd<kp

and finally

1\ kjd—1 —[1—%k/2d
TS NP l( - ) +x(k/d, r)( _[[1_7//2]] )‘
k=r dikd<kir

The ocourrence of the Mobius function in this formula permits the
supposition that a,, is very irregular. The initial values of .3 for s =
=3,4,...,20 confirm this:

1, 3, 7, 12, 21, 31, 46, 62, 87, 109,
145, 178, 222, 266, 330, 381, 462, 530.

If we put 7 = n+1 in (4), we obtain a formula concerning the polyno-
mials of the best approximation of degree n. Using the calculated numeri-
cal values of the function a,3, we see that for # = 2 the table of coeffi-
cients (1) with s =8, 12, 16, 20 contains Tespectively 1, 3, 9, 18
pages, one page containing 360 coefficients. As we know, s41 denotes
the number of points of the set {0, 1,.., 3'} to which the points y, t1, ...y taga
‘belong.
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