COMPARISON OF THE EFFICIENCY OF DRAWING SAMPLES
WITH AND WITHOUT REPLACEMENT WHEN THE VARIANOE
OF THE GENERAL POPULATION IS UNKNOWN
BY
L KOZNIEWSKA (WARSZAWA)

Suppore we are given o general population which containg N ele-
ments: &y, @, ..., Zy. From this population we draw a random sample
of n elements. Let 4 denote a parameter of the general population while
m is the corresponding parameter of the sample.

The parameter m is a discrete random variable with a finite number
of saltus; hence there exists its mathematical expectation K (m) and its
variance D(m).

The scope of this paper?) is to compare the efficiency of different
estimates of the general population variance. We say that m, is a more
efficient estimate of the parameter i than the estimate my when D (my) < D (miy).

According to the sampling technique we may clagsify the estimates
of the general population parameter into two classes: the first contains
those which are parameters of random samples drawn with replacement
(denoted by italic letters without asterigks) and the second class contains
those which are parameters of samples drawn without replacement (de-
noted by italic letters with asterisks).

For instance, the arithmetic mean u of the general population may

be estimated by the sample mean * of elements drawn without replace-

ment and by the sample mean Z of elements drawn with replacement. -

It is well known that * is a more efficient estimate of u than %, since

o a* N—
D(Z) = v and — e
!

n

where o denotes the variance of the general population, N the number
of elements in the population, » the respective number of elements in
the sample.

It is easily seen that D(Z') < D(F) when n>1.

1) Published also in Polish, [2].
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One could suppose that estimates deriving from samples without
replacement are always more efficient than those deriving from samples
with replacement?). However, this agsumption would be false, as can
be seen from the following example, in which the variance of the general
population is estimated by the variances of the samples.

Suppose then that we have a population consisting of 9 elements
(¥ =29), namely: o, =1 for i = 1, 2,..., 8,19 = —8. The mean g = 0,
the variance ¢* = 8. Let us now draw random samples of three elements.
If we are drawing elements with replacement we may obtain four diffe-
rent samples, 1,1,1; 1,1,—8; 1,—8,—8; —8, —8, —8 with the respective
probabilities 512/729, 192/729, 24/729, 1/729. The random variable

1

3
My = ~ (;—%)°
3 =1

3

will have the mathematical expectation B(m,) = 5% and the variance
D(my) = 67%.

If, on the contrary, we are drawing elements without replacement,
we can obtain only two different samples, 1,1,1 and 1,1, —8, with the
respective probabilities 2/3 and 1/3. The mathematical expectation of
the random variable m; will be B(m;) = 6 and the variance D(m}) = 72.

Obviously in this case D(ms) > D(my).

This examyple seems to contradict our intuition, which suggests that
drawing without replacement should give us better {(in a rather indeter-
minate sense) results than drawing with replacement.

1t may be conjectured that the source of the apparent paradox les
in the bias of the sample variance, since the efficiency of the estimate is not
the only gquality required from the estimate. For instance, any arbitrary
constant could be taken as estimate and its variance would he zero.
Such an estimate, however, would be of no use, as its bias is indefinite.
Tor unbiased estimates there is no paradox and theorem 1, given further
on, holds.

Let ¥ and n denote, as before, the number of elements of the general
population and of elements in the sample respectively. It is evident that
N and » must fulfil the conditions 2 <n < N-1 and N > 2.

Further let # and z* denote respectively the arithmetic sample means
in drawing with and without replacement, m, and m; the respective bia-
sed sample variances, M, and M; the respective unbiased sample varian-
ces, a, and a; the respective unbiased second moments taken about the

%) The problem of comparing the efficiency of the variances as estimnates of the
population variance when the sampling is with and without replacement hkas been
put forward by 8. Szule.
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population mean g. All these parameters are bound by the following
relations:

1 ¢ _ "
17L2=72(a71:_x)2’ My = -

2
’

1 &
Mgy Gy = — Y (1)
n 4 -1 (s} .

4=1

{1)
n N—1
. .

1 & " * (= )2
a2 _ = s— ).
= Ly~ M, = My 2 Z e,
P ;( %), M=oy n &

S %

The following theorem is proved: .
o f y .
TamorEM 1. For the unbiased estimates My, My, ay, 4y of the popu-
lation variance o the following relations hold:

(2) D(M3) < D(M),
(3) D(a;) < D(a)-

This theorem states that the estimates M; and a;, which are sample
parameters obtained by drawing without replacement, are more efficient
estimates of population variance o° than the respective parameters M,
and a,, obtained by sampling with replacement.

The following lemmsa will be useful for the proofs of this and
other theorems:

Levma. Let

denote the fourth central moment of the general population and let A aend B
be arbitrary numbers fulfilling the inequalities A < 0 and B > A. Then
the inequality Ap,~—Bo* < 0 holds.

Proof of the lemma. It is known that the coefficient of excess
yg = pafo* is always not less than 1, y» > 1. If A and B have the pro-
perties stated in the lemma, BfA <1 and therefore y, > B/d4, which
is equivalent to Au,—Bo* < 0.

Proof of theorem 1. First we shall prove the inequality (2). It is
valid for N =3 and n = 2, as may be easily calculated. In order to
prove (2) for N > 3 and 2 < n < ¥—1 we shall use the formulae, given
by Hagstroem, defining the variances of m; and mg. They ate [1]:

(n—1) N{N —(n+1) /(n—1)} (¥ —n)
(N —1) (N —2)(V —3)

D(m3) =

| N(F—n)(n—1)(—n(N*—3)+3(N —1)}) o
’ n(N — 1N —2)(N ~3) '

icm
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(n—1) (n—1)(n—3) ,
D(mz) = P Ha— pe g .

{Without loss of generality it has been assumed in these relations that
w=0).
Taking into consideration the obvious formulae

. 3 _Nvl 2 . p 2
oot = |5 A o, ot =[5 D,

we obtain D(M3)—D(M,) = Au,—Bo*, where

—~n* (N =1+ n(4N*—5N —1)—N (5N —T)

4= NN n—1)(N —2) (N —3) ’

— 7 (N*—3)+n(8N*—15N+3)+ 3N (—3N--5)

n(n—1)N (N —2)(N—3)

B =

It may easily be proved that 4 < 0 for ¥ >3 and B> A4 for
2 € n < N—1, whence the assumptions of the lemma are realized. The
lemama proves the theorem.

The validity of formula (3) results from the following relations,
given also by Hagstroem [1]:

* 1
D}l = s (=), D(a) = — (—c*).

Indeed, for % > 1 we have D(a;) < D(ay).

THEOREM 2. a, is a more efficient estimate of the population variance
o than My, 4. e. D(ay) < D(M,).

Proof. The proof results directly from the comparison of the expre-
ssions '

1 1 n—3
D(ay) = o (ta—d'),  D(Ms) = p [//4—;:*1*174].
THEOREM 3. a; s & more efficient estimate of the population variance
o than M3, i.e. D(as) < D(M3).
Proof. If we calculate the difference between the respective varian-
ces, we obtain D(a)—D(M;) = A u,—Bio*, where
_ N—n N(4—n)+nN(B—N)+(n—N)—6N+1
T am—1) N(N—1)(¥F —2)(¥ —3) !

N—n n{(—4N*FON—3)2N° 4 N*4-3N—3
7 N(N—-1){N—-2)(N—-3)

By =
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Tt is easily seen that here the assumptions of the lemma are fulfilled:
4; < 0 and B, > A;. Thus the lemma proves the theor(?m. .

Now, it remains to compare the efficiency of the estimates M; and
as. We shall prove the following .

THEOREM 4. In order that M, should be a more efficient estimate of
population variance o than @y, i s necessary and sufficieozt that the popu~
lation coefficient of ewcess y should fulfil the inequality

‘ } 2F ) F—n-1)(N=2)
(6) ¥ 2 U L (I BN ) S N (5N —T)

Proof. If we compare the respective variances, we get D M3)—
—D(a;) = Sus—Te*, where
’ (N~ 1P (4N —BN —1)~ N (3N =T)

8= )

nN (N —1) (N —2)(N—3)

N3y tn (8N2—15N+3)+N(*‘,’,NZ‘FN‘_“_E)'

1= 1)V (N —2)(N —3)

It may be verified that § < 0 and 7 < 8. Thus Su,—1 b er 0 will
hold if and only if 4, > T/8S and

T 2N —n) (N —n—1)(N—2)

8 +n,z(N—»l)z—'n.(alNszN—l)—|—N(5N~7)’

and this proves the theorem,

Conclusions. The first three theorems are general and intuitive,
whereas the fourth theorem possesses none of these advantages. It asserts
that, provided condition (6) is fulfilled by the population coefficient of
excess, the estimate My found in random sampling without replacemenf,,
the population mean x being unknown, is more efficient than the esti-
mate a,, obtained in sampling with replacement and with population
mean g known. It appears that here random sampling without replace-
ment has more influence on the efficiency of the estimate than the know-
ledge of the population mean.

Let us try to find cases in which condition (6) definitely holds and
those for which it definitely does not hold.

1. The maximum value of the coefficient of excesy y, for given N
is defined by the formula [3]:

N3N 43

maXy, = Y1 3

- - ocm© e —
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thus (6) will not hold if

2(N —n) (N —n—1)(N—2) N3N +3

1 — Ll
+nﬂ(N~1)—oz,(4N”—5N~1)+N(5N——7) Ty

this is the case when # = 2 with any N. This result indicates that if we
draw only two elements to the sample, we shall always have Di{a,) <
< D(M3).

On the contrary, if we draw N —1 elements to the sample, for any N
we shall always have D(ay) > D(M3).

2. Tf the general population coefficient of skewness y1 = jigfe® is
large, the population coefficient of excess is also large, since these para-
meters are bound by the relation [4]: ve = Yi+1.

In this case the inequality (6) may hold even for small . This fact
agrees with our intuition, which suggests that the knowledge of the mean
of a very asymmefric population does not extend our knowledge abouf
the population.

The example on p.233 concerns such an asymmetric population.
If we draw samples of three elements, condition (6) holds and therefore
D(M3) < D(ay). Tf, on the contrary, we draw samples of two elements,
condition (6) does not hold, according to p. 232, and D(ay) < D(M3).

3. In practice we often deal with distributions approximately nor-
mal, for which y, = 3. In these eases condition (6) reduces to

(N —n)(N—n—1)(N—-2)
n (Y1) —n (4N —BN —1)--N (BN —7)

or #?(N*—3N+8)+n(—2KN2+3)— N (N*—8¥+9) > 0.

It is worth noting that the last inequality holds for = = ]—H/ N.
Thus, if a general population has the coefficient of excess y, = 3, then
for m > 1-+1/ N the relation D(M]) < D(a,) holds. It means that M P

is a more efficient estimate of the population variance o than the esti-
mate a,.

This result indicates that for a general population with the coeffi-

cient of excess y, = 3, if we sample without replacement at least 141/ N
elements, the estimate

<1,

N—1 &
]I > T e 1 2
2 (—)N & (=" )7,

which iz based on the sample mean *, will be a more efficient estimate

of the population varianee

2

1
T T

i

(fvi_/‘)2

[
-
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than the estimate
1 n

by = 77—7;21 (%“,“’)27
calculated with the aid of the population mean u from the random
sample drawn with replacement. This fact should be exploited in
practice.
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