AN ELEMENTARY PROOF OF VON NEUMANN’S
MINIMAX THEQRE]V[
BY
A. ZIEBA (WROCLAW)

Let A=oay (i=1,2,...,p; 1=1,2,...
numbers. Let us put

,q) be a matrix of real

E(x,y) =Z“¢M«c%‘
3

where z, y stands for systems of real variables (@, @z, ..., %), (Y1, Ya, -+, Yg)-
Further let X, and Y, be sets of #’s and y’s which satisfy the following
relations;

Z:vi=1, 23/,-:1 (B 20,..,2, 205y, 20,...,9, =0).
1 7
Our aim is to give an elementary proof of the following equation
(so-called von Neumann's minimaz theorem of the theory of games)'):

(1) min max Bz, y) = max min B (2, y).
2eXp ye¥y vely @eXy

Let us denote the left side of the equation (1) by M (4) and the right
side by m(4). It is clear thab
(2) M(A) = m(4).

If 4 is a matrix obtained from a given matrix 4. by cancelling a row,
and A’ a matrix obtained from A by cancelling a column, then we have
the following obvious inequalifies:

m(d) =m(d),
m(d') < m(d)

(3) M(d) > M(4), (4)
(8) M(A') < M(4), (6)

(after the cancelation of & row ora column the ranges of variability of the
indices 7, are changed).

1) See e. g. J. C. C. MoKinsey, Introduction to the theory of games, New York
1952, Theorem 2.6, p. 34.
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Let 2° = (af,23,....25) and 3" = (4, ¥2, ..., ¥g) denote any two
extremal points i.e. points which satisfy the equitions
max E(x°, ) = M(A); minE(x,y®) = m(4).
ve¥y zeXp
Such points exist because the form E(wz, y) is cortinuous and the spaces
X,, ¥, are closed.
Let us eancel in the matrix 4 one row i, from rows (if such rows exist)
which fulfil the inequality
M : D ayi > m(4).
7

We show, that the matrix 4 thus obtained satisfies the equation

(8) m(d) =m(4).

If (8) did not hold, then considering (4) we should have a system
WAy = Y-+ Ay, ..., Yo+ Ay,) such that
(9) minE(x, "+ Ay) > min B(z, 1°) = m(4).

26X p_y ze XD

(The variable z on the left side of this formmula runs through a subspace
X,_1 of the space X, which appears on the right side, namely systems
of the type (Xy,..., Xy_1, 0, Xypa, ...y Xp) belong to X, ,).

Considering that the form F(x,y) is bilinear, the inequality

(9a) min B(2, y*+edy) > min E(z, y°)

TeXpy 26N p
holds for every value of ¢, 0 <& < 1.
On the other hand in view of (7) for sufficiently small &, we have
the inequality

(Ta) Dy + ety > m(d);

7
but, considering (9a) and (7a), we get

min[min B(z, y°+edy), D ay(yf+e4y;)]

zeXpy 7

= min E(z, ' +edy) > min E(x, §),
X,

zeXp xeXp

which is contrary to the definition of y°.
Now, considering (8), (3) and (2), we have

(10) M(A) = M(A) =m(d) =m(d).
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Similarly, when we cancel in the matrix A the column j, for which
2%‘1”2 < M(4)?)
4
we get the matrix A’ which satisties the equation M(4’) = M(4). Tn
virtue of (10) and (6) we also have the inequality
(11) MA) = M(A) = M(4) =m(d) =mn(d) =m(d).
Hence
(11a)

Repeating, if necessary, the above process of cancelation of rows
and columns, we finally get the matrix B = {bi,}, which satisfies the in-
equality

(11b)

and the equations?) '

Zai,-yg= m(B), Za,ﬁmg- = M(B)
7 T

M(A) = M(A) = m(4) = m(d").

(f=1,2,..,p°<p;=01,2,...,¢<q.

From these equations we immediately find m(B) = M (B), as the left
sides of these equations are equal to

2 Gij w‘}y?,
7
and hence considering (11b), we get the theorem.

1) z° is an extremal point for the matrix 4.
) 4% is an extremal point for the matrix B.
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ON THE GAME OF BANACH AND MAZUR
BY
8. ZUBRZYCKI (WROCLAW)

In this note*) I am speaking about a game which H. Steinhaus calls
a game of Banach and Mazur. This game is defined in the following way.

On an infinite half-line 0 << o < co a set Z is given. There are two
players, A and B. Player 4 begins the play by choosing, in the first move,
a, positive number a;. Subsequently in the second move, the player B
chooses a positive number b, smaller than 4,. Then, in the third move,
the player A chooses a positive number a, smaller than b;. They do so
by turns infinitely many times. When the play is finished, an infinite
decreasing sequence

(1) ’ @y > by >ty > by > L.
of pogitive numbers is obtained. In this sequence the numbers a; are

chosen by the player 4 and numbers b; are chosen by the player B. If
the number

718

is in the set Z, the player A wins, if it is not in the set Z, the player
B wins.

In other words, the player 4 chooses a function a which, for each
n, given the numbers a;, by, ..., @41, bp_1, DPrescribes the value of a,.
The player B chooses an analogous function » which, for each n, given
the numbers a;, by, ..., bp_y, a,, prescribes the value of b,. Fach choice
iy made in complete ignorance of the others. The functions a and b are
called strategies. They determine the sequence (1) and therefore the winner.

In the theory of games, a game is called closed®) if for one of the
players there exists a strategy which makes him win, no matter what
strategy is used by his opponent.

*) Presented to the Polish Mathematical Society, Section of Wroclaw, the
15, X. 1954.
1) This definition was first given in [3]. In [1] the term ‘“determined game”
is used. ’
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