Recursive families of sets *)
by
+ S. Mréwka (Warszawa)

We recall that a set M of non-negative integers is called recursive
denumerable if there exists a recursive function fe NV (N denoting the
set of all non-negative integers) such that M=fF(N). A set M is called
recursive if there exists a recursive function fe NV such that m ¢ M if
and only if f(m)=0.

It is known that countable summation, in general, leads out of the
classes of recursive denumerable or recursive sets. The problem arise
for which countable families {4,} of recursive denumerable (or recursive)
sets the sum 3 4, or the intersection [] A, is a recursive denumerable

n n

(or recursive) set. A similar problem may be raised with respect to re-
cursive functions: for which countable families {fu{m)} of recursive func-
tions the funetions sup f(m) and inf falm) are recursive. The present

paper is devoted to these problems.

§ 1. Recursive denumerable families

Let us infroduce the following definitions:

Definition 1. A countable family {f.(m)} of functions is called
recursive denumerable if the function f(n,m)=f,(m) is recursive.

Definition 2. A countable family {A,} of sets is called recursive
denumerable if there exists a recursive denumerable family {f,(m)} of
functions sueh that A,=f,(N).

THEOREM 1. The sum of a recursive denumerable family of sets is
a recursive denumerable set. ’

Proof. Let p;(x) and Po(w) be “functions of pair”, i. e., recursive

functions such that if  runs over N then {pr(x),ps(x)> runs over the
set of all pairs <n,m> where n,melN. We have
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ZA,,: EZ(zeA,,) =E2; (z= f(m)) = @ y (3:f(-}l,’ﬂl))

" " {nmy

=E 2 e =F{pule), pal))).

Since f(py(x),pa(®)) 13 a rvecursive function, the set 3 A4, is a re-
"
cursive denumerable set. .

Let us notice that the intersection of a recursive denumerable fa-
mily {4,} of sets is not necessarily a recursive denumerable set. The
example is following:

Example 1. Let 4 be a recursive denumerable set such that 0¢ 4
and N — A is not recursive denumerable. Let us set

Fon,my=msign [ [ (m —f(0),  fam)=f(n,m),  Ay=fy(¥)
i=0

(f is & recursive function such that f(N)=A4). Since f(n,m) is a recursiv.e
function, {4,} is a recursive denumerable family of sets. But ]JA,, is

equal to N—4, whence it is not recursive denumerable.

8§ 2. Recursive families of functions

Let us introduce the following notation:
I {f.(m)} iy a family of functions, we set

B, = EZ e=f(m) . and Ep=F 2 {z=f(m)) .

= agk
Definition 3. A family {f,(m)} of functions is called sirongly re-
cursive if the funetion f(n,m)=/f,(m) is recursive and if there exists
a recursive function ¢(m) such that

B = Em(m) .
Definition 4. A family {f.(m)} of functions is called recursive if

the funection f(n,m)=f,(m) is recursive and if there exists a recursive
function @(m,k) suech that

(k e By)=(k e BL™).

It is obvious that a strongly recursive family of functions is reenr-
sive, namely it is enough to set g(m)=g¢(m,k). We also see thsi\.t 1f {f,,(m.)}
is a strongly recursive family of functions, then the set E,,,. Is finite for
every m. It follows at once that there exist recursive families of fune-
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tions which are not strongly recursive (for example the family {7, (m)}
where f(m)=m+n and we set ¢(m,k)=k). In the sequel we shall give
an example of 2 recursive family of functions for which the set E, is
finite for every m, but which iz not strongly recursive.

TeEOREM 2. If {f.m)} is a recursive family of functions then the
function inf f,(m) is recursive.
Proof. Evidently
inf f,(m)=1inf B, .
n

Let us set
o(m,k)

y)('tn,k)zl—signn (fo—Fi(m))* .

The function y(m,k) is obviously recursive and w(m,k)=1 if and
only if % belongs to E*™ and thus to E,,.
We have

inf B, =
0-9p(m,0)+1-p(m, L)[1—yp(m,0)]+ 2p(m, 2)[1 —y(m,0)][1—p(m,1)]+
+ et folm)plo, fo(m) (1 —yp (e, 0)1[1—p(m, 1)]...[1 —p(m, folm) —1)] .

Since y(m,k) and fy(m) are recursive, inf E, is also recursive.

THEOREM 3. If {f(m)} i¢ a strongly recursive family of functions,
then the function sup f,(m) is recursive.
n

Proof. Evidently

sup f,(m) = sup B, = sup L™
n

Let us set
o(m)

v(m, i) =sign [ [ {jtm)+11=fom)} .
k=0

The function y(m,i) is obviously recursive and pim,i)=1 if and
only if fim)=sup EZ™. Hence
Sup B = fy(m)p(m ,0)+ fy(m)yp (m,1)[1— p (m,0)] +
+falm)p(m, 2)[1 —p(m,0)][1—p (m,1)]+
Ham(m)plm, g (m)[1—yp (m,0)[1 —p(m,1)]...[1 ~yp(m, o (m0) —1)] -

< - 3 . . :
] Since the function f(n,m)=7f.(m) is recursive, the funection sup EL™
is also recursive.

icm
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THEOREM 4. A vecursive family of functions {f,(m)} is strongly re-
cursive if and only if there ewists a recursive function p(m) such that
fum) <p(m) for n,m=0,1,2,...

- Proof. If a family {f,(m)} is strongly recursive, then sup f,(m) is
n

recursive. Conversely, if there exists a recursive funection w(m}) such that

*(m,4(m) .
fulm) <yp(m), then E,,,=Ef,( ! ), where rp*(m,w(m)) = max

V<i<y(m

P0ns),
whence the family iy strongly recursive.

Example 2. Let h(n,m) be a recursive function with the values 0
and 1 such that the funetion sup h(n,m) is not recursive. Let us set
n

n—2
f0,m)=0, fn,m)=nh(n—1,m)= Zh(i,m) (n=1,2,...),

i=0

and

fn(?n) :f('"‘)/m/) .

We see that f,(m)=0 or n and if f,(m)70, then f,{(m)=0 for every
' >n. It follows that the set 4, is finite for every m and (k¢ E,)
=(k ¢ BY). Hence the family {fs(m)} is recursive. On the other hand
sup f.(m)0 if and only if sup h(n,m)=1, whence sup f,(m) is not re-

cursive. By Theorem 3 the family is not strongly recursive, although
the set.E,, is finite for every m. .

The following éxample shows that if {f,(m)} is a strongly recursive
family of functiéns, then the functions lim f,(m) and lim f,(m) are not
necessarily rectitsive. U

Examplé 3. Let h(n,m) be a recursive function with the values 0 .
and 1 such that the functions sup h(n,m) and inf h(n,m) are not re-
cursive. Lét us set ’

| pl=n— [yl

We see that the function w(n) is recursive and takes every non-
-neghtive integer value infinitely many times. In fact, if n={(p +¢)*+p
(g==1,2,...), then

PHer<ip+elt+p<@+q+1P=0(p+0*+2(p+9+1,
whence

and

Jr—

lVip+er+pl=p+a
and

pin)=(p+qP+p—(P+ef=p.
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Let us set h
f(oym)=07 f(ly'm/):17 f(n7m):h('/’("‘)ym)1 77:2737---7
and fulm)=f(n,m).

Since B,=E,, the family {f,(m)} is strongly recursive. But [im f,(m)

n

=sup k(n,m), lim f,(m)=inf h(n,m), whence lim f,(m) and lim f.(m) are

not recursive.
TEEOREM 5. If {f(m)} and {g{m)} are recursive (strongly vecursive }
families of functions, then the families

and

{max[f,(m), ga(m)]} {min[fu(m), ga(m)]}

are recursive (strongly recursive).

The proof is evident.

Example 4. This example shows that if {fi{m)} and {g.(m)} are
strongly recursive families of funetions, then the family {f.(m) + g,(m)}
is not necessarily recursive.

Let h(n,m) be a recursive function with the values 0 and 1 such
that inf A(n,m) is not recursive. Let us set

f(():”.l) =90,
1 ym)= 1,
flnym)="h{n—2,m),
fm)=f(n,m), glm)=g(n,m).
) The families {f,(m)} and {g.(m)} are evidently strongly recursive but
lnnf (Falm) -+ gu(m)) =2 inf h(n,m), whence int (falm)+ga(m)) is not re-

cursive and the fa.milny is not even recursive. A
be constructed for {fa(m) - gu(m)}.

.Example 5. For the family {f(m)} mentioned in Example 2 the
family {1-f,(m)} is not recursive. In fact, we have

g(0,m)=1
.(/(17m)=0

glnym)=h{n—2,m) for n=2,3,..

and

similar example may

i?f (1';f,,(m)) =1-=sup f,(m) =1< sup h{n,m),

whenee inf (1-,(m))

I is not recursive and the family {1--f(m)} is not
recursive,

§ 3. Recursive tamilies of sets

Definition 5. A family {4,} of sets is called strongly recursive if

there exists a strongly recursive family {f,(m)} of functions such that
(m eA,,)E(f,,(m)=0). :
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" Definition 6. A family {4,} of sets is called recursive if there exists
a recursive family {f,(m)} of functions such that (m e 4,)={f,(m)=0).

THEOREM 6. If {4.} is a strongly recursive jamily of sets, then the
Jamily {N—A,} is also strongly recursive.

Proof. Let {f,(m)} be a family of functions mentioned in Defini-
tion 5. Since the family {1 f,(m)} is also strongly recursive and m ¢ N—4,
it and only if 1-~f,(m)=0, the family {N — 4,} is also strongly recursive.

THEOREM 7. If {d,} is a strongly recursive family of sets, then the )
set [] A, is recursive.

. Proof. Let {f,(m)} be a family of functions mentioned in Defini-
tion 5. Since the funetion sup f,(m) is rvecursive and me [] A4, if and

only if sup fu(m)=0, the set [] 4, is vecursive.

TreEoREM 8. If {A,} is a recursive family of sets, then the set > A,

n
18 recursive.

Proof. Let {f.m)} be a family of functions mentioned in Defini-
tion 5. Since the funetion inf f,(m) is recursive and m e >, 4, if and only

n

1 . .
> A, is recursive.

n

Example 6. Example 2 gives at once an example of a recursive
family of sets which is not strongly recursive. It is, namely, the fa.ml}y
{4,) where 4,=F/(f(m)=0) and {f,(m)} is the family mentioned in

n

Example 2. The family is recursive but the set [] 4, is not recursive,
n

if inf f,(m)=0, the set

whence the family is not strongly recursive.

Example 7. For the family {4,} mentioned in Example 6 the
family {¥ —4,) is not recursive. In fact, in the opposite case the set
Y (N —4,) would be recursive, which contradicts ]"7 A,=N— %" (N —A,).

n

Regu par lo Rédaction le 27, 3. 1956
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