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ON THE DECOMPOSITION OF A SEGMENT INTO CONGRUENT
SETS AND RELATED PROBLEMS
BY
JAN MYCIELSKI (WROCLAW)

In this paper we deal with decompositions of some geometrical fi-
gures into digjoint congruent sets. The origin of these problems is Vitali’s
well known decomposition of the circle into ¥, congruent sets.

It has been proved by J. von Neumann [4] that each of the inter-
vals
(0,1) = {2: 0 <z <1}, <0,1) =

le: 0 Sw<1), 01 =2 0 <)

can be decomposed into ¥, disjoint congruent sets.
generalized here in the following way:

THBEOREM 1), If N, <m < 2% then each of the intervals (0,1), {0,1),
£0,1% 18 the sum of m disjoint sets, congruent o each other by ir amlatww,
each of the power 280 %),

The idea of the proof which follows is the same as in [4], but the
construction is simplified.

Levma 1. If 8, <m < 2%,
conditions

Thig theorem is

then there ewists o set F satisfying the

(1) FCla,py,ael, feF, where 0 < a< B < 1;
@ Ifa<o<y<pthen o,y N F =
(8) . The elements of F are irrational numbers; .

(4) F CH where H is o Hamel basis and wﬁw\:j‘ = 2%,

The proof is an easy construction by means of the axiom of choice.
Lemma 2. If F satisfies (1), (2), (3) and (4) then each of the inter-

“
Ig {0,1), <0,1), <0,1> is a sum of 2% disjoint sets congruent to I by trans-
lation.
Proof. For any linear set X and any real number v we put
(B) L, o= (ot aoeX}.

') This result way announced in [2], p. 3860, footnote ¥).
%) Concerning the case m = 2% of. (8]

\1@\110\15 25

¢ 0O MMU

Let I be the. considered interval ((0,1) or ¢0,1) or <0,1)). Let F*
be the smallest additive grovp:containing . We put. It = I~FL. Then
It =1, and Iy AL, is empty or I =1.

By (2) I = m for every .

By (4) for different re H\F the sets I ave dlsgomt Then for plovmg
the lemina it is enough to verify that every set 7 can be (1ecomposed mto
disjoint sets congruent to F by transiation.

Let us well-order I; into a sequence (p):.,, and suppose that p, = 0
it 0eI! and py = 1 if Lel + (by (8) these possibilities are exclusive).

. Suppose that for an ordinal number # (7 < m) there exists such a scb
T that v

(6)
(M)

for different tel' the sets ¥y are disjoint,
Pelewy C U r,Cr.

‘We shall prove the (,xwtence of a set T" with the propeltles (6) and
(7) but such - tha,t

pne U‘Ft'
el

This of course will be an inductive proof of the exigtence of the required
decomposition of I;.
Clearly, we can consider onlv the case when
and p,eUF,
. el

(8) T<q<m

and prove the existence of such a ¢ that 7/ =T o {t} has the required

properties. )
7 =0and p,=0 or L then ¢ = —a oxr 1—f respectiVer.‘ Then:

(6) is trivial and (7) follows from (1). P
If >0 or 0 s p; 5 1 then thele -exists a set M such th&t BRI

(9) M=m and, for LVGly f e M, pneFV o

_In fact, by (1) and (2) there éxist m pombers’ t such that p,,eF,, cry
but pneFt, implies also ¥, C ¥;. ’

Now we shall prove that :
(10) " For every tel the set of Nmse teM fm whwh Ft,-\ F‘r w “non empf

hag ot most one element. .

For those i we have p, = -t f01 gome freF by (9)) and f_—l—t
= f,+t" for some f,,f,eF. Then ¢ = p,—f, =t—f,-+f, for some f,,
fas e B

By (4) Fis o set of free gulemtms f01 the group F ‘Now. p,, and ¢
ave fixed and consequently 7, iy fixed, By \(8) 9y % t-freFy -and conge-
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quently f, and f, are also hxed Hence if such a ' exists, it is unique,
From (8), (9) and (10) we infer the.existence: of such a ¢ eM that

Fun U By
el

is empty, q. e. d. 7
Proof of theorem 1. Using lemmas 1 and 2 we obtain the existence
of such sets F and F that (cf. (4))
I= U-Fn = {u""v} UEW
Ul

uaE vel"

where E = By = 2%, F= m, and F, and consequently P, are disjoint,
q.e. d.
It is clear tha.t

for »=1,2,...

01) = LEJO< L-{-—l)

but for no natmal number n > 1 any of the intervals (0,1), <0,1> can
be decomposed into n disjoint sets congruent hy translatxon (see Gu-
stin [1}).

The following problem of H. Steinhaus remains unsolved:

P 193. Ts it true that for each integer #» > 1 none of the intervals
(0,1), €0,1> can be divided into n digjoint sets congruent by transla-
tion or by rotation?

W. Sierpiniski ([6], p: 63) has pointed out a positive answer for n == 2.
A. Schinzel has given a proof for # = 3.

It is interesting to consider the same question for other geometrieal
figures. Clearly, by theorem 1, statements analogous to this theorem hold
for the straight line and the circle and for Cartesian products in which
such spaces occur as factors. I have proved [1] the existence of such a set
E on the sphere 8,(2’+-y*+2* = 1), that for every cardinal number m
for which 2 << m < 2%"§, can be divided into m disjoint -sets congruent
to B by rotation (note that this implies the same result for the space E®
without one point. The same holds for the space Z° *). The same holds also
for all the spheres 8, (n > 2)4) except 8, for which the problem re-
mains open). Of course this set B is not measurable and it is construc-
ted by means of the axiom of choice.

It is not known if we can prove without using the axiom of choice
that the sphere §, can be decomposed into 3 digjoint congruent sets®).

" By theorem 2 of my paper [2].
) This follows from some unpublished results of T. Dekker. See ulso [2].
% Cf. P 186, Coll. Math. 4 (1857), p. 240.
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An analogous problem for solid spheres open or closed of dimensions

;... hag not been studied. (Note that a negative result concerning
paradoxical decompositions of the solid open and closed spheres of dimen-
sion 3 was given by R. M. Robinson [3], §8.)
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