On approximation in real Banach spaces by analytic operations

by
J. KURZWEIL (Praha)

Analytic operations. defined in real Banach spaces were introduced
by Alexiewicz and Orlicz in their paper [1]. Let F(x) be a continuous
operation from a real Banach space B to an arbitrary Banach space B,.
In the paper [2] I proved that it is possible to approximate uniformly
the operation F(z) by an analytic operation, if the space B is sepa-
rable and fulfils the following condition:

(A) there exists such a real polynomial ¢*(x) that

¢"(0) =0%), inf

@eB, o] =1

¢"(#) > 0.

The condition (A) must not be omitted. In the paper quoted above
I proved that, for example, the functional llzll in the space (<0,1) is
not the uniform limit of a sequence of analytic functionals ?).

The aim of this paper is to prove that the condition (A) is necessarily
fulfilled if the space B is uniformly convex and if it is possible to
approximate uniformly every continuous operation F(z) by an analytic
operation. .

The main result of this paper is the following

THEOREM 1. Leét the real Banach space B be uniformly convex and

let us suppose that every real polynomial q(z) which is defined in B fulfils
the condition

) inf

zeB, %] =1

Ig(@)—g(0)] = 0.

Let f(z) be a real analytic functional which is defined for e B, |x|| < R
(B> 0). If  and & are two given positive numbers, ¢ < r, r-4g < R, then
there ewists a point weB satisfying the inequalities r << llefl < e,

(@) —1(6)] <.

) 8 is the zero element of B.

*) Bee [2], Theorem 3; let us recall that an analytic operation is regularly dif-
ferentiable.
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In order to prove Theorem 1 the following lemmas will be useful:

LeMwmA 1. Let the Banach space B be uniformly convex. Then there
is such a positive non-decreasing function y(e) (> 0) that the following
condition holds: .

if A is a lnear functional, ||| =1, zeB, heB, |z|| =1, |A] > ¢
M) = A@+h) = 1, then lle+ 2| > 1+z(e).

Proof. As the space B is uniformly convex, there is such a positive
non-decreasing function #(z) (¢ > 0) that loyl] = llraf] = 1, Jloy— )| < &
implies that |lo+ ]| < 2(1—n(e)). If the lemma is false, then there
exist a number & > 0 and sequences z,,, ky,, /,, such that llenll = 1, [[An)l > &,
Mall =1,  Aufarn) = In(@n+hy) = 1, Jlap+hy)|—1. Tt follows that
(@n+hp)lEn+ Rl = 2+ hy+ kyn, where k,— 0. As B is uniformly convex,
len+ 3 (hnt Ea)ll < 1—n(3e) and [ltn-+$hall < 1—n(}e) for great . From

Ml = 1, Ap(@n+3hs) = 1 we get lz,+3k,) > 1 and the proof is complete.

Let us note that the converse of lemma 1 is true as well.
LEMMA 2. Let us suppose that every real polynomial q(x) defined in B
fulfils the following condition:
inf |q(z)—q(6)] = 0.
2B, [jzj=1
Then we have
inf |g(z)~q(0)] =0
ZeB, |zj=r
for every real polynomz'dl q(z) defined in B and for every positive r.
The proof is obvious: we write g¢(z) = ¢(0)-+¢,(x)+...+q(®) where
¢:(w) are homogeneous polynomials of degree 7 and consider the polyno-
mial g(2) = ¢}(2)+...+ qi{x).
LeMMA 3. Let ¢1,¢2, ..., ¢n be linear functionals on B. Let every po-
lynomial q(x) on B fulfil the condition
inf |g(x)—q(0)] = 0,
ZeB, jiz|=1

and let yeB.
Then every polynomial q(x) fulfils the condition

@) inf|g(z)—g(y)| = 0,
x
where x satisfies the relations xeB, |lz—y| = 1,

w(@) = ¢iy), ¢ol2) = oY)y -y Fal®) = @aly).
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Proof. Let us suppose that » = 1 and that condition (2) is not
satisfied by every polynomial. In this case there exist such a yeB and
such a polynomial ¢(x) that

inf (¢ (@) —¢(¥)) > 0,
where
zeB,

le—yll =1, of2) = @y)

We put §(z) = ¢(e+y)+¢i(x). §(x) is a polynomial and we verify
that
inf (é(m)—ﬁ(@)) > 0.
xeB, [jZ]|=1
This means that lemma 3 holds for » = 1. The case » > 1 may be treatep
by induetion (or analogously).

We proceed to the proof of Theorem 1. Let f(z) be a real-valued:

analytic funection defined for xeB, |z| <R. Let us denote by g(z,) the

radins of convergence of the power-series po(@— o)+ py(x— o)+

+py(2—2)+... which converges to f(z). Analogously to the case of a

scalar independent variable f(z,) depends continuously on z,. We put

y(@%) = min (8(x,), &). Let us define a sequence @, @, La, ..., T = 0.
We choose the point iz, satisfying the conditions

o) =10 < 5= Il 37(0) = [l

The point a; exists, as f(z) may be developed in a power-series, which
converges uniformly for ||z|| < $»(0) and as every polynomial satisfies (1).

Let us suppose that the points x,, 21, @, ..., 2, and linear functionals
@1y @y ---» @n_1 are chosen in such a way that

lodl = llgall = ... = llgnall = 1,

9“1(061) = H$IH) o) = ”mzny ceey lpn-.l(a-"'n—-l) = “mu—l”9

Pn) = P(@ny) = ... =) = ¢o(7y),

Fo(@n) = qo(@n_y) = ... = @),
B

Ea—1(Tn) = @a_1(Tn_y),

Pv(@) = e —aill,  |f(@ag) —F()] < Ea;llxmll

(¢ =0,1,2,...,n—1).

Let us choose the linear functional ¢, |p,ll =1, @u(z,) = |z, and
let the point w,,, satisfy the conditions gy(wn,,) = @e(m), 1 =1,2, ..., 0,
i1 —2all = 4y(2z,). Let us prove that the point z,,, exists if ||j,| < ».
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We write
fz) = f(:rn)+p1,n($““'rn)+pz,n(w"‘”n) +...

and the power-series converges uniformly for |lz—az,] < 4y(x,). We find
such an integer k that

| 3 pialo—aa)| < %(E‘E;elznta—;f<m,,)—f<e)f),

i=k+1
it |lz—a,]l < v (2a)-

Let us put ¢(z) = pl,ﬂ.(m_ )+ Pz,n(w — &)+ pk,n(w —&,). As every
polynomial satisfies (1), according to lemma 3 we get

int|g(x)| = 0,
(4) .
reB, |r—z)l =1, ¢ix) = @iwn), ¢ = 1L,2,..,n.

Let us denote by B, the intersection of the hyperplanes ¢;(y) = 0,

t=1,2,...,n We rewrite (4) in the form

inf g(y+u,)] = 0,
VeBp =1

and_ according to lemma 2 (g(y+a,) is a polynomial in the variable y)
we have

inflg(y+a.)l =0, yeB,, lyl = 4y(xa),
and

inf|g(z)| = 0,

x2eB, [lz—zpll = 3y(2a), @i(@) =g@i(an), i=1,2,..., 0.

Consequently, there exists such a point z that

&
>l — 1 (2n) — f((’)i),

2

lefe)l < %(

le—aull = Yy(za)y  @il2) = gu(@n), t=1,2,...,n

AS (=) = Fn(Tn) = llzally lloull =1 we get

Ty = 2 and get

lefl = llwall. We put

(@) =1 @) < lg@mnll+| ) Pial@ns— ) | < o= llmall I (ma)— O,

A=lk+1
23 &
(@) =FO)] < Z-lizall < 5 lnall

It follows that relations (3) hold if we replace n by n-+1.
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Finally we prove that the number of points @, x;, 2;,... which
fulfil |lms]| << r is necessarily finite. Let us suppose that the sequence
Zoy X1y &y, +.. 18 infinite, that |lzyfl <7 (1 =1,2,3,...) and let j > .
As [lpil = 1, galay) = qi(@i) = [ol, applying Lemma 1 we get

”mi—%;H) .
Jmu }/ 1+2 ( A ‘

Ml 1 [ 12— (Ilwy zll)
fl Imll>ll«’vzllx( T )/lell el )

As 0 < ||| < [laegl] < ... < 7 and as g(e) is positive and non-decreas-
ing, the sequence =, is a Cauchy-sequence and

limx, =&
N-r00
exists. It follows that }y(x,) = [[@py1— 2l = 0, »(Z) > 0, and we arrive
at a contradiction of the fact that the funetion y(x) is continuous.
Consequently — as %e = 3y(x,) o,/ — there exists a point
Typ1y T < “a’n-x-lll < r+-e.
The proof of Theorem 1 is complete.

Theorem 1 together with the results of [2] enable us to state the
following

= ”Tn-a-l_

THEOREM 2. Let the space B be separable and uniformly convex. Then
the following three conditions (A), (C) and (C') are equivalent:
(A) There exists such a polynomial ¢*(z) in B that

inf |¢*(x)—q"(6
xeB,||@|=1

) >0;

(©){((C")) If G is an open subset of B and F(x) is & continuous operation
defined in G with values in an arbitrary Banach space By (with
values in E,) and if ¢ is a positive number, then there exists
such an analytic operation H (x) in G with values in B, (in )
that

| B (@) —H(z)]] <& for we@.

Proof. It follows from [2], Theorem 2, that (A) implies (C). Appar-
ently (C) implies (C’). According to Theorem 1 it is not possible to approx-
imate the functional ||z uniformly by analytic functionals if (A) is not
fulfilled. Consequently (C') implies (A).
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