On the extending of models (IV) *

Infinite sums of models
par
J. Lo$ (Torun) and R. Suszko (Warszawa)

In this paper we consider the problem how to characterize those
elementarily definable classes 9 of models which have the following
property: .

for every inereasing sequence of models {M Yoo

[==]
e | . \
# WA for  a=1,2,.., then TS{ My eA.

We call such classes o-classes of models. The class of all groups is,
for example, a o-class of models. The sum of an arbitrary increasing
‘sequence of groups is a group.

The theorems concerning the problem of o-classes are given in § 3.
But the central point of our paper consists in lemma 4 given in § 2.

1. Terms and notation

In what follows we are concerned with elementary theories (with
identity) B,,B,,E,, E,, which are nearly analogous to those investigated
previously !). For reasons of simplicity, in the theory E, we have, as
extralogical constants, one sign of relation r and one sign of function f
only. In the theory E,, apart from signs of the theory B, there are
Some new signs ¢; (i=1,2,...). The signs ¢; may be individual constants
or signs of function. Therefore the models in the theories B, and E, are
of the forms : i
(4) {4,R,F) and 4,R,F,0,0,,..>

respectively. If one introduces into £, and E, a family of individual
constants {g,} where the index a runs over the set A, then one obtains

1* ljresented to the Polish Mathematical Society, Torur Section, on 12, V. 1955.
) »b'ee [3], chapters 1 and 2. We assume here notions and notation used in that
paper with a few exceptions mentioned explicitely in the text ahove.
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the theories Ej and X,. It i3 clear that in the theories F, and E, we may
formulate, by considering the constants g, as names of elements a € 4,
the descriptions (see [3], § 4) of models (4) for B, and F, respectively.

If My is a model for By (k=1,2), then E (M) is the set of all sen-
tences a e By fulfilled in My; analogously Ey.oo(M) is the set of all sen-
tences o e Fyy fulfilled in My (E=1,2).

The sequence of models {%,},-1z,.. is called increasing if for every =,
is an increasing sequence of

models, then the sum > 9, is the least model of which every model
n=1 "

M, is a submodel. It is clear that for every inereasing sequence of mo-

dels {M,)p=is,.. the sum 3 M, exists, for the operations in IR, are fini-

n=1
tary and the sequence is infinite,
We limit our- considerations to the field of sentences, 7. e. well-for-
med formulas without free variables. A sentence « e Ey is called []-sen-
tence, []D -sentence or }|[]-sentence if there is a sentence f§e K, of

the form
[]...”7’(-‘1'17'-'1%1) H
*1 Xn
nnz "'27(5"’1:---:‘l’na?/H"‘?y'") ’
X1

TN I
EZH ...Hy(.rl,...,m,,,yl,...,y,,,)
o K N1 m

respectively, containing only the indicated quantifiers and no free va-
riables and such that the equivalence a =4 is a tautology, 7. e. (a=f)eCn(0).

Let {M,}lu=1e,.. be an increasing sequence of models in the theory E;.
We call a sentence « ¢ E, persistent in this sequence if the sentence ¢ ful-
fils the condition:

if for every #  aeE (M), then ‘aeEl(Z'SDL.) .

n=1

It is quite clear that every J]-sentence is persistent in every increasing
sequence of models. The same holds for Il 2-sentences also. .On the
other hand there are Y [][-sentences which are not persistent in some
increasing sequences of models ?). Making use of the theorem on ex-
tending of models with secondary conditions [3] we can show that for

2) T]ie axiomatics for ordered sets with a least element is a Zll-sentence whie!
is not persistent in the sequence of models Wn={1,2,....,n}. :
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every sentence o« which is not both []3-sentence and Y'[]-sentence
there is an increasing sequence of models in which either ¢ or o' is not
persistent 2).

We mention here the following result obtained by Ryll-Nardzewski:
H {D}rmrs,.. is an increasing sequence of models and ae E(IM,) for

. o0
évery n=1,2,..., then there is a model 9 such that 2 MCM and
. n=1
" acE(M)4).
: ' 2. Lemmas

LEMMA 1. LZet D be a non-empty additive and multiplicative subget
of some Boolean algebra B and let {Bidrmrs,.. be a sequence of elements of B
such that by <byy; for every k=1,2,... If the sequence {butu=rs,.. satisfies
the condition
(*) if bk <d <bk+m then d ¢éD B

then there exist in B two prime ideals, J, and J,, such that
1) by ed; for every k=1,2,..,
2) bied, (consequently by ed,),
3) Ji~nDCJ,.
Proof. Let J(4) be the least ideal containing the set

A=F (b, <a' e D).
xeB

We are going to Prove that by ¢ J(4). Let ug suppose, on the con-
trary, that bieJ(4). This means that b5 <a,+... - q, where ;e A, and
consequently b, <a} e D. Therefore b <a{-...- a) <by, which contradicts ().
Let J; be a prime ideal such that J(4)CJ, and b edJ, for every
k=1,2,.. and let J (Jy~D) be the least ideal containing the set J, ~ D.
If we suppose that b ed (J, ~D), then we have bh<d=d,+..4+d, for
some dy,...,d, eJ, ~ D. It follows that d eJ; ~ D, and consequently d e.J,,
d'¢d,and d' ¢ 4. On the other hand we have ¢’ ¢ 4, which follows from

*) We construet two consistent systems X, and X,
0~X,=0~ZX,, where O is the set of all [].sentences.
model of X, to the model of X, and conversely. It follo
Bequence of models Palumre,... such that o eX,

o0 o0 [~]
2192?“: 2 Maneg = S M.
N, »=l

R=1

such that a ¢ X;, o e X, and
Then one can extend every
ws that there ig an increasing
CBy(Menna), o ¢ X, CE(Man), and

*) Obviously, every Il-sentence helonging to the system Cn (e) is fulfilled in the
- )

model Z; Ma. Therefore we can make the required extension.
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the previously stated relation b, <deD. Thevefore b, ¢ J (J%r'\D). If we
extend the ideal J(J;~.D) to a prime ideal J, such that b, ¢ J,, then we
see that the ideals J; and J, satisfy our lemma.

Levma 2. Let Z=0n(Z) be a consistent system and let {Bilrs,.
be a sequence of sentences in E,; such that '(/‘:?k+1—>/3k) e Cn(Z) for every
k=1,2,... If this sequence satisfies the condition

(k%) 3f (Beam—>0) A (8->Pi) e On(Z) then & is not a ] -sentence,

then there exist in B, two consistent complete systems X, ¥ containing
the system Z and such that

1) fre X for every k=1,2,...,

2) BieY (consequently BieY),

3) every [] -sentence belonging to X belongs to Y also. o ’

Proof. Our lemma follows immediately h‘on} .Iemma 1 in view of
the fact that complete consistent systems containing a system Z a,r]els
prime ideals in the field of sentenct‘as 'mo@lo Z and that the set of a
[1>-sentences is additive and multiplicative. .

LemMa 3. If M=<A,R,F> is a model in E, and X:gn‘X??
Y=0n(Y) are two consistent systems in E; such that YCEl(grt) ;n‘ ezc:z:g
[]3-sentence belonging to X belongs to ¥ al.so, then .the set l\-'}u d@sﬂ% o
sistent, where Z is the set of all []-sentences in By whz?h aire fulfilled 4 L

Proof. The sets X,Z are, of eourse,‘multiphca,twe. Therefore if
the set X Z iz inconsistent, then there is a sentence aeX and a

J]-sentence
H -~-H'7(ya1,---:9a,.,wu ey Tn)

X1 Xy

belonging to ZCE,(M) where a,...,an ¢ A and such that
. !
(a AH---H’7(ga11---;ga,,.5w17"'y‘vn))
x Xn
is 2 tautology. Consequently the sentence

a«—>2 2 nl(gala;--sgamyxla '"51"!)
X1 Xa

0 g y. View ha o€ and he onstantcs gn‘
8 a tautolo n 1€ of the fact that X t_‘ & t t
( J 1 ’ 2 geery? '/) do not oceur in a it fO]lO WS bha’b the sentence

vee 3 N (UpyeersYmyPryoer s Tn)
[1-15 Fromn

Im XL *n
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belongs to X and consequently to ¥. But this is impossible, because
the confradictory sentence

2'“ZH"'H"?(ylr--:ym’wly-"7@1)
F1,

Ym X Xn
is fulfilled in Dt
LeMMA 4. Let Z=0n(%) be o consistent system in B, and let {Bite=12,.
be a sequence of sentences in E, such that (Bes1—Pi) € On{Z) for every
k=1,2,.. If this sequence satisfies the condition (%x) of lemma 2, then
there erists an increasing sequence of models {Madvers,.. such that:
1) ZCE(M,) i e. M. eA(Z) for all 2,
2) BreB(M,) for all k,n
and
oo
3) feB( Y Mm,).
n=1
Proof. We take a sequence {Be}k=10,.. Of sentences in E,. Let y, ¢ B,
be a sentence of normal form in %, such that the equivalence Pi=
is & tautology, and let 4} ¢ E, be the generalization of the open solution 5)
of ye. If, for example, f; is of the form

HZU“(“’:?/’Z)

where a(x,y,2) is an open formula, then the sentences vee B, and y% ¢ B,
are of the form

21 Y« and []a,u0)
x y k4 ¥y

respectively.
Let Z=Cu(Z) be a consistent system in F, and let the sequence
{Biti=ts,.. satisfy the conditions:

(Brar—B) e On{Z) for all k,
H (frtm—0) A(0-Pi) e On (Z) then § is not g ng-sentence.

Accord.ing to lemma 2 there are two consistent systems X,,X, in 7
(where X, is complete) such that ZCX Xy, BreX, for all k=1 2,
Bie X, and ' o

(**

%) every H 2-sentenee belonging to X, belongs to X,.

®) For the notion of the open solution see [2],

chapter 27. Th Hon, =
=saufgeléste Form™ in [1], P ' ¢ open solution
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The system ¥ =0n(X,u{t}) is consistent in E, and contains the
system Z. It follows that there is a model

E]Rlz <A17R17F1,Q11:Q12: e

in the class A(Z) such that YCE(DV) and consequently X,CE,(I,).
We shorten the model 3%, i. e. we consider the model

mt‘z= <A21-Rz;F2‘w

such that 4,=A4,, R,=R,, F,=F,;. Evidently X,CE,(I,).

We join to the theory E; a family of individual constants {ga)aes,—ss-
We obtain in this way the theory E;. Let us consider now the set Z,
of all [[-sentences in ¥, which are fulfilled in the model M,. By lemma 3
we see that the set X, Z; is consistent. We prove that

(¥%) every [T-sentence in E, belonging to the set Cn(X,;wZ,)
belongs to X,.

Evidently " every [[-sentence is a [] 3 -sentence and therefore, by (**)
every |[-sentence belonging to X, belongs to X,. Suppose now that
there is a []-sentence « in B, such that a € Cn(X,w%,) and « ¢ X,. Con-
sequently o« ¢ X;. On the other hand it follows by the multiplicativity
of the set Z, that there is in Z,CEi(M,) a []-sentence & of the form

H ,,,”n(gul,...,g,,m,xl,...,wn)
x) Xy

for example, such that (§—a)e On(X;). The constants ¢, ,...,¢,, do not
oceur ejther in « or in the sentences belonging to X,. Thus we have
(£*—+a) € On(X,) where &* is the sentence in E, of the form

Z...Z”...Hr,(yl,...,y,,,,ml,...,m,,).
FL

Fm X Xn

But £&* ¢ On(Z,). So we infer from the completeness of the system X,
and from the consistency of the set X,uZ, that & ¢ X;. Consequently
e X,, which is impossible.

Let us return now to the model 9M,. We apply to it the the.o.rem
on the existence of extensions of models with secondary eondlmfms
(Theorem 3.1 in [3]). Then, making use of (X¥), we infer that there exists
a model ‘

My = (A4s, By, By
in B, such that X,uZ,CEy(M;) and Dt is a submodel of it. Evidently
X, CEy(My).
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Finally we prove that there is a model
waz <A47R4’F43Q41;Q42;--->

which is an extension of the two models, 0% and 9M,, and such thas
YCE,(M,), and consequently X,CE(M,). Let us assume, on the con-
trary, that such a model does not exist. We then construct from ¥, the
theory E, by joining to it a family of individual constants {Gatacay.
In E, we can formulate the descriptions of the models M, and M, de-
noted by D(M,) and D (IM,). From the assumption it follows that the set

: CYuD(Wy)wD(M;)
i. 6. the set

Yo (D (D) —D(My)) wD (M)

is ineomsistent. Therefore there exist some sentences @,-.-y0r belonging
to D (W) —D(My) such that o € On( Yo D(M,)) where o stands for the
conjum:tion A Ao Leb us write the sentence « in the form -

77(ga1,~--3.qa,.’ga,,,+1: s Gapen)

where ap,...,tp, € 4;=A4, and @p4, yeees@min € A3— A, indicate all constants
g oceurring in o'. From the fact that constants gz Such that aed,— 4,
do not occur in the sentences of the set ¥ wD(IM,) we conclude that

the sentence
[]"'Hn(gﬂu-":ga,,.’mu-n;iz‘n)
x Xp

belongs to the set Gn(Y uD(EIRl)), and consequently to the set- E(9,)
also. In view of the fact that Ey( D) CE(M,) it follows that this sen-
tence is satisfied in 9,. On the other hand this sentence is not satisfied
in M, because a,...,a e D(M;) and consequently o ¢ E,(M,). Thus we
arrive at the false conclusion that there is a I]-sentence in Ey(M,), (4. e.
& sentence belonging to the set Z,) which is not satisfied in Dis.

Starting from the model 9, we obtain the models Wi, My, M, in
the same manner as we have obtained the models M,, Ny, M, from
the model M,. If we repeat this reasoning, we shall arrive at an increa-
sing sequence of models {M.}u=se,.. such that

P eYCB(Man2) and e X,CE (M),
e L,CB(Mga) and  fre X,CE(My,) for every k=1,2,..

In view of the fact that ZCXI}\X2 it follows that all models 9, be-
long to the class W(Z). Tt remains to prove that g ¢ B\ My,). If
n=1
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f‘ My, = <4,R,F> then 3 My, o= {4,R,F,Q,,0,,..> and therefore
n=1

n=1

[=-] oo
By Y Man_z) =Ey 3 Mas). The sentence »* is a []-sentence and conse-
n=l 1

quently yfeByY Ma,—o). It follows that fie By 2}{9)23,,_2), ﬁléEl(ZlSRa,,_.z)
n=1 n= n=.

and finally 8, ¢ By g; M)y 0. €. d.

3. Theorems

TrEOREM 1. ATl []3-sentences, and only those sentences are ‘persistent
in every increasing sequence of models.

Proof. It is obvious that all []>-sentences are persistent in all
increasing sequences of models. It remains to prove that all persistent
sentences are []}-sentences. To prove this we take a sentence f§, which
is not a []2-sentence. We apply the lemma 4 putting Z=0n(0)= §et
of tautologies and pr.=4p, for all k. It follows that there exists an in-
creasing sequence of models {I,},—1z.. such that f,e E(M,) for all »

o

and B, ¢ B{>S M,). Therefore 5, is not persistent.

n=1
" TeEOREM 2. Let WA(X) be an elementarily definable class of models.
The class A(X) is a o-class if and only if there exists o set ¥ of []3-sen-
tences such that W(X)=W(X) or, which is equivalent, Cn(X)=C0n(Y).
Proof. Suppose that there exists a set ¥ of []>-sentences such
that A (X)=W(Y) and take an increasing sequence of models {M,} ,=1z..
such that M, e A(X) for all »n. It follows that YCE,(IM,) for all » and

B [-~] o
consequently ¥CE,( > M,). In other words 21 M, e W(Y)=A(X). There-
n=1 n= .

fore A(XY) is a og-class. _
To prove the necessity of our condition we consider the set ¥,
E (ais a []>-sentence). Clearly COn(¥,)COn(X). We prove that
43;"((2%c Cn(X,). Suppose on the contrary that Cn(X)—Cn(¥,)=X,7#0.
Let{a,}p1z,.. be the sequence of all elements of X, and g, the con-
junetion a;A...Aox. The system Cn(Y,) and~ the Sequence {Brlx=12,..
satisfy the assumptions of lemma 4. Namely, it is obvious that (Ser1—Bs)
¢ On(Y,). On the other hand, if & is a [] Y -sentence and (Besm—>8) A (8—F)
€ On(X,), then &e Cn{¥ o {frsm})COn(X). Consequently Je¢¥, and
Bre Cn(Y,). But this is a contradiction because fie On(X)—On(¥,).
Therefore by lemma 4, there is an increasing sequgnce of models {M,},=12,..
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such that COn(Y,)CE(M,) for all » and g, € B\(M,) for all k,n but

o
Bu € By gl M,). Tt follows that XCE,(M,) for every » and Xq | °°9)t,,).
n=1

L th vords, &
2 other words, all models 9, belong to the class A(X) but
gmtné%(X).The class Y(X) is not a o-class, q. e. d.

T@oREM 3. Let Wy=A(Z) be a o-class of models definable by the
‘?et of adrzvo-ms.Z CE, and let B be a sentence in. B,. The class W=AZ+ {f})
s a a~cla»ss. if cfnd only if the sentence p is a []>-sentence over the axio-
maties Z, i. e. if there is a []X-sentence y such that f=y e Cn(Z)

Proof. According to theorem 2 we can assume .

. t 2 > that every sentence
pelongmg to the set Z is a JJ D -sentence. If W(Z+{B}) is a g-glass the](l
it follows, from theorem 2 again, that there is a set ¥ of []3-sentences
such that Cnr(Z 4+ {8} =Cn(¥). Therefore peCn(X). C-(;nsequenthl;
fh;gn (;{)CC‘nI(YZZ:}- {¥}) where y=1y A... A, for some yie X. It is dea‘f
: vy is a -sentence. On the other hand (Y A
Therefore =y ¢ (n(Z). eI COn(z -

Suppose now that y is a []Y-sentence and
- B=y e Cn(Z). It follows
t_l_laéi gl=%[(Z+{ﬁ})=i’I(Z+{y}). If M, e W for w=1,2,..., then M f‘%‘:
=A(Z) and y e E(M,) for 7=1,2,... In view of the fact that ;I ig
o 18

& o-class and y is a []3-sentence we infer that f M, e Ay and
n 0 d

n=1

E 5 :
ye ‘(n):: M. Tt fouom that é: My e WZ+{p}), i.e. U, is a o-class.
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On the definitions
of computable real continuous functions
by
A. Grzegorczyk (Warszawa)

In this paper I shall prove the equivalence of some definitions of
computable real continuous functions. Let us assume the following ab-
breviations: SN = the set of natural numbers, J = the set of all integers,
R = the set of real numbers, ¥=97 (the class of functions defined over
the set J and assuming the values from J), Gom = the class of com-
putable (general recursive) integral functions, ComC, K = the class of
computable functionals in the sense of [1] (defined over the n-tuples
of the elements of §, and the k-tuples of the elements of J and assuming
the integral values. We shall often nse the expression A(a,f) as an ab-
Dreviation of: ae R, fef and for any neN

iy

Latin letters will be used in such a manner that always i,%,7,m,n ¢ N,

Piy? 58,0, %, 8,2 € Ty ayb,6,d,e eR.
Let , be a rvecursive enumeration of all rationals without repeti-
tions. Let No(p,q) be the recursive converse function of the funetion #,.

This means that

(1) FNo(p.g) = g .

We assume that p/0= 0. Instead of No (p,q) we shall often write No (p/q).
Let us set .

@ W)= = ol |55 < 551 )

No, W,eEom. We obviously have

_W (k) <——1—- for all  m,keN.

@) TTRFL T E+L
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